
Â ÂÂ Â

Â ÂÂ Â

Â ÂÂ Â

Â ÂÂ Â

Â

Â

Â

Â

Z

IQ

S

Â ÂÂ Â

Â ÂÂ Â

Â ÂÂ Â

Â ÂÂ Â

Â

Â

Â

Â

Z

IQ

P

S

T
E

N
S

O
R

T
RI

G
O

N
O

M
ET

RY

 T E N S O R
 T RI G O N O M E T R Y

A. S.  NI N U LA.
S.

NI
N

U
L

”... T h e m a n u s cri pt c o nt ai n s
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✧ ❚❡ ♥ ③ ♦ ♥ ❛❥ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐❥ ❛ ✧ ✐ ♥ ❙ ❯ ❇✳ ❯ ♥✐✲ ● ♦ ❡ ✐ ♥ ❣ ❡ ♥✳ ❞ ❡ ❛ ♥ ❞ ❲ ♦ ❧ ❞ ❈ ❛ ❖ ❈ ▲ ❈ ✷ ✺ ✺ ✶ ✷ ✽ ✻ ✵ ✾✮✳
■ ✇ ❛ ❡ ✈✐ ❡ ✇ ❡ ❞ ❜ ② ❤ ❡ ▼ ♦ ❝ ♦ ✇ ❙ ❛ ❡ ❯ ♥✐ ✈ ❡ ✐ ② ♣ ♦❢ ❡ ♦ ✱ ❉ ✳ ❙ ❝✳ ▼✳ ▼✳ ♦ ♥✐ ❦ ♦ ✈ ❛ ♥ ❞ ❜ ②
❤ ❡ ▼ ♦ ❝ ♦ ✇ ❘ ❡ ❣✐ ♦ ♥ ❛❧ ❯ ♥✐ ✈ ❡ ✐ ② ♣ ♦❢ ❡ ♦ ✱ ❉ ✳ ❙ ❝✳ ❖✳ ❱✳ ▼ ❛ ♥ ✉ ♦ ✈✳

❚ ❤✐ ✸ ❞ ❡ ❞✐ ✐ ♦ ♥ ✐ ❛ ❡ ♥ ♦ ✈ ❛ ✐ ♦ ♥ ♦❢ ♣ ❡ ✈✐ ♦ ✉ ✇ ♦ ✐ ♥ ✷ ✵ ✵ ✹ ✭ ❜ ② ▼■ ❘ ✮ ❛ ♥ ❞ ✐ ♥ ✷ ✵ ✷ ✶ ✭ ❜ ② ❋✐ ③ ♠ ❛ ❧✐ ✮✳

■ ❙ ❇ ◆✲ ✶ ✸✿ ✾ ✼ ✽✲ ✺✲ ✽ ✾ ✶ ✺ ✺✲ ✹ ✷ ✾✲ ✵ ✭❢ ♦ ❤✐ ♣ ❛ ♣ ❡ ❜ ♦ ♦ ❦✮

❉ ❖ ■ ✶ ✵✳ ✷ ✾ ✵ ✸ ✾ ✴ ✾ ✼ ✽✲ ✺✲ ✽ ✾ ✶ ✺ ✺✲ ✹ ✷ ✾✲ ✵✲ ✸ ✷ ✵✲ ✵ ✶✲ ✷ ✵ ✷ ✺

❆❧❧ ✐ ❣ ❤ ❡ ❡ ✈ ❡ ❞✳  ❈ ♦ ♣ ② ✐ ❣ ❤ ➞ ✷ ✵ ✷ ✺✱ ✷ ✵ ✷ ✶✱ ✷ ✵ ✵ ✹ ❜ ② ❆ ♥ ❛ ♦❧ ② ◆✐ ♥ ✉❧



❚ ❤ ❡ ✜ ❡ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦ ✐ ♥ ❙ ❡ ♣ ❡ ♠ ❜ ❡ ✷ ✵ ✵ ✹ ✐ ♥ ❘ ✉ ✐ ❛ ♥ ✇ ❛ ❞ ❡ ✈ ♦ ❡ ❞ ❜ ② ❤ ❡ ❛ ✉ ❤ ♦
♦ ❤ ❡ ✶ ✼ ✺ ② ❛ ♥ ♥✐ ✈ ❡ ❛ ② ♦❢ ❤ ❡ ✜ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ♦ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ● ❡ ♦ ♠ ❡ ②✱

♦ ❤ ❡ ✶ ✵ ✵ ② ❛ ♥ ♥✐ ✈ ❡ ❛ ② ♦❢ ❤ ❡ ✜ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ♦ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②
❛ ♥ ❞ ♦ ❤ ❡✐ ❣ ❡ ❛ ❝ ❡ ❛ ♦ ✕ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ②✱ ❇ ♦❧ ② ❛✐✱ ▲ ♦ ❡ ♥ ③✱ ♦✐ ♥ ❝ ❛ ✁❡✱ ❊✐ ♥ ❡✐ ♥

❚ ♦ ❤ ❡ ❡ ❛ ❞ ❡

❚ ❤ ❡ ❛ ✉ ❤ ♦ ❜ ✐ ♥ ❣ ♦ ② ♦ ✉ ❛ ❡ ♥ ✐ ♦ ♥ ❤ ❡ ✸✲ ❞ ❡ ❞✐ ✐ ♦ ♥ ♦❢ ❚ ❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱
✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❡ ♥ ♦ ✈ ❛ ❡ ❞ ❛ ♥ ❞ ❡ ① ♣ ❛ ♥ ❞ ❡ ❞ ❜ ② ❤✐ ♠✱ ❡ ❡ ♥ ✐ ❛❧❧ ② ✐ ♥ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✳

❖ ✐ ❣✐ ♥ ❛ ❡ ❞ ✐ ♥ ❛ ♥ ✐ ✉✐ ② ❤ ❡ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❝ ♦ ♠ ♣❧ ❡ ❡ ❞ ♦ ✇ ♥ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ❛ ♥ ❞
♦ ❜ ❛✐ ♥ ❡ ❞ ✐ ♠ ♦ ❞ ❡ ♥ ❢ ♦ ♠ ❛ ❤ ❡ ❡ ♥ ❞ ♦❢ ❤ ❡ ✶ ✽ ❤ ❝ ❡ ♥ ✉ ② ✐ ♥ ❤ ❡ ✇ ♦ ❦ ♦❢ ❣ ❡ ❛
▲ ❡ ♦ ♥ ❛ ❞ ❊ ✉❧ ❡ ✳ ▼ ❡ ❛ ♥ ✇ ❤✐❧ ❡ ● ❡ ♦ ♠ ❡ ②✱ ❢ ♦ ♠ ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧❧ ② ✐ ♥✐ ✐ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❢ ♦ ♠ ✱ ♣ ❛ ❡ ❞ ❢ ❛ ❛ ❤ ❡ ❛ ❞ ❢ ♦ ❤ ❡ ❧ ❛ ✇ ♦ ❝ ❡ ♥ ✉ ✐ ❡ ✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ✐ ✈ ❛ ✐ ♦ ✉
♠ ✉❧ ✐✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦ ❢ ♦ ♠ ✇ ❡ ❡ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ❛ ♥ ❞ ✉ ❞✐ ❡ ❞✳

■ ♥ ❤ ❡ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤✱ ✇ ❡ ✉ ♥ ❞ ❡ ♦ ♦ ❦ ✐ ♥ ✷ ✵ ✵ ✹ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ❣ ❡ ♥ ❡ ❛❧ ❛ ♥ ❞ ✈ ❛ ✐ ♦ ✉
✉ ❡❢ ✉❧ ♣ ❛ ✐ ❝ ✉❧ ❛ ❢ ♦ ♠ ♦❢ ❤ ❡ ♥ ❡ ✇ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✉ ❜ ❥ ❡ ❝ ❚ ❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②
✐ ♥ k ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝ ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝✱
❛ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✳ ❚ ❤ ❡ ❜✐ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥
✇ ♦ ❧✐ ♥ ❡ ♦ ✈ ❡ ❝ ♦ ✱ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✉ ❜ ♣ ❛ ❝ ❡ ♦ ❧✐ ♥ ❡ ♦ ✐ ♥ ❧✐ ♥ ❡ ❛ ♣ ❛ ❝ ❡ ✭ ❛ k ≥ 2 ✮

❤ ❛ ❛ ♥ ❛ ✉ ❡ ♦❢ ❜✐ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✇✐ ❤ ♣ ♦ ♣ ❡ ✐ ❡ ✱ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢
✉ ❝ ❤ ❛ ♣ ❛ ❝ ❡✳ ❆ ❦✐ ♥ ❞ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✐ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝✳ ■ ♥ ✉ ❝ ❤

♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✱ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②
❡✐ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ♦ ✉ ❛ ✐✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ♦ ♣ ❡ ✉ ❞ ♦✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜✐ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✳

■ ♥ ♦ ❞ ❡ ♦ ♦ ❜ ❛✐ ♥ ❛❧❧ ❤ ❡ ❛ ✐ ✐ ♥ ❣ ❡ ♥ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✱ ✐ ✇ ❛ ♥ ❡ ❝ ❡ ❛ ② ♦
♣ ❡❧✐ ♠✐ ♥ ❛ ② ❤✐ ❣ ❤❧ ② ❤ ♦ ♦ ✉ ❣ ❤❧ ② ❝ ♦ ♥ ✐ ❞ ❡ ❛ ♥ ❞ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ❛ ♥ ✉ ♠ ❜ ❡ ♦❢ ❝ ♦ ♥ ❝ ❡ ♣
✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ❛ ❝ ▼ ❛ ✐ ❝ ❡ ✱ ✇ ❤✐ ❝ ❤ ✐ ❛ ♣ ❛ ♦❢ ▲✐ ♥ ❡ ❛ ❆❧ ❣ ❡ ❜ ❛✳ ❖ ✉ ❡ ✛ ♦
✇ ❡ ❡ ❡ ✇ ❛ ❞ ❡ ❞ ❜ ② ❛ ❛✐ ♥ ♠ ❡ ♥ ♦❢ ✐ ♥ ❡ ❡ ✐ ♥ ❣ ❛ ♥ ❞ ✉ ♥ ❡ ① ♣ ❡ ❝ ❡ ❞ ❡ ✉❧ ✐ ♥ ❆❧ ❣ ❡ ❜ ❛✱
● ❡ ♦ ♠ ❡ ② ❛ ♥ ❞ ✐ ♥ ❚ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❤ ② ✐ ❝ ✇✐ ❤ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✳

❚ ❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ❣✐ ✈ ❡ ✉ ❝ ❤ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ✱ ❤ ❛ ♦ ♠ ❡ ❛ ❤ ❡
❞✐ ✣ ❝ ✉❧ ❛ ♥ ❞ ♥ ♦ ❡ ❛ ✐❧ ② ♣ ❡ ❝ ❡✐ ✈ ❛ ❜❧ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♦ ♣ ❤ ② ✐ ❝ ❛❧ ❤ ❡ ♦ ✐ ❡ ❜ ❡ ❝ ❛ ♠ ❡

✉✐ ❡ ❛ ♥ ♣ ❛ ❡ ♥ ❛ ♥ ❞ ♥ ❛ ✉ ❛❧ ❢ ♦ ✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣✳ ❙ ♦✱ ✇ ❡ ❡ ① ♣ ♦ ❡ ❞ ❤✐ ♦ ♥ ♠ ♦ ❡
❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧❧✐ ♥ ❣ ❞✐ ✛ ❡ ❡ ♥ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ✉ ❡
♦❢ ❤ ❡✐ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲✱ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❡ ✭ ✇✐ ❤ ❤ ❡ ❣❧ ♦ ❜ ❡ ✮ ❛ ♥ ❞ ✐ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✳ ❚ ❤ ✉ ✱ ❤ ❡ ♠ ❡ ❛ ✉ ❡❧ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❝ ❡ ❛✐ ♥ ❝ ❛❧ ❛ ♠ ✉❧ ✐ ♣❧✐ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❛❧❧ ♠ ❛✐ ♥
❞ ② ♥ ❛ ♠✐ ❝ ❡ ♥ ♦ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❝ ❛❧ ❛ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈✐ ♥ ❣
♠ ❛ ❡ ✐ ❛❧ ❜ ♦ ❞ ② ❛ ♥ ❞ ❣✐ ✈ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✳ ❚ ❤ ❡ ♠ ❡ ❛ ✉ ❡❧ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ♦❢ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ❛❧❧ ❡ ❡ ♠✐ ♥ ❣ ✉ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❛ ♠ ❡ ❡
♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜ ❥ ❡ ❝ ✳ ❯ ♥ ❞ ❡ ❤✐ ❚ ❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✇ ❡
♦ ♣ ❡ ♥ ❡ ❞ ✇✐ ❞ ❡ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❤ ❡ ❍✐ ❣ ❣ ✜ ❡❧ ❞ ✇✐ ❤ ♦ ✉ ✐ ❝ ✉ ✈✐ ♥ ❣ ✐ ♥ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✳

❈ ♦ ♥ ❡ ♥ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦ ❛ ❡ ❛ ❤ ❡ ❥ ♦✐ ♥ ♦❢ ♣ ♦ ❜❧ ❡ ♠ ✉ ❞✐ ❡ ❞ ✐ ♥ ♠ ✉❧ ✐✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧
● ❡ ♦ ♠ ❡ ② ❛ ♥ ❞ ▲✐ ♥ ❡ ❛ ❆❧ ❣ ❡ ❜ ❛✳ ❙✐ ♥ ❝ ❡ ✐ ❡ ① ♣ ♦ ✐ ✐ ♦ ♥ ❡ ✉✐ ❡ ❞ ♠ ❛ ♥ ② ♦❢ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧
♥ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ♠ ✱ ❤ ❡ ❛ ✉ ❤ ♦ ✐ ❡ ❞ ♦ ❣✐ ✈ ❡ ❤ ❡ ♠ ❤ ❡ ♠ ♦ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❛ ♥ ❞
❧ ♦ ❣✐ ❝ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❤ ❡ ❢ ✉❧❧ ♠ ❛ ✐ ① ❛❧ ♣ ❤ ❛ ❜ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ✇✐ ❞ ❡✲ ♣ ❡ ❛ ❞✐ ♥ ❣ ❧✐ ❡ ❛ ✉ ❡✳

❆ ♥ ❛ ♦❧ ② ❙ ❡ ❣ ❡ ❡ ✈✐ ❝ ❤ ◆✐ ♥ ✁✉❧ ✭ ❉ ✳ ❤✳ ✮ ◆ ♦ ✈ ❡ ♠ ❜ ❡ ✶ ✼ ✷ ✵ ✷ ✹
❡✲ ♠ ❛✐❧ ✿ ♥✐ ♥ ✉❧ ❛ ✷ ✵ ✵ ✹ ❅ ❣ ♠ ❛✐❧✳ ❝ ♦ ♠ ❛ ♥ ❞ ♥✐ ♥ ✉❧ ❛ ❅ ② ❛ ♥ ❞ ❡ ①✳ ✉

✇ ❡ ❜✲ ✐ ❡ ❢ ♦ ❝ ♦ ♥ ❛ ❝ ✿ ❤ ♣ ✿ ✴ ✴ ♥✐ ♥ ✉❧ ❛ ✳ ♥ ❛ ♦ ❞✳ ✉ ✴ ❡ ♥ ❣❧✐ ❤✳ ❤ ♠❧
❖ ❘ ❈ ■ ❉ ✭✐ ♥ ♣ ❤ ② ✴ ♠ ❛ ❤ ✮✿ ❤ ♣ ✿ ✴ ✴ ♦ ❝✐ ❞✳ ♦ ❣ ✴ ✵ ✵ ✵ ✵✲ ✵ ✵ ✵ ✸✲ ✷ ✽ ✻ ✶✲ ✸ ✽ ✸ ❳



❈ ♦ ♥ ❡ ♥

❆ ❜ ❛ ❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

❚ ♦ ❤ ❡ ❡ ❛ ❞ ❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
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❡ ① ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤✐ ♥ ❡ ✇ ✉ ❜❥ ❡ ❝ ♦❢ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ✐ ✈ ❛ ✐ ♦ ✉ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ❤ ❛ ❜ ❡ ❡ ♥ ♣ ❡ ♣ ❛ ❡ ❞
❜ ② ❤✐ ♠ ✇✐ ❤ ♥ ✉ ♠ ❡ ♦ ✉ ✉ ♣ ❞ ❛ ❡ ❛ ♥ ❞ ✐ ♥ ♥ ♦ ✈ ❛ ✐ ♦ ♥ ❛✐ ♠ ❡ ❞ ❛ ✐ ♠ ♣ ♦ ✈✐ ♥ ❣ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ✐ ✈ ❡ ②
❡ ① ❡ ♥ ✐ ✈ ❡ ❝ ♦ ♥ ❡ ♥ ✱ ❛ ♥ ❞ ❛❧ ♦ ✇✐ ❤ ❤ ❡ ❣ ♦ ❛❧ ♦❢ ♠ ❛ ❦✐ ♥ ❣ ❤✐ ♠ ❛ ❤ ✉ ❜❥ ❡ ❝ ② ❡ ♠ ♦ ❡ ❛ ❝ ❝ ❡ ✐ ❜❧ ❡
♦ ✉ ❡ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✐ ♥ ❤ ❡ ❤✐ ❣ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❡ ❞ ✉ ❝ ❛ ✐ ♦ ♥✳

■ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ▼ ❛ ✐ ❝ ❡ ✉ ❝ ❤ ✉ ✉ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ❛ ❛ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ①✱ ✐ ❛ ♥ ❦✱ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✱
❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ♦ ❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✱ ❛ ♥ ♥ ✉❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧✱ ❡ ❝✱ ❤ ❛ ✈ ❡ ❛ ❡ ♥ ❡ ♦ ♥❧ ② ❢ ♦ ❡ ① ❛ ❝ ♠ ❛ ✐ ❝ ❡
❛ ♥ ❞ ❛ ❡ ① ❛ ❝ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ✳ ❲❡ ❞✐ ✐ ♥ ❣ ✉✐ ❤ ✐ ♥ ♦ ✉ ♠ ❛ ❤ ✇ ♦ ❦ ✱ ❢ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ❬ ✶ ✺❪ ❛ ♥ ❞ ❬ ✶ ✼❪✱ ❤ ❡
❡ ① ❛ ❝ ❤ ❡ ♦ ② ♦❢ ♥ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♥ ❣ ❤ ❡ ♦ ② ♦❢ ♥ ♦ ✐ ♦ ♥ ✬ ❡ ✐ ♠ ❛ ❡ ✳ ❊ ❛ ❝ ❤ ♦❢ ❤ ❡ ♠
♣❧ ❛ ❝ ❡ ✐ ♦ ✇ ♥ ✐ ♠ ♣ ♦ ❛ ♥ ♦❧ ❡✳ ❚ ❤ ❡ ♥ ♦ ✐ ♦ ♥ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❡ ① ❛ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❡ ✉ ❡ ❞
♥ ♦ ♦ ♥❧ ② ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ❛ ♥ ❞ ❛ ♥ ❛❧ ② ✐ ♦❢ ❛ ❜ ❛ ❝ ✐ ♦ ♥ ✱ ❜ ✉ ❤ ❡ ② ❛ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦ ♦ ❜❥ ❡ ❝
❢ ♦ ♠ ❛ ♣ ♣❧✐ ❡ ❞ ♣ ♦ ❜❧ ❡ ♠ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ♦ ❜❥ ❡ ❝ ❛ ❡ ❛❧ ✇ ❛ ② ❡ ① ❛ ❝ ❛ ♥ ❞ ♦ ♥❧ ② ❤ ❡✐
✈ ❛ ✐ ♦ ✉ ❡ ✐ ♠ ❛ ❡ ❛ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡✳ ❙ ✉ ❝ ❤ ❝ ❡ ❛ ✐ ✈ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❛ ♠ ♦ ✈✐ ✈✐ ❞❧ ② ❝ ♦ ♥❢ ❡ ❡ ❞ ✐ ♥
❤ ❡ ✇ ♦ ❦ ♦❢ ❤ ❡ ❣ ❡ ❛ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥✱ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞ ♣ ❤✐❧ ♦ ♦ ♣ ❤ ❡ ♦❢ ❝✐ ❡ ♥ ❝ ❡ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡✳

❚ ❤ ❡ ♠ ❛✐ ♥ ✇ ♦ ♣ ❛ ♦❢ ❤ ❡ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤✱ ✐ ♥ ✇ ❡❧ ✈ ❡ ❝ ❤ ❛ ♣ ❡ ✱ ❝ ♦ ♥ ❛✐ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ✉❧ ♦❢ ♦ ✉
✐ ♥ ✈ ❡ ✐ ❣ ❛ ✐ ♦ ♥ ✐ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ❛ ❝ ▼ ❛ ✐ ❝ ❡ ✭ ❛ ■✱ ❈ ❤ ✳ ✶÷ ✹✮ ❛ ♥ ❞ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ♦ ♥ ❤✐ ♣❧ ❛ ❢ ♦ ♠
❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✭ ❛ ■■✱ ❝ ❤ ❛ ♣ ❡ ✺ ÷ ✶ ✷✮✳ ❚ ❤ ❡ ❧ ❛ ❡ ✐ ❛ ❝ ♦ ♥ ✐ ✉ ❡ ♥ ❞✐ ✈✐ ✐ ♦ ♥ ♦❢ ❤ ❡
❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✐ ❦✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ● ❡ ♦ ♠ ❡ ② ✇✐ ❤ ❛ ❝ ❡ ❛✐ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❛ ❝ ❡ ❛✐ ♥
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ♥ ❤ ❡ ❜ ❛ ✐ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ❛ ❝ ❡ ✳

❚ ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧ ♦ ♦ ♦❢ ❙ ❝ ❛❧ ❛ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❛ ❛ ❝ ♦ ♥ ✐ ✉ ❡ ♥ ♣ ❛ ♦❢ ✇ ♦✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧
● ❡ ♦ ♠ ❡ ②✱ ❡❢ ❡ ♦ ❢ ❛ ✲ ❛ ✇ ❛ ② ✐ ♠ ❡ ✳ ❙ ♦✱ ② ❡ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞✬ ✑ ❊❧ ❡ ♠ ❡ ♥ ✑ ♦ ♠ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❢ ♦ ♠ ✉❧ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ❜ ❡ ❢ ♦ ✉ ♥ ❞✳ ▼ ✉ ❝ ❤ ❧ ❛ ❡ ✱ ✐ ♥ ■■ ❛ ❣ ❡ ❈❧ ❛ ✉ ❞✐ ✉ ♦❧ ❡ ♠ ② ♦❢ ❆❧ ❡ ① ❛ ♥ ❞ ✐ ❛ ✇✐ ❞ ❡❧ ②
✉ ❡ ❞ ✐ ♥ ✧ ❆❧ ♠ ❛ ❣ ❡ ✧ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦❢ ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥
❚ ❤ ❡ ♦ ❡ ♠✳ ❙ ♦ ♠ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇ ❡ ❡ ✉ ❡ ❞ ✐ ♥ ■ ❳ ✕ ❳ ❛ ❣ ❡ ❜ ② ❆ ❛ ❜✐ ❛ ♥ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ✳
■ ✐ ♦❢ ✐ ♥ ❡ ❡ ❤ ❛ ❤ ❡ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦ ♥ ❛ ♣ ❤ ❡ ❡ ❜ ❡ ❝ ❛ ♠ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ♠ ✉ ❝ ❤ ❡ ❛ ❧✐ ❡ ❤ ❛ ♥
♦ ♥ ❡ ♦ ♥ ❛ ♣❧ ❛ ♥ ❡✳ ■ ✇ ❛ ✱ ❞ ✉ ❡ ♦ ❤ ❡ ❢ ❛ ❝ ✱ ❤ ❛ ✐ ✇ ❛ ♥ ❡ ❡ ❞ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ✐ ❝ ❛❧ ❛ ♦ ♥ ♦ ♠ ②✳
❙ ♦✱ ✐ ♥ ✶ ✻ ✵ ✸✱ ❚ ❤✳ ❍ ❛ ✐ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ♦❢ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❛ ❡ ❛ ❛ ♥ ❞
❛ ❞✐ ✉ ✳ ❚ ❤ ♦ ✉ ❣ ❤ ♦ ♠ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡❧ ❡ ♠ ❡ ♥ ✇ ❡ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❊ ✉ ♦ ♣ ❡ ❛ ♥ ❝✐ ❡ ♥ ❝ ❡ ❜ ②

❘✳ ❲ ❛❧❧✐ ♥ ❣❢ ♦ ❞ ② ❡ ✐ ♥ ❡ ❛ ❧ ② ❳■ ❨ ❛ ❣ ❡✳ ❍ ❡ ✉ ❡ ❞ ❤ ❡ ♠ ✐ ♥ ♦❧ ✈✐ ♥ ❣ ♦❢ ❛ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❛ ♣❧ ❛ ♥ ❡✳

❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇ ❡ ❡ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ❜ ② ❆✳ ▼ ♦✐ ✈ ❡ ✭ ✶ ✼ ✷ ✷✮ ❛ ♥ ❞ ♦ ❜ ❛✐ ♥ ❡ ❞ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡
❜ ② ❱✳ ❘✐ ❝ ❝ ❛ ✐ ❢ ♦ ♠ ❛ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✭ ✶ ✼ ✺ ✼✮✳ ❋✐ ❤ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇ ❡ ❡ ✉ ❡ ❞ ❡ ❛❧❧ ② ❛❧ ♦
✐ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ❜ ✉ ❛ ✐❢ ♦ ♥ ❤ ❡ ✧ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ♣ ❤ ❡ ❡ ♦❢ ❛ ♥ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ❞✐ ✉ ✧ ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ❝ ✕ ❡ ❣ ♠ ❡ ♥ ✱ ❜ ② ❏✳ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❞ ❋✳ ❚ ❛ ✉ ✐ ♥ ✉ ✐ ♥ ❤ ❡✐ ♣✐ ♦ ♥ ❡ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ✐ ♦ ♥ ✳ ✭ ◆ ♦ ✇ ✇ ❡ ♠ ❛ ②
♥ ❛ ♠ ❡ ❞ ❤✐ ♦ ❜❥ ❡ ❝ ❛ ❤ ❡ ♦ ♣ ❤ ❡ ❡ ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✕ ❡ ❡ ❤✐ ✐ ♥ ❈ ❤✳ ✶ ✷✳✮ ❙ ♦✱
✐ ♥ ✶ ✼ ✻ ✸✱ ❏✳ ▲ ❛ ♠ ❜ ❡ ✱ ✉ ✐ ♥ ❣ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ❜ ❡ ✇ ❡ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✇✐ ❤
❤ ❡✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❤✐ ♣ ❤ ❡ ❡ ✇✐ ❤ ✐

❛ ❡ ❛ ❛ ♥ ❞ ❛ ❞✐ ✉ ❬ ✸ ✻❪✳ ▲ ❛ ❡ ✱ ✐ ♥ ✶ ✽ ✷ ✺✱ ❋✳ ❚ ❛ ✉ ✐ ♥ ✉ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ✜ ❤ ❛ ❛ ✉ ♠ ♦❢ ❛ ♥ ❣❧ ❡ ✐ ♥
❤ ❡ ✉ ❝ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ❧ ❡ π ❬ ✸ ✽❪✳ ■✳ ❡✳✱ ❤ ❡ ② ❞✐ ❞ ❤ ❡ ♣✐ ♦ ♥ ❡ ❡ ❡ ♣ ✐ ♥ ❝ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡

♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥✐ ♠ ❡ ②✳ ❚ ❤ ❡ ❣ ❡ ❛ ❝ ❡ ❛ ♦ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱
❛ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❤ ♦❧✐ ✐ ❝ ❛ ①✐ ♦ ♠ ❛ ✐ ❝ ② ❡ ♠✱ ◆✳ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ❛ ♥ ❞ ❏✳ ❇ ♦❧ ② ❛✐ ✉ ❡ ❞ ✉ ❝ ❤ ♣ ❡ ❝✐ ✜ ❝
❛ ♥ ❛❧ ♦ ❣ ② ✐ ♥ ❤ ❡ ♠ ❛❧❧ ✇✐ ❤ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ❛ ❛ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✐ ♥ ✉ ♠ ❡ ♥ ❢ ♦ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡
♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ✳



✽ ■ ◆ ❚ ❘ ❖ ❉ ❯ ❈ ❚ ■ ❖ ◆

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❤ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ❛ ✣ ♥ ❡ ♦ ♣ ♦❧ ♦ ❣ ②✱ ✐ ❞ ❡ ♥ ✐ ✜ ❡ ❞ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡❧ ②
❜ ② ❍✳ ❏ ❛ ♥ ❝ ❡ ♥ ❬ ✺ ✷❪ ✐ ♥ ✶ ✾ ✵ ✾ ♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ✇ ❡ ❡ ✈ ❡ ❛❧ ❡ ❞ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✲
❡❧❧✐ ♣ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱
✇ ❤✐ ❝ ❤✱ ❛ ✇ ❛ ♣ ♦ ✈ ❡ ❞✱ ✐ ♦ ♥ ❡✲ ❡ ♣ ✐ ♦ ♠ ❡ ✐ ❝ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡✦

❚ ❤ ❡ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧✱ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✲ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ② ♣ ❡ ✱
❡ ❛❧✐ ③ ❡ ❞ ♦ ♥ ♦ ✇ ♥ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ❛ ♥ ❞ ❝ ❛ ♥ ❜ ❡

❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ♦ ❤ ❡✐ (n + 1) D ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩
❛ ♥ ❞ ⟨ P n + 1 ⟩✱ ❤ ❛ ✈ ❡ ✉ ❝ ❤ ❛ ♥ ❡ ❡ ♥ ✐ ❛❧ ❢ ❡ ❛ ✉ ❡✳ ❊ ❛ ❝ ❤ ❤ ❛ ❛ ❣ ♦ ✉ ♣ ♦❢ n D ♦ ❛ ✐ ♦ ♥ ❧✐ ♠✐ ✐ ♥ ❣ ❜ ② ♦ ♥ ❡
❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠ ❢ ♦ ♠ ❝ ♦ ♥ ❛ ♥ ❝ ② ♦❢ R ❛ ♦ ✉ ♥ ❞ ❢ ❛ ♠ ❡ ❛ ① ❡ ✐ ♥ ❤ ❡ ❡ ♣ ❛ ❝ ❡ ✱ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ✇✐ ❤
❛ ❣ ♦ ✉ ♣ n D ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❡ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳ ■ ♥ ❤ ❡ ✉ ❛ ✐✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩✱ ❤✐ ❤ ② ♣ ❡ ✉❢ ❛ ❝ ❡ ✐ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✭ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✮✱
❜ ✉ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩✱ ❤✐ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ❡✐ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❛
✐ ♠ ❛ ❣✐ ♥ ❛ ② R ✭ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✮ ♦ ✐ ❤ ❛ ♦ ♥ ❡ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ R
✭ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✮✳ ❆ ✇ ❛ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ✐ ♥ ♦ ✉ ✇ ♦ ❦✱ ♦ ♥❧ ② ✉ ❝ ❤ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❤ ❛ ✈ ❡ ❛ ♥ ❣ ✉❧ ❛
♠ ❡ ✐ ❝ ❢ ♦ ♠ ❛ ♥ ❞ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❆ ❜ ♦❧ ✉ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠
✇✐ ❤ ❤ ❡ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❝ ✳ ❋ ♦ ❛ ② ❡ ♠ ❛ ✐ ❝✱ ✇ ❡ ❝❧ ❛ ✐ ✜ ❡ ❞ ✉ ❝ ❤ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢
❤ ❡ ❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡✱ ❜ ✉ ♦❢ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ ✇✐ ❤ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❛ ❝ ❡

❛ ✧ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ✧✳ ❋ ♦ ♠ ❤ ❡ ❡ ✇ ❡ ✐ ♥❢ ❡ ♥ ❡ ① ♦❢ ❤ ❡ ♠ ❛✐ ♥ ♦ ✉ ❡ ✉❧ ✱ ❤ ❛ ❤ ❡
♦ ❛ ✐ ♦ ♥ ❛❧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✭✐✳ ❡✳✱ ✇✐ ❤ R = 1 ✮ ✕ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

✐ ✐ ♦ ♠ ❡ ✐ ❝ ✇✐ ❤ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ✉ ❝ ❤ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡ ❡ ① ❛ ❝ ♥ ❡ ✐❧❧ ❢ ❛ ❝ ♦ R ✦✦✦

❚ ❤ ❡ ❡ ♠ ✏ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✑ ✇ ❛ ❛✐ ❡ ❞ ❤ ❛ ♥ ❦ ♦ ❇ ❛ ❤ ♦❧ ♦ ♠ ❛ ✉ ✐ ✐ ❝ ✉ ❛ ♥ ❞ ❛ ♣ ♣ ❡ ❛ ❡ ❞ ✐ ♥
✶ ✺ ✾ ✺ ✐ ♥ ❤✐ ❜ ♦ ♦ ❦ ❬ ✷❪✳ ❲✐ ❤✐ ♥ ❤ ❡ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ♦❢ ❤ ❡ ❡ ♠ ✏ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✑ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ②
❤ ❡ ❛ ✉ ❤ ♦ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦ ♦❢ ✷ ✵ ✵ ✹✱ ✇ ❡ ✐ ♥ ❣❧ ❡ ❞ ✐ ♦ ✉ ❛ ❛ ♥ ❡ ✇ ❛ ♥ ❞ ✉ ❡❢ ✉❧ ✉ ❜❥ ❡ ❝ ♦❢ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ✱

✐ ♥ ✇ ❤✐ ❝ ❤ ✇ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ♦ ❤ ♠ ❛ ♥ ② ♥ ❡ ✇ ❝ ♦ ♥ ❝ ❡ ♣ ✱ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞ ❤ ❡ ♦ ❡ ♠ ❛ ♥ ❞ ♦ ♠ ❡ ♦❢ ❦ ♥ ♦ ✇ ♥
♥ ♦ ✐ ♦ ♥ ❡❧ ❛ ❡ ❞ ♦ ❤✐ ❛ ❡ ❛✱ ❜ ✉ ✇ ❤✐ ❝ ❤ ❤ ❛ ✈ ❡ ♥ ♦ ② ❡ ❜ ❡ ❡ ♥ ❡ ① ♣❧✐ ❝✐ ❧ ② ❛ ✐ ❜ ✉ ❡ ❞ ♦ ❤ ❡ ✉ ❜❥ ❡ ❝ ✳
❍✐ ♦ ✐ ❝ ❛❧❧ ② ❤ ❡ ♠ ♦ ❞ ❡ ♥ ♣ ❡ ❢ ❡ ❝ ❢ ♦ ♠ ♦❢ ❙ ❝ ❛❧ ❛ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇ ❛ ❣✐ ✈ ❡ ♥ ❜ ② ▲✳ ❊ ✉❧ ❡ ❬ ✶❪✱ ✇ ❤ ♦
❡ ❛❧✐ ③ ❡ ❞ ❛❧ ♦ ✐ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥✳ ❖ ♥ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ● ❡ ♦ ♠ ❡ ② ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❞ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❛ ♥ ❞

❡ ❡ ♥ ✐ ❛❧❧ ② ✈✐ ♦❧ ❡ ♥ ❧ ② ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❛ ♣ ♣ ❡ ❛ ❡ ❞ ✐ ❞ ❡ ❛ ♦❢ ❛ ♠ ✉❧ ✐✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡✳

▼ ✉❧ ✐✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡ ✇ ❛ ❛ ✐ ❡ ♥ ❛ ♣ ♣ ❛ ❡ ♥ ❧ ② ❛ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ♦❢ ❳■ ❳ ❛ ❣ ❡ ✐ ♥ ❝❧ ❛ ✐ ❝ ❛❧ ✇ ♦ ❦
♦❢ ❍✳ ● ❛ ♠ ❛ ♥ ♥ ✑ ❉✐ ❡ ❧✐ ♥ ❡ ❛❧ ❡ ❆ ✉ ❞ ❡ ❤ ♥ ✉ ♥ ❣ ❧ ❡ ❤ ❡✑ ❬ ✸❪✳ ❍✳ ● ❛ ♠ ❛ ♥ ♥ ❛ ♥ ❞✱ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ② ♦❢
❤✐ ♠✱ ❲✳ ❍ ❛ ♠✐❧ ♦ ♥ ❧ ❛✐ ❞ ❤ ❡ ❢ ♦ ✉ ♥ ❞ ❛ ✐ ♦ ♥ ♦❢ ❱❡ ❝ ♦ ❆ ♥ ❛❧ ② ✐ ✐ ♥ ✐ ♠✐❧ ❛ ♣ ❛ ❝ ❡ ✳ ❇ ❡❢ ♦ ❡ ✭✐ ♥ ✶ ✽ ✵ ✽✮
❏✳✲ ●✳ ● ❛ ♥✐ ❡ ❡ ♠✐ ❆ ♥ ❛❧ ② ✐ ❝ ❛❧ ● ❡ ♦ ♠ ❡ ② ❛ ❤ ❡ ✇ ❤ ♦❧ ❡ ❞✐ ✈✐ ✐ ♦ ♥ ♦❢ ● ❡ ♦ ♠ ❡ ②✳ ❖ ✉ ❛ ♥ ❞✐ ♥ ❣
❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥ ❥ ✉ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ✉ ❝ ❤ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❤ ❡ ● ❡ ♦ ♠ ❡ ② ♦❢ ♦ ❜❥ ❡ ❝ ✐ ♥
❛ ✐ ❤ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✇ ❛ ❡ ❛❧✐ ③ ❡ ❞ ❜ ② ❤ ❡ ❢ ❛ ♠ ♦ ✉ ✑ ❈ ❛ ♥ ♦ ✕ ❉ ❡ ❞ ❡ ❦✐ ♥ ❞ ❆ ①✐ ♦ ♠ ❛ ❜ ♦ ✉ ❈ ♦ ♥ ✐ ♥ ✉ ✉ ♠✑✳

❆ ❜ ♦ ✉ ♦❢ ❤ ❛ ✐ ♠ ❡ ❛ ♣ ♣ ❡ ❛ ❛ ♥ ❝ ❡ ♦❢ ▲✐ ♥ ❡ ❛ ❆❧ ❣ ❡ ❜ ❛ ❛ ♥ ❞ ✐ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ✐ ♥ ❤ ❡
✇ ♦ ❦ ♦❢ ❋✳ ❋ ♦ ❜ ❡ ♥✐ ✉ ✱ ●✳ ❈ ❛ ♠ ❡ ✱ ▲✳ ❑ ♦ ♥ ❡ ❝ ❦ ❡ ✱ ❆✳ ❈ ❛ ♣ ❡❧❧✐✱ ❏✳ ❙ ②❧ ✈ ❡ ❡ ✱ ▲✳ ❍ ❡ ❡✱ ❈✳ ❏ ♦ ❞ ❛ ♥✱
❈ ❤✳ ❍ ❡ ♠✐ ❡ ❛ ♥ ❞ ♦ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ❧ ❡ ❞✱ ✇✐ ❤ ✐ ♠ ❡✱ ♦ ✐ ❧ ❛ ❣ ❡ ✜❧❧✐ ♥ ❣ ❜ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝
❝ ♦ ♥ ❡ ♥ ✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ▲✐ ♥ ❡ ❛ ❆❧ ❣ ❡ ❜ ❛ ❢ ♦ ✉ ♥ ❞ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ✈ ❡ ❝ ♦
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❛❧ ♦✱ ❛❢ ❡ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ✇ ♦ ❦ ♦❢ ❍✳ ♦✐ ♥ ❝ ❛ ❡ ❛ ♥ ❞ ❍✳ ▼✐ ♥ ❦ ♦ ✇ ❦✐✱ ✐ ♥
❤ ❡ ❤ ❡ ♦ ② ♦❢ ♥ ❡ ✇ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳ ❚ ❤✐ ♣ ♦ ❝ ❡ ✇ ❛ ❛ ❝ ✐ ✈ ❛ ❡ ❞ ❤ ❛ ♥ ❦ ♦ ❛❧ ❣ ❡ ❜ ❛✐ ❝

❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ♥ ♦ ✐ ♦ ♥ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ♠ ❡ ✐ ❝ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ♦❢ ❤ ❡✐
❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✭ ❤ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✮✳ ❋ ♦
❤ ❡ ❜ ❛ ✐ ❝ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ♠ ❡ ❛ ✉ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ✉ ❡ ❞ ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠

❛ ♥ ❞ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❝ ♦ ✐ ♥ ❡ ■ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ❈ ❛ ✉ ❝ ❤ ② ♦ ✐ ♥ ❡ ■ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ❍ ❛ ❞ ❛ ♠ ❛ ❞✳

❇ ❡ ✐ ❞ ❡ ✱ ❢ ♦ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✱ ✐ ✐
✐ ♠ ♣ ♦ ✐ ❜❧ ❡ ♦ ❡ ❛❧✐ ③ ❡ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ✇✐ ❤ ♦ ✉ ❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ❛ ❝ ▼ ❛ ✐ ❝ ❡ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❊✳ ▼ ♦ ♦ ❡
❛ ♥ ❞ ❧ ❛ ❡ ❘✳ ❡ ♥ ♦ ❡ ♣ ♦ ♣ ♦ ❡ ❞ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ♠ ❡ ❤ ♦ ❞ ♦❢ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ✐ ♦ ♥ ♦❢ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✳
❘✳ ❈ ♦ ✉ ❛ ♥ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❤ ❡ ❧ ❛ ❣ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦ ♣ ✐ ♠✐ ③ ❛ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ✇✐ ❤ ♣ ❡ ♥ ❛❧ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱
✉ ❡❢ ✉❧ ✐ ♥ ✉ ❝ ❤ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦ ♦✳ ❆✳ ❚✐ ❝ ❤ ♦ ♥ ♦ ✈ ❣ ❛ ✈ ❡ ❤ ❡ ♠ ❛❧❧ ♣ ❛ ❛ ♠ ❡ ❡ ♠ ❡ ❤ ♦ ❞
♦❢ ❡ ❣ ✉❧ ❛ ✐ ③ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ♥ ♦ ♠ ❛❧ ♦❧ ✈✐ ♥ ❣ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ② ❡ ♠ ♦❢ ❧✐ ♥ ❡ ❛
❡ ✉ ❛ ✐ ♦ ♥ ✳ ❘ ❡ ✉❧ ♦❢ ❤ ❡ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ✐ ♦ ♥ ❤ ❛ ❞ ❛❧ ♦ ❛ ❜✐ ❣ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♠ ♣ ♦ ❛ ♥ ❝ ❡ ❛ ♥ ❞✱ ♦ ♦ ♠ ❡
❞ ❡ ❣ ❡ ❡✱ ❡ ✈ ❡ ❞ ❢ ♦ ✐ ♥✐ ✐ ❛ ✐ ♥ ❣ ❤ ❡ ♣ ❡ ❡ ♥ ✇ ♦ ❦✳



■ ◆ ❚ ❘ ❖ ❉ ❯ ❈ ❚ ■ ❖ ◆ ✾

❚ ❤ ❡ ♠ ❛✐ ♥ ❛✐ ♠ ♦❢ ❤✐ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ✇ ❡ ❡ ✭ ❛ ✶ ✮ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ✇✐ ❤ ❢ ✉ ❤ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥
❛ ♥ ✉ ♠ ❜ ❡ ♦❢ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ✐ ♦ ♥ ✐ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ❛ ❝ ▼ ❛ ✐ ❝ ❡ ✭ ❛ ■✱ ❈ ❤ ✳ ✶÷ ✹✮✱
❛ ♥ ❞ ❤ ❡ ♥ ✭ ❛ ✷ ♥ ❞✮ ♦ ♥ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ♦ ✇ ♦ ❦ ♦ ✉ ❤ ❡ ❜ ❛ ✐ ❝ ❛ ♣ ❡ ❝ ♦❢ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②
❢ ♦ ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ❡ ❞ ❜ ② ✇ ♦ ❧✐ ♥ ❡ ❛ ✉ ❜ ♣ ❛ ❝ ❡ ♦ ❢ ♦ ♠ ❡ ❞ ❜ ② ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ❧✐ ♥ ❡ ❛
✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ ❧✐ ♥ ❡ ❛ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❛ ❝ ❡ ✭ ❛ ■■✱ ❈ ❤ ✳ ✺÷ ✶ ✷✮✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②

❤ ❛ ❛ ❧ ♦ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♥ ❞ ✐ ♥ ♦ ♠ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❞ ♦ ♠ ❛✐ ♥ ✱ ❤ ❡ ❧ ❛ ❣ ❡
❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ✇ ❤✐ ❝ ❤ ❛ ❡ ❡ ① ♣ ♦ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ♦ ♦ ❦✬ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳

❋✐ ♦❢ ❛❧❧✱ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ♥ ❤ ❡ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✇ ❛
✐ ♥ ❛❧❧ ❡ ❞ ❜ ② ✉ ✇✐ ❤ ♦ ✉ ♣ ❡ ❝✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♠ ❡ ❤ ♦ ❞ ✭ ❤ ♦ ✉ ❣ ❤ ❤✐ ♦ ✐ ❝ ❛❧❧ ② ❡❧ ✐ ♥ ❡ ❛ ❧ ② ✶ ✾ ✽ ✶✮✳
❚ ❤ ❡ ② ❛ ♣ ♣ ❡ ❛ ❡ ❞ ✐ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ❛ ❝ ▼ ❛ ✐ ❝ ❡ ✐ ♥ ♠✐ ❞ ❞❧ ❡ ♦❢ ❳ ❳ ❛ ❣ ❡ ✐ ♥ ❤ ❡ ✇ ♦ ❦ ♦❢ ❏✳✲ ▼✳ ❙ ♦ ✉ ✐ ❛ ✉
❛ ♥ ❞ ❉✳ ❑✳ ❋ ❛ ❞ ❞ ❡ ❡ ✈ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✇✐ ❤ ❤ ❡✐ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥

✉ ❝ ✉ ❡✳ ❚ ❤ ❡ ❧ ❛ ❡ ✇ ❡ ❡ ✉ ❡ ❞ ② ❡ ✐ ♥ ❳■ ❳ ❛ ❣ ❡ ❜ ② ❯✳ ▲ ❡ ❱❡ ✐ ❡ ❛ ❤✐ ❢ ❛ ♠ ♦ ✉ ♣ ❡ ❞✐ ❝ ✐ ♦ ♥ ♦❢
◆ ❡ ♣ ✉ ♥ ❡✳ ❲❡ ❡ ① ♣ ❡ ❛❧❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠✱ ✐ ♥ ❡ ♠
♦❢ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ❆ ♥ ❞ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ❢ ♦ n × n ✲ ♠ ❛ ✐ ①
✐ ♥ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✐ ✐ ❞ ❡ ♥ ✐ ✜ ❡ ❞ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❛❧❧ ♠ ❛ ✐ ① ✐ ♥ ❣ ✉❧ ❛ ✐ ② ♣ ❛ ❛ ♠ ❡ ❡ ✳

■ ♥ ♣ ❛ ✐ ♥ ❣✱ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛❧❧ ❛ ✈ ❡ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ✐ ✐ ♥❢ ❡ ❡ ❞✱ ❛ ♥ ❞ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧
✐ ♥ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ❤ ❡ ♣ ❡ ❝ ❛❧❧ ② ♣ ♦ ✐ ✐ ✈ ❡ ♠ ❛ ✐ ① ❛ ❡ ✐ ♥ ❛❧❧ ❡ ❞ ❢ ♦ ❤ ❡ ❥ ✉ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ❡ ❞
❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ✳ ❚ ❤ ❡ ♥ ❡ ✇ ❣❧ ♦ ❜ ❛❧ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❡ ♣ ❜ ② ❡ ♣ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♥ ❣ ❛❧❧ ♦ ♦ ♦❢ ❛
❡ ❛❧ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♣ ♦ ♣ ♦ ❡ ❞✱ ❛ ♥ ❞ ❤ ❡ ♠ ♦ ❡ ✐ ❝ ♥ ❡ ❝ ❡ ❛ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛❧❧ ✐ ♦ ♦
❡ ❛❧✐ ② ❛ ♥ ❞ ♣ ♦ ✐ ✐ ✈✐ ②✱ ❤ ❛ ♥ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❉ ❡ ❝ ❛ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✱ ✐ ❣ ♦ ❡ ♥✳

❚ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ✭ ♦❢ ♦ ❞ ❡ t✮ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧ ✭ ♦❢ ♦ ❞ ❡ r ✮ ✉ ❛ ❞ ❛ ✐ ❝ ♥ ♦ ♠ ❛ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❢ ♦
❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ❧✐ ♥ ❡ ♦ ✱ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② n × r ✲ ♠ ❛ ✐ ❝ ❡ A ✱ ✇ ❤ ❡ ❡ ✶ ≤ r ❁ n ✭ ❛ r = ✶
❤ ❡ ② ❛ ❡ ✈ ❡ ❝ ♦ ✮✱ ❛ ♥ ❞ ❢ ♦ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ♦ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡✐ ✐ ♠ ❛ ❣ ❡ ✐ ♥ ❤ ❡

♥✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛ t = ✶ ❤ ❡ ② ❛ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❋ ♦ ❜ ❡ ♥✐ ✉
♥ ♦ ♠ ✭ ♠ ❡ ❛ ✉ ❡ ✮✳ ❚ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❜ ❛ ✐ ❢ ♦ ❤ ❡ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧ ♥ ♦ ♠ ✐ ❤ ❡ ❤✐ ❡ ✲
❛ ❝ ❤✐ ❝ ❛❧ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛❧❧ ❛ ✈ ❡ ❛ ❣ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ✈ ❛❧ ✉ ❡ ✳ ❆❧ ♦ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢
❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ② ♣ ❡ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❢ ♦ ❛ ♣ ❛✐ ♦❢ ❤ ❡ ❡ ❧✐ ♥ ❡ ♦ ✇✐ ❤ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❣ ❡ ♥ ❡ ❛❧
❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ♠ ❛ ✐ ① ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ❛ ✇✐ ❤
❛ ❜✐ ♥ ❛ ② ♥ ❛ ✉ ❡ ✭ ❛ ❛❧❧ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♦ ♦✮✳ ❚ ❤ ❡✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❝ ❛ ❡ ❛ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ■ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ❈ ❛ ✉ ❝ ❤ ② ❛ ♥ ❞ ❤ ❡ ✐ ♥ ❡ ■ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ❍ ❛ ❞ ❛ ♠ ❛ ❞✳

❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❛ ❤ ❡ ♠ ❛✐ ♥ ♥ ❡ ✇ ❝ ♦ ♥ ❡ ♥ ♦❢ ❤✐ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤✱ ✐ ❡ ① ♣ ♦ ❡ ❞ ❤ ❡ ♥ ✇✐ ❤
✇ ♦ ② ♣ ❡ ♦❢ ✐ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✕ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡ ♦ ♥ ❡ ✳ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ❝ ✐ ♥
❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❤ ❡✐ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❡✐ ❣ ❡ ♥✲
❡ ✢ ❡ ❝ ♦ ✕ ② ♠ ♠ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡✱ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ❛ ✣ ♥ ❡✱ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✳ ▼ ♦ ✐ ✈ ❡
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ❝ ✐ ♥ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ✭ ✐ ♥ ❡ ✕ ❝ ♦ ✐ ♥ ❡✮ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ✭ ❛ ♥ ❣ ❡ ♥ ✕ ❡ ❝ ❛ ♥ ✮
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❤ ❡✐ ❛ ❣ ✉ ♠ ❡ ♥ ✳ ❇ ♦ ❤ ❤ ❡ ❡ ② ♣ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ♥ ♦

❛ ♥ ❣❧ ❡ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✐ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ② ❝❧ ❡ ❛ ♠ ❛ ✐ ① ❢ ♦ ♠ ✉❧ ❛ ❡✳ ❚ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ❡ ❛ ❞ ❞ ❡ ❞ ❜ ② ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❢ ❡ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✱ ✇ ❤✐ ❝ ❤ ✇ ❡
❡ ✈ ❡ ❛❧ ❡✐ ❤ ❡ ❜ ② ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ❤ ♦ ✉ ❣ ❤ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦❢ ✈ ❡ ❝ ♦

❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✳ ❚ ❤ ✉ ✱ ❛ ♥ ② ❣ ❡ ♥ ❡ ❛❧ ♠✐ ① ❡ ❞ ♦ ❛ ✐ ♦ ♥ ♦ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ②
♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♥ ♠ ❛ ✐ ① ❢ ♦ ♠ ✉❧ ❛ ❡ ✐ ♥ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❛ ✳

❯ ♥ ❞ ❡ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦ ❤ ❡ ❛ ✣ ♥ ❡ ✭ ♦ ❛ ✐ ❤ ♠ ❡ ✐ ❝✮ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✐ ♦ ♦ ♣✐ ❝
♣ ❛ ❝ ❡ ✇✐ ❤ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝✱ ❛❧❧ ❝ ♦ ♥ ❝ ❡ ♣ ❛ ❜ ♦ ✈ ❡ ✇✐ ❤ ✇ ♦ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❛ ❡ ❞✐ ✈✐ ❞ ❡ ❞

✐ ♥ ♦ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ✳ ❚ ✇ ♦ ♣ ❛✐ ♦❢ ♦ ❛ ✐ ♦ ♥ ✭ ♣ ❤ ❡ ✐ ❝ ❛❧✱ ♦ ❤ ♦✲
♣ ❤ ❡ ✐ ❝ ❛❧✮✱ ✭ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✱ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧✮ ✐ ♥ ❤ ❡ ❡ ✇ ♦ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❢ ♦ ♠ ✇ ♦ ♥ ♦ ♥ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡

❣ ♦ ✉ ♣ ✳ ❚ ❤ ❡ ✜ ✐ ❤ ❡ ♥ ❡ ✇ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❣ ♦ ✉ ♣ ♦❢ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞
✐ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❛ ♥ ❞ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉
❣ ♦ ✉ ♣ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ♦ ✐ ♦ ♥ ♦ ♦ ❛ ✐ ♦ ♥ ✭ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣✮✳ ❚ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡
✇ ♦ ❣ ♦ ✉ ♣ ✐ ♥ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✐ ❛ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✳ ❙ ♦✱ ✐ ♥
❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✐ ✐ ❛ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ② ♦❢

❞✐ ✈✐ ❞✐ ♥ ❣ ✐ ♦ ♦ ♣✐ ❝ ✭❧✐ ❣ ❤ ✮ ❝ ♦ ♥ ❡ ✭✐ ♥ ❡ ❛ ❝ ❤ k ✲ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✮✳ ❚ ❤ ❡ ❡ ♦❢ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✐ ♥
❤ ❡ ❛ ♠ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✐ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✱ ❛ ♥ ❞ ✐ ✐ ♥ ♦ ❛ ❣ ♦ ✉ ♣✳



✶ ✵ ■ ◆ ❚ ❘ ❖ ❉ ❯ ❈ ❚ ■ ❖ ◆

❆ ❛ ❜ ✐ ❣ ❤ ♥ ♦ ✈ ❡❧ ②✱ ✇ ❡ ❣ ❛ ✈ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡
✇✐ ❤ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ♣ ♦ ♣ ♦ ❡ ❞ ❛ ♥ ✉ ♣ ❞ ❛ ❡ ❞ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢
❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ✉ ❡ ✐ ♥ ❛ ♥ ② ❛ ❞ ♠✐ ❡ ❞ ❜ ❛ ❡ ✳

❖ ✉ ❜✐ ♥ ❛ ② ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ✐ ❣ ❡ ♦ ♠ ❡ ② ✜❧❧ ❡ ❞ ❛ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ✉ ♥ ♥ ♦ ✐ ❝ ❡ ❞ ❣ ❛ ♣ ❤ ❛
❡ ①✐ ❡ ❞ ✐ ♥ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✐ ♦ ♦ ♣✐ ❝ ♣ ❛ ❝ ❡ ✳ ■ ✐ ❛ ♥ ❛ ✉ ❛❧ ❛ ♥ ❞ ✉ ❡❢ ✉❧ ❛ ❞ ❞✐ ✐ ♦ ♥
♦ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❧ ❛ ❡ ✇✐ ❤ ✐ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣ ✇ ❛

✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ❛ ❝ ❦ ✐ ♥ ✶ ✾ ✵ ✺ ❜ ② ❍ ❡ ♥ ② ♦✐ ♥ ❝ ❛ ✁❡ ❛ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢
❘ ❡❧ ❛ ✐ ✈✐ ② ✭ ♥ ❛ ♠ ❡ ❞ ♦ ❧ ❛ ❡ ❜ ② ▼ ❛ ① ❧ ❛ ♥ ❝ ❦✮✳ ■ ♥ ✶ ✾ ✵ ✼ ❤✐ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❛ ❤ ❡ 4 D ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
✇ ❛ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ❜ ② ❍ ❡ ♠ ❛ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ❞ ❜ ② ❤✐ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■✳ ■ ♥
❈ ❤ ✳ ✼ ❆ ❛ ♥ ❞ ✶ ✵ ❆✱ ✇ ❡ ✉ ❡ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ✐ ✉ ♥✐ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✭ ❛ |R | = 1 ✮
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ❢ ♦ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧✐ ♥ ❣ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✇✐ ❤ ❛ ✣ ♥ ❡ ❛ ♥ ❞ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣✐ ❡ ❛ ♥ ❞
❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✐ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✇✐ ❤ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡

❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ▼ ❛ ❝ ❤ ✐ ♥ ❝✐ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❍✐ ❣ ❣ ❚ ❤ ❡ ♦ ②✱ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ❤✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ♦ ✉ ✐ ♠ ❡✦
■ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ✭ ❈ ❤ ✳ ✶ ❆÷ ✶ ✵ ❆✮ ✕ ❡ ❡ ✐ ♥ ❤ ❡ ❡❢ ❛ ❝ ❡ ♦ ✐ ✱ ❛ ❤ ❡ ❛ ❤ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❝ ❛ ❡✱

✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ✱ ✐✳ ❡✳✱
✇✐ ❤ ✐ ♥ ❣❧ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❞ ✐ ♥ ❣❧ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✱ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡ ✇✐ ❤ ✐ ♥ ❣❧ ❡
❢ ❛ ♠ ❡ ❛ ①✐ ❢ ♦ ❤ ❡ ♠✳ ❚ ❤ ❡ ♥ ❡ ✇ ✐ ♥ ❡ ❡ ✐ ♥ ❣ ♣ ♦ ✐ ❜✐❧✐ ✐ ❡ ❛ ❡ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ❢ ♦ ❤ ❡ ✈ ❡ ② ❝❧ ❡ ❛ ✉ ❞ ②
♦❢ ✈ ❛ ✐ ♦ ✉ ② ♣ ❡ ♦❢ ✐ ♥ ❛❧❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✱ ❜ ✉ ✇✐ ❤
♦ ✇ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ❀ ✐ ♥ ❛❧❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ❀ ❛ ♥ ❞ ✐ ♥ ❚ ❤ ❡ ♦ ②
♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✳ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ❡ ❣ ♠ ❡ ♥ ✱ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐ ♥ ❙ ❚ ❘ ✐ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ①✱
✈ ❡ ❝ ♦ ✱ ❝ ❛❧ ❛ ✭ ✈ ✮ ❢ ♦ ♠ ✇✐ ❤ ✐ ❞ ❡ ♥ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥✳ ■ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♥ ❞ ❙ ❚ ❘✱ ✇ ❡ ❣ ❛ ✈ ❡ ❤✐ ❧ ❛ ✇ ❢ ♦ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ✐ ♥ ❤ ❡ ♥ ♦ ♥ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡
❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❤ ❡ ❇✐ ❣ ❛ ♥ ❞ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❀ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ❞ ♦ ❤ ❡ ♠ ❤ ❡
● ❡ ♥ ❡ ❛❧ ▲ ❛ ✇ ♦❢ ♣ ♦❧ ② ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❦✐ ♥ ❞ ✳

■ ♥ ❤ ❡ ❑ ✉ ♥ ❦ ❛ ♠ ♠ ❡ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦ ♦ ❡ ♥ ❞✱ ❤ ❡ ❡ ❛ ❞ ❡ ♠ ❛ ② ❡ ❤ ❡ ♠ ❡❧ ✈ ❡ ✐ ♥ ♦❧ ✈✐ ♥ ❣ ♦❢
❤ ❡ ✉ ❣ ❣ ❡ ❡ ❞ ❜ ② ❤ ❡ ❛ ✉ ❤ ♦ ✉ ❡ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ❡ ❛ ❦ ♥ ❡ ❛ ♦ ❤✐ ✇ ♦ ❦✬ ♦ ♣✐ ❝ ✳

■ ♥ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥✱ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦ ❝❧ ❛ ✐❢ ② ❤ ❡ ♥ ❡ ✇ ✉ ❜❥ ❡ ❝ ♥ ❛ ♠ ❡ ♦ ♥ ❤ ❡ ❚✐ ✉❧✳ ❲ ❤ ② ❡ ♥ ♦ ❄
❲❡ ❡ ❡ ❤ ❛ ✉ ✉ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ❡ ❜✐ ♥ ❛ ② ❛ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❧✐ ♥ ❡ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✳ ❚ ❤ ❡ ② ❛ ♥ ❞
❤ ❡✐ ❡ ♥ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✉ ❛ ❡ ♠ ❛ ✐ ❝ ❡ ❤ ♦ ✇ ❢ ♦ ❛ ♥ ② ❜✐ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✳ ■ ♥
❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ♦ ♠ ❡ ❢ ♦ ♠ ✇ ♦ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝✱ ❤ ❡ ❡ ♥ ♦ ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❀ ✐ ♥ ❤ ❡ ❛ ❜ ❡ ♥ ❝ ❡

♦❢ ♠ ❡ ✐ ❝✱ ❤ ❡ ② ❛ ❡ ❛ ✣ ♥ ❡✳ ❚ ❤✐ ♥ ❡ ✇ ♠ ❛ ❤ ✉ ❜❥ ❡ ❝ ❞ ❡ ❛❧ ✇✐ ❤ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ❛ ✣ ♥ ❡ ❡ ♥ ♦ ✱
❤ ❡✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ❖ ♥ ❛ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ❤ ❡ ❡ ❡ ♥ ♦ ❛ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱

✐ ♥ ❛ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❤ ❡ ② ❛ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳ ❖ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❤ ❡ ② ❛ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ❛ ♥ ❞ ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❤ ❡ ② ❛ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦✲
❣ ♦ ♥ ❛❧✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ② ♠ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❛ ♥ ✐✲ ② ♠ ♠ ❡ ✐ ❝✱ ❡ ❛❧✱ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ①✳
❋ ♦ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✇ ❡ ✉ ❡ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ❝ ❛❧ ❛
♦ ♥ ❡ ✱ ❛ ♠ ♦ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❤ ❡ ❡✱ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ♥ ♦ ❛ ✐ ♦ ♥ ♦❢ ❏✳ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ❛ ♥ ❞ ❑✳ ❙ ❝ ❤ ❡ ✛ ❡ ✳

❚ ❤ ❡ ❞ ❛ ❡ ♦❢ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❜✐ ❤ ✐ ❖ ❝ ♦ ❜ ❡ ✹✱ ✷ ✵ ✵ ✹✱ ✇ ❤ ❡ ♥ ✐ ✜ ❡ ❞✐ ✐ ♦ ♥
❡ ①✐ ❡ ❞ ✐ ♥ ❤ ❡ ✇ ♦ ❧ ❞ ❜ ② ❤ ❡ ✧ ▼■ ❘ ✧ ✉ ❜❧✐ ❤ ❡ ❬ ✶ ✺❪ ❤ ❛ ♥ ❦ ♦ ❛ ❜ ✐ ❣ ❤ ❡ ✈✐ ❡ ✇ ♦❢ ❤ ❡ ❡ ♠✐ ♥ ❡ ♥ ❛ ♥ ❞
❡ ♥ ❝ ② ❝❧ ♦ ♣ ❡ ❞✐ ❝ ❛❧❧ ② ✈ ❡ ❛ ✐❧ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ♦ ♥✐ ❦ ♦ ✈ ▼✳ ▼✳✱ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❛ ❛ ✉ ❤ ♦ ♦❢ ❛ ❧ ❛ ❣ ❡
♥ ✉ ♠ ❜ ❡ ♦❢ ✈ ❛❧ ✉ ❛ ❜❧ ❡ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ❛ ♥ ❞ ❡ ① ❜ ♦ ♦ ❦ ✐ ♥ ✈ ❛ ✐ ♦ ✉ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✜ ❡❧ ❞ ✳ ■ ♥ ❏ ❛ ♥ ✉ ❛ ②
♦❢ ✷ ✵ ✷ ✶ ❤ ❡ ✷✲ ♥ ❞✱ ❜ ✉ ❊ ♥ ❣❧✐ ❤ ❡ ❞✐ ✐ ♦ ♥ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇ ❛ ✐ ✉ ❡ ❞ ❜ ② ✧ ❋✐ ③ ♠ ❛ ❧✐ ✧✄❬ ✶ ✻❪✳
❚ ❤✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❡ ♥ ♦ ✈ ❛ ❡ ❞✱ ✇✐ ❞ ❡ ♥ ❛ ♥ ❞ ♦ ♣ ✐ ♠✐ ③ ❡ ❞ ❜ ② ❞ ❡ ✐ ❣ ♥ ✸✲ ❞ ❡ ❞✐ ✐ ♦ ♥ ✐ ❜ ❡✐ ♥ ❣ ❡❧ ❡ ❛ ❡ ❞
✇✐ ❤ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ♦❢ ❛❧❧ ❢ ♦ ✉ ♥ ❞ ♠✐ ♥ ♦ ✐ ♥ ❛ ❝ ❝ ✉ ❛ ❝✐ ❡ ❛ ♥ ❞ ② ♣ ♦ ✱ ✇✐ ❤ ♥ ❡ ✇ ❡ ① ✉ ❛❧ ❝ ♦ ♠ ♠ ❡ ♥ ❛ ✐ ❡
❛ ♥ ❞ ♣ ❡ ❡ ✈ ❛ ✐ ♦ ♥ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ❡ ♦ ❡ ♠ ✱ ❝ ♦ ♦❧❧ ❛ ✐ ❡ ✱ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ♣✐ ❝ ✉ ❡ ✱ ❛ ♥ ❞ ✇✐ ❤ ♣ ❡ ❡ ♥ ✐ ♥ ❣
♦❢ ❤ ❡ ♠ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❡ ♥ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ♦ ♥ ❡ ❡❧ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✉ ❜❥ ❡ ❝ ✳

◆ ❡ ✇ ♠ ❡ ❤ ♦ ❞ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ✈ ❛ ✐ ♦ ✉ ❞ ♦ ♠ ❛✐ ♥ ♦❢ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝
❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ✳ ❚ ❤ ❡ ❛ ✉ ❤ ♦ ❤ ♦ ♣ ❡ ❤ ❛ ❡ ❛ ❞ ❡ ✇✐❧❧ ✜ ♥ ❞ ❛ ❧ ♦ ♦❢ ✐ ♥ ❡ ❡ ✐ ♥ ❣ ❝ ♦ ♥ ❡ ♥ ❛ ♥ ❞ ♦❢ ♥ ❡ ✇
❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡✳ ■✬❧❧ ✇ ❡❧ ❝ ♦ ♠ ❡✱ ✐❢ ♦ ♠ ❡ ❜ ♦ ❞ ② ✇✐ ❤ ❡ ♦ ❞ ❛ ❡ ✐ ♥ ❤✐ ♥ ❡ ✇ ❞✐ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ✐ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ✇✐ ❤ ✉ ♣ ✐ ✐ ♥ ❣ ❡ ✉❧ ✦ ❍ ♦ ✇ ❡ ✈ ❡ ■✬❧❧ ♣ ♦ ❛ ❞ ❤ ❡ ❡ ♥ ♦❢ ♣❧ ❛ ❣✐ ❛ ✐ ♠ ♦ ♥ ✇ ❡ ❜✲ ✐ ❡✳



◆ ♦ ❛ ✐ ♦ ♥

✶✳ ◆ ♦ ❛ ✐ ♦ ♥ ♦❢ ♠ ❛ ✐ ❝ ❡ ✭ ▼ ❛ ✐ ❝ ❡ ❛❧ ♣ ❤ ❛ ❜ ❡ ✮

A ✕ ❡ ❝ ❛ ♥ ❣ ✉❧ ❛ n × m ✲ ♦ m × n ✲ ♠ ❛ ✐ ①✱ ♦ n × r ✲❧✐ ♥ ❡ ♦ ✐ ♥ ❛ ♣ ❛ ❝ ❡ ✭ ❛ r = 1 ✕ n × 1 ✲ ✈ ❡ ❝ ♦ ❛ ✮✱

A + ✕ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ♦❢ ▼ ♦ ♦ ❡ ✕ ❡ ♥ ♦ ❡✱

B ✕ ✉ ❛ ❞ ❛ ✐ ❝ n × n ✲ ♠ ❛ ✐ ① ♦ ❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ B = A 1 A ′
2 ♦❢ n × r ✲❧✐ ♥ ❡ ♦ A 1 ✱ A 2 ❀

B − ✕ ❛ ✣ ♥ ❡ ♦ ♦ ❜❧✐ ✉ ❡ ✭ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✮ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ①✱

B V ✕ ❛ ❞❥ ♦✐ ♥ ♠ ❛ ✐ ① ❢ ♦ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ B ✭ B − 1 = B V / d et B ✮✱

B i = B − µ i I ✕ i✲ ❤ ✐ ♥ ❣ ✉❧ ❛ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ① ❢ ♦ B ✱

B ✭ ❛ B p ✮ ✕ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ①✿ ⟨ k e r B ⟩ ∩ ⟨ i m B ⟩ ≡ ⟨ 0 ⟩ ✱

B ✭ ❛ B m ❛ ♥ ❞ B n ✮ ✕ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ❛ ♥ ❞ ❍ ❡ ♠✐ ✐ ❛ ♥ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✿ ⟨ k e r B ⟩ ⊥ ⟨ i m B ⟩ ✱

B ✭ ❛ B c ✮ ✕ ♥ ✉❧❧✲ ❝ ❡❧❧ ✭ ✇ ♦✲ ❜❧ ♦ ❝ ❦✲ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✮ ❢ ♦ ♠ ♦❢ B p ✱ B m ✱ B n ✱

−→
B ✭ ❛

− →
B p ✮ ✕ ❛ ✣ ♥ ❡ ♦ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ⟨ k e r B ⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ i m B ⟩ ✱

←−
B ✭ ❛

←−
B p ✮ ✕ ❛ ✣ ♥ ❡ ♦ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ⟨ i m B ⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ k e r B ⟩ ✱

←−
B ✭ ❛

←−−
B m ✮ ✕ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ⟨ i m B ⟩ ≡ ⟨ i m B ′ ⟩ ✱

−→
B ✭ ❛

−− →
B m ✮ ✕ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ⟨ k e r B ⟩ ≡ ⟨ k e r B ′ ⟩ ✱

← − −
B B ′ ✭ ❛

←−−
B m ✮ ✕ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ⟨ i m B ⟩ ✱

− − →
B ′ B ✭ ❛

−− →
B m ✮ ✕ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ⟨ k e r B ⟩ ✱

C ✕ ❢ ❡ ❡ ❝ ❡❧❧ ✉❧ ❛ ♠ ❛ ✐ ① ♠ ✉❧ ✐ ♣❧✐ ❡ ♦ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ C = A ′
1 A 2 ♦❢ ❤ ❡ ❡ n × r ✲❧✐ ♥ ❡ ♦ ✱

C µ ( B ) ✕ ❜ ❛ ✐ ❝ ✭q ✲ ❜❧ ♦ ❝ ❦✲ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✮ ❢ ♦ ♠ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✭ q ✕ ✉ ❛ ♥ ✐ ② ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ B ✮✱

D ✕ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✱

Ẽ k ✕ ❝ ❡ ❛✐ ♥ ✉ ♥✐ ② ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❜ ❛ ❡ ✭❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ✮✱

Ẽ 1 ✕ ✉ ♥✐ ② ❜ ❛ ❡ ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ♦ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ❢ ♦ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ②✱

F ✭✳ ✳ ✳ ✮ ✕ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ✭✳ ✳ ✳ ✮✱

{ G + } ( x ) ✱ { G ± } ( u ) ❛ ♥ ❞ Ĝ ✱ ✕ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✭ ♣ ♦ ✐ ✐ ✈ ❡✱ ✐ ❣ ♥✲✐ ♥ ❞ ❡ ✜ ♥✐ ❡ ❛ ♥ ❞ ♠ ✉ ✉ ❛❧ ✇✐ ❤ G ✮✱

H = H ∗ ✕ ❍ ❡ ♠✐ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ①✱ H ⊕ ✕ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ❞ ❡ ✜ ♥✐ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ①✱

I ✕ ✉ ♥✐ ② ♠ ❛ ✐ ①✱ I + ❛ ♥ ❞ I − ✕ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱

I ± , I ∓ ♦ { R ′
W I ± R W } = {

√
I } S ✕ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱
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I t ✕ ♦ ❛❧❧ ②✲ ✉ ♥✐ ② ♠ ❛ ✐ ①✿ ❛❧❧ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ✇ ❤✐ ❝ ❤ ❛ ❡ ❡ ✉ ❛❧ ♦ ✶✱

J µ ( B ) ✕ ❝ ❛ ♥ ♦ ♥✐ ❝ ❏ ♦ ❞ ❛ ♥ ❢ ♦ ♠ ♦❢ ❛ ♠ ❛ ✐ ① B ✱

K ✕ ❛ ♥ ✐✲ ② ♠ ♠ ❡ ✐ ❝ ❡ ❛❧ ♦ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ①✱

K B ( ϵ ) ✕ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ε ❢ ♦ ❛ ♠ ❛ ✐ ① B ✱

K 1 ( B, t ) ❛ ♥ ❞ K 2 ( B, t ) ✕ ✜ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ❛ ♠ ❛ ✐ ① B ♦❢ ♦ ❞ ❡ t✱

K 2 ( B, t ) ❛ ♥ ❞ K 2 ( B, t ) ✕ ❡ ❝ ♦ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ❛ ♠ ❛ ✐ ① B ♦❢ ♦ ❞ ❡ t✱

± R e f { B } ✕ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❢ ♦ ♠ ❛ ✐ ❝ ❡ B ✭ ❛ ✣ ♥ ❡✱ ♦ ❜❧✐ ✉ ❡ ✮✱

± R e f { B m } ✕ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❢ ♦ ♠ ❛ ✐ ❝ ❡ B m ✭ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✮✱

± R e f { B p } ✕ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❢ ♦ ♠ ❛ ✐ ❝ ❡ B p ✭ ❛ ✣ ♥ ❡ ♦ ♦ ❜❧✐ ✉ ❡ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✮✱

± R e f { A A ′ } ✕ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❢ ♦ ❛ ♠ ❛ ✐ ❝ ❡ A A ′ ✭ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✮✱

L µ ( B ) ✕ q ✲ ❜❧ ♦ ❝ ❦✲ ✐ ❛ ♥ ❣ ✉❧ ❛ ❢ ♦ ♠ ♦❢ ❛ ♠ ❛ ✐ ① B ✭ q ✲ ✉ ❛ ♥ ✐ ② ♦❢ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ B ✮✱

M ✭ M M ′ = M ′ M ) ✕ ♥ ♦ ♠ ❛❧ ✭ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♦ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ❝ ♦ ♠ ♣❧ ❡ ① ✮ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ①✱

N ✭ N N ∗ = N ∗ N ✕ ❍ ❡ ♠✐ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ①✱

O ✕ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ①✱

P ✕ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ①✱

Q ✕ ❛ ♥ ✐✲ ❍ ❡ ♠✐ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ①✱

Q B ( ϵ ) ✕ ❡ ❞ ✉ ❝ ❡ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ε ❢ ♦ ❛ ♠ ❛ ✐ ① B ✱

Q 1 ( B, t ) ❛ ♥ ❞ Q 2 ( B, t ) ✕ ❡ ❞ ✉ ❝ ❡ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ❛ ♠ ❛ ✐ ① B ♦❢ ♦ ❞ ❡ t

R ✭ R R ′ = I ✮ ✕ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✭ ❡ ❛❧ ♦ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ❝ ♦ ♠ ♣❧ ❡ ① ✮ ♠ ❛ ✐ ①✱ R q ✕ ✉ ❛ ✐✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✱

R W ✕ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ❢ ♦ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❛ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① P ✐ ♥ ♦ ✐ W ✲❢ ♦ ♠✱

S = S ′ ✕ ② ♠ ♠ ❡ ✐ ❝ ❡ ❛❧ ♦ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ①✱ S ⊕ ✕ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ❞ ❡ ✜ ♥✐ ❡ ② ♠ ♠ ❡ ✐ ❝ ❡ ❛❧ ♠ ❛ ✐ ①✱

T ✕ ♠ ❛ ✐ ① ♦❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ❛ ✐ ✈ ❡ ✮✱

U ✭ U U ∗ = I ✮ ✕ ✉ ♥✐ ❛ ② ✭ ❍ ❡ ♠✐ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✮ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ①✱

V ✕ ♠ ❛ ✐ ① ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧✐ ♥ ❡ ❛ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ❛ ✐ ✈ ❡ ✮✱

W ( P ) ✕ ♠ ♦ ♥ ♦✲ ❜✐ ♥ ❛ ② ❢ ♦ ♠ ♦❢ ❛ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① P ✱

X ✕ ♠ ❛ ✐ ① ❛ ❣ ✉ ♠ ❡ ♥ ✱

Y ✕ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ✇ ♦ ♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡✐ ❞✐ ❡ ❝ ✉ ♠ ✐ ♥ ❛ ❜ ❛ ✐ ♣ ❛ ❝ ❡✱

Z ✕ ③ ❡ ♦ ♠ ❛ ✐ ①✳
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✷✳ ◆ ♦ ❛ ✐ ♦ ♥ ♦❢ ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❤ ❡✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥

Φ̃ = Φ̃ ′ ✕ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣❧ ❛ ♥ ❛ ❛ ♥ ❞ ✐ ♥ ❡ ✢ ❡ ❝ ♦ ✱

Φ = − Φ ′ ✕ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✐ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱

Ξ̃ ❛ ♥ ❞ Ξ ✕ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✐❧❧ ❤ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ Π / 2 ✱

Γ̃ = − Γ̃ ′ ✕ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣❧ ❛ ♥ ❛ ❛ ♥ ❞ ✐ ♥ ❡ ✢ ❡ ❝ ♦ ✱

Γ = Γ ′ ✕ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✐ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱

Υ̃ ❛ ♥ ❞ Υ ✕ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❡ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❛ ♥ ❣❧ ❡ Γ̃ ❛ ♥ ❞ Γ ✐❧❧ ❤ ❡ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ ∆ ✱

Θ̃ = Θ̃ ′ ✕ ❡ ♥ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✭ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ̃ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ̃ ✮✱

Θ = − Θ ′ ✕ ❡ ♥ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✭ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ✮✱

Ψ̃ = Φ̃ + iΓ̃ ✱ Ψ = Φ + iΓ ✕ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ❞ ❡ ✉ ❛ ❡ ❡ ♥ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✱

˜H = Φ̃ + iΓ̃ = ˜H ∗ ✕ ❍ ❡ ♠✐ ❡ ❛ ♥ ❡ ♥ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡✱ Φ̃ = Φ̃ ∗ , Γ̃ = − Γ̃ ∗

H = Φ + iΓ = − H ∗ ✕ ❦ ❡ ✇✲ ❍ ❡ ♠✐ ❡ ❛ ♥ ❡ ♥ ♦ ♠ ♦ ✐ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡✱ Φ = − Φ ∗ , Γ = Γ ∗

✭ ❛❧❧ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ✕ ❡ ❡ ✐ ♥ ✐ ❡ ♠ ✷ ✮✱

R ot Φ ❛ ♥ ❞ r ot Φ ✕ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ ✭ ❛ ♥ ❞ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♥ ❡ ✮✱

R ot h Γ ❛ ♥ ❞ r ot h Γ ✕ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ✭ ❛ ♥ ❞ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♥ ❡ ✮✱

R ot Θ ❛ ♥ ❞ r ot Θ ✕ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Θ ✭ ❛ ♥ ❞ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♥ ❡ ✮✱

D e f Φ ❛ ♥ ❞ d e f Φ ✕ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ ✭ ❛ ♥ ❞ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♥ ❡ ✮✱

D e f h Γ ❛ ♥ ❞ d e f h Γ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ✭ ❛ ♥ ❞ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♥ ❡ ✮✳

✸✳ ◆ ♦ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✉ ❜✲ ♣ ❛ ❝ ❡

⟨ A n ⟩ ✕ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❛ ✣ ♥ ❡ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡✱

⟨ E n ⟩ ✕ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡✱ ⟨ C n ⟩ ✕ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡✱

⟨ E n + q ⟩ ✕ ❝ ♦ ♠ ♣❧ ❡ ① ❜✐ ♥ ❛ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ( n + q ) ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❞ ❡ ① ✭ ≤ ♥ ✮✱

⟨ Q n + q ⟩ ✕ ❡ ❛❧ ❜✐ ♥ ❛ ② ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ( n + q ) ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❞ ❡ ① ✭ ≤ ♥ ✮✱

⟨ P n + q ⟩ ✕ ❡ ❛❧ ❜✐ ♥ ❛ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ( n + q ) ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❞ ❡ ① ✭ ≤ ♥ ✮✱

⟨ Q n + q ⟩ c ✕ ❝ ♦ ♠ ♣❧ ❡ ① ❜✐ ♥ ❛ ② ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ( n + q ) ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❞ ❡ ① ✭ ≤ ♥ ✮✱

⟨ ⟨ E n ⟩ ⟩ ✕ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✢ ❛ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡✱ ⟨ ⟨ C n ⟩ ⟩ ✕ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ✮✱

⟨ E n ⟩ ( k ) ✱ ⟨ E q ⟩ ( k ) ✕ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ ⟨ Q n + q ⟩ ♦ ⟨ P n + q ⟩ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ Ẽ k ✱

⟨ P i ⟩ ✱ ⟨ P i j ⟩ ✕ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡✳
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✹✳ ❖ ❤ ❡ ♥ ♦ ❛ ✐ ♦ ♥

a, b, ... ❛ ♥ ❞ a ✱ b ✱ ✳✳✳ ✕ ❝ ❛❧ ❛ ❛ ♥ ❞ n × 1 ✲ ✈ ❡ ❝ ♦ ❡❧ ❡ ♠ ❡ ♥ ✱ ||a ||E ✕ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❢ ♦ ❛ ✱

||A ||F = ||A ||1 ✕ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ✭ ✜ ♦ ❞ ❡ ✬ ✉ ❛ ❞ ❛ ✐ ❝ ♥ ♦ ♠ ✮ ❢ ♦ ❤ ❡ n × m ✲ ♠ ❛ ✐ ① A ✱

||A ||t ✕ ♣ ❛ ✐ ❝ ✉❧ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ♦❢ ♦ ❞ ❡ t ♥ ♦ ♠ ❢ ♦ ❤ ❡ n × m ✲ ♠ ❛ ✐ ① ♦ n × r ✲❧✐ ♥ ❡ ♦ A ✱

||A ||t ✕ ✐ ♠ ♠ ❡ ❞ ♣ ❛ ✐ ❝ ✉❧ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ♦❢ ♦ ❞ ❡ t ♦ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♥ ♦ ♠ ✭ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❞✐ ❛ ♥ ✮✱

||A ||r ✕ ❣ ❡ ♥ ❡ ❛❧ ✉ ❛ ❞ ❛ ✐ ❝ ♦❢ ♦ ❞ ❡ r ♦ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ✭ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❞✐ ❛ ♥ ✮✱

C t
n ✕ ❜✐ ♥ ♦ ♠✐ ❛❧ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ d et B ✕ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✱

❞ ✭ ① ✮ ✕ ❡ ✐ ❞ ✉ ❛❧ ♦❢ ❤ ❡ ❧✐ ♥ ❡ ❛ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ① ✱

D l( r ) B ✕ ❞✐ ❛ ♥ ❛❧ ♦❢ ❤ ❡ ✐ ♥ ❣ ✉❧ ❛ n × n ✲ ♠ ❛ ✐ ① B ✱ ✐✳ ❡✳ ❤ ❡ ❢ ✉❧❧ ✉ ♠ ♦❢ ✐ ❜ ❛ ✐ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠✐ ♥ ♦ ✱

⟨ i m A⟩ ♦ ⟨ i m B ⟩ ✕ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ① A ♦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✱

⟨ k e r A ′ ⟩ ❛ ♥ ❞ ⟨ k e r B ⟩ ✕ ❦ ❡ ♥ ❡❧ ♦❢ ❤ ❡ ♠ ❛ ✐ ① A ′ ♦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✱

k B ( ϵ ) = d et ( B + ϵ I ) ✕ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ ϵ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B ✱

k B ( − µ ) = d et ( B − µ i I ) = 0 ✕ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B ✱

k ( B, t ) ✕ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① ❇ ♦❢ ♦ ❞ ❡ ✱

l ✕ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤✱ λ ✕ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤✱

m t ✕ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❛ ♥ ✭ ♠ ❛❧❧ ♠ ❡ ❞✐ ❛ ♥ ✮ ♦❢ ♦ ❞ ❡ t✱ M θ ✕ ♣ ♦ ✇ ❡ ♠ ❡ ❛ ♥ ✭❧ ❛ ❣ ❡ ♠ ❡ ❞✐ ❛ ♥ ✮ ♦❢ ♦ ❞ ❡ θ ✱

M t( r ) A ✕ ♠✐ ♥ ♦ ❛ ♥ ♦❢ ✐ ♥ ❣ ✉❧ ❛ ❆ ✭ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ ❤ ❡ ❢ ✉❧❧ ✉ ♠ ♦❢ ✉ ❛ ❞ ✐ ❝ ❜ ❛ ✐ ♠✐ ♥ ♦ A ✮✱

n ✕ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✱

q ✕ ✐ ♥ ❞ ❡ ① ♦❢ ❤ ❡ ✉ ❛ ✐✲ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱

B ( ϵ ) ✕ ❡ ❞ ✉ ❝ ❡ ❞ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ ϵ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① ❇✱

q B ( − µ ) = 0 ✕ ❡ ❞ ✉ ❝ ❡ ❞ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B ✱

q ( B, t ) ✕ ❡ ❞ ✉ ❝ ❡ ❞ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ♦❢ ♦ ❞ ❡ t✱

r = r a n k B ✭ r = r a n k A ✮ ✕ ❛ ♥ ❦ ♦❢ ❤ ❡ ♠ ❛ ✐ ①✱

r ′ ✕ ✶ ♦ ❝ ❦ ♦❢ ❤ ❡ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① ❇✱ ✐✳ ❡✳ ♠ ❛ ①✐ ♠ ❛❧ ♦ ❞ ❡ ♦❢ ♥ ♦ ♥✲ ③ ❡ ♦ k ( B, t ) ✱

r ′′ ✕ ✷ ❞ ♦ ❝ ❦ ♦❢ ❤ ❡ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① ❇✱ ✐✳ ❡✳ ♠ ❛ ①✐ ♠ ❛❧ ♦ ❞ ❡ ♦❢ ♥ ♦ ♥✲ ③ ❡ ♦ K ( B, t ) ✱

s ❛ ♥ ❞ s ′ ✕ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ✐ ❡ ♦❢ ❤ ❡ ③ ❡ ♦ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① B ✱

s 0
i = r ′′

i − r ′
i + 1 ✕ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② ♦❢ ❤ ❡ i✲ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❛ ✐ ① B ✱

t ✕ ♦ ❞ ❡ ♦❢ ♠ ❛ ✐ ❝ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✱ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ✉ ❜ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ♠✐ ♥ ♦ ✱
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t r B ✕ ❛ ❝ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❇✱

v t ✕ ❡ ✈ ❡ ✐ ✈ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❛ ♥ ✭ ❡ ✈ ❡ ✐ ✈ ❡ ♠ ❛❧❧ ♠ ❡ ❞✐ ❛ ♥ ✮ ♦❢ ♦ ❞ ❡ t✱

V θ ✕ ❡ ✈ ❡ ✐ ✈ ❡ ♣ ♦ ✇ ❡ ♠ ❡ ❛ ♥ ✭ ❡ ✈ ❡ ✐ ✈ ❡ ❧ ❛ ❣ ❡ ♠ ❡ ❞✐ ❛ ♥ ✮ ♦❢ ♦ ❞ ❡ θ ✱

① ✱ ② ✕ ❡ ❛❧✲ ♥ ✉ ♠ ❜ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ❛ ❣ ✉ ♠ ❡ ♥ ✭ ✈ ❛ ✐ ❛ ❜❧ ❡ ✮✱

z ❛ ♥ ❞ z ✕ ❝ ♦ ♠ ♣❧ ❡ ①✲ ♥ ✉ ♠ ❜ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ❛ ❣ ✉ ♠ ❡ ♥ ✭ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ ✮✱

si n , si n h , c o s , c o s h , t a n , t a n h , s e c , ❡ ❝ ❤ , c o t , c o t h , c o s e c , ❝ ❝ ❤ ✕ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱
a r c si n , ❛ ✐ ♥ ❤, a r c c o s , ❛ ❝ ♦ ❤ , a r c t a n , ❛ ❛ ♥ ❤ , ❛ ❝ ❡ ❝ , ❛ ❡ ❝ ❤ ✕ ❡ ✈ ❡ ❡ ♦ ❤ ❡ ♠ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳

● ❡ ❡ ❦ ♦ ♠ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ✿

φ ✕ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ❛❧ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡✱ γ ✕ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ❛❧ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡✱

θ ✕ ❡ ❝ ♦ ♥ ❞ ❛ ② ❝ ❛❧ ❛ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✭ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ φ ♦ γ ✮✳

ξ ✕ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✇✐ ❤ φ ✭ ❡❧ ❛ ✐ ✈ ❡❧ ② ♦ ❤ ❡ ✐ ❣ ❤ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ π ✴ ✷ ✮✱

υ ✕ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✇✐ ❤ γ ✐ ♥ ♦ ♠ ❡ ✐ ❣ ❤ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❛ ♥ ❣❧ ❡✱

δ ✕ ✐ ♥ ✜ ♥✐ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✐ ♥ ♦ ♠ ❡ ✐ ❣ ❤ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❛ ♥ ❣❧ ❡✱

η ✕ ❝ ❛❧ ❛ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡✱

π ✕ ❆ ❝ ❤✐ ♠ ❡ ❞ ❡ ◆ ✉ ♠ ❜ ❡ ❛ ♥ ❞ ❛ ♥ ♦ ♣ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡✱

ω = a r s h 1 ✕ ❡ ♣ ❡ ❝✐ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✭ ❛ ♥ ❞ ♥ ✉ ♠ ❜ ❡ ✮ ❛ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ π / 4

µ i ✕ i✲ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❛ ✐ ① ✇✐ ❤ ✐ ✉ ❛ ♥ ✐ ② q i ✱

σ j ✕ j ✲ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡ ♠ ❛ ✐ ❝ ❡ A A ′ ❛ ♥ ❞ A ′ A ✱

2 τ ✕ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❦ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♦ ♠ ♦ ✐ ✈ ❡ ② ♣ ❡✱

ν ′ ✕ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❜✲ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ⟨ i m A1 ⟩ ❛ ♥ ❞ ⟨ i m A2 ⟩ ✭✐✳ ❡✳✱ ♦❢ ③ ❡ ♦ ✐ ♥ ❡ ✮✱

ν ′′ ✕ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❜✲ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ⟨ i m A1 ⟩ ❛ ♥ ❞ ⟨ k e r A ′
2 ⟩ ✭✐✳ ❡✳✱ ♦❢ ③ ❡ ♦ ❝ ♦ ✐ ♥ ❡ ✮✳

✺✳ ❯ ✐ ♥ ❣ ② ♠ ❜ ♦❧

′ ✕ ♠ ❛ ❦ ♦❢ ✐ ♠ ♣❧ ❡ ❛ ♥ ♣ ♦ ✐ ♥ ❣✱ ∗ ✕ ♠ ❛ ❦ ♦❢ ❍ ❡ ♠✐ ❡ ❛ ♥ ❛ ♥ ♣ ♦ ✐ ♥ ❣✱

✳ ✳ ✳ ⊂ ✳ ✳ ✳ ✕ ❡ ✳ ✳ ✳ ❜ ❡❧ ♦ ♥ ❣ ♦ ❡ ✳ ✳ ✳ ✱ ✳ ✳ ✳ ⊆ ✳ ✳ ✳ ✕ ❡ ✳ ✳ ✳ ❜ ❡❧ ♦ ♥ ❣ ♦ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❡ ✳ ✳ ✳ ✱

✳ ✳ ✳ ∈ ✳ ✳ ✳ ✕ ❡❧ ❡ ♠ ❡ ♥ ✳ ✳ ✳ ❜ ❡❧ ♦ ♥ ❣ ♦ ❡ ✳ ✳ ✳ ✱ ✳ ✳ ✳ /∈ ✳ ✳ ✳ ✕ ❡❧ ❡ ♠ ❡ ♥ ✳ ✳ ✳ ♥ ♦ ❜ ❡❧ ♦ ♥ ❣ ♦ ❡ ✳ ✳ ✳ ✱

✳ ✳ ✳ ∪ ✳ ✳ ✳ ✕ ♠ ❛ ❦ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✭❥ ♦✐ ♥✐ ♥ ❣ ✮ ✇ ♦ ❡ ✱ ✳ ✳ ✳ ∩ ✳ ✳ ✳ ✕ ♠ ❛ ❦ ♦❢ ✐ ♥ ❡ ❡ ❝ ✐ ♥ ❣ ✇ ♦ ❡ ✱

✳ ✳ ✳ ≡ ✳ ✳ ✳ ✕ ♠ ❛ ❦ ❢ ♦ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ② ♦❢ ❤ ❡ ✇ ♦ ❡ ✱

✳ ✳ ✳ ⊕ ✳ ✳ ✳ ✕ ♠ ❛ ❦ ♦❢ ❞✐ ❡ ❝ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ❡ ✱ ✳ ✳ ✳ ⊞ ✳ ✳ ✳ ❛ ♥ ❞ ✳ ✳ ✳ ⊠ ✳ ✳ ✳ ✕ ♠ ❛ ❦ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ❡ ✱ ✳ ✳ ✳ ⊎ ✳ ✳ ✳ ✕ ♠ ❛ ❦ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ❛ ♥ ❣❧ ❡ ✱

∠

Φ ❛ ♥ ❞
∠

Γ ✕ ♠ ❛ ❦ ♦ ✈ ❡ ❤ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❡ ✈ ❡ ❡ ♦ ❞ ❡ ♦❢ ✇ ♦✲ ♦
♠ ✉❧ ✐ ❡ ♣ ♦ ❛ ✐ ♦ ♥ ✭ ♣ ❛ ✐ ❝ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ✮✱ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❡ ✈ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ✐ ♥ ❣✳



❛ ■

❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ❛ ❝ ▼ ❛ ✐ ❝ ❡ ✿ ♦ ♠ ❡ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ✉ ❡ ✐ ♦ ♥

❚ ❤ ❡ ♠ ❛✐ ♥ ❛✐ ♠ ♦❢ ❤✐ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ✐ ♥ ✷ ✵ ✵ ✹ ❬ ✶ ✺❪ ✇ ❡ ❡✱ ✐ ♥ ✜ ✱ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ✐ ♥ ♥ ❡ ❝ ❡ ❛ ②
✉ ❞ ❡ ❣ ❡ ❡ ❛ ♥ ✉ ♠ ❜ ❡ ♦❢ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ❛ ❝ ▼ ❛ ✐ ❝ ❡ ✐ ♥

❛ ■ ✭ ❈ ❤ ✳ ✶÷ ✹✮✱ ❛ ♥ ❞ ❤ ❡ ♥✱ ✐ ♥ ❛ ■■✱ ♦ ♥ ✉ ❝ ❤ ♣❧ ❛ ❢ ♦ ♠ ♦ ✇ ♦ ❦ ♦ ✉ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ♦❢
❤ ❡ ♥ ❡ ✇ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✉ ❜❥ ❡ ❝ ✉ ♥ ❞ ❡ ❣ ❡ ♥ ❡ ❛❧ ♥ ❛ ♠ ❡ ✏ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✑ ✇✐ ❤ ✐ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

♥ ✉ ♠ ❡ ♦ ✉ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✖ ♣ ❤ ② ✐ ❝ ❛❧ ✜ ❡❧ ❞ ✱ ♠ ❛✐ ♥❧ ② ✐ ♥ ❤ ❡ ❜✐ ❣ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳
■ ♥ ❈ ❤ ❛ ♣ ❡ ✶✱ ✉ ❝ ✉ ❡ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥

♦❢ n × n ✲ ♠ ❛ ✐ ① B ❛ ❡ ❢ ♦ ✉ ♥ ❞ ❛ ♥ ❞ ✉ ❞✐ ❡ ❞✳ ❚ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❜ ❛ ✐ ❝
♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ✐ ♥ ❣ ✉❧ ❛ ✐ ② ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B ❛ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞✳ ❆ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ✉❧ ✱ ❢ ♦ ♠ ❤ ❡
❤✐ ❣ ❤ ❡ ♦ ❞ ❡ r ′✱ r ′′ ♦❢ ❤ ❡ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ B i

❛ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✐ ✐ ❞ ❡ ♥ ✐ ✜ ❡ ❞ ✐ ♥ ✐ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠✳ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧
✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛ ✈ ❡ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ✭ ♠ ❡ ❛ ♥ ✮ ✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ❞ ❛ ♥ ❞ ♣ ♦ ✈ ❡ ❞ ✐ ♥ ❛ ✇ ❤ ♦❧ ❡ ❢ ♦ ♠✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣
❤ ❡ ❝ ❤ ❛✐ ♥ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❢ ♦ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❛ ♥ ❛ ❛ ❜ ❛ ✐ ♦❢ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧ ❛❧ ❣ ❡ ❜ ❛✐ ❝

♥ ♦ ♠ ❡ ♥ ❡ ❡ ❞ ✉ ❜ ❡ ✉ ❡ ♥ ❧ ②✳ ■ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ❤ ❡ ❤ ❡ ♦ ② ❛ ♥ ❞ ❡ ❝ ❤ ♥✐ ✉ ❡ ❢ ♦
♦❧ ✉ ✐ ♦ ♥ ♦❢ ❡ ❛❧ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ♦❢ ❡ ❝ ✉❧ ❛ ♦ ♥ ❡ ✳ ■ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥✬

♣ ♦ ✐ ✐ ✈ ❡ ♦ ♦ ✭ ❡✳ ❣✳✱ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❢ ♦ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ❞ ❡ ✜ ♥✐ ❡ ♠ ❛ ✐ ❝ ❡ ✮✱ ❤ ❡ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❛ ♥ ❞
❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♥ ❣ ♦❢ ♠ ❛ ①✐ ♠ ❛❧ ❛ ♥ ❞ ♠✐ ♥✐ ♠ ❛❧ ♦ ♦ ❛ ❡ ❣ ♦ ❡ ♥ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✭ ✇✐ ❤ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❡ ♥ ✐ ❛❧ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ❤ ❡ ♦ ♦ ✮✳ ✭ ◆ ♦ ❡ ❤ ❡ ❢ ❛ ❝ ♦❢ ✐ ♥❢ ❡ ✐ ♥ ❣
❤ ❡ ❡ ❤ ❡ ❝❧ ❛ ✐ ❝ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢ ❍ ❛ ♠✐❧ ♦ ♥ ✕ ❈ ❛ ②❧ ❡ ② ✐ ♥ ♦ ♥ ❡ ❧✐ ♥ ❡✱ ❛ ♥ ❞ ♠ ❛ ♥ ② ♦❢ ✐ ♥ ❡ ❡ ✐ ♥ ❣ ♦ ❤ ❡ ✳✮

■ ♥ ❈ ❤ ❛ ♣ ❡ ✷✱ ❤ ❡ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✇ ♦ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡ ✉ ❛ ✐✲
✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ❢ ♦ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ✐ ♥ ❣ ✉❧ ❛ n × n ✲ ♠ ❛ ✐ ① B ✐ ♥ ❡ ♠ ♦❢ ✐ ♠ ❛ ✐ ① ❛ ♥ ❞ ❝ ❛❧ ❛
❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ r = r a n k B ❛ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞✳ ✭ ❚ ❤ ❡ ✐ ♠ ♣❧ ❡
❝ ❛ ❡ ♦❢ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ✐ ❛ n × n ✲ ♠ ❛ ✐ ① B ❝ ♦ ♥ ✐ ✐ ♥ ❣ ❢ ♦ ♠ r ♦❢ ❜ ❛ ✐ ❝ ♦❧ ✉ ♠ ♥ ❛ ♥ ❞
n − r ♦❢ ③ ❡ ♦ ❝ ♦❧ ✉ ♠ ♥ ✳✮ ❆ ❛ ✈ ❡ ② ✐ ♠ ♣ ♦ ❛ ♥ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡✱ ❤ ❡ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ✐ ♥ ❣ ✉❧ ❛ n × n ✲
♠ ❛ ✐ ❝ ❡ B ✱ ✇ ❤ ♦ ❡ ✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❦ ❡ ♥ ❡❧ ❢ ♦ ♠ ❛ ❞✐ ❡ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠✱ ❛ ❡ ❡ ♥ ❡ ❡ ❞ ❛ ♥ ❞ ✉ ❞✐ ❡ ❞✳
✭ ❚ ❤ ❡✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❡ ♣ ❛ ❛ ❡❧ ② ✐ ♠ ♣ ♦ ❛ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ❝ ❛ ❡ ❛ ❡ ② ♠ ♠ ❡ ✐ ❝ S ❛ ♥ ❞ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡
♠ ❛ ✐ ❝ ❡ A A ′, A′A ✳✮ ❇ ❡ ✐ ❞ ❡ ✱ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡
❛ ♥ ❞ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ♦ ❤ ❡ ✇ ♦✲ ❝ ❡❧❧ ❜❧ ♦ ❝ ❦✲ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ❛ ♥ ♦ ♥✐ ❝ ❢ ♦ ♠ ❛ ❡ ❣ ♦ ❡ ♥✳ ❆ ♥ ❞
❛ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✱ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧
❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ♠ ❛ ✐ ① ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ❣ ♦ ❡ ♥✳

■ ♥ ❈ ❤ ❛ ♣ ❡ ✸✱ ❤ ❡ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧✐ ♥ ❡ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥ ❧✐ ♥ ❡ ❛ ♣ ❛ ❝ ❡ ❤ ❛ ♥ n × 1 ✲ ✈ ❡ ❝ ♦
❛ ♥ ❞ ❧✐ ♥ ❡ ❛ ❡ ❡ ♥ ❡ ❡ ❞ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ✐ ♥ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥✱ ❛ n × m ✲❧✐ ♥ ❡ ♦ A ❛ ♥ ❞ ♣❧ ❛ ♥ ❛ ⟨i m A⟩
❛ ♥ ❞ ⟨k e r A ′⟩✱ ✐✳ ❡✳✱ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ♠ ❛ ✐ ① A ✱ ✇ ❤ ❡ ❡ ✶ ≤ ♠ ≤ ♥ ✭✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐❢ m = 1 ❤ ❡ ② ❛ ❡
✈ ❡ ❝ ♦ ❛ ✱ ❧✐ ♥ ❡ ⟨i m a ⟩ ❛ ♥ ❞ ❤ ② ♣ ❡ ♣ ❛ ❝ ❡ ⟨k e r a ′⟩✮✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❡❧ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❛ ✐ ❝ ❡
♦ ♠ ❛ ✐ ① ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✇✐ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❤ ❛ ✈✐ ♥ ❣ ❝ ♦ ✐ ♥ ❡ ♦ ✐ ♥ ❡
♥ ❛ ✉ ❡ ✭ ❡❧ ❛ ✐ ♦ ♥ ❣ ❡ ♥ ❡ ❛❧✐ ③✐ ♥ ❣ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♥ ♦ ♠ ❢ ♦ ❛ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ✐ ♥ ❡ ♦❢ ❛ ♥
❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✈ ❡ ❝ ♦ ♦ ❧✐ ♥ ❡ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✮ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞✳ ❆ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ✉❧ ✱
❤ ❡ ❧✐ ♠✐ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❣ ♦ ❡ ♥ ❜ ②

❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ♠ ❛ ♥ ♥ ❡ ✳ ✭ ◆ ♦ ❡ ❤ ❡ ❢ ❛ ❝ ♦❢ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ❡ ❡ ❤ ❡ ❝❧ ❛ ✐ ❝ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢
❑ ♦ ♥ ❡ ❝ ❦ ❡ ✕ ❈ ❛ ♣ ❡❧❧✐ ✐ ♥ ♦ ♥ ❡ ❧✐ ♥ ❡✱ ❛ ♥ ❞ ❛❧ ♦ ♠ ❛ ♥ ② ♦❢ ✐ ♥ ❡ ❡ ✐ ♥ ❣ ♦ ❤ ❡ ✳✮

■ ♥ ❈ ❤ ❛ ♣ ❡ ✹✱ ❤ ❡ ♠ ❛✐ ♥ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥✬ ✈ ❛ ✐ ❛ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧
♥ ♦ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✉ ♣ ♦ ♥ ❛ ♥ ✐ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❡ ❛❧ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✐ ♥ ♦ ✈ ❛ ✐ ♦ ✉
❝ ♦ ♠ ♣❧ ❡ ① ♦ ♥ ❡ ✳ ■ ✐ ✐ ♠ ♣ ♦ ❛ ♥ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ✐ ♠✐❧ ❛ ❝ ♦ ♠ ♣❧ ❡ ①
✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❛❧❧ ✐ ❦✐ ♥ ❞ ✳ ❆ ♥ ✉ ♠ ❜ ❡ ♦❢ ❤ ❡
♣ ❡ ❝✐ ✜ ❝ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥✬ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❡ ❣✐ ♦ ♥ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❛ ✐ ❤ ♠ ❡ ✐ ❝✱

❛❧ ❣ ❡ ❜ ❛✐ ❝✱ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ♦ ♥ ❡ ✱ ❛ ❡ ❣✐ ✈ ❡ ♥✳



❈ ❤ ❛ ♣ ❡ ✶

❈ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧

✶✳ ✶ ❙✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥

■ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ❛ ❝ ▼ ❛ ✐ ❝ ❡ ✱ ❡ ♣ ❡ ❝✐ ❛❧ ❛ ❡ ♥ ✐ ♦ ♥ ✐ ♣ ❛✐ ❞ ♦ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✳ ❚ ❤ ❡ ②
❛ ❡ ✉ ❞✐ ❡ ❞ ❢ ♦ ♠ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✳ ❉ ❡ ❛✐❧ ❡ ❞ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ✉ ❡ ✐ ♦ ♥
✐ ♥ ❡ ❝ ❡ ❛ ② ❢ ♦ ❢ ✉ ❤ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❢ ♦ ✉ ♥ ❞ ❛ ✐ ♦ ♥✳

❆ ✐ ✐ ❦ ♥ ♦ ✇ ♥✱ ❢ ♦ ❡ ❛ ❝ ❤ n × n ✲ ♠ ❛ ✐ ① ❤ ❡ ❡ ✐ ✐ ♦ ✇ ♥ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ②
❤ ❡ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✭ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✇✐ ❤ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✮ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ ❛

❝ ❡ ❛✐ ♥ ♣ ❛ ❛ ♠ ❡ ❡ µ ✳ ❚ ❤ ❡ ♦ ♦ µ i ♦❢ ❤✐ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✭ ❤ ❡ ♦ ♦ ♦❢ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥✮
❢ ♦ ❛ ❣✐ ✈ ❡ ♥ ✉ ❛ ❡ ♠ ❛ ✐ ① B ❛ ❡ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ①✳ ❚ ❤ ❡ ♠ ❛ ✐ ① B ❤ ❛ ❛❧ ♦ ❤ ❡
♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✭ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✇✐ ❤ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✮✳

❋ ♦ ❤ ❡ ♥ ❡ ① ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ✇ ♦ ❦✐ ♥ ❞ ♦❢ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ❛ ♥ ❞
❤ ❡✐ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ❛✐ ♥❧ ② ♦ ❉✳ ❑✳ ❋ ❛ ❞ ❞ ❡ ❡ ✈ ❬ ✷ ✾✱ ♣✳ ✸ ✶ ✶ ✕ ✸ ✶ ✻❪✳ ❈ ♦ ♥ ✐ ❞ ❡ ❛ ♥ ♦ ♥ ③ ❡ ♦

n × n ✲ ♠ ❛ ✐ ① B ♦❢ ❛ ♥ ❦ r ✇✐ ❤ ❤ ❡ ✉ ♥✐ ② ♠ ❛ ✐ ① I ✳ ❚ ❤ ❡ ❡ ♦❧ ✈ ❡ ♥ ♦❢ B ✐ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ② ♣ ❡✿

(B + ϵ I ) − 1 =
(B + ϵ I ) V

d et (B + ϵ I )
=

K B (ϵ )

k B (ϵ )
. ( 1)

■ ♥ ❢ ❛ ❝ ✱ ✐ ✐ ❤ ❡ ✉ ✉ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ♦❢ (B + ϵ I )✿ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ✐ ❤ ❡
❛ ❞❥ ♦✐ ♥ ♠ ❛ ✐ ①✱ ❤ ❡ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ✐ ✐ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✱ ϵ ✐ ❛ ♥ ❛ ❜✐ ❛ ② ❝ ❛❧ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ✳
❚ ❤✐ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ✇ ♦ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✿ ❝ ❛❧ ❛ ♦ ♥ ❡ ♦❢ ♦ ❞ ❡ n ❛ ❤ ❡
❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ❛ ♥ ❞ ♠ ❛ ✐ ① ♦ ♥ ❡ ♦❢ ♦ ❞ ❡ n − 1 ❛ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ♦❢ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥✿

K B (ϵ ) =
n − 1

t = 0

K 1 (B, t ) · ϵ n − t − 1 = ϵ n − 1 + K 1 (B, 1) · ϵ n − 2 + · · · + K 1 (B, n − 1) ,

k B (ϵ ) =
n

t = 0

k (B, t ) · ϵ n − t = ϵ n + k (B, 1) · ϵ n − 1 + · · · + k (B, n ) = ϵ n + t r B · ϵ n − 1 + · · · + d et B.

❚ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❤ ❡ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ❝ ♦ ♥ ❛✐ ♥ ♦✲ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ k (B, t )
❛ ♥ ❞ ❤ ❡ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ✶✲ ❦✐ ♥ ❞ K 1 (B, t )✱ ✇ ❤ ❡ ❡ ✇ ❡ ❤ ❛ ✈ ❡ K 1 (B, 0) = I ✱
K 1 (B, n ) = Z ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶✳ ✹✮✱ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ 2 ✲ ♥ ❞ ❦✐ ♥ ❞ K 2 (B, t ) ✇✐❧❧ ❜ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❧ ❛ ❡ ✳
❚ ❤ ❡ ❡ ✉ ❡ ♥ ✐ ❛❧✲✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ♥ ✉ ♠ ❜ ❡ t ✐ ❤ ❡ ♦ ❞ ❡ ♦❢ ✉ ❝ ❤ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳

■ ♥ ❤✐ ❜ ♦ ♦ ❦✱ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❜ ♦ ❤ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ B ✇✐ ❤ ❛❧❧ ❤ ❡✐ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱
❛ ❛ ✉❧ ❡✱ ✐ ♥ ❤ ❡ ✐ ❣ ♥✲ ❝ ♦ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✇✐ ❤ ❤ ❡ ❝ ❛❧ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ϵ = − µ ✳ ❚ ❤ ❡
♦ ♣ ♣ ♦ ✐ ❡ ♣ ❛ ❛ ♠ ❡ ❡ µ = − ϵ ❛ ❡ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧
♦❢ µ ✐ ③ ❡ ♦ ❛ ♥ ❞ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ❡ ❝ ✉❧ ❛ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❛ ✐ ❝ ❡ B ✿

k B (− µ ) = ( − µ ) n + k 1 · (− µ ) n − 1 + · · · + k n = ( − µ ) n + t r B · (− µ ) n − 1 + · · · + d et B = 0 .

❚ ❤ ✉ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ♦ ❞ ❡ t ❛ ❡ ❤ ❡ ❱✐ ❡ ❡ ✉ ♠ ♦❢ µ i ❛ ♥ ❞ ❤ ❡ ✉ ♠ ♦❢ ❛❧❧
♣ ✐ ♥ ❝✐ ♣ ❛❧ t × t✲ ♠✐ ♥ ♦ ✱ ❜ ✉ ✇✐ ❤ ❤ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ♦❢ ❝ ♦ ♥ ❛ ♥ ✐ ❣ ♥✳ ❚ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❜ ②
▲ ❡ ❱❡ ✐ ❡ ✬ ♠ ❡ ❤ ♦ ❞ ❬ ✷ ✼✱ ✷ ✾❪ ✇✐ ❤ ✉ ❡ ♦❢ ❤ ❡ ❡ ❝ ✉ ❡ ♥ ❲ ❛ ✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❬ ✷ ✶✱ ♣✳ ✸ ✽❪✱ ✇ ❤ ❡ ❡ ❤ ❡
❱✐ ❡ ❡ ✉ ♠ ❛ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ❜ ② ❤ ❡ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❛ ♥ ❞ ❤ ❡ ❲ ❛ ✐ ♥ ❣ ✉ ♠ ❛ ❡
❡ ♣❧ ❛ ❝ ❡ ❞ ❜ ② ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❝ ❡ ✭ ♦❢ ❤ ❡ ❛ ♠ ❡ ♦ ❞ ❡ t✮✿

k (B, t ) =
1

t
·

t

θ = 1

(− 1) θ − 1 k (B, t − θ ) · t r B θ . ( 2)



✶ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

■ ✐ ❤ ❡ ❡ ❝ ✉ ❡ ♥ ❲ ❛ ✐ ♥ ❣ ✕ ▲ ❡ ❱❡ ✐ ❡ ❞✐ ❡ ❝ ❢ ♦ ♠ ✉❧ ❛✳ ◆ ♦ ❡✱ ❤ ❛ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❡ ① ♣❧✐ ❝✐
❡ ① ♣ ❡ ✐ ♦ ♥

k (B, t ) =
1

t!
· d et









t r B 1 0 · · · 0
t r B 2 t r B 2 · · · 0
· · · · · · · · · · · · · · ·
t r B t − 1 t r B t − 2 t r B t − 3 · · · t − 1
t r B t t r B t − 1 t r B t − 2 · · · t r B









( 3)

❛ ❡ ♦❢ ♠ ♦ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ✐ ♥ ❡ ❡ ❬ ✷ ✶✱ ♣✳ ✸ ✽❪✳ ❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷✮ ❛ ♥ ❞ ✭ ✸✮ ❛ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ♠ ❤ ❡
◆ ❡ ✇ ♦ ♥ ② ❡ ♠ ♦❢ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ n ✉ ♥ ❦ ♥ ♦ ✇ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✇✐ ❤ n ❣✐ ✈ ❡ ♥ ♦ ♦ ❛ ❤ ❡ ❡ ✉❧
♦❢ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❛ ❜ ♦ ✈ ❡✳ ❚ ❤ ❡ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✭ ❤ ❡ ❱✐ ❡ ❡ ✉ ♠ ✮ ✐ ✱
❞ ✉ ❡ ♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥ ② ❡ ♠ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥ ✱ ✐ ♥ ❤ ❡ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ❡ ✉ ❡ ♥ ❝ ❡
♦❢ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❝ ❡ ✭ ❤ ❡ ❲ ❛ ✐ ♥ ❣ ✉ ♠ ✮ ✉ ♣ ♦ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ♦ ❞ ❡ ✱ ✇ ❤ ❛ ❤ ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
♣ ♦ ♣ ❡ ②

t = r ′ = mi n { r a n k B h } ≤ r

❛ ♥ ❞ ❛❧❧ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❣ ❡ ❛ ❡ ♦ ❞ ❡ ❛ ❡ ❡ ✉ ❛❧ ♦ 0 ✳ ❍ ❡ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ r ′ ✐ ❝ ❛❧❧ ❡ ❞
❤ ❡ 1 ✲ ♦ ❝ ❦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✭ ❤ ❡ 2 ✲ ♥ ❞ ♦ ❝ ❦ r ′′ ✐ ❤ ❡ ❣ ❡ ❛ ❡ ♦ ❞ ❡ ♦❢ ❤ ❡ ♥ ♦ ♥ ③ ❡ ♦ ♠ ❛ ✐ ①

❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✮✳ ❆❧❧ ♣ ♦ ❜❧ ❡ ♠ ❝ ♦ ♥ ❝ ❡ ♥✐ ♥ ❣ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ♠ ❛ ②
❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❲ ❛ ✐ ♥ ❣ ✉ ♠ ✱ ❛ ♥ ❞ ♦ ♥ ❡ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ♠ ❛ ② ❜ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❞ ✐ ♥
❡ ♠ ♦❢ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❝ ❡ ✳

✶✳ ✷ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ♠ ❡ ❛ ♥ ✭ ❛ ✈ ❡ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ✮

■ ♥ ♠ ❛✐ ♥ ♣ ❛ ■■✱ ✇ ❡ ♦❢ ❡ ♥ ❞ ❡ ❛❧ ✇✐ ❤ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ✭ ❡ ♠✐✮ ❞ ❡ ✜ ♥✐ ❡ ② ♠ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❍ ❡ ♠✐ ✐ ❛ ♥
♠ ❛ ✐ ❝ ❡ ♦❢ ✜ ① ❡ ❞ ❛ ♥ ❦ ❛ ♥ ❞ ❤ ❡✐ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ B ✐ ✉ ❝ ❤ ❛ ♠ ❛ ✐ ①✳ ❈ ♦ ♥ ✐ ❞ ❡
❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ B ✐ ♥ ❤ ❡ ✉ ✉ ❛❧ ✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ❢ ♦ ♠ ❛ ♥ ❞ ✐ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ❆❧❧
❤ ❡ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ♦ ❞ ❡ ✉ ♣ ♦ r ′ = r = r a n k B ❛ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❛❧❧
❤ ❡ ♦ ♦ µ i ♦❢ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✮ ❛ ❡ ♥ ♦ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❡ ❛❧

♥ ✉ ♠ ❜ ❡ ✳

▲ ❡ µ i ❜ ❡ n ♥ ♦ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ❛ ♥ ❞ ❡ ① ❛ ❝ ❧ ② r ♦❢ ❤ ❡ ♠ ✭ r ≤ n ✮ ❛ ❡ ♥ ♦ ♥ ③ ❡ ♦✳ ❙ ♣ ❡ ❝✐ ❛❧
❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❤ ❡ ❡ ⟨µ i ⟩✱ ❤ ❡ ♠ ❛❧❧ ♠ ❡ ❞✐ ❛ ♥ m 1 , m t ( ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❛ ♥ ✮ ❛ ♥ ❞ ❤ ❡ ❧ ❛ ❣ ❡
♠ ❡ ❞✐ ❛ ♥ M 1 , M θ ( ❤ ❡ ♣ ♦ ✇ ❡ ♠ ❡ ❛ ♥ ✮✱ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

m 1 = M 1 =

n

i = 1

µ i

n
, ( 4)

m t = t s t (µ i )/ C t
n = t k (B, t )/ C t

n , ( 5)

M θ = θ S θ (µ i )/ n = θ t r B θ / n, ( 6)

✇ ❤ ❡ ❡ s t (µ i ) ❛ ❡ ❤ ❡ ❱✐ ❡ ❡ ✉ ♠ ✱ S θ (µ i ) ❛ ❡ ❤ ❡ ❲ ❛ ✐ ♥ ❣ ✉ ♠ ✱ n ✐ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ❡ ⟨µ i ⟩ ♦
♦❢ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❛ ✐ ①✱ t ❛ ♥ ❞ θ ❛ ❡ ♦ ❞ ❡ ♦❢ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♠ ❡ ❛ ♥ ✱ C t

n ❛ ❡ ❤ ❡ ◆ ❡ ✇ ♦ ♥
❜✐ ♥ ♦ ♠✐ ❛❧ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ✭ ❚ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥ m 1 = M 1 ✐ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♦❢ ❛❧❧
♠ ❛❧❧ ♠ ❡ ❞✐ ❛ ♥ ❛ ♥ ❞ ❤ ❡ ❡ ♦❢ ❛❧❧ ❧ ❛ ❣ ❡ ♦ ♥ ❡ ✳✮ ❚ ❤ ❡ ❡❢ ♦ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✺✮ ❡ ① ♣ ❡ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝

♠ ❡ ❞✐ ❛ ♥ ♥ ♦ ♦ ♥❧ ② ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❱✐ ❡ ❡ ✉ ♠ ✱ ❜ ✉ ❛❧ ♦ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱
❛ ♥ ❞ ❢ ♦ ♠ ✉❧ ❛ ✭ ✻✮ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ♣ ♦ ✇ ❡ ♠ ❡ ❞✐ ❛ ♥ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❲ ❛ ✐ ♥ ❣ ✉ ♠ ❛ ✇ ❡❧❧ ❛ ✐ ♥
❡ ♠ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❛ ❝ ❡ ✳ ■❢ ❤ ❡ ❡ ❛ ❡ ③ ❡ ♦ ❛ ♠ ♦ ♥ ❣ µ i ❛ ♥ ❞ t > r ✱ ❤ ❡ ♥ m t = 0 ✳



✶✳ ✷ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ♠ ❡ ❛ ♥ ✭ ❛ ✈ ❡ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ✮ ✶ ✾

❖ ❤ ❡ ✇✐ ❡ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❡ ✈ ❡ ❡ ♠ ❡ ❞✐ ❛ ♥ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

v 1 = V 1 =
n

i = 1

µ − 1
i

n

− 1

, ( 7)

v t = − t s t (µ
− 1
i )/ C t

n = − t k (B − 1 , t)/ C t
n , ( 8)

V θ = − θ S θ (µ − 1
i )/ n = − θ t r B − θ )/ n. ( 9)

❚ ❤ ❡ ② ♦ ♦ ♣❧ ❛ ② ❤ ❡ ♦❧ ❡ ♦❢ ❛ ✈ ❡ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ✱ ✐✳ ❡✳✱ ❤ ❡ ❡ ✈ ❡ ❡ ♠ ❡ ❛ ♥ ♦❢ ❤ ❡ ♥ ✉ ♠ ❜ ❡ 1 / µ i ✳
◆ ♦ ✐ ❝ ❡ ❤ ❛ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥ m n = v n ✐ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♦❢ ❛❧❧ ♠ ❛❧❧ ♠ ❡ ❞✐ ❛ ♥
❛ ♥ ❞ ❤ ❡ ❡ ♦❢ ❛❧❧ ❤ ❡✐ ❡ ✈ ❡ ❡ ❛ ♥ ❛❧ ♦ ❣ ❀ ❜ ✉ v 1 = V 1 ✐ ❤ ❡ ❤ ❛ ♠ ♦ ♥✐ ❝ ♠ ❡ ❛ ♥✳

❋ ♦ ❛ ❡ ♦❢ n ♣ ♦ ✐ ✐ ✈ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ⟨µ i ⟩ ❝ ♦ ♥ ❛✐ ♥✐ ♥ ❣ ❛ ❧ ❡ ❛ ✇ ♦ ❞✐ ✐ ♥ ❝ ♦ ♥ ❡ ✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ♠ ❡ ❛ ♥ ❞ ♦ ❡ ❤ ♦❧ ❞ ♦ ♥ ❛❧❧ ❤ ❡ ✐ ♥ ❡ ✈ ❛❧ ✐ ♥ R ❝ ♦ ♥ ❛✐ ♥✐ ♥ ❣ ⟨µ i ⟩✿

m a x ⟨µ i ⟩ = M ∞ > · · · > M θ > · · · > M 1 = ( 1 0)

= m 1 > · · · > m t > · · · > m n = ( 1 1)

= v n > · · · > v t > · · · > v 1 = ( 1 2)

= V 1 > · · · > V θ > · · · > V ∞ = mi n ⟨µ i ⟩ ( 1 3)

(t = 1 , . . . , n; θ = 1 , . . . , ∞ ).

❚ ❤ ❡ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛❧❧ ❤ ❡ ♠ ❡ ❛ ♥ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❞ ♦ ❡ ❤ ♦❧ ❞ ✐ ✛ µ 1 = · · · = µ n ✳ ■❢ ❤ ❡ ❡ ❛ ❡
❡ ① ❛ ❝ ❧ ② n − r ③ ❡ ♦ ❛ ♠ ♦ ♥ ❣ µ i ✱ ❤ ❡ ♥ m 1 · · · m r ≠ 0 ❛ ♥ ❞ m t = 0 ❢ ♦ ❛❧❧ t > r ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐❢
✉ ♥ ❞ ❡ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧❧ ♥ ♦ ♥ ③ ❡ ♦ µ i ❛ ❡ ❡ ✉ ❛❧✱ ❤ ❡ ♥ ❤ ❡ ♠ ❡ ❞✐ ❛ ♥ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥

m t = µ · t C t
r / C t

n , M θ = µ · θ r / n.

◆ ♦ ❡✱ ❤ ❛ ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♠✐ ❞ ❞❧ ❡ ❝ ❤ ❛✐ ♥ ✭ ✶ ✶✮ ❛ ♥ ❞ ✭ ✶ ✷✮ ♦❢ ♠ ❡ ❛ ♥ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ②
♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ❜ ♦ ✉ ♥ ❞✳ ❚ ❤ ❡ ❛ ♠ ❡ ❡❧ ❛ ❡ ♦ ❛ ♥ ② ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❝ ❤ ❛✐ ♥ ♦❢ ✐ ❢ ♦ ♠ n ♠ ❡ ❛ ♥
✐ ✛ ❛❧❧ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ n ♥ ✉ ♠ ❜ ❡ ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ✳ ❚ ❤✐ ❜ ♦ ♥ ❞ ✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ♦ ❜ ✈✐ ♦ ✉ ❧ ② ❛ ❞✐ ❡ ❝ ❛ ♥ ❞
❜ ❛ ❝ ❦ n ✲ ✈ ❡ ❝ ♦ ✲❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ n ✲ ✈ ❡ ❝ ♦ ✲ ❛ ❣ ✉ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ❢ ❛ ❝ ✇✐❧❧ ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ♥ ❡ ① ❡ ❝ ✐ ♦ ♥✳

❙ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ❛ ❡ ❤ ❡ ❈ ❛ ✉ ❝ ❤ ② ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❛ ♥ ❞
❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥ ❛ ♥ ❞ ✐ ❡ ✈ ❡ ❡ ❛ ♥ ❛❧ ♦ ❣ ❢ ♦ ❤ ❛ ♠ ♦ ♥✐ ❝ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥ ✱ ❤ ❡ ▼ ❛ ❝❧ ❛ ✉ ✐ ♥
✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❛ ♥ ❛ ♥ ❞ ✐ ❡ ✈ ❡ ❡ ❛ ♥ ❛❧ ♦ ❣✱ ❤ ❡ ❍ ☎♦❧ ❞ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ♣ ♦ ✇ ❡ ♠ ❡ ❛ ♥
❛ ♥ ❞ ✐ ❡ ✈ ❡ ❡ ❛ ♥ ❛❧ ♦ ❣ ❬ ✷ ✸❪✳ ❙ ✉ ♣ ♣ ♦ ❡ B ✐ ❛ ♣ ❡ ❝ ❛❧❧ ② ♣ ♦ ✐ ✐ ✈ ❡ ✭ ❛❧❧ µ i > 0 ✮ ♠ ❛ ✐ ①✳ ❚ ❤ ❡
❛ ✐ ❤ ♠ ❡ ✐ ❝✱ ❣ ❡ ♦ ♠ ❡ ✐ ❝✱ ❛ ♥ ❞ ❤ ❛ ♠ ♦ ♥✐ ❝ ♠ ❡ ❞✐ ❛ ♥ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

m 1 = t r B / n = M 1 , ( 1 4)

m n =
n
√

d et B = v n , ( 1 5)

v 1 = t r B − 1 / n
− 1

= V 1 . ( 1 6)

▲ ❡ A ❜ ❡ ❛ ♥ m × n ✲ ♠ ❛ ✐ ① ✭✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ A = a ♠ ❛ ② ❜ ❡ ❛ ♥ n × 1 ✲ ✈ ❡ ❝ ♦ ✮✱ B = A A ′✳ ❚ ❤ ❡ ♥
❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♠ ❡ ❞✐ ❛ ♥ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❋ ♦ ❜ ❡ ♥✐ ✉ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ✿

n · m 1 (B ) = t r B =
||A ||2F ,
||a ||2E .



✷ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

❙✐ ♥ ❝ ❡ B ✐ ❛ ♣ ❡ ❝ ❛❧✲ ♣ ♦ ✐ ✐ ✈ ❡ ♠ ❛ ✐ ①✱ ❤ ❡ ❝ ❤ ❛✐ ♥ ♦❢ ✐ ♠ ♣❧ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✕ ❡ ✐ ♠ ❛ ✐ ♦ ♥

m a x ⟨µ n
i ⟩ ≥ t r B n / n ≥ (t r B / n) n ≥ d et B ≥

≥ t r (B − 1 )/ n
− n

≥ t r (B − n )/ n
− 1

≥ mi n ⟨µ n
i ⟩ ( 1 7)

❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶ ✵✮ ✕✭ ✶ ✸✮✳ ❈❧ ♦ ❡ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ❛ ❡ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✱ ❧ ❡ ❛ ❡ ❛❧❧ ❤ ❡ ❞ ❡❢ ❡ ❝ ✐ ♥
✭ ✶ ✼✮✳ ❚ ❤ ❡ ❡ ✉ ❛❧✐ ② ❤ ♦❧ ❞ ✐ ✛ ❤ ❡ ♠ ❛ ✐ ① B ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ✉ ♥✐ ♠ ❛ ✐ ① I ✳

❈❧ ❡ ❛ ❧ ②✱ ❤ ❡ ❧✐ ♠✐ ♠ ❡ ❞✐ ❛ ♥ ❢ ♦ B ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ❛ ❡ ❤ ❡ ❡ ① ❡ ♠ ❛❧ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡
♦❢ B ✿

m a x ⟨µ n
i ⟩ = li m

n → ∞
M n , ( 1 8)

mi n ⟨µ n
i ⟩ = li m

n → ∞
V n . ( 1 9)

❋ ✉ ❤ ❡ ✇ ❡ ♣ ♦ ✈ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ❛ ♥ ❞ ❛ ♥ ❛❧ ② ③ ❡ ✐ ✇✐ ❤ ✉ ❡ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦
❡ ① ♣❧ ♦ ❡ ❡ ① ❡ ♠ ❛✳

❈ ♦ ♥ ✐ ❞ ❡ n ♣ ♦ ✐ ✐ ✈ ❡ ♥ ✉ ♠ ❜ ❡ x i ❛ ❤ ❡ ✈ ❡ ❝ ♦ x = ( x 1 , . . . , xn ) ✐ ♥ ❤ ❡ ✶✲ ✉ ❛ ❞ ❛ ♥ ✭ ❤ ❡
❜ ❛ ✐ ✐ ❛ ♥ ❞ ❛ ❞✮ ❛ ♥ ❞ ❤ ❡ ❝ ❛❧ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❡ ① ♣ ❡ ✐ ♥ ❣ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ❛ ✐ ♦ ♦❢ ❤ ❡
❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♠ ❡ ❛ ♥ ✿

r
t

t + 1
(x ) = m t (x ) − m t + 1 (x ),

r
1
n

(x ) = m 1 (x ) − m n (x ),

f
t

t + 1
(x ) = m t (x )/ m t + 1 (x ),

f
1
n

(x ) = m 1 (x )/ m n (x ),

R
θ + 1

θ
(x ) = M θ + 1 (x ) − M θ (x ),

R
θ
1

(x ) = M θ (x ) − M 1 (x ),

F
θ + 1

θ
(x ) = M θ + 1 (x )/ M θ (x ),

F
θ
1

(x ) = M θ (x )/ M 1 (x ).

❊ ❛ ❝ ❤ ♦❢ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ r, R ✱ ❛ ♥ ❞ f, F ❤ ❛ ❤ ❡ ♦ ♥❧ ② ❛ ♥ ❞ ❝ ♦ ♠ ♠ ♦ ♥ ❛ ✐ ♦ ♥ ❛ ② ✈ ❛❧ ✉ ❡ ❝ ♦ ❡ ✲
♣ ♦ ♥ ❞✐ ♥ ❣ ♦ x = b ✱ ✇ ❤ ❡ ❡ b ✐ ❤ ❡ ❜✐ ❡ ❝ ✐ ① ♦❢ ❤ ❡ ✶✲ ✉ ❛ ❞ ❛ ♥ ✳ ❚ ❤ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ❤ ❡
③ ❡ ♦ ❣ ❛ ❞✐ ❡ ♥ ❛ ❛❧❧ ♣ ♦✐ ♥ ♦❢ b ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱

r ′(b ) = R ′(b ) = f ′(b ) = F ′(b ) = 0 , x1 = · · · x n = b,

r (b ) = R (b ) = 0 , f(b ) = F (b ) = 1 ,

❛ ♥ ❞ b ✐ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ♠✐ ♥✐ ♠ ✉ ♠✳ ❚ ❤✐ ✐ ✉ ❡ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❍ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡
♣ ♦ ✐ ✐ ✈ ❡❧ ② ❡ ♠✐✲ ❞ ❡ ✜ ♥✐ ❡✳



✶✳ ✷ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ♠ ❡ ❛ ♥ ✭ ❛ ✈ ❡ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ✮ ✷ ✶

❚ ❤ ❡✐ ❛ ♥ ❦ ✐ n − 1 ✮✿

r ′′ 1
n

(b ) = ( n − 1) r ′′ t
t + 1

(b ) =

= b f ′′ 1
n

(b ) = b (n − 1) f ′′ t
t + 1

(b ) =

= R ′′ θ + 1
θ

(b ) =
1

θ − 1
R ′′ θ

1
(b ) =

= b F ′′ θ + 1
θ

(b ) =
b

θ − 1
F ′′ θ

1
(b ) =

n I − I t

n 2 b
= G,

✇ ❤ ❡ ❡ I t ✐ ❤ ❡ ♦ ❛❧❧ ②✲ ✉ ♥✐ ② ♠ ❛ ✐ ①✱ ❛❧❧ ✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ❡ ✉ ❛❧ ♦ 1 ✳ ❚ ❤ ❡ ♠ ❛ ✐ ① G ❤ ❛ ❤ ❡
♣ ♦ ✐ ✐ ✈ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠✐ ♥ ♦ ♦❢ ♦ ❞ ❡ r ✱ r < n ✱ ❤ ❡ ② ❛ ❡ ❡ ✉ ❛❧ ♦

1

n b

r

·
n − r

n
.

❚ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ① ✐ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❛ ❛❧❧ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ❜✐ ❡ ❝ ✐ ①✱ ❤ ❡ ♦ ♥ ❡✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❧✐ ♥ ❡ ❛
✉ ❜ ♣ ❛ ❝ ❡✳ ❚ ❤ ❡ ❛ ✐ ♦ ♥ ❛ ② ✈ ❛❧ ✉ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛❧✐ ✐ ❡

r ′′ t
t + m

(b ) = m r ′′ t
t + 1

(b ),

f ′′ t
t + m

(b ) = m f ′′ t
t + 1

(b ),

R ′′ θ + m
θ

(b ) = m R ′′ θ + 1
θ

(b ),

F ′′ θ + m
θ

(b ) = m F ′′ θ + 1
θ

(b ).

❚ ❤ ❡ ❡❢ ♦ ❡✱ ♦ ♥ ❤ ❡ ❜✐ ❡ ❝ ✐ ① b ✱ ❤ ❡ ❡ ❢ ❛ ❝ ❣✐ ✈ ❡ ✉ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❧ ♦ ❣✐ ❝ ❛❧ ❝ ♦ ♦❧❧ ❛ ✐ ❡ ✳
1 ✳ ❚ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ♦❢ ❤ ❡ ❛ ❞❥ ❛ ❝ ❡ ♥ ♠ ❡ ❛ ♥ ❛ ✐ ♦ ❞ ♦ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡✐ ♦ ❞ ❡ ✳
2 ✳ ❚ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✈ ❛ ② ❛ ❛ ❞ ❞✐ ✐ ✈ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♦ ❞ ❡ ✳
3 ✳ ❚ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ❛❧❧ ❛ ❞❥ ❛ ❝ ❡ ♥ ♣ ♦ ✇ ❡ ♠ ❡ ❛ ♥ ❛ ✐ ♦ ❛ ❡ ❡ ✉ ❛❧ ♦ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ①

❢ ♦ ❤ ❡ ❛ ✐ ♦ ♦❢ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥ ✳
4 ✳ ❚ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ❛❧❧ ❛ ❞❥ ❛ ❝ ❡ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❛ ♥ ❛ ✐ ♦ ❝ ♦ ♥ ✐ ♦❢ n − 1 ✐ ❞ ❡ ♥ ✐ ❝ ❛❧

♣ ❛ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❢ ♦ ♠ ❈ ♦ ♦❧❧ ❛ ② ✸✳
❇ ✉ ✇ ♦ ♥ ❡ ① ❝ ♦ ♦❧❧ ❛ ✐ ❡ ❡ ❡ ♠ ✉ ♣ ✐ ✐ ♥ ❣ ❛ ♥ ❞ ♣ ❛ ❛ ❞ ♦ ①✐ ❝ ❛❧✳ ◆ ❛ ♠ ❡❧ ②✿
✺✳ ❚ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ① ❢ ♦ ❤ ❡ ❛ ✐ ♦ ♦❢ ❤ ❡ ♣ ♦ ✇ ❡ ❛ ♥ ❞ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥ ✐ ✉ ♥❧✐ ♠✐ ❡ ❞ ❛ ❛❧❧

♣ ♦✐ ♥ ♦❢ ❤ ❡ ❜✐ ❡ ❝ ✐ ①✱ ✐ ✐ ♥ ❝ ❡ ❛ ❡ ❛ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ θ ✳ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♠ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F ✱ ✐ ♥
❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ♦ ( 1 8) ✱ ❡ ♥ ❞ ♦ x m a x / M 1 ❛ θ → ∞ ✱ ✐ ✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❛ ♥ ❞ ❛ ❦ ❡ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧
✈ ❛❧ ✉ ❡ 1 ❛ ❛❧❧ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ❜✐ ❡ ❝ ✐ ①✳

6 ✳ ❚ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ① ❢ ♦ ❤ ❡ ❛ ❞❥ ❛ ❝ ❡ ♥ ♣ ♦ ✇ ❡ ♠ ❡ ❛ ♥ ❛ ✐ ♦ ✐ ❝ ♦ ♥ ❛ ♥ ❛ ❛❧❧ ♣ ♦✐ ♥ ♦❢ ❤ ❡
❜✐ ❡ ❝ ✐ ① ❡ ✈ ❡ ♥ ❛ θ → ∞ ✳ ❚ ❤ ♦ ✉ ❣ ❤✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ( 1 8) ✱ ❤ ❡ ❛ ♠ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F ❡ ♥ ❞ ♦ 1 ❛ ❛❧❧
♣ ♦✐ ♥ ♦❢ ❤ ❡ ❜✐ ❡ ❝ ✐ ①✱ ✐ ❧✐ ♠✐ ✈ ❛❧ ✉ ❡ ✐ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❢ ♦ ✇ ❤✐ ❝ ❤ ❤ ❡ ❣ ❛ ❞✐ ❡ ♥ ❛ ♥ ❞ ❤ ❡ ❍ ❡ ❡
♠ ❛ ✐ ① ❛ ❡ ③ ❡ ♦✳

❚ ❤ ❡ ❡ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥ ❡ ❡ ♠ ❝ ♦ ♥ ❛ ❞✐ ❝ ♦ ②✱ ❜ ✉ ❤ ❡ ② ❝ ❛ ♥ ❜ ❡ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ❝ ♦ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥
❤ ❡ ✐ ♥ ✜ ♥✐ ❡❧ ② ♠ ❛❧❧ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ x ❢ ♦ ♠ ❤ ❡ ❜✐ ❡ ❝ ✐ ① ❛ ♥ ❞ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡❧ ② ❧ ❛ ❣ ❡ ♣ ❛ ❛ ♠ ❡ ❡ θ ✳

❚ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ① ✐ ❞✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❛ ♥ ❞ ❜ ❡ ❝ ♦ ♠ ❡ ③ ❡ ♦ ✐ ♥ ❤ ❡ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ ❤ ❡ ❜✐ ❡ ❝ ✐ ①✳



✷ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

❚ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F
θ
1

(x )✱ ✐ ♥ ✐ ✉ ♥✱ ❡ ♥ ❞ ♦ 1 ❛ θ → ∞ ✱ ❜ ✉ ✐ ❞ ❡ ♣ ❡ ♥ ❞ ✉ ♣ ♦

✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ♦ ♥ x ❛ ♥ ❞ ❛ ❦ ❡ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ 1 ❛ ♣ ♦✐ ♥ ♦❢ b ✳ ❈ ♦ ♥ ❛ ②✱ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥

F
θ + 1

θ
(x ) ❛ ❦ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ 1 ❤ ❡ ❡ ❛ ♦ ♥ ❝ ❡✳

■ ♥ ❡ ♣ ❡ ❤ ❡ ❡ ❢ ❛ ❝ ♦ ♥ ❤ ❡ ♠ ♦ ❞ ❡❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♦ ♥ ❡ ❝ ❛❧ ❛ ✈ ❛ ✐ ❛ ❜❧ ❡✿

F 1
θ + 1

θ
(x ) =

θ + 1 1 + x θ + 1

2

θ 1 + x θ

2
,

F 2
θ
1

(x ) =
θ 1 + x θ

2

1 + x

2
, (x > 0 , θ ≥ 2) .

❙ ✉ ♣ ♣ ♦ ❡✱ ❢ ♦ ❝ ❡ ❛✐ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ❦✱ ❤ ❛ x ≥ 1 ✱ ❤ ❡ ♥ ✐ ✐ ❤ ❡ ❣ ❡ ❛ ❡ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡
♠ ♦ ❞ ❡❧ ❡ ⟨1 , x⟩✳

■❢ θ ✐ ✜ ♥✐ ❡ ✱ ❤ ❡ ♥

F 1 ( 1) = F 2 ( 1) = 1 = mi n , 1 < F 1 (x ) < F 2 (x );

d F 1

d x
( 1) =

d F 2

d x
( 1) = 0;

d 2 F 1

d x 2
( 1) =

1

4
,

d 2 F 2

d x 2
( 1) =

θ − 1

4
,

d 2 F 2

d x 2
(x ) ≥

d 2 F 1

d x 2
(x ) > 0 .

■❢ θ ✐ ✐ ♥ ✜ ♥✐ ❡ ✱ ❤ ❡ ♥

F 1 (x ) = 1 + β (x ), β(x ) → 0 , β( 1) = 0 , F2 ( 1) = 1 = mi n ,

F 2 (x ) =
2 x / ( 1 + x ) ✐❢ x > 1 ,
2 / ( 1 + x ) ✐❢ x < 1 ,

d F 1

d x
(x ) =

d F 2

d x
( 1) = 0 ,

d F 2

d x
( 1 ± α ) = ±

1

2
(α → 0);

d 2 F 1

d x 2
( 1) =

1

4
,

d 2 F 1

d x 2
(x ) = 0 ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ x ≠ 1 ,

d 2 F 2

d x 2
( 1) =

θ − 1

4
→ ∞ ,

d 2 F 2

d x 2
( 1 ± α ) = 0 ( α → 0) .

❚ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ① ✐ ❛❧ ♦ ❞✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✐ ♥ ❤ ❡ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ ⟨b ⟩✱ ❤ ❛ ✐ ✇ ❤ ② ❤ ❡ ✐✲
✈ ❛❧ ❡ ♥ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ♦❢ ❤✐ ❞ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ❡ ♥ ❞ ♦ ✐ ♥ ✜ ♥✐ ❡ ♦ ♥ ❡ ❛ θ → ∞ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛ ✐ ✈ ❡❧ ②
❡ ♠✐✲ ❞ ❡ ✜ ♥✐ ❡ ❛ ❛❧❧ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ❜✐ ❡ ❝ ✐ ①✳ ◆ ♦ ✐ ❝ ❡ ❤ ❛ ❢ ♦ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
❡ ✈ ❡ ❡ ♠ ❡ ❛ ♥ ✱ ❛❧❧ ❤ ❡ ❡ ❢ ❛ ❝ ❞ ♦ ❤ ♦❧ ❞✱ ❤ ❡ ♦ ♥❧ ② ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ❤ ❛ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ① ❝ ❤ ❛ ♥ ❣ ❡
❤ ❡ ✐ ❣ ♥✳ ❚ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❍ ❡ ❡ ♠ ❛ ✐ ① ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✉ ♥ ❞ ❡ ✐ ♥ ✈ ❡ ✐ ♥ ❣ ❤ ❡ ❛ ✐ ♦ ✳

❚ ❤ ❡ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ✇ ❡❧❧ ❛ ❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽✮ ❛ ♥ ❞ ✭ ✶ ✾✮ ❝ ♦ ♠ ♣❧ ❡ ❡ ♦ ✉ ♣ ♦ ♦❢ ❛ ♥ ❞ ❛ ♥ ❛❧ ② ✐
♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ♠ ❡ ❛ ♥ ✭ ♦ ❛ ✈ ❡ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ✮✳ ◆ ♦ ✇ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♠ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ✐ ♥ ❤ ❡ ❤ ❡ ♦ ② ❛ ♥ ❞ ❡ ❝ ❤ ♥✐ ✉ ❡ ❢ ♦ ♦❧ ✈✐ ♥ ❣ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✱ ♣ ❛ ✲
✐ ❝ ✉❧ ❛ ❧ ②✱ ❡ ❝ ✉❧ ❛ ♦ ♥ ❡ ✳ ♠ ❛❧❧ ❦✐ ♣



✶✳ ✸ ❙ ❡ ✐ ❛❧ ♠ ❡ ❤ ♦ ❞ ♦❢ ♦❧ ✈✐ ♥ ❣ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ❛❧ ♦ ♦ ✷ ✸

✶✳ ✸ ❙ ❡ ✐ ❛❧ ♠ ❡ ❤ ♦ ❞ ♦❢ ♦❧ ✈✐ ♥ ❣ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ❛❧ ♦ ♦

❚ ❤ ❡ ♠ ❛❧❧ ❛ ♥ ❞ ❧ ❛ ❣ ❡ ♠ ❡ ❞✐ ❛ ♥ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡ ② ❡ ♠ ♦❢ ♠ ♦ ❞✐ ✜ ❡ ❞ ◆ ❡ ✇ ♦ ♥ ❡ ✉ ❛ ✐ ♦ ♥
❛ ♥ ❞ ❤ ❡ ♠ ♦ ❞✐ ✜ ❡ ❞ ❲ ❛ ✐ ♥ ❣ ✕ ▲ ❡ ❱❡ ✐ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦❢ ❤ ❡ ❞✐ ❡ ❝ ② ♣ ❡ ✳ ❚ ❤ ❡ ❡ ❞✐ ❡ ❝
❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ✐ ♠✐❧ ❛ ♦ ✭ ✷✮ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ t > r ❛ ♥ ❞ m t = 0 ✿

C t − 1
n − 1 (m t )

t = C t − 1
n (m t − 1 ) t − 1 (M 1 ) 1 − C t − 2

n (m t − 2 ) t − 2 (M 2 ) 2 + · · · +

+( − 1) t − 2 C 1
n (m 1 ) 1 (M t − 1 ) t − 1 + ( − 1) t − 1 (M t )

t .

■❢ ❛❧❧ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❛ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ❤ ❡ ❛ ♠ ❡✱ ❤ ❡ ♥ ❤ ❡ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛
❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❜✐ ♥ ♦ ♠✐ ❛❧ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥

C t − 1
n − 1 = C t − 1

n − C t − 2
n + · · · + ( − 1) t − 2 C 1

n + ( − 1) t − 1

❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ♦ ♥ ❡ ❛ ❜ ♦ ✈ ❡✳

▲✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽✮ ❛ ♥ ❞ ✭ ✶ ✾✮ ❛❧❧ ♦ ✇ ♦ ♥ ❡ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❛❧❧ ❤ ❡ ♦ ♦ ♦❢ ❛ ♥
❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ ❛❧❧ ✐ ♦ ♦ ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✳ ▼ ✉❧ ✐ ♣❧✐ ❝✐ ② ♦❢ ❤ ❡ ♦ ♦
♠ ❛ ② ❜ ❡ ❢ ♦ ✉ ♥ ❞ ✐ ♥ ❤ ❡ ♣ ♦ ❝ ❡ ♦❢ ❡ ❞ ✉ ❝✐ ♥ ❣✱ ❜ ✉ ✐ ✐ ✇ ♦ ❤ ♦ ❡ ♣ ❛ ❛ ❡ ❤ ❡ ♦ ♦ ❜ ❡❢ ♦ ❡ ♦❧ ✈✐ ♥ ❣
✇✐ ❤ ✉ ❡ ♦❢ ❤ ❡ ✶✲ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠✳ ❙ ✉ ♠✬ ♠ ❡ ❤ ♦ ❞ ❬ ✷ ✽✱ ♣✳ ✷ ✷ ✺ ✕ ✷ ✷ ✾❪
❛ ♥ ❞ ❤ ❡ ♣ ✐ ♦ ❜ ♦ ✉ ♥ ❞ ❛ ✐ ❡ ♦❢ ❤ ❡ ♦ ♦ ✭∓ ∞ ✮ ❡ ♥ ✉ ❡ ♦ ♥ ❡ ❤ ❛ ❤ ❡ ♦ ♦ ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✳
❖ ❤ ❡ ✉ ❡❢ ✉❧ ❝ ✐ ❡ ✐ ♦ ♥ ❢ ♦ ✐ ❞ ❡ ♥ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♦ ❡ ❛❧✐ ② ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❢ ♦
❤ ❡ ❡ ❛❧ ♦ ♦ ♦❢ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♣ ❡ ❡ ♥ ❡ ❞ ❤ ❡ ❡ ✐ ♥ ✐ ✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ❢ ♦ ♠ ❬ ✷ ✶✱ ♣✳ ✹ ✵❪✿

− 1 − h 1 − mi n k j = ∆ ( − ) < µ i < ∆ ( + ) = 1 + h 2 − mi n( − 1) j k j ,

✇ ❤ ❡ ❡ ∆ ( − ) ❛ ♥ ❞ ∆ ( + ) ❛ ❡ ❤ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ✐ ❡ ♦❢ ❤ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ❛❧ ♦ ♦ ✱ h 1 ❛ ♥ ❞ h 2

❛ ❡ ❤ ❡ ✐ ♥ ❞ ❡ ① ❡ ♦❢ ❤ ❡ ✜ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② k j ❛ ♥ ❞ (− 1) j k j ✳ ▼ ❛ ❝❧ ❛ ✉ ✐ ♥✬
❚ ❤ ❡ ♦ ❡ ♠ ✐ ✉ ❡ ❞ ❢ ♦ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❬ ✷ ✽✱ ♣✳ ✷ ✷ ✸❪✳

❚ ❤ ❡ ❡ ✐ ❛❧ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ♦❧ ✈✐ ♥ ❣ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✭ ♠ ❛ ② ❜ ❡ ❡ ❝ ✉❧ ❛ ✮ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

■ ✐ ✉ ♣ ♣ ♦ ❡ ❞ ♦ ❜ ❡ ❛❧ ❡ ❛ ❞ ② ❦ ♥ ♦ ✇ ♥ ❤ ❛ ❛❧❧ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ♦ ❛ ❡ ❡ ❛❧ ♥ ♦ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡
♥ ✉ ♠ ❜ ❡ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ♥ ♦ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡❧ ② ❞ ❡ ✜ ♥✐ ❡ ♠ ❛ ✐ ① A A ′

♦ A ′A ✳
❚ ❤ ❡ ✜ ❡ ♣ ✐ ❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❤ ❡ ❱✐ ❡ ❡ ✉ ♠ ❛ ♥ ❞ ❤ ❡ ❲ ❛ ✐ ♥ ❣ ✉ ♠ ✉ ♣ ♦ ♦ ❞ ❡ r ✳ ❋ ♦

❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❲ ❛ ✐ ♥ ❣ ✕ ▲ ❡ ❱❡ ✐ ❡ ❡ ❝ ✉ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ♦❢ ❤ ❡ ❞✐ ❡ ❝ ② ♣ ❡ ✭ ✉ ❝ ❤ ❛ ✭ ✷✮✮ ✐ ✉ ❡ ❞
❢ ♦ ♠ ❛ ✐ ❝ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❲ ❛ ✐ ♥ ❣ ✕ ▲ ❡ ❱❡ ✐ ❡ ❡ ❝ ✉ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ♦❢ ❤ ❡ ❡ ✈ ❡ ❡ ② ♣ ❡ ❬ ✶ ✻✱
♣✳ ✸ ✽❪ ✐ ✉ ❡ ❞ ❢ ♦ ❛ ♥ ❛ ❜✐ ❛ ② ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✭ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧✮ ❡ ✉ ❛ ✐ ♦ ♥✿

S θ = s 1 S θ − 1 − s 2 S θ − 2 + · · · + ( − 1) r − 2 s r − 1 S θ − r + 1 + ( − 1) r − 1 s r S θ − r =

= F θ (S 1 , . . . , Sr ) = f θ (s 1 , . . . , sr ), θ = r + 1 , r + 2 , . . . .

◆ ❡ ① ❡ ♣ ✐ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❤ ❡ ♣ ♦ ✇ ❡ ♠ ❡ ❞✐ ❛ ♥

M θ = θ s θ / r.

❉ ✉ ❡ ♦ ✭ ✶ ✵✮✱ ❤ ❡ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ✜ ① ❡ ❞ ♦ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ✳ ❈❧ ❡ ❛ ❧ ②✱ ♠ ♦ ❡
❞✐ ✛ ❡ ❡ ♥ ❛ ❡ ❤ ❡ ♦ ♦ ✱ ❢ ❛ ❡ ✐ ❤ ❡ ♣ ♦ ❝ ❡ ✳ ❚ ❤ ❡ ❡ ❝ ✉ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ✇✐ ❤ ❧✐ ♠✐ ✈ ❛❧ ✉ ❡ ✭ ✶ ✽✮✱
❜ ❡✐ ♥ ❣ ❞✐ ✈✐ ❞ ❡ ❞ ❜ ② x θ − n ✱ ✐ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❛ ♥ ✐ ❞ ❡ ♥ ✐ ②✳ ❍ ❡ ♥ ❝ ❡ ♦ ♥ ❛ ❝ ❡ ❛✐ ♥ ✐ ✲
❡ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❤ ♦ ✉❧ ❞ ❜ ❡ ✜ ♥✐ ❤ ❡ ❞ ✐ ♥ ♦ ❞ ❡ ♦ ❛ ✈ ♦✐ ❞ ❛ ♦ ✉ ♥ ❞✲ ♦ ✛ ❡ ♦ ❢ ♦ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ♦ ♦ ✳



✷ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

❚ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ♦ ♦ ♠ ❛ ② ❜ ❡ ❢ ♦ ✉ ♥ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✾✮ ❜ ② ❤ ❡ ✐ ♠✐❧ ❛ ✇ ❛ ② ✇✐ ❤ ✉ ❡ ♦❢ ❤ ❡
❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ✈ ❡ ❡ ❢ ♦ ♠ ✐ ♥ (− 1 / x ) ♦ ❜ ❛✐ ♥ ❡ ❞ ❜ ② ❞✐ ✈✐ ❞✐ ♥ ❣ ♦ ✐ ❣✐ ♥ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ y (− x ) = k B (− x ) = 0
✭ ✇ ❤ ❡ ❡ x = − µ ) ❜ ② (− x ) n ❛ ♥ ❞ ❜ ② ❤ ❡ ❤✐ ❣ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ k n ✳ ✭ ❋ ♦ ♠ ❛ ✐ ❝ ❡ B ✿ k n = d et B ✳✮

❆ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❛ ❛ ✐ ♦ ♥ ❛❧ ♦ ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❛ ♣ ❡ ✐ ♦ ❞✐ ❝ ❡ ✉ ❡ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✇✐ ❤ ♦ ♠ ❡
✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❞✐ ❣✐ ✱ ❤ ❛ ✐ ✇ ❤ ② ❤ ❡ ♣ ❡ ❝✐ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤✐ ♦ ♦ ❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ❤ ❡ ❝ ❦ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧

❡ ✉ ❛ ✐ ♦ ♥✳ ■ ❛ ✐ ♦ ♥ ❛❧ ♦ ♦ ❛ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ✉ ♣ ♦ ❛ ❣✐ ✈ ❡ ♥ ♣ ❡ ❝✐ ✐ ♦ ♥✳ ❚ ❤ ✉ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❡ ✉❧
✐ ♥ ❛❧❧ ❤ ❡ ❡ ❛❧ ♦ ♦ ♦❢ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥✳ ❚ ❤✐ ♠ ❡ ❤ ♦ ❞ ❤ ❛ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❧✐ ♠✐ ✐ ❞ ❡ ❛ ✇✐ ❤
❝❧ ❛ ✐ ❝ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ● ❡ ✛ ❡✬ ♠ ❡ ❤ ♦ ❞ ✭ ✶ ✽ ✸ ✹✮ ❬ ✷ ✶✱ ♣✳ ✻ ✺ ✼❪ ✭ ❡ ❡ ❞ ❡ ❛✐❧ ❡ ❞ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❜ ♦ ❤
❤ ❡ ❡ ♠ ❡ ❤ ♦ ❞ ✐ ♥ ♦ ❤ ❡ ♦ ✉ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ❬ ✶ ✼✱ ♣✳ ✶ ✻ ✷ ✕ ✶ ✻ ✸❪✮✳

■❢ ❛❧❧ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ♦ ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ♦❢ ❛ ❜✐ ❛ ② ✐ ❣ ♥ ✱ ❤ ❡ ♥ ✐ ✈ ❛ ✐ ❛ ❜❧ ❡ x ❤ ♦ ✉❧ ❞
❜ ❡ ✉ ❜ ✐ ✉ ❡ ❞ ❢ ♦ x + C ✱ ✇ ❤ ❡ ❡ ❤ ❡ ❝ ♦ ♥ ❛ ♥ C > 0 ❤✐❢ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ ✐ ♥ ♦ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡
❡ ♠✐✲ ❛ ①✐ ✳ ■ ♥ ♦ ❞ ❡ ♦ ❢ ❛ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡✱ ❤✐ ❤✐❢ ❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ♠ ❛❧❧ ❛ ♣ ♦ ✐ ❜❧ ❡✳

■ ✐ ❦ ♥ ♦ ✇ ♥ ❤ ❛ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❡ ❛❧ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ❝ ❡ S = S ′ ❛ ♥ ❞ ✐ ♠ ❛ ❣✐ ♥ ❛ ②
❛ ♥ ✐✲ ② ♠ ♠ ❡ ✐ ❝ ♦ ♥ ❡ (i K ) ′ = − i K ✱ ✇ ❤ ❡ ❡ K = − K ′ ✐ ❛ ❡ ❛❧ ♠ ❛ ✐ ①✱ ❛ ❡ ❡ ❛❧ ✈ ❛❧ ✉ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ✳
■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦ ♥ ❡ ❢ ♦ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♠ ❛ ✐ ① B ✿

S = ( B + B ′)/ 2 ,  K = ( B − B ′)/ 2 → B = S + K.

❍ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② S K = K S ♠ ❡ ❛ ♥ ❤ ❛ B ∈ ⟨ M ⟩ ✐ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♥ ♦ ♠ ❛❧
♠ ❛ ✐ ①✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ♦ ♠ ❡ ❞ ♦ ✉ ❜❧ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❞ ♦ ♦ ✳ ❚ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ♠ ❛ ② ❜ ❡ ❛ ♥ ✲
❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ②✳ ❚ ❤ ❡ ♥ ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢
✉ ❝ ❤ ❛ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① B ❛ ❡ ❤ ❡ ✉ ♠ ♦❢ ❤ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ♠ ❛ ✐ ❝ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✳ ❚ ❤ ✉ ❡ ♣ ❛ ❛ ❡ ❞
♦❧ ✈✐ ♥ ❣ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ S ❛ ♥ ❞ − i K ✭ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ − i K ✐ ❜✐ ✉ ❛ ❞ ❛ ✐ ❝✮
❡ ✉❧ ✐ ♥ ❤ ❡ ❡ ❛❧ ❛ ♥ ❞ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❛ ♦❢ ❤ ❡ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① ❇ ❝ ♦ ♠ ♣❧ ❡ ① ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✳ ❋ ✉ ❤ ❡ ✱
❤ ❡ ✈ ❛❧ ✉ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❤ ♦ ✉❧ ❞ ❜ ❡ ♣ ❛✐ ❡ ❞ ❜ ② ❝ ❤ ❡ ❝ ❦✐ ♥ ❣ ✐ ♥ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ B ✳

❚ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♠ ❛ ② ❜ ❡ ❡ ① ❡ ♥ ❞ ❡ ❞ ♦ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ❝ ❡ ❜ ② ✉ ❡ ♦❢ ❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ❛ ♥ ❞ ❦ ❡ ✇✲
❍ ❡ ♠✐ ❡ ❛ ♥ ❝ ♦ ♥❥ ✉ ❣ ❛ ✐ ♦ ♥ ✳ ❆❧❧ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❍ ❡ ♠✐ ❡ ❛ ♥ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✳ ❚ ❛ ❦ ❡
❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♠ ♣❧ ❡ ① ❍ ❡ ♠✐ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✿

H = ( B + B ∗ )/ 2 ,  Q = ( B − B ∗ )/ 2 → B = H + Q = H + i HQ ,

H Q = Q H ⇔ H H Q = H Q H ⇔ B ∈ ⟨ N ⟩, ✇ ❤ ❡ ❡ N N ∗ = N ∗ N,

❛ ♥ ❞ ♦ ♦ ♥✳
❚ ❤ ✉ ❤ ❡ ❡ ✐ ❛❧ ♠ ❡ ❤ ♦ ❞ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❤ ❡ ❡ ✐ ❛❧ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ♦ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡

❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ① ❍ ❡ ♠✐ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ✳
❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ❛❧❧ ❤ ❡ ♦ ♦ ♦❢ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❛ ♦ ♠ ❡ ♠ ❛ ✐ ① ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡

❛ ♥ ❞ ❤✐❢ ✐ ♥ ❣ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ✐ ✉ ❡ ❞✳ ❚ ❤ ❡ ♥✱ ❢ ♦ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣✲ ✐ ❣ ♥ ❢ ♦ ♠✱ ❤ ❡
❧ ♦ ✇ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ② ♦❢ ❤ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♦ ♦ ❛ ✐ ✜ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❡ ✉ ❛❧✐ ②✿

mi n ⟨µ i ⟩ > ∆ ( − ) = − 1 − h 1 − mi n k j .

❙ ✉ ❜ ✐ ✉ ✐ ♦ ♥ x = y + ∆ ( − ) ❡ ✉❧ ✐ ♥ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ♥ ❞ ♦ ♦ ✱ ❤✐
♠ ❛ ② ❜ ❡ ❝ ❤ ❡ ❝ ❦ ❡ ❞ ❜ ② ❙ ✉ ♠✬ ♠ ❡ ❤ ♦ ❞ ♦ ♥ ( 0; + ∞ )✳ ❚ ❤✐ ❤✐❢ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ♠ ❛ ✐ ① ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
B → (B − ∆ ( − ) I )✳

❚ ❤ ❡ ❡ ❡ ①✐ ❛ ♥ ♦ ❤ ❡ ✇ ❛ ② ❛ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ♦ ❤✐❢ ✐ ♥ ❣✳ ■❢ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ♦ ♠ ❡
♠ ❛ ✐ ① B ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ♦❢ ❛ ❜✐ ❛ ② ✐ ❣ ♥ ✱ ❤ ❡ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❛ ❝ ✐ ♦ ♥ ♠ ❛ ②
❜ ❡ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ❡ ❛ ❞ ♦❢ ❤✐❢ ✐ ♥ ❣✿

✶✮ ✉ ❛ ✐ ♥ ❣ B ✱

✷✮ ❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❤ ❡ ✉ ❛ ❡ ❞ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✱

✸✮ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❜ ② ❝ ❤ ❡ ❝ ❦✐ ♥ ❣ ✐ ♥ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥✳



✶✳ ✸ ❙ ❡ ✐ ❛❧ ♠ ❡ ❤ ♦ ❞ ♦❢ ♦❧ ✈✐ ♥ ❣ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ❛❧ ♦ ♦ ✷ ✺

■❢ ❛❧❧ ❤ ❡ ♦ ♦ ♦❢ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ❛❧ ♣ ♦ ✐ ✐ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✱ ❤ ❡ ♥ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧
✈ ❛❧ ✉ ❡ ♦❢ ✐ ❣ ❡ ❛ ❡ ♦ ♦ ✐ ✐ ♥ ❤ ❡ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠✳

❇ ❡❧ ♦ ✇✱ ✐ ♥ ❤ ❡ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ♠ ❛ ✐ ① ❢ ♦ ♠✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ♠ ❛ ①✐ ♠ ❛❧ ❛ ♥ ❞ ♠✐ ♥✐ ♠ ❛❧ ♦ ♦ ♦❢ ❛ ♥
❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ② ❡ ① ❡ ♥ ❛ ❧✐ ♠✐ ✳

m a x ⟨µ i ⟩ = li m
θ → ∞

θ d et K ( 1 ) / r, ( 2 0)

✇ ❤ ❡ ❡ K ( 1 ) ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ (r + θ ) × (r + θ )✲ ♠ ❛ ✐ ① ♦❢ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✿

K ( 1 ) =

=
























k 1 − 1 0 . . . 0 0 . . . 0 0
− 2 k 2 k 1 − 1 . . . 0 0 . . . 0 0

3 k 3 − k 2 k 1 . . . 0 0 . . . 0 0
✳✳✳

✳✳✳
✳✳✳ . . .

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
( − 1 ) r − 1 r k r ( − 1 ) r − 2 k r − 1 ( − 1 ) r − 3 k r − 2 . . . . . . . . . . . . 0 0

0 ( − 1 ) r − 1 k r ( − 1 ) r − 2 k r − 1 . . . . . . . . . . . . 0 0
0 0 ( − 1 ) r − 1 k r . . . . . . . . . . . . 0 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 0 0 . . . ( − 1 ) r − 2 k r − 1 ( − 1 ) r − 3 k r − 2 . . . − 1 0
0 0 0 . . . ( − 1 ) r − 1 k r ( − 1 ) r − 2 k r − 1 . . . k1 − 1
0 0 0 . . . 0 ( − 1 ) r − 1 k r . . . − k 2 k 1

.
























❆❧❧ ③ ❡ ♦ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❛ ❡ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ✇ ♦ ✐ ❛ ♥ ❣❧ ❡ ♦❢ ✐ ③ ❡ θ ❛ ♥ ❞ n + θ − 2 ✱ ✐✳ ❡✳✱
❢ ♦ ❧ ♦ ✇ ❡ ❛ ♥ ❞ ✉ ♣ ♣ ❡ ♦ ♥ ❡ ✱ ♦ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ♥ ♦ ♥ ③ ❡ ♦✳ ❍ ❡ ❡ d et K ( 1 ) = S θ ✐ ❤ ❡ ❲ ❛ ✐ ♥ ❣
✉ ♠ ♦❢ ♦ ❞ ❡ θ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ❲ ❛ ✐ ♥ ❣ ✕ ▲ ❡ ❱❡ ✐ ❡ ❡ ✈ ❡ ❡ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ❬ ✷ ✶✱ ♣✳ ✸ ✽❪✳

❇ ② ✐ ♠✐❧ ❛ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ♥ ❞ ❞ ✉ ❡ ♦ ✭ ✾✮✱

mi n ⟨µ i ⟩ = li m
θ → ∞

− θ d et (K ( 2 ) / k n )/ r,

✇ ❤ ❡ ❡ K ( 2 ) ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ (r + θ ) × (r + θ )✲ ♠ ❛ ✐ ① ♦❢ ❤ ❡ ❛ ♠ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞
✐ ♥ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ❢ ♦ ♠✿

K ( 2 ) =

=
























k r − 1 − k r 0 . . . 0 0 . . . 0 0
− 2 k r − 2 k r − 1 − k r . . . 0 0 . . . 0 0

3 k r − 3 − k r − 2 k r − 1 . . . 0 0 . . . 0 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

( − 1 ) r − 1 r ( − 1 ) r − 2 k 1 ( − 1 ) r − 3 k 2 . . . . . . . . . . . . 0 0
0 ( − 1 ) r − 1 ( − 1 ) r − 2 k 1 . . . . . . . . . . . . 0 0
0 0 ( − 1 ) r − 1 . . . . . . . . . . . . 0 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 0 0 . . . ( − 1 ) r − 2 k 1 ( − 1 ) r − 3 k 2 . . . − k r 0
0 0 0 . . . ( − 1 ) r − 1 ( − 1 ) r − 2 k 1 . . . kr − 1 − k r

0 0 0 . . . 0 ( − 1 ) r − 1 . . . − k r − 2 k r − 1

.


























✷ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

❇ ② ❙ ②❧ ✈ ❡ ❡ ✬ ❝ ✐ ❡ ✐ ♦ ♥✱ ❛ ② ♠ ♠ ❡ ✐ ❝ ♦ ❍ ❡ ♠✐ ✐ ❛ ♥ ♠ ❛ ✐ ① ✐ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ❞ ❡ ✜ ♥✐ ❡ ✐ ✛ ❛❧❧
✐ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠✐ ♥ ♦ ❛ ❡ ♣ ♦ ✐ ✐ ✈ ❡✳ ❚ ❤ ❡ ♠✐ ♥ ♦ ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ✐ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✱ ♦
❙ ②❧ ✈ ❡ ❡ ✬ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ♠ ❡ ❛ ♥ ❤ ❛ ❤ ❡ ♠ ❛ ✐ ① ✐ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ✳ ❇ ❡ ✐ ❞ ❡ ✱ ❛ ✐ ♥ ❣ ✉❧ ❛ ② ♠✲
♠ ❡ ✐ ❝ ♦ ❍ ❡ ♠✐ ✐ ❛ ♥ ♠ ❛ ✐ ① ✐ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ❡ ♠✐✲ ❞ ❡ ✜ ♥✐ ❡ ✐ ✛ ❛❧❧ ✐ ✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛✲
✐ ♦ ♥✬ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✉ ♣ ♦ ♦ ❞ ❡ r ❛ ❡ ♣ ♦ ✐ ✐ ✈ ❡✱ ❛ ♥ ❞ ♦ ♥ ❡ ♦❢ ♦ ❞ ❡ t > r ❛ ❡ ❡ ✉ ❛❧ ♦ 0 ✱ ❛ ❛❧❧
❤ ❡ ♦ ♦ ❤ ❡ ❡ ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✳ ❚ ❤ ✉ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ❝ ♦ ♥ ❛✐ ♥ ✉ ✣ ❝✐ ❡ ♥

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ✜ ♥ ❞✐ ♥ ❣ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ ❛❧❧ ❤ ❡ ♦ ♦ ♦❢ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥
❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ♥ ❤ ❡ ❡ ✐ ❛❧ ♠ ❡ ❤ ♦ ❞ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡✳

❙ ♦❧ ✈ ❛ ❜✐❧✐ ② ♦❢ ❤ ❡ ❛ ♠ ❡ ♣ ♦ ❜❧ ❡ ♠ ❢ ♦ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ✐ ♠✐❧ ❛ ♦ ♥ ❡ ❢ ♦
❛ ♥ ❛ ❜✐ ❛ ② ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❞ ❡ ❣ ❡ ❡ n > 4 ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❛ ♥ ✇ ❡ ♦ ❤ ❡ ✉ ❡ ✐ ♦ ♥✿
✇ ❤ ❡ ❤ ❡ ❛ ❣✐ ✈ ❡ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❤ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♦ ♦ ❄ ❲❡ ❤ ♦ ✇ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❤ ❛ ❤ ❡
❛ ♥ ✇ ❡ ❝ ❛ ♥ ❜ ❡ ❢ ♦ ✉ ♥ ❞ ❜ ② ❙ ✉ ♠✬ ♠ ❡ ❤ ♦ ❞✳ ❍ ♦ ✇ ❡ ✈ ❡ ❤✐ ♠ ❡ ❤ ♦ ❞ ❞ ♦ ❡ ♥ ♦ ❣✐ ✈ ❡ ♥ ❡ ❝ ❡ ❛ ② ❛ ♥ ❞
✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✉ ♥ ❞ ❡ ✇ ❤✐ ❝ ❤ ❛❧❧ ❤ ❡ ♦ ♦ ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡

❛ ♥ ❞✱ ❞ ✉ ❡ ♦ ❤✐❢ ✐ ♥ ❣✱ ♣ ♦ ✐ ✐ ✈ ❡✳
❖ ♥ ❡ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ♥ ❡ ❝ ❡ ❛ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ❉ ❡ ❝ ❛ ❡ ✐ ❣ ♥ ❘ ✉❧ ❡ ❬ ✷ ✶✱ ♣✳ ✹ ✵❪✿ ❛❧❧

❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❛ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ❢ ♦ ♠ ♠ ✉ ❜ ❡ ♣ ♦ ✐ ✐ ✈ ❡✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②
❡ ✈ ❡ ♥ ✉ ♥ ❞ ❡ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♣ ❛✐ ♦❢ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♦ ♦ ❛ ❡ ♣ ♦ ✐ ❜❧ ❡✳ ■❢ ❤ ❡ ❤✐❢ ♣ ❛ ❛ ♠ ❡ ❡
✐ ❣ ❡ ❛ ❡ ❤ ❛ ♥ ♥ ♦ ❡ ❞ ❛ ❜ ♦ ✈ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ✐ ❡ ✉ ❛❧ ♦ 1 + m a x |k j |✱ ❤ ❡ ♥ ♦ ♥❧ ② ❤ ❡ ❡ ❛❧ ♣ ❛
♦❢ ❤ ❡ ♦ ♦ ❛ ❡ ♥ ❡ ❝ ❡ ❛ ✐❧ ② ♣ ♦ ✐ ✐ ✈ ❡ ❬ ✷ ✶✱ ♣✳ ✸ ✾❪✳

■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✶ ✶✮ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♦❧❧ ❛ ②✳

■❢ ❛❧❧ ❤ ❡ ♦ ♦ ♦❢ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ❛❧ ♣ ♦ ✐ ✐ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✱ ❤ ❡ ♥ ❛❧❧ ✐ ♠ ❡ ❞✐ ❛ ♥ ✐ ♥
( 1 0) − ( 1 3) ❛ ❡ ❡ ✉ ❛❧ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✐ ✛ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❤ ❛ ❤ ❡ ❜✐ ♥ ♦ ♠✐ ❛❧ ❢ ♦ ♠

(x − µ ) n = 0 .

❚ ❤✐ ♠ ❡ ❛ ♥ ❛❧ ♦ ❤ ❛ m t = µ ✳
■❢ ❛ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ❢ ♦ ♠ ❤ ❛ ❛ ❧ ❡ ❛ ✇ ♦ ❞✐ ✐ ♥ ❝ ♦ ♦ ✱ ❤ ❡ ♥ ✐ ❝ ♦ ❡❢✲

✜ ❝✐ ❡ ♥ ❞ ♦ ♥ ♦ ❢ ♦ ♠ ❤ ❡ ❜✐ ♥ ♦ ♠✐ ❛❧ ❡ ✉ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ♥ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✶ ✶✮ ❞ ♦ ❤ ♦❧ ❞✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱
✐❢ ❤ ❡ ❡ ❡ ①✐ ✇ ♦ ❛ ❞❥ ❛ ❝ ❡ ♥ ♠ ❡ ❞✐ ❛ ♥ ❡ ✉ ❛❧ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ♦ ♦ ♠ ❡ ♦❢ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
♦❢ ♦ ❞ ❡ ❧ ❡ ❤ ❛ ♥ r ❛ ❡ ❡ ✉ ❛❧ ♦ ③ ❡ ♦✱ ♦ ❤ ❡ ♠ ❡ ❞✐ ❛ ♥ ❤✐ ❡ ❛ ❝ ❤ ② ✐ ✈✐ ♦❧ ❛ ❡ ❞✱ ❤ ❡ ♥ ❤ ❡ ❡ ❡ ①✐
❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♦ ♦ ✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❡ ♥ ❡ ❝ ❡ ❛ ② ❛ ♥ ❞ ♦ ♥ ❣ ❡ ❤ ❛ ♥ ❉ ❡ ❝ ❛ ❡ ✬ ♦ ♥ ❡ ❣✐ ✈ ❡ ♥ ❛ ❜ ♦ ✈ ❡✳
❋ ♦ ❛❧❧ n ❤ ❡ ♦ ♦ ♦❢ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❞ ❡ ❣ ❡ ❡ n ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣

❢ ♦ ♠ ♦ ❜ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ❤ ❛ ❛❧❧ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✲ ♠ ❡ ❞✐ ❛ ♥ ( 5)
❛ ✐ ❢ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ :

(i) ❤ ❡ ② ❛ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡
✭ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❉ ❡ ❝ ❛ ❡ ✐ ❣ ♥ ❘ ✉❧ ❡✮✱

(ii) ❛❧❧ ♦❢ n ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ( 1 1) ❞ ♦ ❤ ♦❧ ❞ ✳

❋ ♦ ❛ ♥ n × n ✲ ♠ ❛ ✐ ① ♦ ❜ ❡ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ❞ ❡ ✜ ♥✐ ❡ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ❤ ❛ ❛❧❧ ❤ ❡ ♠ ❛ ✐ ① ❛ ❝ ❡ ✲
♠ ❡ ❞✐ ❛ ♥ ( 6) ♦❢ ♦ ❞ ❡ 1 , 2 , . . . , n ❛ ✐ ❢ ② ✇ ♦ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ :

(i) ❤ ❡ ② ❛ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✱
(ii′) ✜ n ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ( 1 0) ❞ ♦ ❤ ♦❧ ❞ ✳

❋ ♦ ❛ ♥ ② ❡ ❛❧ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ♥ ② ❡ ❛❧ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❛ ✐ ① ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ (i) ♠ ❛ ② ❜ ❡
❛ ✐ ✜ ❡ ❞ ❜ ② ✉ ❡ ♦❢ ❤✐❢ ✐ ♥ ❣✳ ❋ ♦ ❡ ❛❧ ② ♠ ♠ ❡ ✐ ❝ ♦ ❝ ♦ ♠ ♣❧ ❡ ① ❍ ❡ ♠✐ ✐ ❛ ♥ ♠ ❛ ✐ ① ❙ ②❧ ✈ ❡ ❡ ✬

❝ ✐ ❡ ✐ ♦ ♥ ❣✐ ✈ ❡ ❤ ❡ ♥ ❡ ❝ ❡ ❛ ② ❛ ♥ ❞ ✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛❧❧ ❤ ❡ ♦ ♦ ♦❢ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥
✭✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✮ ♦ ❜ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✳ ■❢ ❛ ❡ ❛❧ ♠ ❛ ✐ ① ✐ ♦❢ ❤ ❡ ❢ ♦ ♠ A A ′✱ ❤ ❡ ♥
❛❧❧ ✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ❛ ♣ ✐ ♦ ✐ ❡ ❛❧ ❛ ♥ ❞ ♥ ♦ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡✳ ❚ ❤ ❡ ♥ ❡ ❝ ❡ ❛ ② ❛ ♥ ❞ ✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐✲
✐ ♦ ♥ ❢ ♦ ❛❧❧ ❤ ❡ ♦ ♦ ♦❢ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✭ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧✮ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❞ ❡ ❣ ❡ ❡ n ♦ ❜ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ❛❧

♥ ✉ ♠ ❜ ❡ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ♦ ✉ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ❬ ✶ ✼✱ ♣✳ ✶ ✻ ✺ ✕ ✶ ✾ ✶❪ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ❞✐ ❛ ❣ ❛ ♠ ✳



✶✳ ✹ ❙ ✉ ❝ ✉ ❡ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✷ ✼

◆ ♦ ❡ ❤ ❛ ❢ ♦ ❛ ♥ ② ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❞✐ ❛ ♥✱

p m i (x
p
1 + · · · + x p

n ) < q m i (x
q
1 + · · · + x q

n )

♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛
1 ≤ p < q, i = 1 , . . . , n − 1 ,

❤ ❡ ❡ ❡ ①✐ ❛ ❧ ❡ ❛ ✇ ♦ ❞✐ ✐ ♥ ❝ ❡❧ ❡ ♠ ❡ ♥ ✱ ❛ ♥ ❞ ❤ ❡ ✉ ❛ ♥ ✐ ② ♦❢ ❤ ❡ ♥ ♦ ♥ ③ ❡ ♦ ❡❧ ❡ ♠ ❡ ♥ ✐ ❣ ❡ ❛ ❡
❤ ❛ ♥ i✳ ❚ ❤✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶ ✵✮✳

✶✳ ✹ ❙ ✉ ❝ ✉ ❡ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥

❋ ♦ ❛ ❣✐ ✈ ❡ ♥ ✉ ❛ ❡ ♠ ❛ ✐ ① B ✱ ✐ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❛ ♥ ② ♦ ❞ ❡ t ♠ ❛ ② ❜ ❡
❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✺✮ ❛ ❤ ❡ ❱✐ ❡ ❡ ✉ ♠ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ i ✳ ❚ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡

✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ❛❧❧ ❧✐ ♥ ❡ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❛ ♥ ❞ ❤ ❡ ❜ ❛ ❡ ❀ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❝ ❛❧ ❛
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ✉ ❝ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦ ♦✳

❋ ♦ ❛ ♥ ② ♠ ❛ ✐ ① B ❤ ❡ ❡ ❡ ①✐ ❛ ✉ ♥✐ ✉ ❡ ♣ ❛✐ ♦❢ ♠ ❛ ✐ ❝ ❡ (P B , OB ) ✉ ❝ ❤ ❤ ❛ P B ✐ ❛ ♣ ✐ ♠ ❡
♠ ❛ ✐ ①✱ O B ✐ ❛ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ①✱ ❛ ♥ ❞

B = P B + O B . ( 2 1)

❚ ❤ ❡ ♠ ❛ ✐ ❝ ❡ P B ❛ ♥ ❞ O B ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❏ ♦ ❞ ❛ ♥ ❢ ♦ ♠ J B ♦ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ♦❢ B ✳
❆ ✐ ✐ ❦ ♥ ♦ ✇ ♥✱ ❛ ♠ ❛ ✐ ① O ✐ ♥✐❧ ♣ ♦ ❡ ♥ ✐ ✛ ❛❧❧ ✐ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❡ ❡ ✉ ❛❧

♦ ③ ❡ ♦✳ ❊ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ♥✐❧ ♣ ♦ ❡ ♥ ❝ ② ❞ ❡ ❣ ❡ ❡ j ♦❢ ❤ ❡ ♠ ❛ ✐ ① O B ✳ ▲ ❡ j (i) + 1 ❜ ❡ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧
✐ ③ ❡ ♦❢ ❤ ❡ ❏ ♦ ❞ ❛ ♥ ✉ ❜ ❝ ❡❧❧ ✐ ♥ J B ✇✐ ❤ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ i ❛ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧✳ ❚ ❤ ❡ ♥

j = m a x
⟨ µ i ⟩

{ j (i)} .

◆ ♦ ♦ ♥❧ ② O B ❜ ✉ ❛❧ ♦ O B P B ❛ ♥ ❞ P B O B ❛ ❡ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ♠ ❛ ✐ ❝ ❡ B ❛ ♥ ❞
P B ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❛ ♠ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝
♠ ✉❧ ✐ ♣❧✐ ❝✐ ✐ ❡ ✳ ❚ ❤ ✉ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B ♣ ♦ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧
♣ ♦ ♣ ❡ ✐ ❡ ✿

k (P B + O B , t) = k (P B , t) = k (B, t ). ( 2 2)

k (P B · O B , t) = k (O B · P B , t) = k (O B , t) = 0 . ( 2 3)

❋ ♦ ♠ ❤ ❡ ✉ ❝ ✉ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❛ ♥ ② ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ k (B, t ) ✐ ❤ ❡ ✉ ♠ ♦❢ ❛❧❧ ❞✐ ❛ ❣ ♦ ♥ ❛❧
✭ ♣ ✐ ♥ ❝✐ ♣ ❛❧✮ t × t✲ ♠✐ ♥ ♦ ♦❢ B ❬ ✺✱ ♣✳ ✼ ✽❪✳

❋ ✉ ❤ ❡ ✱ ❝ ♦ ♥ ✐ ❞ ❡ ♠ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣✲
❝✐ ❡ ♥ ✱ ❡ ❛ ❜❧✐ ❤ ❛❧ ♦ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ❧ ❛ ❡ ❛ ♥ ❞ ❛❧❧ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠✳

❆ ✜ ✱ ❡ ♦❧ ✈ ❡ ♥ ✬ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶✮ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ✿

d et (B + ϵ I )I = ( B + ϵ I )( B + ϵ I ) V .

k B (ϵ )I = ( B + ϵ I )K B (ϵ ), ( 2 4)

n

t = 0

ϵ n − t [k (B, t )I − B K 1 (B, t − 1) − K 1 (B, t )] = Z,

✇ ❤ ❡ ❡ Z ✐ ❤ ❡ ③ ❡ ♦ ♠ ❛ ✐ ① ✭ ❛❧❧ ❤ ❡ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ❛ ❡ ❤ ❡ ❡ ✐ ♥ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ✲ ✐ ❣ ♥ ❢ ♦ ♠ ✇✐ ❤ ϵ ✮✳

❚ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❣✐ ✈ ❡✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♦❧❧ ❛ ✐ ❡ ✳



✷ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

✶✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ϵ ✐ ♥ ( 2 4) ♠ ❛ ② ❜ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ❢ ♦ ❛ ♠ ❛ ✐ ① ♦ ♥ ❡ E ❝ ♦ ♠ ♠ ✉ ✐ ♥ ❣ ✇✐ ❤ B ✿

k B (E ) = ( B + E )K B (E ).

✷✳ ❆❧ ♦ ♥ ❣ ❤ ❡ ✇ ❛ ②✱ ✇✐ ❤ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✹✮ ❛ E = − B ✱ ❤ ♦ ✉ ❣ ❤ ❤✐ ❣ ❛ ❝ ❡❢ ✉❧ ❢ ♦ ♠ ✉❧ ❛✱ ✇ ❡ ♣ ♦ ✈ ❡
❝❧ ❡ ❛ ✐ ♥ ♦ ♥ ❡ ❧✐ ♥ ❡ ❤ ❡ ❝❧ ❛ ✐ ❝ ❍ ❛ ♠✐❧ ♦ ♥ ✕ ❈ ❛ ②❧ ❡ ② ❚ ❤ ❡ ♦ ❡ ♠ ✿

k B (− B )I = ( B − B )K B (− B ) ⇒ k B (− B ) = Z.

❈ ♦ ♥ ❛ ②✱ ✐❢ E = + B ✱ ❤ ❡ ♥ k B (B ) = 2 B K B (B ).

✸✳ ❚ ❤ ❡ ❡ ❝ ✉ ❡ ♥ ♠ ❛ ✐ ① ❢ ♦ ♠ ✉❧ ❛ ♦❢ ❏ ❡ ❛ ♥✲ ▼ ❛ ✐ ❡ ❙ ♦ ✉ ✐ ❛ ✉ ❢ ♦ ♠ ✶ ✾ ✹ ✽ ❬ ✷ ✼❪

K 1 (B, t ) = − B K 1 (B, t − 1) + k (B, t )I ( 2 5)

✐ ✈ ❛❧✐ ❞ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ϵ ✐ ♥ ✭ ✷ ✹✮ ✐ ❛ ❜✐ ❛ ②✳ ❚ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✈ ❛❧ ✉ ❡

k (B, 0) = 1 , K1 (B, 0) = I

❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶✮✳ ◆ ♦ ❡✱ ❤ ❛ k (B, 1) = t r B, k (B, n ) = d et B ✳
✹✳ ❉ ❡ ✜ ♥ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ❤ ❡ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ K 2 (B, t ) ♦❢ ❤ ❡ 2 ✲ ♥ ❞ ❦✐ ♥ ❞ ❛

K 2 (B, t ) = B K 1 (B, t − 1) .

❚ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✈ ❛❧ ✉ ❡ ✐ K 2 (B, 0) = Z. ❈❧ ❛ ✐ ②✱ K 2 (B, 1) = B ✳ ❚ ❛ ❦✐ ♥ ❣ ❤✐ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✱ ♦ ♥ ❡ ♠ ❛ ②
❛ ♥ ❢ ♦ ♠ ✭ ✷ ✺✮ ✐ ♥ ♦

K 1 (B, t ) + K 2 (B, t ) = k (B, t )I. ( 2 6)

❘ ❡ ♣ ❡ ❛ ✐ ♥ ❣ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❝ ✉ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ✭ ✷ ✺✮ ✇✐ ❤ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✈ ❛❧ ✉ ❡ ❧ ❡ ❛ ❞ ♦ ❤ ❡
❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ B ✿

K 1 (B, t )  =
t
θ = 0 k (B, t − θ )( − B ) θ ,

K 2 (B, t )  = −
t
θ = 1 k (B, t − θ )( − B ) θ .

( 2 7)

❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ K 1 (B, t ) ❛ ♥ ❞ K 2 (B, t ) ❝ ♦ ♠ ♠ ✉ ❡ ✇✐ ❤ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ❛ ♥ ❞ ✇✐ ❤ B ✳
✺✳ ❚ ❤ ❡ ❏ ❡ ❛ ♥✲ ▼ ❛ ✐ ❡ ❙ ♦ ✉ ✐ ❛ ✉ ❝ ❛❧ ❛ ❜✐ ♥ ❞✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡ ❬ ✷ ✼❪ ❢ ♦ ❜ ♦ ❤ ② ♣ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥

k (B, t ) =
1

t
· t r K 2 (B, t ), { k (B, t ) =

1

n − t
· t r K 1 (B, t )} ( 2 8)

❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✷ ✼✮ ❛ ♥ ❞ ✭ ✷✮✱ ✐✳ ❡✳✱ ✉ ✐ ♥ ❣ ▲ ❡ ❱❡ ✐ ❡ ✬ ♠ ❡ ❤ ♦ ❞ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✳
✻✳ ■ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ✈ ❡ ❡ ♥ ♦ ♥✲ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① B → B − 1 ❤ ♦ ✉ ❣ ❤ ✐ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❏✳✲ ▼✳ ❙ ♦ ✉ ✐ ❛ ✉

✉ ❣ ❣ ❡ ❡ ❞ ✐ ♥ ✶ ✾ ✹ ✽ ❤ ❡ ✈ ❡ ② ❡❧ ❡ ❣ ❛ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ✇✐ ❤ ✉ ❝ ❝ ❡ ✐ ✈ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♥ ❣ ❛❧❧ ❤ ❡ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
♦❢ ♦ ❞ ❡ t ≥ 1 ✳ ❚ ❤✐ ❛❧ ❣ ♦ ✐ ❤ ♠ ✇ ❛ ❜ ❛ ❡ ❞ ♦ ♥ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✺✮ ❛ ♥ ❞ ✭ ✷ ✽✮✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱
❤✐ ❛ ✐ ❝❧ ❡ ❬ ✷ ✵❪ ✐ ♥ ❤ ❡ ♦ ❝ ❡ ❡ ❞✐ ♥ ❣ ♦❢ ❤ ❡ ❋ ❡ ♥ ❝ ❤ ❆ ❝ ❛ ❞ ❡ ♠ ② ♦❢ ❙ ❝✐ ❡ ♥ ❝ ❡ ✇ ❛ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ❛ ✈ ❡ ②
❜ ✐ ❡❢ ♣ ❛ ♣ ❡ ✱ ✇✐ ❤ ♦ ✉ ❞ ❡ ❛✐❧ ✳ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ✇ ❛ ❤ ❡ ♥ ❜ ② ✈ ❡ ② ❡ ♠✐ ♥ ❡ ♥ ❋ ❡ ♥ ❝ ❤ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥
✐ ♥ ♠ ❛ ♥ ② ✜ ❡❧ ❞ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ✐ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❛ ❛ ♣✐ ♦ ♥ ❡ ❡ ✐ ♥ ② ♠ ♣❧ ❡ ❝ ✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ❛ ♥ ❞
❛ ❛ ❤✐ ❣ ❤ ❧ ❡ ✈ ❡❧ ❛ ♥ ❛❧ ② ✳ ❚ ❤ ❡ ❛ ♠ ❡ ❡ ✉❧ ✇ ❡ ❡ ❡ ♣ ❡ ❛ ❡ ❞ ❧ ❛ ❡ ✱ ♣ ♦ ❜ ❛ ❜❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ②✱ ❜ ②
❉✳ ❑✳ ❋ ❛ ❞ ❞ ❡ ❡ ✈ ❬ ✷ ✾❪✱ ✇✐ ❤ ❛ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ♥ ♦ ❤✐ ❙ ♦ ✉ ✐ ❛ ✉✬ ✇ ♦ ❦✳ ❋ ❛ ❞ ❞ ❡ ❡ ✈✬ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❛ ❜ ❛ ❡ ❞
♦ ♥ ❤ ❡ ✉ ❡ ♦❢ ❛ ❡ ♦❧ ✈ ❡ ♥ B ✭ ✶✮ ❢ ♦ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ♠ ❛ ✐ ① ❛ ♥ ❞ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳

❆ ② ❡ ❛ ❛❢ ❡ ❤✐ ❙ ♦ ✉ ✐ ❛ ✉✬ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥✱ ✐ ♠✐❧ ❛ ❜ ✐ ❡❢ ❛ ✐ ❝❧ ❡ ❢ ♦ ♠ ❋ ❛ ♠ ❡ ❏✳ ❙✳✱ ✇✐ ❤ ❤ ❡
❛ ♠ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠✱ ✇ ❛ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ✐ ♥ ✧ ❆ ▼ ❙ ❇ ✉❧❧ ❡ ✐ ♥ ✧✱ ✶ ✾ ✹ ✾✱ ✈✳ ✺ ✺✱ ♥✳ ✶ ✶✱ ♣✳ ✶ ✵ ✹ ✺ ✇✐ ❤ ♦ ✉ ❛
❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ♥ ♦ ❬ ✷ ✼❪✳ ❇ ✉ ❤ ❡ ♠ ♦ ❡ ✉ ♥ ❦ ♥ ♦ ✇ ♥ ❋ ❛ ♠ ❡ ❜ ❡ ❝ ❛ ♠ ❡ ❢ ❛ ♠ ♦ ✉ ✐ ♥ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧

❝✐ ❝❧ ❡ ❜ ② ❤✐ ✐ ♥ ❣❧ ❡ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥✱ ✇ ❤ ❡ ❡ ✐ ✐ ❝✐ ❡ ❞✱ ✇ ❤✐❧ ❡ ❙ ♦ ✉ ✐ ❛ ✉✬ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ✐ ❝❧ ❡ ✐ ❢ ♦ ♦ ♠ ❡
❡ ❛ ♦ ♥ ❡ ♥ ✐ ❡❧ ② ✐ ❣ ♥ ♦ ❡ ❞✱ ✇ ❤✐ ❝ ❤ ✐ ✈ ❡ ② ❛ ♥ ❣ ❡ ❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❝✐ ❡ ♥ ✐ ✜ ❝ ❡ ❤✐ ❝ ✦ ❄

✭ ✳ ❙✳✿ ▼ ❛ ② ❜ ❡ ♦ ♠ ❡ ❞ ❛ ② ♦ ✉ ❡ ❛ ❞ ❡ ✇✐❧❧ ❡ ❡ ❛ ♥ ❞ ❛ ✧ ♥ ❡ ✇ ❛ ✉ ❤ ♦ ✧ ♦❢ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❄✮



✶✳ ✹ ❙ ✉ ❝ ✉ ❡ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✷ ✾

❋ ✉ ❤ ❡ ✱ ❤ ❡ ✜ ❢ ♦ ♠ ✉❧ ❛ ✐ ♥ ✭ ✷ ✼✮ ❛ ♥ ❞ ❤ ❡ ❍ ❛ ♠✐❧ ♦ ♥ ✕ ❈ ❛ ②❧ ❡ ② ❚ ❤ ❡ ♦ ❡ ♠ ❧ ❡ ❛ ❞ ♦ ❡ ✉ ❛❧✐ ✐ ❡

K 1 (B, n ) = k B (− B ) = Z,

❛ ♥ ❞ ❢ ♦ ♠ ✭ ✷ ✺✮ ✇ ❡ ✐ ♥❢ ❡ ✿ K 2 (B, n ) = B K 1 (B, n − 1) = k (B. n )I = ( d et B )I = B B V .

■❢ B ✐ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ✱ ❤ ❡ ♥ ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣ ❤ ❡ ❡ ❡ ✉ ❛❧✐ ✐ ❡ ❜ ② B − 1 ❣✐ ✈ ❡ ✉ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

B − 1 =
K 1 (B, n − 1)

k (B, n )
=

B V

d et B
.

❚ ❤✐ ✐ ❤ ❡ ❙ ♦ ✉ ✐ ❛ ✉ ❛❧ ❣ ♦ ✐ ❤ ♠✐ ❝ ♠ ❡ ❤ ♦ ❞ ✭ ❛ ♥ ❞ ♦ ♥❧ ② ❤✐ ♦ ♥ ❡✦ ✮ ❢ ♦ ✐ ♥ ✈ ❡ ✐ ♥ ❣ ❛ ♠ ❛ ✐ ① ❛ ♥ ❞
♦❢ ❥ ♦✐ ♥ ❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❛❧❧ ❤ ❡ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ k (B, t ) ❛ ♥ ❞ K 1 (B, t )✱ t = 1 , . . . , n✳

✼✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❛❧❧ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

K 1 (B, 0) = I, K 2 (B, 0) = Z,
K 1 (B, 1) = ( t r B )I − B,  K 2 (B, 1) = B,
. . . . . .
K 1 (B, n − 1) = B V ,  K2 (B, n − 1) = ( t r B V )I − B V ,
K 1 (B, n ) = k B (− B ) = Z,  K 2 (B, n ) = ( d et B )I.






( 2 9)

❚ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ K 1 (B, n − 1) ❛ ♥ ❞ K 2 (B, n − 1) ❛ ❡ ② ❡ ✐ ♥❢ ❡ ❡ ❞ ♦ ♥❧ ② ❢ ♦ ♥ ♦ ♥✲ ✐ ♥ ❣ ✉❧ ❛
♠ ❛ ✐ ❝ ❡ B ✱ ❜ ✉ ❤ ❡ ② ❛ ❡ ✉ ❡ ❛ ♥ ❞ ❢ ♦ ✐ ♥ ❣ ✉❧ ❛ ♦ ♥ ❡ ✕ ❡ ❡ ❢ ✉ ❤ ❡ ✐ ♥ ❤ ❡✐ ✉ ❝ ✉ ❡ ✳

❋ ✉ ❤ ❡ ✱ ✜ ♥ ❞ ❤ ❡ ❣ ❡ ❛ ❡ ♦ ❞ ❡ r ′′ ♦❢ ❤ ❡ ♥ ♦ ♥ ③ ❡ ♦ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ♥ ✭ ✷ ✾✮✳ ❉ ✉ ❡ ♦
✭ ✷ ✽✮ ✐ ✐ ❡ ✉ ❛❧ ♦ ❤ ❡ ❡ ♠✐ ♥ ❛ ✐ ♥ ❣ ♦ ❞ ❡ ♦❢ ❤ ❡ ❙ ♦ ✉ ✐ ❛ ✉ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ✭ ✷ ✺✮✳ ■ ❞ ♦ ❡
❡ ①✐ ✱ ❞ ✉ ❡ ♦ ✭ ✷ ✻✮ ❛ ♥ ❞ ✭ ✷ ✽✮✱ ❛ ♥ ❞ ✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❡ ❛ ❤ ❡ 2 ✲ ♥ ❞ ♦ ❝ ❦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱
r ′′ ≥ r ′✱ ✇ ❤ ❡ ❡ r ′ ✐ ❤ ❡ ❣ ❡ ❛ ❡ ♦ ❞ ❡ ♦❢ ❤ ❡ ♥ ♦ ♥ ③ ❡ ♦ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ✐✳ ❡✳✱ ❤ ❡ ✶✲ ♦ ❝ ❦
♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶✳ ✶✮✳ ■❢ B ✐ ❛ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ n × n ♠ ❛ ✐ ①✱ ❤ ❡ ♥ r ′ = r ′′ = n ✳

■ ♥ ❡ ✉ ❛❧✐ ② r ′ < r ✱ ✇ ❤ ❡ ❡ r = r a n k B ✱ ♠ ❛ ② ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ♦ ♥❧ ② ❢ ♦ ♠ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❝ ❛❧ ❛
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✿ ❤ ❡ ② ❛ ❡ ❤ ❡ ✉ ♠ ♦❢ ❛❧❧ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ♦❢ ♦ ❞ ❡ t✳ ❙✐ ♠✐❧ ❛ ❧ ② ♦ ✐ ✱ ♦ ♥❧ ② ❤ ❡

✉ ❝ ✉ ❡ ♦❢ ♠ ❛ ✐ ① ❇ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✷✲ ♥ ❞ ♦ ❝ ❦ ❛ ♥ ❞ ✐ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ♦ ❤ ❡
♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ✉ ❛ ❡ ♠ ❛ ✐ ① ✐ ♥ ❣ ✉❧ ❛ ✐ ② ✭✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❤ ❡ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ❡✐ ❣ ❡ ♥✲
✈ ❛❧ ✉ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ✐ ❡ ✐ ♥ ✐ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧✮ ❛ ✇ ❡❧❧ ❛ ✐ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✱
✉ ❝ ❤ ❛ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✱ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✳

■ ♥ ♦ ❞ ❡ ♦ ❝❧ ❡ ❛ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ❡ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ 1 ✲ ❛ ♥ ❞
2 ✲ ♥ ❞ ❦✐ ♥ ❞ ✱ ✇ ❡ ❛ ♣ ♣❧ ② ♦ ✉ ❙ ♣ ❡ ❝✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❡ ❛ ❜❧✐ ❤✐ ♥ ❣ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❝ ❛❧ ❛
❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ②✳ ✭ ❚ ❤ ❡ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ✉ ❝ ✉ ❡ ✇ ❛ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❜ ② ❤ ❡
❛ ✉ ❤ ♦ ✐ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ✶ ✾ ✽ ✶ ✇✐ ❤ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❜ ♦ ❤ ♦ ❝ ❦ ❢ ♦ ❛ ♠ ❛ ✐ ① B ✳✮

❆❧ ❤ ♦ ✉ ❣ ❤✱ ❢ ♦ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❤ ❡ ❛ ♥ ❞ ❛ ❞ ✭ ❞✐ ❡ ❝ ✮ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❡ ① ♣❧ ♦ ✐ ♥ ❣ ❤ ❡✐
✉ ❝ ✉ ❡ ✐ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ✭ ❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❬ ✺✱ ♣✳ ✼ ✽❪✮✳
❈ ♦ ♥ ✐ ❞ ❡ ❛ ♥ n × n ✲ ♠ ❛ ✐ ① B ❛ ♥ ❞ ❛ ♥ ❛ ❜✐ ❛ ② ❡ ♦❢ ✐ m ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❡❧ ❡ ♠ ❡ ♥ { b i k , jk , k =

1 , . . . , m, 1 ≤ m ≤ n } ✱ ✐✳ ❡✳✱ ✐❢ p ≠ q ✱ ❤ ❡ ♥ ip ≠ iq ❛ ♥ ❞ j p ≠ j q ✳ ❚ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛
m
k = 1 b i k , jk

✐ ♥ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ♦❢ d et B ✐

∂ m d et B

∂ b i 1 , j1 · · · ∂ b i m , jm

(− 1)
m
k = 1 ( i k + j k )






i1 , . . . , im ̸ ∈
j 1 , . . . , jm ̸ ∈
♠✐ ♥ ♦ ✭ ♥✲ ♠✮

B





. ( 3 0)

■ ♥ ❤ ❡ ♣ ❛ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥✱ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ ❢ ♦ ❛❧❧ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ♦❢ B ❛ ❡ ✉ ♣ ♣ ♦ ❡ ❞ ♦ ❜ ❡
❞✐ ✐ ♥ ❝ ✳ ❚ ❤ ❡ ♦ ❞ ❡ ♦❢ ♣ ❛ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❡ ① ❡ ❝ ✉ ✐ ♦ ♥ ❞ ♦ ❡ ♥✬ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❤ ❡ ❡ ♥ ❞ ❡ ✉❧ ✳ ❚ ❤ ❡
♠✐ ♥ ♦ ♦❢ ♦ ❞ ❡ t = n − m ✐ ♥ ✭ ✸ ✵✮ ✐ ❤ ❡ ❛ ❞❥ ✉ ♥ ❝ ♦❢ ❤ ❡ ♠✐ ♥ ♦ ✱ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❡ ♦❢ m
❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❡❧ ❡ ♠ ❡ ♥ ❀ ik ✱ j k ❛ ❡ ❛❧❧ ❤ ❡✐ ✐ ♥ ❞ ❡ ① ❡ ♦❢ ♦ ✇ ❛ ♥ ❞ ❝ ♦❧ ✉ ♠ ♥ ✳



✸ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

❖ ✉ ♣ ✉ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✵✮ ✐ ❤ ❡ ❡ ✉❧ ♦❢ ✉ ❝ ❝ ❡ ✐ ✈ ❡ ♣ ❛ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♥ ❣ d et B
✇✐ ❤ ❡ ♣ ❡ ❝ ♦ b i 1 , j1 . . . , bi m , jm ✳ ❋ ✉ ❤ ❡ ✱ ❛ ♣ ♣❧ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✵✮ ❢ ♦ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ❤ ❡
❡ ♦❧ ✈ ❡ ♥ ♦❢ B ✐ ♥ ✭ ✶✮✱ ✐✳ ❡✳✱

(B + ϵ I ) − 1 =
(B + ϵ I ) V

d et (B + ϵ I )
=

K B (ϵ )

k B (ϵ )
.

❊ ① ♣ ❛ ♥ ❞ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ❛ ♥ ❞ ❤ ❡ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ✐ ♥ ♣ ♦ ✇ ❡ ♦❢ ϵ ✳

❚ ❤ ❡ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ✐ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ ϵ ♦❢ ♦ ❞ ❡ n ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✸ ✵✮ ✇✐ ❤ m =
n − t✱ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛

n − t
k = 1 (b i k , Ik + ϵ ) ✐

(i1 , i1 ) . . . , (in − t , in − t ) ̸ ∈
❉✲ ♠✐ ♥ ♦ ✭ ✮

(B + ϵ I ) .

■ ✐ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ t✲ ♠✐ ♥ ♦ ♦❢ B + ϵ I ♥ ♦ ❝ ♦ ♥ ❛✐ ♥✐ ♥ ❣ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❡❧ ❡ ♠ ❡ ♥ ✱ ❤ ❡
✉ ❛ ♥ ✐ ② ♦❢ ✉ ❝ ❤ ♠✐ ♥ ♦ ✭ ❛ ♥ ❞ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✮ ✐ C t

n ✳ ❖ ♥❧ ② ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡ ♥ ✐ ❡ ♦❢ ❤ ❡ ♠✐ ♥ ♦
❝ ♦ ♥ ❛✐ ♥ ϵ ✳ ✉ ϵ = 0 ✐ ♥ ❛❧❧ ❤ ❡ ❡ ♠✐ ♥ ♦ ✳ ❲❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ϵ n − t

✐ ♥ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ d et (B + ϵ I ) ❛ ❤ ❡ ✉ ♠ ♦❢ ❛❧❧ ✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ♦❢ ♦ ❞ ❡ t ❛ ♥ ❞
✐ ✐ ♥✐ ✐ ❛❧ ♠ ❡ ❛ ♥ ❛ k (B, 0) = 1 ✳

❚ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ❛ ✐ ①✳ ■ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡ ♥ ✐ ❡ ❛ ❡ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ ϵ ♦❢
❞ ❡ ❣ ❡ ❡ n − 1 ✱ ♦ ❤ ❡ ❡ ♥ ✐ ❡ ❛ ❡ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❞ ❡ ❣ ❡ ❡ n − 2 ✳ ❚ ❤ ❡ ♠ ❛ ✐ ① ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ②
❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ ϵ ✿

(B + ϵ I ) V =

n

t = 0

K 1 (B, t )ϵ n − 1 − t ,  K1 (B, 0) = I.

❲❡ ✇✐ ❤ ♦ ❝ ♦ ♠ ♣ ✉ ❡ K 1 (B, t )✳ ❋ ♦ ❤✐ ❛✐ ♠ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ (p, p )✲ ❛ ♥ ❞ (p, q )✲
❡ ♥ ✐ ❡ ♦❢ (B + ϵ I ) V ✳ ❋✐ ♥ ❞ ❤ ❡ (p, p )✲ ❡ ♥ ②✳ ■ ✐ ❡ ✉ ❛❧ ♦

∂ d et (B + ϵ I )

∂ (b p, p + ϵ )
= A d p, p (B + ϵ I ) =

(p, p ) ̸ ∈
❉✲ ♠✐ ♥ ♦ ✭ ♥✲ ✶✮

(B + ϵ I ) ,

✇ ❤ ❡ ❡ A d p, p ✐ ❤ ❡ ❛ ❞❥ ✉ ♥ ❝ ♦❢ ❤ ❡ (p, p )✲ ❡ ♥ ② b p, p + ϵ ✳ ❙✐ ♠✐❧ ❛ ❧ ② ♦ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ❜ ♦ ✈ ❡✱ ❤ ❡
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ϵ n − t − 1 ✭ ❛ n − t − 1 = ( n − 1) − t = ( n − (t + 1) ✮ ✐ ♥ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ♦❢ ❤✐ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥
✐ ❤ ❡ (p, p )✲ ❡ ♥ ② ♦❢ ❤ ❡ ♠ ❛ ✐ ① K 1 (B, t )✿

(p, p )K 1 (B, t ) =

( C t
n − 1 ❡ ♠ )

(p, p ) ̸ ∈
❉✲ ♠✐ ♥ ♦ ✭ ✮

B =

=

( C t
n − 1 ❡ ♠ )

A d p ′ , p′
(p, p ) ∈

❉✲ ✉ ❜✭ ✰ ✶✮
B

✭ ❤ ❡ ❡ ❉✲ ✉ ❜ ❛ ♥ ❞ ❢ ♦ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ (t + 1) × (t + 1) ✲ ✉ ❜ ♠ ❛ ✐ ① ♦❢ B ✮✳
❚ ❤ ❡ ❡ ❛ ❡ ✉ ♠ ♦❢ ❉✲ ♠✐ ♥ ♦ ✳ ❇ ♦ ❤ ❤ ❡ ✉ ♠ ❝ ♦ ♥ ✐ ♦❢ C t

n − 1 ❡ ♠ ✱ ❛ ♦ ♥ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣
❡❧ ❡ ♠ ❡ ♥ ✱ b p, p ✱ ❛ ♠ ♦ ♥ ❣ n ♦ ♥ ❡ ❛ ❦ ❡ ♣ ❛ ✐ ♥ ❤ ❡ ✜ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥✱ ✐✳ ❡✳✱ ✐ ♥ ❢ ♦ ♠✐ ♥ ❣ ❤ ❡ ✜
✭ ♠ ❛✐ ♥✮ ❛ ❞❥ ✉ ♥ ❝ ✳ ❍ ❡ ❡ p ′ ❛ ❡ ❤ ❡ ♥ ❡ ✇ ✐ ♥ ❞ ❡ ① ❡ ♦❢ ❤ ❡ ♦ ✇ ❛ ♥ ❞ ❤ ❡ ❝ ♦❧ ✉ ♠ ♥ ✐ ♥ D ✲ ♠✐ ♥ ♦ ♦❢
♦ ❞ ❡ t + 1 ✳



✶✳ ✹ ❙ ✉ ❝ ✉ ❡ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✸ ✶

❚ ❤ ❡ ♥ ✜ ♥ ❞ ❤ ❡ (p, q )✲ ❡ ♥ ② ♦❢ (B + ϵ I ) V ✳ ■ ✐ ❡ ✉ ❛❧ ♦

∂ d et (B + ϵ I )

∂ b q, p
= A d q, p (B + ϵ I ) = ( − 1) p + q (p, q ) ∈

❉ ❤✲ ♠✐ ♥ ♦ ✭ ♥✲ ✮
(B + ϵ I ) ,

✭ ❤ ❡ ❡ ❉ ❤✲ ♠✐ ♥ ♦ ❛ ♥ ❞ ❢ ♦ ❤ ② ♣ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ✮✳
■ ❝ ♦ ♥ ❛✐ ♥ ♦ ♥❧ ② ♦ ♥ ❡ ♥ ♦ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❡❧ ❡ ♠ ❡ ♥ ✱ b p, q ✱ ❛ ♥ ❞ ❤ ✉ ✱ ❛❢ ❡ ❤ ❡ ✜ ♣ ❛ ✐ ❛❧

❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ b q, p ✭ ❛❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♦ ❞ ❡ ♦❢ ♣ ❛ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❡ ① ❡ ❝ ✉ ✐ ♦ ♥
✐ ♦❢ ♥ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ❝ ❡✮ ❞ ♦ ❡ ♥ ♦ ❝ ♦ ♥ ❛✐ ♥ b q, p ✱ b p, p + ϵ ✱ ❛ ♥ ❞ b q, q + ϵ ✳ ❉ ✉ ❡ ♦ ✭ ✸ ✵✮✱ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥

❛
n − t − 1
k = 1 (b i k , ik + ϵ ) ✐ ♥ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✐

∂ n − t − 1 (p, q ) ∈
❉ ❤✲ ♠✐ ♥ ♦ ✭ ♥✲ ✮

(B + ϵ I )

∂ (b i 1 , i1 + ϵ ) · · · ∂ (b i n − t − 1 , in − t − 1
+ ϵ )

=

∂
∂ n − t − 1 d et (B + ϵ I )

∂ (b i 1 , i1 + ϵ ) · · · ∂ (b i n − t − 1 , in − t − 1
+ ϵ )

∂ b q, p
=

= A d q ′ , p′
(i1 , i1 ), . . . , (in − t − 1 , in − t − 1 ) ̸ ∈

❉✲ ✉ ❜✭ ✰ ✶✮
(B + ϵ I ) .

✉ ❤ ❡ ❡ ϵ = 0 ✱ ♦ ❜ ❛✐ ♥ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ϵ n − t − 1 ✱ ✐✳ ❡✳ ❤ ❡ (p, q )✲ ❡ ♥ ② ♦❢ K 1 (B, t )✿

(p, q )K 1 (B, t ) =

( C t − 1
n − 2 ❡ ♠ )

(− 1) p ′ ′ + q ′ ′ + 1 (p, q ) ∈
❉ ❤✲ ♠✐ ♥ ♦ ✭ ✮

B =

=

( C t − 1
n − 2 ❡ ♠ )

A d q ′ , p′
(p, q ) ∈

❉✲ ✉ ❜✭ ✰ ✶✮
B .

❍ ❡ ❡ ❉✲ ✉ ❜ ❛ ♥ ❞ ❢ ♦ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ (t + 1) × (t + 1) ✲ ✉ ❜ ♠ ❛ ✐ ① ♦❢ B ✳ ❇ ♦ ❤ ❤ ❡ ✉ ♠ ❝ ♦ ♥✲
✐ ♦❢ C t − 1

n − 2 ❡ ♠ ✱ ❛ ✇ ♦ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❡❧ ❡ ♠ ❡ ♥ b p, q ❛ ♥ ❞ b q, p ❛ ❡ ✉ ❡ ❞ ✐ ♥ ❢ ♦ ♠✐ ♥ ❣ ❤ ❡ ✜
✭ ♠ ❛✐ ♥✮ ❛ ❞❥ ✉ ♥ ❝ ✳ ❚ ❤ ❡ (p, q )✲ ❡❧ ❡ ♠ ❡ ♥ ❤ ❛ ✐ ♥ ❞ ❡ ① ❡ p ′, q′ ✐ ♥ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ❛ ♥ ❞ p ′′, q′′ ✐ ♥ ❤ ❡
❤ ② ♣ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦ ♥ ❡✱ p ′ + q ′ = p ′′ + q ′′ + 1 ✳

❚ ❤ ❡ ❡ ✇ ♦ ♣ ❛ ❛ ❡ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ K 1 (B, t )✳ ❋ ♦ ♠ ✐ ❛ ♥ ❞ ❢ ♦ ♠ ✉❧ ❛ ✭ ✷ ✻✮✱ ❤ ❡
❡ ① ♣ ❡ ✐ ♦ ♥ ❢ ♦ K 2 (B, t ) ❢ ♦❧❧ ♦ ✇✳ ❚ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ♣ ❡ ❝✐ ✜ ❡ ❞ ✳
❚ ❤ ❡ ❡ ✉ ❝ ✉ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❛❧❧ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ✜ ♠ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✾✮✱ ✭ ✷ ✽✮✱
❛ ♥ ❞✱ ❛ ❦✐ ♥ ❣ ✭ ✷ ✼✮ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✱ ❤ ❡ ❲ ❛ ✐ ♥ ❣ ✕ ▲ ❡ ❱❡ ✐ ❡ ❡ ❝ ✉ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ✭ ✷✮✳

◆ ♦ ❡ ❤ ❡ ❝ ♦ ♦❧❧ ❛ ② ♦❢ ❤ ❡ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✿ ❢ ♦ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❛ ✐ ① B ✱ ❤ ❡ ❛ ❞❥ ✉ ♥ ❝ ♦❢
b p, p ♦ b p, q ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ❤ ❡ ♣ ❛ ✐ ❛❧ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ♦❢ d et B ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ b p, p ♦ b p, q

❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✸ ✵✮✱ ❛ ♥ ❞ ❝ ♦ ♥ ✈ ❡ ❡❧ ②✱ ❤ ❡ ❡ ✈ ❡ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥✱ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❣✐ ✈ ❡ ♥ ❛ ❞❥ ✉ ♥ ❝ ✐ ♥ ♦
d et B ✱ ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ❤ ❡✐ ♣ ❛ ✐ ❛❧ ✐ ♥ ❡ ❣ ❛ ✐ ♥ ❣ ♦ ♥ b p, p ♦ b p, q ✳

❈ ♦ ♠ ♣ ❛ ❡ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✉ ❝ ✉ ❡ ✳ ❇ ♦ ❤ ❦✐ ♥ ❞ ♦❢ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❡
❡ ① ♣ ❡ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ♠✐ ♥ ♦ ✉ ♠ ✳ ❋ ♦ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❤ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ❛ ❡ ❡ ① ❛ ❝ ❧ ② ❛❧❧
❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ✳ ❯ ♥❧✐ ❦ ❡ ❤ ❡ ♠✱ ❤ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ♦❢ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ❛ ♥ ❞
❤ ② ♣ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦ ♥ ❡ ✱ ♦ ❤ ❡ ♠✐ ♥ ♦ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❤ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ♦ ❤ ❡ r ✲ ♠✐ ♥ ♦ ❝ ❛ ♥
❡ ①✐ ♦ ♥❧ ② ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ 1 < r < n − 1 ✳ ❚ ❤ ❡ ❡ ❢ ❛ ❝ ♣ ❡ ❝✐❢ ② ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ 1 ✲
❛ ♥ ❞ 2 ✲ ♥ ❞ ♦ ❝ ❦ ✱ ❛ ♥ ❞ ❛❧ ♦ ❤ ❡ ❛ ♥ ❦ ♦❢ ❛ ♠ ❛ ✐ ①✿
✭ ✶✮ r ′ ≤ r ′′ ✭ ❡ ❡ ✭ ✷ ✽✮❀
✭ ✷✮ r ′ < r ′′ ≤ r ✐❢ ❤ ❡ ❡ ❡ ①✐ ❛ ✉ ♥✐ ✉ ❡ ♥ ♦ ♥ ③ ❡ ♦ ❤ ② ♣ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ♦❢ ♦ ❞ ❡ r ′′❀
✭ ✸✮ r ′ < r ′′ < r ✐❢ ❤ ❡ ❡ ❡ ①✐ ❛ ✉ ♥✐ ✉ ❡ ♥ ♦ ♥ ③ ❡ ♦ ♠✐ ♥ ♦ ♦❢ ♦ ❞ ❡ r ′′ ❛ ♥ ❞ ❤✐ ♠✐ ♥ ♦ ✐ ♥ ♦
❞✐ ❛ ❣ ♦ ♥ ❛❧✱ ♥ ♦ ❤ ② ♣ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✳

❚ ❤ ✉ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♣ ❡ ❝✐ ✜ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❢ ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ✐ ♥ ❣ ✉❧ ❛ ✐ ② ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❛ ✉ ❛ ❡ ♠ ❛ ✐ ①✿

0 ≤ r ′ ≤ r ′′ ≤ r ≤ n. ( 3 1)
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❚ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ✉ ❝ ✉ ❡ ♦❢
❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✭ ❤ ❛ ♥ ❦ ♦ ▲ ❡ ❱❡ ✐ ❡ ✮ ✇ ❛ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❜ ② ❤ ❡ ❛ ✉ ❤ ♦ ✉ ✐ ♥ ❣ ❤✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧

♠ ❡ ❤ ♦ ❞ ✭ ✸ ✵✮ ✐ ♥ ❡ ❛ ❧ ② ✶ ✾ ✽ ✶✱ ♠ ♦ ❡ ♦ ✈ ❡ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❡ ♦❧ ✈ ❡ ♥ ✭ ✶✮ ❢ ♦ ❤ ❡ ❧✐ ♠✐ ♣ ❡ ❝✐ ✜ ❝
✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ♥ ❞ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✳ ✭ ❙ ❡ ❡ ❛ ❜ ♦ ✉ ❤✐ ♦ ♥ ❤ ❡ ❛ ✉ ❤ ♦ ✬ ✇ ❡ ❜✲ ✐ ❡✳✮

❚ ❤ ❡ ❣ ❛ ♠ ❡ ♦❢ ❤ ❡ ❡ ❤ ❡ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✇✐ ❤✐ ♥ ❤ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ✐ ❡ ❛❧❧ ♦ ✇ ❡ ❞ ❜ ② ✐ ♥ ❡ ✉ ❛❧✐ ② ✭ ✸ ✶✮
❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ♥ ✐ ❡ ✈ ❛ ✐ ❡ ② ♦❢ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ♣ ❡ ❝✐ ❛❧ ❛ ♥ ❞
✐ ♠ ♣ ♦ ❛ ♥ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✳ ◆ ♦ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✳

✶✳ r ′ = 0 ⇔ ♠ ❛ ✐ ① B ✐ ♥✐❧ ♣ ♦ ❡ ♥ ✳
✷✳ r ′′ = 0 ⇔ B = Z ✳ ✭ ❆ ✇ ❡❧❧ r ′′ > 0 ✐ ✛ K 2 (B, 1) = B ≠ Z ✳ ✮
✸✳ r = 1 ⇔ r ′′ = 1 ✳ ✭ ❇ ② ❤ ❡ ❛ ♠ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ✮✳
✹✳ r = n − 1 ⇔ r ′′ = n − 1 ✳ ✭K 1 (B, n − 1) = B V ❝ ♦ ♥ ❛✐ ♥ ❛❧❧ ♠✐ ♥ ♦ ♦❢ ❛ ♥ ❦ n − 1 ✮✳

❚ ❤ ❡ ✈ ❛❧ ✉ ❡ t = r ′′ ✐ ✜ ♥ ❛❧ ✐ ♥ ❤ ❡ ❙ ♦ ✉ ✐ ❛ ✉ ❛❧ ❣ ♦ ✐ ❤ ♠ ❬ ✷ ✼❪✳ ❚ ❤ ❡ ✶✲ ❛ ♥ ❞ ✷✲ ♥ ❞ ♦ ❝ ❦ ❛ ❡ ❡ ① ❡ ♠ ❡❧ ②
✐ ♠ ♣ ♦ ❛ ♥ ✐ ♥ ❣ ✉❧ ❛ ✐ ② ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❛ ✉ ❛ ❡ ♠ ❛ ✐ ① B ❛ ♥ ❞ ❢ ♦ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ B i = B − µ i I ✳
❚ ❤ ❡ ❧ ❛ ❡ ❛ ❡ ❛❧ ✇ ❛ ② ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✳ ❚ ❤ ❡ ✶✲ ❛ ♥ ❞ ✷✲ ♥ ❞ ♦ ❝ ❦ ❛ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♣ ❛ ❛ ♠ ❡ ❡
✉ ♥ ❞ ❡ ❧✐ ♥ ❡ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❛ ♥ ❦ ❛ ♥ ❞ ♦ ❤ ❡ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ♥ ❛ ♠ ❡❧ ② ❤ ❡ ❡
♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ r ′

i ≤ r ′′
i ≤ r i ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ① ❛ ❝ ❛ ♥ ❞ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧

❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❛ ❣✐ ✈ ❡ ♥ ✉ ❛ ❡ ♠ ❛ ✐ ①✱ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❝ ❡❧❧ ✉❧ ❛ ❛ ♥ ❞ ✉ ❜ ❝ ❡❧❧ ✉❧ ❛ ✉ ❝✲
✉ ❡ ♦❢ ✐ ❏ ♦ ❞ ❛ ♥ ❢ ♦ ♠ ✇✐ ❤ ❛❧❧ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥ ②✐ ♥ ❣ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❡ ✉ ❛❧✐ ✐ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✱ ❛ ✐ ♥ ❣

✇✐ ❤ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ✭ ✸ ✶✮ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① ✐ ❡❧❢ ❛ ♥ ❞ ❢ ♦ ❛❧❧ ✐ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ✳

✶✳ ✺ ❚ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❛ ♠ ❛ ✐ ① ✐ ♥ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠

❆ ✐ ✐ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ✕ ❡ ❡✱ ❢ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ✐ ♥ ❬ ✸✱ ✹❪✱ ❤ ❡ ❡ ① ❛ ❝ ✱ ❜ ✉ ♥ ♦ ♥✲ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦
❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❛ ♠ ❛ ✐ ① B ✇ ❛ ❛ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ♦ ♥❧ ② ❛❢ ❡ ❤ ❡

♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ♦❢ ❤ ❡ ❞ ❡ ❣ ❡ ❡ ♦❢ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡
✐ ♥ ✐ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ k B (− B ) = Z ✉ ♣ ♦ ❤ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ✈ ❛❧ ✉ ❡ ✳ ❆ ❛ ❡ ✉❧ ✱ ✐ ❞ ♦ ❡
♥ ♦ ❣✐ ✈ ❡ ❤ ❡ ❡ ① ♣❧✐ ❝✐ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❡ ♠✐ ♥✐ ♠ ✉ ♠ ❞ ❡ ❣ ❡ ❡ ♦❢ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❤ ❡ ❛ ❜ ♦ ✈ ❡
♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ r ′

i , r′′i , ri ✱ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❡ ① ❛ ❝ ❧ ② ❛ ♥ ❞ ❡ ① ♣❧✐ ❝✐ ❧ ② ❜ ② ❤ ❡
❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✱ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ✐ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳

❚ ❤ ❡ ❡ ✉❧ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❡ ♥ ❛ ❜❧ ❡ ✉ ♦ ❡ ① ♣ ❡ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ❡ ①✲
♣❧✐ ❝✐ ❧ ② ✐ ♥ ❡ ♠ ♦❢ ❜ ❛ ✐ ❝ ✐ ♥ ❣ ✉❧ ❛ ✐ ② ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❛ ♠ ❛ ✐ ① B ✳

❈ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♥ ❣ ✉❧ ❛ n × n ✲ ♠ ❛ ✐ ① B ♦❢ ❛ ♥ ❦ r ❛ ♥ ❞ ✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ i ✇✐ ❤ ❛❧ ❣ ❡ ❜ ❛✐ ❝
♠ ✉❧ ✐ ♣❧✐ ❝✐ ✐ ❡ s i = n − r ′

i ✭i = 1 , . . . , q✮✱ µ 1 = 0 ✭✐ ♥ ❤ ❡ ❡ ✉ ❡❧✱ ✇ ❡ ♦ ♠✐ ❤ ❡ ✐ ♥ ❞ ❡ ① i = 1
♦❢ ❛ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① ♣ ❛ ❛ ♠ ❡ ❡ ✮✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛ ♥ ② ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ① B i = B − µ i I ✳ ❋ ♦ ♠ ✭ ✷ ✼✮✱
❤ ❡ ❍ ❛ ♠✐❧ ♦ ♥✲ ❈ ❛ ②❧ ❡ ② ❚ ❤ ❡ ♦ ❡ ♠✱ ✇✐ ❤ ✉ ❡ ♦❢ ♣ ✐ ♠ ❡ ❢ ❛ ❝ ♦ ✐ ③ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✇✐ ❤ ❡ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡
❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❜ ② ❤ ❡ ❱✐ ❡ ❡ ✉ ♠ ✱ ❛ ✐ ♥ ✭ ✺✮✱ ✇ ❡ ❤ ❛ ✈ ❡

K 1 (B, n ) =
n

t = 0

(− B ) n − t k (B, t ) = ( − B ) s ′
r ′

t = 0

(− B ) r ′ − t k (B, t ) =

= ( − B ) s ′

K 1 (B, r ′) = ( − B ) s ′
q

i = 2

(µ i I − B ) s ′
i = Z ( 3 2)

❚ ❤✐ ✐ ❤ ❡ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ B ✳

❋ ♦ ♠ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ❡ ❛ ❝ ❤ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ♦ ❞ ❡ r ′ ✐ ♥ ♦ ♥ ③ ❡ ♦✱ ❤ ❛ ✐ ✇ ❤ ②

K 1 (B, r ′) =

q

i = 2

(µ i I − B ) s ′
i ≠ Z, k ( B, r ′) =

q

i = 2

µ
s ′

i
i ≠ 0 . ( 3 3)



✶✳ ✺ ❚ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❛ ♠ ❛ ✐ ① ✐ ♥ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✸ ✸

❚ ❤ ❡ ❡ ❝ ✉ ❡ ♥ ❙ ♦ ✉ ✐ ❛ ✉ ❢ ♦ ♠ ✉❧ ❛ ✭ ✷ ✺✮ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ✈ ❛❧ r ′ < t ≤ r ′′ ❣✐ ✈ ❡ ✉ ❤ ❡ ♥✐❧ ♣ ♦ ❡ ♥
♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥

K 1 (B, t ) = ( − B ) t − r ′

K 1 (B, r ′) = − K 2 (B, t ) ≠ Z. ( 3 4)

❋ ✉ ❤ ❡ ✱ ✐❢ t = r ′′ + 1 ✱ ❤ ❡ ♥

K 1 (B, r ′′ + 1) = ( − B ) r ′ ′ − r ′ + 1 K 1 (B, r ′) = ( − B ) r ′ ′ − r ′ + 1

q

i = 2

(µ i I − B ) s ′
i =

= Z = ( − B ) r ′ ′ − r ′ + 1

q

i = 2

(µ i I − B ) s 0
i = ( − B ) s 0

q

i = 2

(− B i )
s 0

i , ( 3 5)

✇ ❤ ❡ ❡ ❡ ❛ ❝ ❤ s 0
i ✐ ❤ ❡ ❡ ① ♣ ♦ ♥ ❡ ♥ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ① B i ✐ ♥ ❛ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧✱ ✐

✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② ♦❢ µ i ✳
❋ ♦ ♠ ✭ ✸ ✺✮ ❛ ♥ ❞ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♥ ✭ ✸ ✹✮

(− B ) r ′ ′ − r ′
q

i = 2

(µ i I − B ) s 0
i ≠ Z.

❲❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ♠ ❛✐ ♥ ❡ ✉❧ ✕ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ✐ ❡ ♦❢ µ 1 = 0 ❛ ♥ ❞
❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ♦❢ ❛❧❧ µ i ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ B i ✐ ♥ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧✿

s 0 = r ′′ − r ′ + 1 , s0i = r ′′
i − r ′

i + 1 . ( 3 6)

❚ ❤ ❡ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ✐ ❡ ❛ ✐ ❢ ② ❤ ❡ ❝❧ ❛ ✐ ❝ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ 1 ≤ s 0
i ≤ s ′

i ❬ ✹✱ ♣✳ ✷ ✹❪ ❞ ✉ ❡ ♦
r ′

i ≤ r ′′
i ❛ ♥ ❞ ✭ ✸ ✷✮✳ ❘ ❡ ♣❧ ❛ ❝ ❡ s 0

i ✐ ♥ ❤ ❡ ❝❧ ❛ ✐ ❝ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❜ ② ❤ ❡✐ ✈ ❛❧ ✉ ❡ ✭ ✸ ✻✮✱ ♦ ❜ ❛✐ ♥ ❤ ❡ ✇ ❡ ❛ ❦
✐ ♥ ❡ ✉ ❛❧✐ ② r ′′

i ≤ n − 1 ✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ❝❧ ❛ ✐ ❝ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ♠ ❛ ② ❜ ❡ ❡ ♥ ❣ ❤ ❡ ♥ ❡ ❞✱ ❤ ❡ ✉ ♣ ♣ ❡
❜ ♦ ✉ ♥ ❞ ✐ ♠ ♦ ❡ ♣ ❡ ❝✐ ❡✿

1 ≤ s 0
i ≤ r i − r ′

i + 1 ≤ s ′
i . ( 3 7)

◆ ♦ ✇ ✇ ❡ ❝ ❛ ♥ ❡ ❡ ❤ ❛ ❡ ① ♣ ❡ ✐ ♥ ❣ ❤ ❡ ✉ ♥ ❦ ♥ ♦ ✇ ♥ ✷✲ ♥ ❞ ♦ ❝ ❦ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❣✐ ✈ ❡ ♥ s 0
i ❢ ♦ ♠

✭ ✸ ✻✮ ❝ ❛ ♥ ♥ ♦ ❧ ❡ ❛ ❞ ♦ ❡ ✐ ❝ ✐ ♦ ♥ r ′′ ≤ r ✳ ❚ ❤ ❛ ✐ ✇ ❤ ② ❤ ❡ ✶✲ ❛ ♥ ❞ ❤ ❡ ✷✲ ♥ ❞ ♦ ❝ ❦ ❛ ❡ ❤ ❡
♣ ✐ ♠ ❛ ② ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❛ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ①✱ ✇ ❤✐❧ ❡ ❤ ❡ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② ✐ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ②
♥ ♦ ✐ ♦ ♥✳

❚ ❤ ❡ ✉ ♣ ♣ ❡ ❜ ♦ ✉ ♥ ❞ ✐ ♥ ✭ ✸ ✼✮ ✐ ❛ ❛✐ ♥ ❡ ❞ ✇ ❤ ❡ ♥ r ′′
i = r i ✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✐❢

r ′′
i = n − 1 = r i ≥ r ′

i ✳
❋✐ ♥ ❞ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛ ❛✐ ♥✐ ♥ ❣ ❤ ❡ ❧ ♦ ✇ ❡ ❜ ♦ ✉ ♥ ❞ ✐ ♥ ✭ ✸ ✼✮✱ ✐✳ ❡✳ ❢ ♦ ❡ ✉ ❛❧✐ ② r ′

i = r ′′
i ✳ ❚ ❛ ❦ ❡

❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❙ ②❧ ✈ ❡ ❡ ■ ♥ ❡ ✉ ❛❧✐ ② ❬ ✷ ✶✱ ♣✳ ✸ ✾ ✹❪✿

mi n( r 1 , r2 ) ≥ r a n k (C 1 C 2 ) ≥ r 1 + r 2 − n.

■❢ k ≥ 2 ♠ ❛ ✐ ❝ ❡ ❛ ❡ ♠ ✉❧ ✐ ♣❧✐ ❡ ❞ ✭ ♦ ❛ ♣ ♦ ✇ ❡ ♦❢ ❛ ♠ ❛ ✐ ① ✐ ❛ ♥ ❛❧ ② ❡ ❞✮✱ ❤ ❡✐ ✐ ♥ ❣ ✉❧ ❛ ✐ ✐ ❡
❛ ❡ ♠ ♦ ❡ ✉✐ ❛ ❜❧ ❡ ❤ ❛ ♥ ❤ ❡ ❛ ♥ ❦ ✳ ❚ ❤ ❡ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ❛ ❡
❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ✐ ❢ ❛ ❝ ♦ ✐ ♥ ❣ ✉❧ ❛ ✐ ✐ ❡ ❜ ✐ ❡ ✢ ② ❛ ♥ ❞ ❞ ♦ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ n ✿

m a x ⟨si n g C i ⟩ ≤ si n g
k

i = 1

C i ≤ n, si n g
k

i = 1

C i ≤
k

i = 1

si n g C i , ( 3 8)

si n g C ≤ si n g C h ≤ n, si n g C h ≤ h · si n g C, ( 3 9)

✇ ❤ ❡ ❡ h ✐ ❛ ♥ ❛ ❜✐ ❛ ② ♣ ♦ ✐ ✐ ✈ ❡ ✐ ♥ ❡ ❣ ❡ ✳



✸ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

❚ ❤ ❡ ✉ ♣ ♣ ❡ ❜ ♦ ✉ ♥ ❞ ✐ ♥ ✐ ❣ ❤ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ♦❢ ✭ ✸ ✽✮ ❛ ❡ ❛ ❛✐ ♥ ❡ ❞ ✐❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
❞ ♦ ❤ ♦❧ ❞ ♦ ❣ ❡ ❤ ❡ ✿
(i) ⟨k e r C i ⟩ ⊕ ⟨ i m Ci ⟩ ≡ ⟨ A n ⟩,

(ii) ⟨k e r C i ⟩ ⊂ ⟨ i m
k
j = i + 1 C j ⟩, i = 1 , . . . , k − 1 .

❚ ❤ ❡ ② ❡ ❡ ♠ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❝❧ ❡ ❛ ❛ ♥ ❞ ❛ ❡ ✉ ❡❢ ✉❧ ✐ ♥ ❢ ✉ ❤ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐❢ C i

❛ ❡ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ✱ ❤ ❡ ♥ ❤ ❡✐ ♣ ♦ ✇ ❡ ♣ ❛✐ ❧ ② ❝ ♦ ♠ ♠ ✉ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ❛ ❡ ❛ ♥ ✲
❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦

⟨k e r B h i
i ⟩ ∩ ⟨ k e r B

h j

j ⟩ = ⟨0 ⟩, i ≠ j.

❚ ❤ ❡ ♥✱ ❞ ✉ ❡ ♦ ✭ ✸ ✽✮ ❛ ♥ ❞ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ (i), (ii)✱ ❢ ♦ ❛❧❧ h i ≥ s 0
i ❤ ❡ ❡ ❤ ♦❧ ❞

n = si n g





1 ≤ i ≤ q, h i ≥ s 0
i

B h i
i



 = si n g Z =

1 ≤ i ≤ q, h i ≥ s 0
i

si n g B h i
i .

❋ ♦ ♠ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ r a n k B h i
i ≥ r ′

i ✭ ❛ ♥ ❞ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦

si n g B h i
i ≤ s ′

i ✮ ❛ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② ❛ ♥ ❞ ❤ ❡ ✶✲ ♦ ❝ ❦ ❛ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ♣ ♦ ✇ ❡ ✐ ♥ ❣
❛ ♠ ❛ ✐ ①✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❞ ✉ ❡ ♦

q
i = 1 s ′

i = n ✱ ✇ ❡ ♦ ❜ ❛✐ ♥

si n g B h i
i < s ′

i ✐ ✛ h i < s 0
i ,

si n g B h i
i = s ′

i ✐ ✛ h i ≥ s 0
i .

( 4 0)

❚ ❤ ❡ ✈ ❛❧ ✉ ❡ s = n − r ✐ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ②✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱

si n g B s 0

= s ′✱ si n g B
s 0

i
i = s ′

i ✳ ❚ ❤✐ ❢ ❛ ❝ ❛ ♥ ❞ ✭ ✸ ✾✮ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ❡ ❝✐ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✿

s 0
i s i ≥ s ′

i (s 0
i ≤ s ′

i ❛ ♥ ❞ s i ≤ s ′
i ),

s 0 s ≥ s ′ (s 0 ≤ s ′ ❛ ♥ ❞ s ≤ s ′).
( 4 1)

❚ ❤ ❡ ❡ ⟨si n g B h i
i ⟩ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❡ ⟨r a n k B h i

i ⟩ ❞ ❡ ❡ ♠✐ ♥ ❡ ❬ ✹✱ ♣✳ ✶ ✹ ✸❪ ❤ ❡ ❡ ♦❢ ❤ ❡
❏ ♦ ❞ ❛ ♥ ✉ ❜ ❝ ❡❧❧ ✐ ♥ ❤ ❡ ✉❧ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ s ′

i × s ′
i ✲ ❝ ❡❧❧✱ ❛ ♥ ❞ ❤ ❡ ❝ ✐ ✐ ❝ ❛❧ ❡ ① ♣ ♦ ♥ ❡ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ✐ ♥

✭ ✹ ✵✮ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ✐ ③ ❡ ♦❢ ❤ ❡ ❏ ♦ ❞ ❛ ♥ s 0
i × s 0

i ✲ ✉ ❜ ❝ ❡❧❧✳

■❢ s 0
i = 1 ✭✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ r ′

i = r ′′
i ✮✱ ❤ ❡ ♥✱ ❞ ✉ ❡ ♦ ✭ ✹ ✶✮✱ s i = s ′

i ✳ ❈ ♦ ♥ ✈ ❡ ❡❧ ②✱ ✐❢ s i = s ′
i ✱

❤ ❡ ♥ r ′
i = r ′′

i = r i ✳ ❚ ❤ ✉ ✱ ❢ ♦ ❧ ♦ ✇ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ✐ ❡ ♦❢ s 0
i ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

s 0
i = 1 ⇔ r ′

i = r ′′
i ⇔ r ′

i = r i ,
s 0 = 1 ⇔ r ′ = r ′′ ⇔ r ′ = r.

( 4 2)

❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ❛ ❝ ✐ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥✿

s 0
i = 1 , i = 1 , . . . , q, ⇔ s i = s ′

i , i = 1 , . . . , q ⇔ B ∈ ⟨ P ⟩.

❚ ❤ ❡ ❏ ♦ ❞ ❛ ♥ ❢ ♦ ♠ J B ✐ ✉ ❡ ❞ ❢ ♦ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ❡ ♠ ❬ ✹✱ ♣✳ ✶ ✹ ✸❪✱ ❤ ♦ ✇ ❡ ✈ ❡ ✐ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❢ ♦❧❧ ♦ ✇
❢ ♦ ♠ ✭ ✹ ✷✮✱ ✐❢ ♦ ❧ ❡ i = 1 , . . . , q.

❖ ♥ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ❢ ♦ ✉ ♣ ♣ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ✐ ❡ ♦❢ s 0
i ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

s 0
i = s ′

i ⇔ s i = 1 ⇔ r ′′
i = n − 1 = r i . ( 4 3)

❚ ❤ ❡ ② ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✭ ✹ ✶✮✳

❙ ♦✱ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ❡ ① ♣ ♦ ❡ ❞ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ②✱ ❛ ♥ ❞ ❤✐
♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ❞ ✉ ❡ ♦ ❡ ✉❧ ♦ ❜ ❛✐ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❡ ❝ ✐ ♦ ♥✳



✶✳ ✻ ◆ ✉❧❧✲ ♣ ✐ ♠ ❡ ❛ ♥ ❞ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✸ ✺

✶✳ ✻ ◆ ✉❧❧✲ ♣ ✐ ♠ ❡ ❛ ♥ ❞ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡

❆ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① ✐ ❝ ❛❧❧ ❡ ❞ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ✐❢ ✐ ✶✲ ♦ ❝ ❦ ✐ ❡ ✉ ❛❧ ♦ ✐ ❛ ♥ ❦✳ ❲❡ ❤ ❛❧❧ ✉ ❡
♥ ♦ ❛ ✐ ♦ ♥ B p ❢ ♦ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ✐❢ ♥ ❡ ❝ ❡ ❛ ②✳

❖❢ ❤ ❡ ❢ ❛ ❝ ❛ ❜ ♦ ✈ ❡ ❢ ♦❧❧ ♦ ✇ ✿ ✐❢ B ✐ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡✱ ❤ ❡ ♥ B ′ ✐ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡✳ ❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ❢ ♦ ❤ ❡
❡✐ ❣ ❡ ♥ ♣ ❛ ❝ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ③ ❡ ♦ ❤ ♦❧ ❞ ⟨k e r B p ⟩ ≡ ⟨ k e r (B p ) h ⟩✳ ■ ♥ ❤✐
✉ ❜ ♣ ❛ ❝ ❡✱ ❤ ❡ ♠ ❛ ✐ ① B p ❜ ❡ ❤ ❛ ✈ ❡ ❛ ❛ ♣ ✐ ♠ ❡ ♦ ♥ ❡✳ ■ ♥ ❞✐ ❝ ❛ ❡ ♠ ♦ ❡ ✇✐ ❞ ❡❧ ② ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ❛ ♥ ❞

❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ B p ✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❡ ✐ ♦ ♥ ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✿

(i) ❛ ✉ ❛ ❡ ♠ ❛ ✐ ① B ♦❢ ❛ ♥ ❦ r ✐ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡✱

(ii) r ′ = r ′′,

(iii) r ′ = r,

(i v) r a n k (B 2 ) = r,

(v ) ⟨k e r B ⟩ ∩ ⟨ i m B ⟩ ≡ ⟨ 0 ⟩,

(vi ) ⟨k e r B ⟩ ∪ ⟨ i m B ⟩ ≡ ⟨ k e r B ⟩ ⊕ ⟨ i m B ⟩ ≡ ⟨ A n ⟩✳

❉ ✉ ❡ ♦ (vi )✱ ❛ ♥ ② ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① ♣ ♦ ❡ ❡ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ✣ ♥ ❡ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ❤ ❡
❧✐ ♥ ❡ ❛ ♣ ❛ ❝ ❡ ✳

❆ ✉ ❛ ❡ ♠ ❛ ✐ ① B ✐ ❝ ❛❧❧ ❡ ❞ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ✐❢ r ′ < r ✭✐ 1 ✲ ♦ ❝ ❦ r ′ = r a n k B s 0

❛❧ ♦ ✐
❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ r a n k B h ✮✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✸ ✺✮✱ ❢ ♦ ❛ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ✐ ① B ✱ ❤ ❡ ❡ ❡ ①✐
❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ①

O 1 = { K 1 (B s 0

, r′B )/ k (B s 0

, r′B )} B, O s 0

1 = Z, [(I ± O 1 ) s 0

− I ]s
0

= Z, ( 4 4)

✇ ❤ ❡ ❡ ❛❧❧ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❝ ♦ ♠ ♠ ✉ ❡ ✇✐ ❤ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ B ✭ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❤ ❡
♥ ❡ ① ❡ ❝ ✳ ✷✳ ✷✮✳

❚ ❤ ❡ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ① O B ✐ ♥ ✭ ✷ ✶✮ ✐ ✱ ✐ ♥ ✐ ✉ ♥✱ ❤ ❡ ✉ ♠ ♦❢ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡
O 1 , . . . , Oq ✳

❚ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ① ❢ ♦ ❛ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ✐ ① B ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

r ′ = 0 , r′′ = s 0 − 1 ,

✇ ❤ ❡ ❡ s 0 ✐ ❤ ❡ ♥✐❧ ♣ ♦ ❡ ♥ ❝ ② ❞ ❡ ❣ ❡ ❡✱ ❛ ♥ ❞

s 0 − 1 = r ′′ ≤ r a n k O 1 ≤ n [r ′′/ (r ′′ + 1)] = n [(s 0 − 1) / s 0 ] ≤ n − 1 , ( 4 5)

0 ≤ r a n k O 1 ≤ r,  n − s 0 (n − r ) ≤ r a n k O 1 . ( 4 6)

■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✹ ✺✮✱ ✭ ✹ ✻✮ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✸ ✾✮✳ ▼ ♦ ❡ ♣ ❡ ❝✐ ❡ ❜ ♦ ✉ ♥ ❞ ❢ ♦ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡

(n − 1) − (s ′
i − s 0

i ) ≤ r i ≤ n − 1 , ( 4 7)

s i ≤ s ′
i − (s 0

i − 1) , s0i ≤ s ′
i − (s i − 1) ( 4 8)

❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✸ ✼✮✳
■ ♥ ♠ ❛ ✐ ① ❏ ♦ ❞ ❛ ♥ ❢ ♦ ♠ ✭ ❡ ❡ ❬ ✶ ✵✱ ♣ ❛ ✷❪✮✱ ❤ ❡ ✈ ❛❧ ✉ ❡ s 0

i − 1 = r ′′
i − r ′

i ✐ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧
✉ ❛ ♥ ✐ ② ♦❢ ♥ ♦ ♥ ❡ ♣ ❛ ❛ ❡ ❞ ✉ ♥✐ ✐ ♥ ❤ ❡ ❛ ❞❥ ❛ ❝ ❡ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦❢ ❤ ❡ i✲ ❤ ✉❧ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ s ′

i × s ′
i ✲ ❝ ❡❧❧✳

❚ ❤ ❡ ♦ ❛❧ ♥ ✉ ♠ ❜ ❡ ♦❢ ✉ ♥✐ ✐ ♥ ❤ ❡ ❝ ❡❧❧ ✐ s ′
i − s i = r i − r ′

i ✳ ❚ ❤✐ ❣✐ ✈ ❡ ❤ ❡ ❡ ♥ ❡ ♦ ❡ ✐ ♠ ❛ ✐ ♦ ♥
✭ ✹ ✼✮ ❛ ♥ ❞ ✭ ✹ ✽✮✱ ❛ ♥ ❞ ❤ ❡ ♥ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ✶✲ ❛ ♥ ❞ ✷✲ ♥ ❞ ♦ ❝ ❦✳



✸ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

■ ♥ ❡ ✉ ❛❧✐ ② ✭ ✹ ✶✮ ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❏ ♦ ❞ ❛ ♥ ❢ ♦ ♠ ♦ ♦✱ ♥ ❛ ♠ ❡❧ ②✱ ❜ ② ❤ ❡
❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❣ ✉ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ❛ ❞❥ ❛ ❝ ❡ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❏ ♦ ❞ ❛ ♥ ❢ ♦ ♠ ❝ ♦ ♥ ❛✐ ♥ ✱ ❛ ✇ ❡❧❧
❦ ♥ ♦ ✇ ♥✱ ♦ ♥❧ ② ✉ ♥✐ ❛ ♥ ❞ ③ ❡ ♦ ❀ ♠ ♦ ❡ ♦ ✈ ❡ ✱ k ♥ ♦ ♥ ❡ ♣ ❛ ❛ ❡ ❞ ✉ ♥✐ ✐ ♥ ✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❏ ♦ ❞ ❛ ♥
✉ ❜ ❝ ❡❧❧ ♦❢ ✐ ③ ❡ k + 1 ✳ ❆ ♠ ♦ ♥ ❣ ❤ ❡ ♠ ❤ ❡ ❡ ❡ ①✐ ❛ ✉ ❜ ❝ ❡❧❧ ✭ ♠ ❛ ② ❜ ❡ ♥ ♦ ✉ ♥✐ ✉ ❡✮ ♦❢ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧
✐ ③ ❡ s 0

i ✳ ❈ ♦ ♥ ✐ ❞ ❡ ❤✐ s 0
i × s 0

i ✲ ✉ ❜ ❝ ❡❧❧ ❛ ♥ ❞ ❛ ❞ ❞ ♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ✐ ❛ ❛ ② ♦❢ ✉ ♥✐ ♦ ♥ ❡ ③ ❡ ♦ ❡❧ ❡ ♠ ❡ ♥
✭ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ✉ ❜ ❝ ❡❧❧✮✳ ❲ ❤ ❡ ♥ s 0

i ✐ ✜ ① ❡ ❞✱ ❤ ❡ ♦ ❛❧ ♥ ✉ ♠ ❜ ❡ ♦❢ ✉ ♥✐ ✐ ♥ ❤ ❡ ❛ ❞❥ ❛ ❝ ❡ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧
❛ ❦ ❡ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ ✐❢ ✐ ♣ ❛ ✐ ✐ ♦ ♥ ✐ ♥ ♦ ❡ ❣ ♠ ❡ ♥ ✐ ❛❧ ♠ ♦ ✉ ♥✐❢ ♦ ♠✿ ❛❧❧ ❤ ❡ ❡ ❣ ♠ ❡ ♥

✭ ❜ ✉ ♠ ❛ ② ❜ ❡ ♦ ♥ ❡✮ ❛ ❡ ♦❢ ❧ ❡ ♥ ❣ ❤ s 0
i ✱ ❛ ♥ ❞ ❤ ❡ ❧ ❛ ❡ ❣ ♠ ❡ ♥ ♠ ❛ ② ❜ ❡ ❤ ♦ ❡ ✱ ✐ ❧ ❡ ♥ ❣ ❤ ✐ ❡ ✉ ❛❧

♦ ❤ ❡ ♥ ♦ ♥ ③ ❡ ♦ ❡ ♠ ❛✐ ♥ ❞ ❡ ♦❢ ❞✐ ✈✐ ✐ ♦ ♥ s ′
i ❜ ② s 0

i ✳ ❊ ❛ ❝ ❤ ❡ ❣ ♠ ❡ ♥ ❡ ♥ ❞ ✇✐ ❤ ❛ ③ ❡ ♦✱ ❛❧❧ ♦ ❤ ❡ ✐
❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ✉ ♥✐ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱

mi n s i = ⌊ s ′
i / s 0

i ⌋

❛ ♥ ❞ ❤ ❡ ❡ ✉ ❛❧✐ ② ✐ ♥ ✭ ✹ ✶✮ ❤ ♦❧ ❞ ✐ ✛ s ′
i / s 0

i ✐ ❛ ♥ ✐ ♥ ❡ ❣ ❡ ✳ ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✹ ✶✮ ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❡ ❛ ❝ ❤
♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

(n − r i )( r
′′
i − r ′

i ) ≥ r i − r ′
i , ( 4 9)

r ′
i + [( s ′

i − s i )/ s i ] ≤ r ′′
i ≤ (n − 1) − (s ′

i − s 0
i )/ s 0

i ]. ( 5 0)

❍ ❡ ♥ ❝ ❡ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ✭ ✹ ✶✮✱ ✭ ✹ ✾✮✱ ✭ ✺ ✵✮ ❢ ♦ r ′′ ❛ ♥ ❞ s 0
i ❛ ❡ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ♦ ♥❧ ② ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ r ′′

i < r ✳
■ ♥ ❤✐ ❝ ❛ ❡✱ ✇ ❡ ♦ ❜ ❛✐ ♥

s i < s ′
i , s0i < s ′

i , s′i > 3 , si > 2 , s0i > 1 , n > 3 .

❚ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ r i − r ′′
i ✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ i✲ ❤ ❞✐ ✛ ❡ ❡ ♥ ♦❢ ❛ ♠ ❛ ✐ ①✳ ❆ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ✐ ① ✐

❝ ❛❧❧ ❡ ❞ ♥ ✉❧❧✲ ❞✐ ✛ ❡ ❡ ♥ ✐❢ r ′′ < r ✳ ❚ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✭ ♣ ❛ ✐ ❝ ✉❧ ❛ ❛ ♥ ❞ ♦ ❛❧✮
✐ (

√
n − 1) 2 ✱ ✐ ✐ ❧ ❡ ❤ ❛ ♥ n − 3 ✳ ❚ ❤✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✹ ✾✮✳ ❚ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ♠ ❛ ①✐ ♠ ❛❧ ✐❢ ❤ ❡

✐ ♥ ❡ ❣ ❡ n ✐ ❛ ✉ ❛ ❡✳ ■ ♥ ❤✐ ❝ ❛ ❡✱

r = n −
√

n, r ′′ =
√

n − 1 , r′ = 0 , q = 1 .

❉ ✉ ❡ ♦ ✭ ✹ ✾✮✱ ❤ ❡ ♠ ❛ ✐ ① B ✐ ♥ ✉❧❧✲✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ :

(i) r i = 1 ( ⇔ r ′′
i = 1);

(ii) r i = 2 ( ⇔ r ′′
i = 2);

(iii) n ≤ 3;
(i v) s ′

i ≤ 3 .





( 5 1)

❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ③ ❡ ♦ ✐❢ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ❤ ♦❧ ❡ ♣ ❛ ❝ ❡ ♦ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢
❤ ❡ ✉❧ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ ♣ ❛ ❝ ❡ ❞ ♦ ❡ ♥ ♦ ❡ ① ❝ ❡ ❡ ❞ ✸✳ ❚ ❤✐ ♠ ❛ ② ❜ ❡ ✉ ❡❢ ✉❧ ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧

❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❛ ♥ ❦ ✳ ◆ ♦ ❡ ❤ ❡ ❡ ♥ ❡ ♦❢ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ (ii)✿ ✉ ♥✐ ✐ ♥ ❤ ❡
❛ ❞❥ ❛ ❝ ❡ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦❢ ❤ ❡ ❏ ♦ ❞ ❛ ♥ ❝ ❡❧❧ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❡ ♣ ❛ ❛ ❡ ❞ ❜ ② ③ ❡ ♦ ✳

❆ ✐ ♥ ❣ ✉❧ ❛ ✉ ❛ ❡ ♠ ❛ ✐ ① B ✐ ♥ ✉❧❧✲✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ✛

r a n k B h = r a n k B h − 1 − 1 , h = 2 , 3 , . . . , s0

(r a n k B s 0

= r ′ ✐ ♠✐ ♥✐ ♠ ❛❧ ✮✳

◆ ✉❧❧✲ ♣ ✐ ♠ ❡ ❛ ♥ ❞ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ✇ ❡❧❧ ❛ ♣ ✐ ♠ ❡ ❛ ♥ ❞ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♦ ♥ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣
♦ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❛ ❡ ♣ ✉ ❡ ❛ ✣ ♥ ❡ ♥ ♦ ✐ ♦ ♥ ✳ ❇ ✉ ❤ ❡ ② ❡❧ ❛ ❡ ♦ ♥❧ ② ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ③ ❡ ♦ ♦❢
✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ B i = B − µ i I ✳ ❋ ♦ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥✱ ✐ ✐

♥ ♦ ♠ ❡ ❛ ♥✐ ♥ ❣✱ ❤ ❡ ♠ ❛ ✐ ① ✐ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♦ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ♦ ♥ ❡✳



✶✳ ✼ ❚ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ♦❢ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✸ ✼

❚ ❤ ❡ ❡ ♥ ♦ ✐ ♦ ♥ ❛ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ✐ ♥ ❤ ❡ ♦ ② ♦❢ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❣✐ ✈ ❡ ♥
✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① B ✱ ❛ ♥ ❞ ✐ ♥ ✐ ♥ ✉ ♠ ❡ ♦ ✉ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✳ ❖ ♥ ❡ ♦❢ ❤ ❡ ♠ ✐ ♣ ❡ ❝ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥

♦❢ ❛ ♠ ❛ ✐ ① B ✉ ♣ ♦ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ✉❧ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ i ✱ ✇✐ ❤
❡ ❞ ✉ ❝✐ ♥ ❣ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ❛ ✐ ① ✐ ♥ ♦ ❤ ❡ ❜ ❛ ✐ ❝ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦ ♦ ♥❧ ② ✐ ♥ ♦ ❤ ❡ ♥ ✉❧❧✲ ❝ ❡❧❧ ❢ ♦ ♠ ✭ ❡ ❡ ✐ ♥
❤ ❡ ♥ ❡ ① ❡ ❝ ✳ ✷✳ ✸✮✳

❋ ✉ ❤ ❡ ✱ ✇ ❡ ❤ ❛❧❧ ♦❢ ❡ ♥ ❞ ❡ ❛❧ ✇✐ ❤ ♠ ❛ ✐ ❝ ❡ ✲ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ② ♣ ❡ B = A 1 A ′
2 ❛ ♥ ❞

B ′ = A 2 A ′
1 ✱ ✇ ❤ ❡ ❡ A 1 ❛ ♥ ❞ A 2 ❛ ❡ n × m ✲ ♠ ❛ ✐ ❝ ❡ ❡ ❝ ❡ ❛✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥ ❛ n ✲

❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❛ ✣ ♥ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡✳ ■ ♥ ❤ ❡ ❝ ❛ ❡✱ ❛ ♥ ❣ ✉❧ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡
♦ ❜❥ ❡ ❝ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ♠ ❛ ✐ ①✲ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ B ❛ ❛ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ♦ ❛
♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♦ ♥ ❡✳

■ ✐ ❝❧ ❡ ❛ ❤ ❛ ✐ ♥ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❛ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① P ✱ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡
P i = P − µ i I ❛ ❡ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ✱ ❛ ♥ ❞ ❛❧❧ ❤ ❡ ② ❤ ❛ ✈ ❡ ♣ ♦ ✇ ❡ 1 ✐ ♥ ✐ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✐ ♥ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧
♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❛ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ✐ ① B ✱ ♦ ♠ ❡ ♦❢ ✐ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ B i = B − µ i I ❛ ❡ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡

♦ ♥ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ② ❤ ❛ ✈ ❡ ♣ ♦ ✇ ❡ s 0
i > 1 ✐ ♥ ✐ ✳ ❚ ❤ ❡ ♥ B

s 0
i

i ❜ ❡ ❝ ❛ ♠ ❡ ❜ ② ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① ✇✐ ❤ ❤✐
♠✐ ♥✐ ♠ ❛❧ ♣ ♦ ✇ ❡ ✳

✶✳ ✼ ❚ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ♦❢ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥

❲❡ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ❝ ❤ ❛ ♣ ❡ ✇✐ ❤ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ❛❧❧ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❛ ❣✐ ✈ ❡ ♥ ♠ ❛ ✐ ①
B ✐ ♥ ♦ ❝ ❛❧❧ ❡ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ✱ ✇ ❤ ❡ ❡ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ♥ ✉ ♠ ❡ ❛ ♦ ❛ ♥ ❞ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ✐ ♥ ✭ ✶✮ ❛ ❡
♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ ϵ = − µ ♦❢ ❤ ❡ ❧ ❡ ❛ ❞ ❡ ❣ ❡ ❡✳ ❚ ❤✐ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ✐ ♦ ❜ ❛✐ ♥ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❞✐ ✈✐ ❞✐ ♥ ❣
❜ ② ❤ ❡ ❣ ❡ ❛ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❞✐ ✈✐ ♦ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ❛ ♥ ❞ ❤ ❡ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ✳ ❚ ❤ ❡ ✐ ♠✐❧ ❛ ♠ ❡ ❤ ♦ ❞ ❢ ♦
❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ ❛ ♠ ❛ ✐ ① ✐ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ✕ ❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱
✐ ♥ ❬ ✹✱ ♣✳ ✶ ✷ ✸❪✳

❉✐ ✈✐ ❞✐ ♥ ❣ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ❛ ♥ ❞ ❤ ❡ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ♦❢ ❢ ❛ ❝ ✐ ♦ ♥ ✭ ✶✮ ❜ ② ❤ ❡✐ ❣ ❡ ❛ ❡ ❝ ♦ ♠ ♠ ♦ ♥
❞✐ ✈✐ ♦ ❧ ❡ ❛ ❞ ♦ ❡ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ❍ ❛ ♠✐❧ ♦ ♥ ✕ ❈ ❛ ②❧ ❡ ② ③ ❡ ♦ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ❛ ✇ ❡❧❧ ❛ ❛❧❧ ❤ ❡ ❝ ❤ ❛ ❛ ❝✲
❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❤ ❡✐ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ❛ ♥ ❞ ❤ ❡ ❙ ♦ ✉ ✐ ❛ ✉ ❛❧ ❣ ♦ ✐ ❤ ♠ ❬ ✷ ✼❪ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✳

❘ ❡ ❞ ✉ ❝✐ ♥ ❣ ✐ ♥ ✭ ✷ ✹✮ ②✐ ❡❧ ❞ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦❢ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♣ ♦❧ ②✲
♥ ♦ ♠✐ ❛❧ k B (ϵ ) ❛ ♥ ❞ K B (ϵ ) ❢ ♦ ♠ ✭ ✶✮✿

q B (ϵ )I = ( B + ϵ I )Q B (ϵ ). ( 5 2)

❚ ❤ ❡ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ❤ ❛ ✈ ❡ ❛❧ ♦ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡❢✲
✜ ❝✐ ❡ ♥ q (B, t ) ❛ ♥ ❞ Q 1 (B, t )✱ ✇ ❤ ❡ ❡ t ✐ ❤ ❡ ♦ ❞ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ❡❢ ✜ ❝✐ ❡ ♥ ✿

q B (ϵ ) =
n 0

t = 0

q (B, t )ϵ n 0 − t ,

Q B (ϵ ) =
n 0 − 1

t = 0

Q 1 (B, t )ϵ n 0 − t − 1 .

❆ ✇ ❡❧❧ ❛ ✭ ✷ ✹✮✱ ❢ ♦ ♠ ✉❧ ❛ ✭ ✺ ✷✮ ✐ ✈ ❛❧✐ ❞ ❛❧ ♦ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① ♣ ❛ ❛ ♠ ❡ ❡ E ✱ ❛ ♥ ❞ ✐ ♥ ♣ ❡ ❝✐ ❛❧
❝ ❛ ❡ E = − B ✐ ❣✐ ✈ ❡ ❤ ❡ ♠ ❛ ✐ ① ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ♦❢ E = − B ✭ ✇ ❤ ❡ ❡ ❝ ❛❧ ❛
♦ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ϵ = − µ ✮✳



✸ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ❈ ❖ ❊ ❋ ❋ ■ ❈ ■ ❊ ◆ ❚ ❙ ❖ ❋ ❈ ❍ ❆ ❘ ❆ ❈ ❚ ❊ ❘ ■ ❙ ❚ ■ ❈ ❖ ▲ ❨ ◆ ❖ ▼ ■ ❆ ▲ ❙

❋ ♦ ♠ ❤ ❡ ❡✱ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❍ ❛ ♠✐❧ ♦ ♥ ✕ ❈ ❛ ②❧ ❡ ② ❚ ❤ ❡ ♦ ❡ ♠ ❛ ♥ ❞ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥✿

q B (− B ) = Q 1 (B, n 0 ) =

=
n 0

t = 0

q (B, t )( − B ) n 0 − t =

q

i = 1

(µ i I − B ) s 0
i = Z, ( 5 3)

q B (− µ ) =
n 0

t = 0

q (B, t )( − µ ) n 0 − t =

q

i = 1

(µ i − µ ) s 0
i = 0 . ( 5 4)

❚ ❤ ✉ n 0 ✐ ❤ ❡ ♦ ❞ ❡ ♦❢ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✭ ✺ ✸✮✳ ❘ ❡ ❞ ✉ ❝✐ ♥ ❣ ❡ ✉❧ ✐ ♥ ♦ ♥❧ ②
❤ ♦ ❡ ♣ ❛ ♦❢ ✭ ✺ ✸✮✱ ✭ ✺ ✹✮ ❤ ❛ ❞ ♦ ♥ ♦ ❝ ♦ ♥ ❛✐ ♥ µ i ❛ ♥ ❞ s 0

i ✳ ❚ ❤ ❡ ✈ ❛❧ ✉ ❡ µ i ❛ ♥ ❞ s 0
i ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞

❜ ② ♦❧ ✈✐ ♥ ❣ ❤ ❡ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✺ ✹✮✳
❲ ❤ ❡ ♥ ❤ ❡ ❡ ✈ ❛❧ ✉ ❡ ❛ ❡ ❦ ♥ ♦ ✇ ♥✱ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❱✐ ❡ ❡ ❤ ❡ ♦ ❡ ♠

q (B, t ) =

( C t
n 0 ❡ ♠ ) ( t ✈ ❛❧ ✉ ❡ )

µ i (q ≤ n 0 =

q

i = 1

s 0
i ≤ n ) ( 5 5)

❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✺ ✸✮✳ ❚ ❤✐ ❧ ❡ ❛ ❞ ♦ ❡ ❞ ✉ ❝✐ ♥ ❣ ✭ ✷ ✺✮ ✕✭ ✷ ✾✮✳ ■ ♥ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❙ ♦ ✉ ✐ ❛ ✉ ❛❧ ❣ ♦ ✐ ❤ ♠ ❬ ✷ ✼❪
✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✱ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✈ ❛❧ ✉ ❡ ❛ ❡ ❛ ✉ ✉ ❛❧❧ ②✱ ❜ ✉ ❢ ✉ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ✉ ❡ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❛ ❝ ❡✱
❡ ❝✳✿

Q 1 (B, t ) = I, Q 2 (B, 0) = Z, Q 2 (B, 1) = B,

❛ ♥ ❞ q (B, 1) =
q
i = 1 s 0

i µ i ✐ ❤ ❡ ♠ ❛ ✐ ① B ❡ ❞ ✉ ❝ ❡ ❞ ❛ ❝ ❡✳ ❚ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✐

q (B, n 0 ) =

q

i = 1

µ
s 0

i
i .

❚ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① ✐

B − 1 = Q 1 (B, n 0 − 1) / q (B, n 0 ).

◆ ♦ ❡ ❤ ❛ ✉ ❛ ♥ ✐ ② ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ✉ ♣ ♦ n 0 ✳
❚ ❤ ❡ ❤✐ ❣ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ B i = B − µ i I ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ µ i ❤ ❛ ✈ ❡ ❤ ❡

❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠✿

Q 1 (B i , r0i ) =

q

j = 1

(µ j I − B ) s 0
j , q(B i , r0i ) =

q

j = 1

(µ j − µ i )
s 0

j , j ≠ i, ( 5 6)

✇ ❤ ❡ ❡ r 0
i = n 0 − s 0

i ✐ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ✶✲ ♦ ❝ ❦✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ❝ ❦ ✐ ❡ ✉ ❛❧ ♦ n 0 − 1 ❛❢ ❡ ❡ ❞ ✉ ❝✐ ♥ ❣✳
❛ ✐ ❝ ✉❧ ❛ ❡ ❞ ✉ ❝✐ ♥ ❣ ✭ ♦❢ ❤ ❡ ✜ ① ❡ ❞ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ i ✉ ❛ ♥ ✐ ②✮ ✐ ❡ ✉ ❛❧ ♦ s ′

i − s 0
i = ( n − 1) − r ′′

i ✱
❤ ❡ ♦ ❛❧ ❡ ❞ ✉ ❝✐ ♥ ❣ ✭❢ ♦ ❛❧❧ µ i ✮ ✐ n − n 0 ✳

❚ ❤ ❡ ✉ ♠ ♦❢ ❤ ❡ ❜ ❛ ✐ ❝ ♣ ❛ ✐ ❝ ✉❧ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ✐ ✜ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡

n q − 1 =

q

i = 1

r ′
i ≤

q

i = 1

r ′′
i ≤

q

i = 1

r i ≤ n q − q.

■❢ ❤ ❡ ♠ ❛ ✐ ① ✐ ♣ ✐ ♠ ❡ ✭B ∈ ⟨ P ⟩✮✱ ❤ ❡ ♥

n 0 = q, s 0
i = 1 , q(P h , 1) =

q

i = 1

µ h
i , q(P h , n0 ) = q n (P, n 0 ) =

q

i = 1

µ i

n

.



✶✳ ✼ ❚ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ♦❢ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✸ ✾

❆ ♥ ❞ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ✐ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ❛ ❡

Q 1 (P i , n0 − 1) =

q

j = 1

(µ j I − P ), q(P i , n0 − 1) =

q

j = 1

(µ j − µ i ), j ≠ i. ( 5 7)

◆ ♦ ❡✱ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ❝ ❛❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛ ♠ ❛ ✐ ① ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✷✳ ✷✮ ♠ ❛ ② ❛ ♣ ♣❧ ② ❤ ❡ ♠✐ ♥✲
✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ❛ ♥ ❞✱ ♣ ❡ ❤ ❛ ♣ ✱ ♦ ❤ ❡ ② ♣ ❡ ♦❢ ❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱
❤ ❡ ❡✿

q

j = 1

(µ j I − B ) m a x s 0
j =

q

j = 1

(− B j )
m a x s 0

j = Z, ( 5 8)

q

j = 1

(µ I
j − B ) m a x s ′

j =

q

j = 1

(− B j )
m a x s ′

j = Z. ( 5 9)

❍ ❡ ❡ ❤ ❡ ♠ ❛ ✐ ① (− B j ) ♣ ♦ ✇ ❡ ❛ ❡ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ♦ ♦✳

❚ ❤ ❡ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ♦❢ ❡ ① ❛ ❝ ♠ ❛ ✐ ❝ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❡
✐ ♠ ♣ ♦ ❛ ♥ ✱ ♦❢ ❝ ♦ ✉ ❡✱ ❢ ♦ ♠ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✳ ❚ ❤ ❡ ② ❞ ❡ ♠ ♦ ♥ ❛ ❡ ✐ ♥ ♦ ♠ ❡ ❡ ① ❡ ♥
✐ ♠✐❧ ❛ ✐ ② ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ◆ ✉ ♠ ❜ ❡ ❤ ❡ ♦ ② ❛ ♥ ❞ ❤ ❡ ▼ ❛ ✐ ① ❛❧ ❣ ❡ ❜ ❛✳ ■ ♥ ❜ ♦ ❤ ❝ ❛ ❡ ✱ ✇ ❡ ❞ ❡ ❛❧ ✇✐ ❤

❝ ❛ ♥ ❝ ❡❧❧ ❛ ✐ ♦ ♥ ♦❢ ❣ ❡ ❛ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❞✐ ✈✐ ♦ ✱ ❜ ✉ ❤ ❡ ❡ ✐ ✐ ❛ ❝ ❛❧ ❛ ♦ ❛ ♠ ❛ ✐ ① ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧✳
♦ ❣ ❡ ♥✐ ♦ ♦❢ ✉ ❝ ❤ ♣ ♦ ❝ ❡ ❞ ✉ ❡ ✇✐ ❤ ❤✐ ❞✐ ✈✐ ♦ ✐ ❤ ❡ ♠ ♦ ❛ ♥ ❝✐ ❡ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ♦❢ ❊ ✉ ❝❧✐ ❞ ✐ ♥ ❤ ❡

◆ ✉ ♠ ❜ ❡ ❤ ❡ ♦ ②✦
■ ♥ ❤✐ ✜ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❞ ❡ ❛❧ ✇✐ ❤ ❛ ❧ ♦ ♦❢ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ❝ ✱ ✇ ❤✐ ❝ ❤ ✇ ❡ ❡ ♥ ❡ ❡ ❞✐ ♥ ❣

✐ ♥ ♠ ♦ ❡ ❞ ❡ ❛✐❧ ❡ ❞ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✉ ❞ ②✐ ♥ ❣✳ ❈ ♦ ♥ ❛ ②✱ ❢ ♦ ♠ ❤ ❡ ♣ ❛ ❝ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ✐
♠ ♦ ✈ ❛❧ ✉ ❛ ❜❧ ❡ ❡ ✉❧ ❛ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ❛❧❧ ♠ ❡ ❛ ♥ ✱ ❤ ❡ ❡ ✐ ❛❧ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❛ ♥ ❞
❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ♦❧ ✈✐ ♥ ❣ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ♥ ✐ ✬ ❜ ❛ ✐ ✱ ❤ ❡ ❢ ♦ ✉ ♥ ❞ ✉ ❝ ✉ ❡ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ✐ ❡
♦❢ ❤ ❡ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❤ ❡ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ♦❢ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ♥ ✉❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧
♦❢ ❛ ✉ ❛ ❡ ♠ ❛ ✐ ①✱ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❜ ❛ ✐ ❝ ✐ ♥ ❣ ✉❧ ❛ ✐ ② ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❛ ✉ ❛ ❡
✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡✐ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦ ♥ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝

❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❛ ♥ ❞ ❛ ♥ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❡ ② ✉ ❡❢ ✉❧ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ✉ ♥✐ ❝ ❛❧
♣ ♦ ♣ ❡ ✐ ❡ ✳ ❛ ✐ ❝ ✉❧ ❛ ❛ ❡ ♥ ✐ ♦ ♥ ✇ ❛ ♣ ❛✐ ❞ ♦ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❛ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ①
✭ ♥ ♦ ❡ ❤ ❛ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ♦❢ ❛ ♥ ❛ ❜✐ ❛ ② ✉ ❛ ❡ ♠ ❛ ✐ ① B i = B − µ i I ❛ ❡ ❛❧ ✇ ❛ ②
✐ ♥ ❣ ✉❧ ❛ ♦ ♥ ❡ ✮✳

❆❧❧ ❤ ❡ ❡ ♥ ❡ ✇ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ❛ ♥ ❞ ♥ ♦ ✐ ♦ ♥ ❢ ♦ ❛ ✉ ❛ ❡ ♠ ❛ ✐ ① ✇✐❧❧ ❜ ❡ ✉ ❡ ❞ ✐ ♥ ✉ ❜ ❡ ✉ ❡ ♥
❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ♣ ❛ ❝ ✐ ❝ ❛❧ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ✳ ❙ ♦✱ ❤ ❡ ❡ ✉❧ ♦❢ ❤ ❡ ❝ ❤ ❛ ♣ ❡ ❣✐ ✈ ❡ ♥ ❡ ✇ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡

❢ ♦ ✐ ♥❢ ❡ ✐ ♥ ❣ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ❡ ① ♣ ❡ ✐ ♥ ❣ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡
❝ ❛❧ ❛ ❛ ♥ ❞ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ❚ ❤✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ✐ ✉ ❡ ❞ ✇✐ ❞ ❡❧ ② ✐ ♥ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥

♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❢ ✉ ❤ ❡ ❞✐ ✈✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦✳



❈ ❤ ❛ ♣ ❡ ✷

❆ ✣ ♥ ❡ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ♦ ❥ ❡ ❝ ♦

✷✳ ✶ ❆ ✣ ♥ ❡ ✭ ♦ ❜❧✐ ✉ ❡ ✮ ♣ ♦ ❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ①

▲ ❡ ⟨ A n ⟩ ❜ ❡ ❛ ♥ ❛ ✣ ♥ ❡ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡✳ ❙ ✉ ♣ ♣ ♦ ❡ B p ✐ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① ♦❢ ❛ ♥ ❦ r ✱
❤ ❡ ♥ k (B p, r ) ≠ 0 ✳ ❋ ♦ ♠ ✉❧ ❛ ✭ ✷ ✻✮ ✐ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ✐ ♥ ♦

K 1 (B p, r )/ k (B p, r ) + K 2 (B p, r )/ k (B p, r ) =
− →
B p +

←−
B p = I. ( 6 0)

❋ ✉ ❤ ❡
− →
B p ❛ ♥ ❞

←−
B p ❛ ♥ ❞ ❢ ♦ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❛ ✣ ♥ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ♦❢ B p ✳ ❚ ❤ ❡ ❡ ♣ ♦❥ ❡ ❝ ♦

❛ ❡ ❛❧ ♦ ✐ ❞ ❡ ♠ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ✭✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡✱ ❤ ❡ ② ❛ ❡ ♥ ♦ ♥✲ ② ♠ ♠ ❡ ✐ ❝✮✳ ■ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ❤ ❡ ② ❛ ❡ ❛❧ ♦ ❤ ❡ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ❡✳ ❲❡ ❝❧ ❛✐ ♠ ❤ ❛ ✐ ♥ ❤ ❡

❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡
←−
B p ✐ ❛ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ⟨i m B p⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ❤ ❡ ❦ ❡ ♥ ❡❧ ⟨k e r B p ⟩✱ ❛ ♥ ❞

− →
B p ✐ ❛ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ⟨k e r B p ⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨i m B p⟩✳ ■ ♥ ❞ ❡ ❡ ❞✱

K 2 (B p, r ) = B p K 1 (B p, r − 1) = K 1 (B p, r − 1) B p ;

− →
B p +

←−
B p = I,

− →
B p ·

←−
B p =

←−
B p ·

− →
B p = Z ;

(
− →
B p ) 2 =

− →
B p (I −

←−
B p ) =

− →
B p, (

←−
B p ) 2 =

←−
B p (I −

− →
B p ) =

←−
B p ;

⟨k e r B p ⟩ ⊕ ⟨ i m B p⟩ = ⟨ A n ⟩, x =
− →
B p x +

←−
B p x = −→x + ←−x .

❆ ♥ ② ❡❧ ❡ ♠ ❡ ♥ x ✐ ✉ ♥✐ ✉ ❡❧ ② ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ✉ ♠ ♦❢ ✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ⟨ A n ⟩ ❛ ❛ ❜ ♦ ✈ ❡✳
❚ ❤ ❡ ❡❢ ♦ ❡✱

− →
B p = K 1 (B p, r )/ k (B p, r ), ( 6 1)

←−
B p = K 2 (B p, r )/ k (B p, r ) =

= B p K 1 (B p, r − 1) / k (B p, r ) = K 1 (B p, r − 1) B p / k (B p, r ). ( 6 2)

❚ ❤ ❡ ♠ ❛ ✐ ① B p ❛ ♥ ❞ ❜ ♦ ❤ ✐ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❝ ♦ ♠ ♠ ✉ ❡ ✇✐ ❤ ❡ ❛ ❝ ❤ ❛ ♥ ♦ ❤ ❡ ❛ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥
B p ✭ ❝ ♦ ♠ ♣ ❛ ❡ ✇✐ ❤ ❢ ♦ ♠ ✉❧ ❛ ✭ ✷ ✼✮✮✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦ ❛ ❝ ❛❧ ❛ ✇ ❡ ❣ ❡ ✿

−→a = 0 , ←−a = 1

❛ ♥ ❞ ✐ ♥ ♦ ♠ ❡ ♦ ❤ ❡ ✐ ✈✐ ❛❧ ❝ ❛ ❡ ✱
−→
Z = I,

−→
I = Z ;

⟨i m K1 (B p, r )⟩ ≡ ⟨ k e r K 2 (B p, r )⟩ ≡ ⟨ k e r B p ⟩,

⟨k e r K 1 (B p, r )⟩ ≡ ⟨ i m K2 (B p, r )⟩ ≡ ⟨ i m B p⟩;





( 6 3)

r a n k K 1 (B p, r ) = si n g B p, r a n k K 2 (B p, r ) = r a n k B p ; ( 6 4)

− − − →
(B p ′) = (

− →
B p ) ′,

← − − −
(B p ′) = (

←−
B p ) ′,

− →− →
B p =

←−←−
B p =

←−
B p,

←−− →
B p =

− →←−
B p =

− →
B p ;

k (
− →
B p, t ) = C t

n − r , k(
←−
B p, t ) = C t

r .






( 6 5)



✷✳ ✷ ❙ ♣ ❡ ❝ ❛❧ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ n × n ✲ ♠ ❛ ✐ ① ✇✐ ❤ ❜ ❛ ✐ ❝ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✹ ✶

❋ ♦ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ B p ✭r = r ′✮✱ ✇ ❡ ❤ ❛ ✈ ❡ ✭ ❛ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ d et B h = d et h B ✮✿

k (B p h , r) = k h (B p, r ) ≠ 0; ( 6 7)

K j (( B p ) h , r) = K h
j (B p, r ) = k h − 1 (B p, r )K j (B p, r ), j = 1 , 2 . ( 6 8)

■ ♥ ❛ ♥ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡✱ ❤ ❡ ❛ ✣ ♥ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ❢ ♦ ❛ ♠ ❛ ✐ ① B p ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

B p − =
←−
B p [K 1 (B p, r − 1) / k (B p, r )] = [ K 1 (B p, r − 1) / k (B p, r )]

←−
B p

= B p [K 1 (B p, r − 1) / k (B p, r )] 2 = [ K 1 (B p, r − 1) / k (B p, r )] 2 B p. ( 6 9)

■ ❝ ♦ ♠ ♠ ✉ ❡ ✇✐ ❤ B p ❛ ♥ ❞ ✐ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m B p⟩ ✐ ❜ ❡ ❤ ❛ ✈ ❡ ❛ ❛ ♥ ✉ ✉ ❛❧ ✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ①✱
✐ ♥ ⟨k e r B p ⟩ ✐ ♣❧ ❛ ② ❤ ❡ ♦❧ ❡ ♦❢ ❤ ❡ ③ ❡ ♦ ♠ ❛ ✐ ①✳ ■ ✐ ✉ ♥✐ ✉ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❡ ✉ ❛ ✐ ♦ ♥

B p − B p = B p B p − =
←−
B p, B p − =

←−
B p B p − = B p − ←−

B p. ( 7 0)

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡ ❤ ♦❧ ❞✿

r a n k B p − = r a n k B p ;

⟨i m B p− ⟩ ≡ ⟨ i m B p⟩, ⟨k e r B p − ⟩ ≡ ⟨ k e r B p ⟩;

B p B p − B p = B p ; B p − B p B p − = B p − ;

(B p − ) − = B p ; (B p h ) − = ( B p − ) h ; (B p ′) − = ( B p − ) ′.

▼ ♦ ❡ ♦ ✈ ❡ ✱

B − = B − 1 ⇔ d et B ≠ 0 .

❉ ✉ ❡ ♦ ✭ ✶✮✱ ✭ ✻ ✶✮✱ ✭ ✻ ✷✮✱ ❛ ♥ ❞ ✭ ✻ ✾✮✱ ❤ ❡ ❛ ✣ ♥ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ①
❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❧✐ ♠✐

− →
B p = li m

ϵ → 0
[ϵ (B p + ϵ I ) − 1 ] = li m

N → ∞
(N B p + I ) − 1 , ( 7 1)

←−
B p = li m

ϵ → 0
[B p (B p + ϵ I ) − 1 ] = li m

N → ∞
[N B p (N B p + I ) − 1 ], ( 7 2)

B p − = li m
ϵ → 0

[B p (B p + ϵ I ) − 2 ] = li m
N → ∞

[(N 2 B p (N B p + I ) − 2 ] ( 7 3)

(
− →
B p +

←−
B p = I, B p − B p = B p B p − =

←−
B p, N = 1 / ϵ ).

❚ ❤ ❡ ❡ ❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ❤ ❛ ✈ ❡ ♠ ♦ ❝ ♦ ♠ ♠ ♦ ♥ ❛ ✣ ♥ ❡ ❢ ♦ ♠ ✳ ❚ ❤ ❡ ② ❛ ❡ ❣ ♦ ❡ ♥ ❤ ❡ ❡ ❜ ② ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝
♠ ❛ ♥ ♥ ❡ ✉ ✐ ♥ ❣ ❛ ❡ ♦❧ ✈ ❡ ♥ ♦❢ B p ✭ ❡ ❡ ❛❧ ♦ ✐ ♥ ❡ ❝ ✳ ✸✳ ✹✮✳

✷✳ ✷ ❙ ♣ ❡ ❝ ❛❧ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ n × n ✲ ♠ ❛ ✐ ① ✇✐ ❤ ❜ ❛ ✐ ❝ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠

■ ♥ ❛❧❧ ✉❧ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✭ ❤ ❡✐ ✉ ♠ ❛ ❡ ❞✐ ❡ ❝ ✮✱ ❤ ❡ ❛ ✣ ♥ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✭ ✻ ✶✮ ♦❢ ❛
♣ ✐ ♠ ❡ ♠ ❛ ✐ ① P ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞✱ ❞ ✉ ❡ ♦ ✭ ✺ ✼✮✱ ❜ ② ✇ ♦ ♠ ❛ ♥ ♥ ❡ ❛ ❢ ♦❧❧ ♦ ✇ ✿

−→
P i =

K 1 (P i , ri )

k (P i , ri )
=

Q 1 (P i , r0 )

q (P i , r0 )
=

1 ≤ j ≤ q, j ≠ i

µ j I − P

µ j − µ i
, ( 7 4)

✇ ❤ ❡ ❡ r 0 = n 0 − 1 = q − 1 ✭ ❡ ❡ ❤ ❡ ❧ ❛ ♠ ❛ ♥ ♥ ❡ ❛❧ ♦✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❬ ✹✱ ♣✳ ✶ ✺ ✻❪✮✳



✹ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❆ ❋ ❋ ■ ◆ ❊ ❆ ◆ ❉ ❖ ❘ ❚ ❍ ❖ ● ❖ ◆ ❆ ▲ ❊ ■ ● ❊ ◆ ❘ ❖ ❏ ❊ ❈ ❚ ❖ ❘ ❙

❚ ❤ ❡ ❛ ✣ ♥ ❡ ♣ ♦❥ ❡ ❝ ♦ ♦❢ ❛ ♥ ♦ ♥✲ ♣ ✐ ♠ ❡ ✭ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡✮ ♠ ❛ ✐ ① B ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦
✭ ✻ ✶✮✱ ✭ ✸ ✸✮✱ ✭ ✺ ✻✮✱ ❛ ♥ ❞ ✭ ✺ ✽✮ ✕✭ ✻ ✵✮✱ ❜ ② ✇ ♦ ❞✐ ✛ ❡ ❡ ♥ ♠ ❛ ♥ ♥ ❡ ❛ ❢ ♦❧❧ ♦ ✇ ✿

−− − →
B p ( i ) =

K 1 (B i , r′i )

k (B i , r′i )
=

Q 1 (B i , r0i )

q (B i , r0i )
=

=
1 ≤ j ≤ q, j ≠ i

(µ j I − B ) s 0
j

(µ j − µ i )
s 0

j

=
1 ≤ j ≤ q, j ≠ i

(µ j I − B ) h

(µ j − µ i ) h
=

− − →
(B h

i ), ( 7 5)

✇ ❤ ❡ ❡ B p ( i ) = B
s 0

i
i , h ≥ m a x s 0

i ✭ ❡ ❡ ❤ ❡ ❧ ❛ ♠ ❛ ♥ ♥ ❡ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❬ ✶ ✶✱ ♣✳ ✶ ✷ ✽ ✕ ✶ ✹ ✸❪✮✳
◆ ♦ ❡✱ ❤ ❛ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ P i = P − µ i I ❛ ♥ ❞ ❤ ❡ ♣ ♦ ✇ ❡ ♠ ❛ ✐ ❝ ❡

B h , h ≥ s 0 ,  Bh i
i , hi ≥ s 0

i ,

❛ ❡ ✐ ✈✐ ❛❧ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ B p ✳
❙ ♣ ❡ ❝ ❛❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ♦ ♥✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B ✉ ♣ ♦ ✐ ✉❧ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ ❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡

❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❡ ❛ ❝ ❤ µ i ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B ✐ ♥ ♦ ❤ ❡ ✉ ♥✐ ✉ ❡ ✉ ♠ ♦❢
✇ ♦ ✐ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♠ ❛ ✐ ❝ ❡ ✕ ♣ ✐ ♠ ❡ ♦ ♥ ❡ ❛ ♥ ❞ ♥✐❧ ♣ ♦ ❡ ♥ ♦ ♥ ❡ ✭ ❡ ❡ ❜ ❡❢ ♦ ❡ ✭ ✷ ✶✮ ❛ ♥ ❞ ✭ ✹ ✹✮✮✿

B = B

q

i = 1

−− − →
B p ( i ) =

q

i = 1

µ i
−− − →
B p ( i ) +

q

i = 1

B i
−− − →
B p ( i )

=

q

i = 1

P i +

q

i = 1

O i = P B + O B . ( 7 6)

◆ ♦ ❡✱ O h
B = Z ✐❢ h ≥ m a x s 0

i . ❚ ❤✐ ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ❏ ♦ ❞ ❛ ♥ ❢ ♦ ♠✳
■ ♥ ♦ ❞ ❡ ♦ ❝ ♦ ♥ ✉ ❝ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ q ✲ ❜❧ ♦ ❝ ❦✲ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❬ ✹✱ ♣✳ ✶ ✸ ✵❪✱ ❤ ❡
♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ♦❢ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✇✐ ❤ ✉ ❡ ♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
✭ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✮✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ❞ ✉ ❡ ♦ ✭ ✸ ✸✮ ♦ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ♦ ✭ ✺ ✻✮✿

K 1 (B i , r′i ) = 1 ≤ j ≤ q, j ≠ i (µ j I − B ) s ′
j ✱ Q 1 (B i , r0i ) = 1 ≤ j ≤ q, j ≠ i (µ j I − B ) s 0

j ✳
❚ ❤ ❡ ♥

⟨i m K1 (B i , r′i )⟩ ≡ ⟨ i m Q1 (B i , r0i )⟩ ≡ ⟨ k e r B
s 0

i
i ⟩,

⟨k e r K 1 (B i , r′i )⟩ ≡ ⟨ k e r Q 1 (B i , r0i )⟩ ≡ ⟨ i m B
s 0

i
i ⟩.

( 7 7)

❋ ♦ ❛ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① P ✱ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❡ ✐ ♠ ♣❧✐ ✜ ❡ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ r ′
i = r i ✱ ♦ ❞ ✉ ❡ ♦ ✭ ✺ ✼✮✳

❆❧❧ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❡ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✉ ❝ ❤ ♠ ❛ ✐ ❝ ❡ ❤ ❛ ✈ ❡ ♥ ♦ ♥ ③ ❡ ♦ ❝ ❛❧ ❛
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ✱ ❤ ❛ ✐ ✇ ❤ ② ❤ ❡ ② ❝ ♦ ♥ ❛✐ ♥ ❛ ❜ ❛ ✐ ♠✐ ♥ ♦ ✳ ❚ ❤✐ ♠✐ ♥ ♦ ✐ ❤ ❡
✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ❛ ✐ s ′

i × n ✲ ✉ ❜ ♠ ❛ ✐ ① ♦❢ ❤ ❡ ♦ ✇ ❛ ♥ ❞ ❤ ❡ ❜ ❛ ✐ n × s ′
i ✲ ✉ ❜ ♠ ❛ ✐ ① ♦❢ ❤ ❡

❝ ♦❧ ✉ ♠ ♥ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ♦ ❛❧ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ❛ ✈ ❛ ✐ ❛ ♥ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ❝ ♦ ♥ ✐ ♦❢ ❛❧❧ ❤ ❡
❝ ♦❧ ✉ ♠ ♥ ✉ ❜ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞✱ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✱ ♦❢ ❛❧❧ ❤ ❡ ♦ ✇ ♦ ♥ ❡ ✭i = 1 , . . . , q✮✿

V − 1
c ol B V c ol = C µ (B ), Ẽ 1 = V c ol Ẽ, ( 7 8)

V l i g B V − 1
l i g = C µ (B ), Ẽ 2 = V − 1

l i g Ẽ, ( 7 9)

(V ′
l i g )

− 1 B ′V ′
l i g = C ′

µ (B ), Ẽ 3 = V ′
l i g Ẽ, ( 8 0)

(V ∗
l i g )

− 1 B ∗ V ∗
l i g = C ∗

µ (B ), Ẽ 4 = V ∗
l i g Ẽ, ( 8 1)

✇ ❤ ❡ ❡ C µ ✐ ❤ ❡ q ✲ ❜❧ ♦ ❝ ❦✲ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ♦❢ B ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ 1 , . . . , µq ✱ Ẽ

❛ ♥ ❞ Ẽ k ✱ k = 1 , . . . , 4 ✱ ❛ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ✐ ❛ ♥ ❞ ♦ ♥ ❡ ♦❢ ❤ ❡ ❡ ✹ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✳



✷✳ ✸ ❚ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① ✐ ♥ ✐ ♥ ✉❧❧✲ ❝ ❡❧❧ ❢ ♦ ♠ ✹ ✸

❊ ❛ ❝ ❤ ✉❧ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ ♣ ❛ ❝ ❡ ❝ ♦ ♥ ❛✐ ♥ ♥ ♦ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡

⟨k e r B
s 0

i
i ⟩ ⊃ ⟨ i m O 1

i ⟩ ⊃ · · · ⊃ ⟨ i m O
s 0

i − 1
i ⟩,

⟨k e r B
s 0

i
i ⟩ ⊃ ⟨ k e r O

s 0
i − 1

i ⟩ ⊃ · · · ⊃ ⟨ k e r O 1
i ⟩,

( 8 2)

⟨i m O t
i ⟩ ≡ ⟨ i m K1 (B i , r′i )B

t
i ⟩ ≡ ⟨ i m Q1 (B i , r0i )B t

i ⟩,
⟨k e r O t

i ⟩ ≡ ⟨ i m B t
i ⟩, t = 1 , . . . , s0i − 1 .

( 8 3)

❚ ❛ ❦ ❡ ❛ ❝ ❡ ❛✐ ♥ ✉❧ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❡❧❧ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✭ ✼ ✻✮ ❛ ♥ ❞ ✉ ❜ ❛ ❝ ✐ ♣ ✐ ♠ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♣ ❛ ✳ ❚ ❤ ❡
❡ ✉❧ ✐ ✐ ♥✐❧ ♣ ♦ ❡ ♥ ❝ ❡❧❧ ✳ ■ ♠ ❛ ② ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ✉ ❜ ❝ ❡❧❧ ✭ ✽ ✷✮ ✐❧❧ ❤ ❡ ✜ ♥ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❛ ②
✉ ❜ ❝ ❡❧❧ ✳ ❆❢ ❡ ❤✐ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♣ ♦ ❝ ❡ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❞ ✐❧❧ ❤ ❡ ❏ ♦ ❞ ❛ ♥ ♥✐❧ ♣ ♦ ❡ ♥ ❢ ♦ ♠✳

❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✼ ✽✮ ❛ ♥ ❞ ✭ ✼ ✾✮ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ❤ ❡ ✈ ❛ ✐ ♦ ✉ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ❤ ❡ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ①
P B =

q
i = 1 P i ✐ ♥ ✭ ✼ ✻✮✳ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ♦❢ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ✐

⟨V c ol ⟩ ≡ V c ol ⟨C q ⟩, V − 1
l i g ∈ ⟨ V c ol ⟩. ( 8 4)

❍ ❡ ❡ C q ✐ ❛ ♥ ❛ ❜✐ ❛ ② ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ❝ ❡❧❧ ♠ ❛ ✐ ① ❝ ♦ ♥ ✐ ✐ ♥ ❣ ♦❢ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ❜❧ ♦ ❝ ❦ c 1 , . . . , cq ✳
❚ ❤ ❡ ✉ ❛ ♥ ✐ ② ♦❢ ♥✐❧ ♣ ♦ ❡ ♥ ❏ ♦ ❞ ❛ ♥ t × t✲ ✉ ❜ ❝ ❡❧❧ ✐ ♥ ❤ ❡ i✲ ❤ ❝ ❡❧❧ ♦❢ ❤ ❡ ❜ ❛ ✐ ❝ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠
❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B ❛ ❡

(r a n k O t
i − r a n k O t + 1

i ) − (r a n k O t + 1
i − r a n k O t + 2

i ),

❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❬ ✶ ✵✱ ♣ ❛ ✷✱ ♣✳ ✾ ✺❪✳ ● ❡ ♥ ❡ ❛❧ ♣ ❡ ❝ ❛❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B
❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ✇✐ ❤ ✉ ❡ ♦❢ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ❛ ♥ ❞ ❍ ❡ ♠✐ ❡ ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♥ ❣
♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✇✐ ❤ ♦ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ❬ ✹✱ ♣✳ ✶ ✺ ✺✲ ✶ ✺ ✾❪✿

B ( i k ) =
B k − 1

i

(k − 1)!

−− − →
B p ( i ) , ⟨i m B( i k ) ⟩ ≡ ⟨ i m O k − 1

i ⟩, k = 1 , . . . , s0i . ( 8 5)

❙ ✉ ❜ ✐ ✉ ❡ ❤ ❡ ❡
−− − →
B p ( i ) ❢ ♦ ✭ ✼ ✺✮✱ ❤ ❡ ❡ ✉❧ ✐ ❤ ❡ ❢ ♦ ♠ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥❧ ② ♦ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ❛ ✐ ① B ✳

✷✳ ✸ ❚ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① ✐ ♥ ✐ ♥ ✉❧❧✲ ❝ ❡❧❧ ❢ ♦ ♠

▲ ❡ B p ❜ ❡ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ n × n ✲ ♠ ❛ ✐ ① ❛ ♥ ❞ r a n k B p = r ✳ ❋ ✉ ❤ ❡ ✱ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ♥ ✉❧❧✲ ❝ ❡❧❧
✭ ✇ ♦✲ ❜❧ ♦ ❝ ❦✲ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✮ ❢ ♦ ♠ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B p ❛ ❤ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❡ ❞ n × n ✲ ♠ ❛ ✐ ① B c ✿

B p → B c =
Z 1 Z
Z  B 1

.

❍ ❡ ❡ B 1 ✐ ❛ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ r × r ✲ ♠ ❛ ✐ ① ✭d et B 1 ≠ 0 ✮ ❛ ♥ ❞ Z 1 ✐ ❤ ❡ ③ ❡ ♦ s × s ✲ ♠ ❛ ✐ ①✱
s = n − r ✐ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✵ ❢ ♦ B p ✳ ❋✐ ♥ ❞ ❤ ❡
♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ B p ✐ ♥ ♦ B c ✳ ❚ ❤ ❡ ❤✐ ❣ ❤ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ K 1 (B p, r ) ❛ ♥ ❞ K 2 (B p, r )✱ ✇ ❤ ❡ ❡
r = r a n k B p ✱ ❛ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✭ ✻ ✶✮ ❛ ♥ ❞ ✭ ✻ ✷✮✱ ✇ ❤ ❛ ❛ ❡ ♥ ❡ ❝ ❡ ❛ ② ❤ ❡ ❡
❢ ♦ ❤ ❡ ❡ ❛ ❝ ❤ ❡ ❞ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ✭ ❇ ✉ ❢ ♦ ❤ ❡✐ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ B p ❛ ❡
♥ ♦ ♥ ❡ ❝ ❡ ❛ ② ❛ ❢ ♦ ❤ ❡ ❢ ✉❧❧ ♣ ❡ ❝ ✉ ♠ ✭ ✼ ✻✮✮✳ ❚ ❤ ❡ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❡ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ✱ ❛ ♥ ❞
❤ ✉ ❤ ❡ ② ❝ ♦ ♥ ❛✐ ♥ ❜ ❛ ✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ❞ ❡ ❡ ♠✐ ♥✐ ♥ ❣ ✇ ♦ ❜ ❛ ✐ n × s ✲ ❛ ♥ ❞ n × r ✲ ✉ ❜ ♠ ❛ ✐ ❝ ❡

♦❢ ❝ ♦❧ ✉ ♠ ♥ ✳ ❚ ❤ ❡ ❡ ✉ ❜ ♠ ❛ ✐ ❝ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ♦❢ ❤ ❡ ❜ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✿

V − 1
c ol B p V c ol = B c, Ẽ 1 = V c ol Ẽ, ⟨ V c ol ⟩ ≡ V c ol ⟨C 2 ⟩. ( 8 6)

❍ ❡ ❡ C 2 ✐ ❛ ✇ ♦✲ ❝ ❡❧❧ ❛ ♥ ❛❧ ♦ ❣ ♦❢ C q ❢ ♦ ♠ ✭ ✽ ✹✮✳ ❙ ♦✱ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❢ ♦ ✉ ♥ ❞✳



✹ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❆ ❋ ❋ ■ ◆ ❊ ❆ ◆ ❉ ❖ ❘ ❚ ❍ ❖ ● ❖ ◆ ❆ ▲ ❊ ■ ● ❊ ◆ ❘ ❖ ❏ ❊ ❈ ❚ ❖ ❘ ❙

❙ ✉ ♣ ♣ ♦ ❡ ❤ ❡ ❡ ❛ ❡ ✇ ♦ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ B p 1 ❛ ♥ ❞ B p 2 ♦❢ ❤ ❡ ❛ ♠ ❡ ♦ ❞ ❡ ✉ ❝ ❤ ❤ ❛

⟨i m B p1 ⟩ ≡ ⟨ i m B p2 ⟩, ⟨i m B p′
1 ⟩ ≡ ⟨ i m B p′

2 ⟩ (
−− →
B p 1 =

−− →
B p 2 ,

←−−
B p 1 =

←−−
B p 2 ).

❚ ❤ ❡ ♥✱ ❞ ✉ ❡ ♦ ✭ ✽ ✻✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥

K j (B p 1 B p 2 , r) = K j (B p 2 B p 1 , r) = K j (B p 1 , r)K j (B p 2 , r), j = 1 , 2 ,

k (B p 1 B p 2 , r) = k (B p 2 B p 1 , r) = k (B p 1 , r)k (B p 2 , r). ( 8 7)

❚ ❤ ❡ ❧ ❛ ❢ ♦ ♠ ✉❧ ❛ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♦ ♥ ❡ ❢ ♦ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ♦❢ ✉ ❛ ❡ ♠ ❛ ✐ ❝ ❡
♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥

d et (B 1 B 2 ) = d et (B 2 B 1 ) = d et B 1 · d et B 2 .

❖ ♥ ❡ ❡❧ ❡ ✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ❢ ♦ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① ❝ ♦ ♥ ✐ ♦❢ ③ ❡ ♦ n × (n − r )✲ ♠ ❛ ✐ ① ❛ ♥ ❞
n × r ✲ ♠ ❛ ✐ ① ♦❢ ❤ ❡ ❜ ❛ ✐ ❝ ♦❧ ✉ ♠ ♥ ✿

B p = Z 2 | A 2 .

■ ♠ ❛ ② ❜ ❡ ❛❧ ♦ ✉ ❡❢ ✉❧✳

✷✳ ✹ ◆ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡

❚ ❤ ❡ ❡ ✐ ❛ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣ ❛✐ ♦❢ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ (
− →
B p,

←−
B p ) ❛ ♥ ❞ ❤ ❡

♣ ❛✐ (⟨i m B p⟩, ⟨k e r B p ⟩) ♦❢ ❧✐ ♥ ❡ ❛ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ ❛ ♥ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡ ⟨ A n ⟩ ✇✐ ❤ ❛ ❝ ❡ ❛✐ ♥ ❜ ❛ ❡✳
❙ ✉ ♣ ♣ ♦ ❡ ❤✐ ♣ ❛ ❝ ❡ ✐ ❡ ❛❧✳ ❈ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ❡ ♦❢ ❡ ❛❧ ♦✲ ❝ ❛❧❧ ❡ ❞ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛ ❧ ♠ ❛ ✐ ❝ ❡ ⟨B m ⟩
❛ ✐ ❢ ②✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥

−− →
B m =

− − →
B m ′ = (

−− →
B m ) ′ ⇔

←−−
B m =

← − −
B m ′ = (

←−−
B m ) ′. ( 8 8)

● ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②✱ ❤✐ ♠ ❡ ❛ ♥ ❤ ❛

⟨k e r B m ⟩ ≡ ⟨ k e r B m ′⟩ ⇔ ⟨ i m B m⟩ ≡ ⟨ i m B m′⟩. ( 8 9)

❚ ❤ ❡ ✉ ♠ ♦❢ ⟨i m B m⟩ ❛ ♥ ❞ ⟨k e r B m ⟩ ✐ ♥ ⟨ A n ⟩ ✐ ❞✐ ❡ ❝ ❛ k (B m, r ) ≠ 0 ✳ ■ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ⟨ E n ⟩ ✇✐ ❤ ❛ ♥ ♦ ❤ ♦ ♥ ♦ ♠ ❛❧ ❜ ❛ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡

⟨k e r B m ′⟩ ≡ ⟨ i m B m⟩ ⊥ ≡ ⟨ k e r B m ⟩,
⟨i m B m′⟩ ≡ ⟨ k e r B m ⟩ ⊥ ≡ ⟨ i m B m⟩;

⇔ ( 9 0)

⇔ ⟨ i m B m⟩ ⊞ ⟨k e r B m ⟩ ≡ ⟨ E n ⟩.

❚ ❤✐ ✐ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ♦❢ ♠ ❛ ✐ ❝ ❡ B m ✿ ■ ♥ ❛ ❡ ❛❧ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ✇✐ ❤ ❛ ✜ ① ❡ ❞ ♦ ✲
❤ ♦ ♥ ♦ ♠ ❛❧ ❜ ❛ ❡ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ♦❢ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B p ❛ ❡ ② ♠ ♠ ❡ ✐ ❝

✐ ✛ ✐ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m B p⟩ ❛ ♥ ❞ ⟨k e r B p ⟩ ❢ ♦ ♠ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ✉ ♠ ✱ ✇ ❤ ❛ ✐
♣ ❡ ❝✐ ❛❧❧ ② ❞ ❡ ♥ ♦ ❡ ❞ ✐ ♥ ✭ ✾ ✵✮ ✭✐✳ ❡✳✱ ✐ ✛ ❤ ❡ ② ❛ ❡ ♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦❢ ❡ ❛ ❝ ❤ ♦ ❛ ♥ ♦ ❤ ❡ ✐ ♥ ⟨ E n ⟩✳✮

■ ♥ ❤ ❡ ❡✐ ❣ ❡ ♥ ♣ ❛ ❝ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ = 0 ✱ ❤ ❡ ♠ ❛ ✐ ① B m ✐ ✐ ♠✐❧ ❛
♦ ❛ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ①✳ ❚ ❤ ❛ ✐ ✇ ❤ ② ✐ ✐ ❝ ❛❧❧ ❡ ❞ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ✳ ■ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐

❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳ ❙ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ♥ ♦ ♠ ❛❧✱ ② ♠ ♠ ❡ ✐ ❝✱
❦ ❡ ✇✲ ② ♠ ♠ ❡ ✐ ❝✱ ❛ ♥ ❞ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♦ ♥ ❡ ✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ❞ ♦ ❤ ♦❧ ❞✿

−− →
B m =

− − →
B m ′ = K 1 (B m, r )/ k (B m, r ) ⇔ K 1 (B m, r )  = K ′

1 (B m, r ) ( 9 1)
⇕ ⇕

←−−
B m =

← − −
B m ′ = K 2 (B m, r )/ k (B m, r ) ⇔ K 2 (B m, r )  = K ′

2 (B m, r ). ( 9 2)



✷✳ ✹ ◆ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✹ ✺

■ ♥ ⟨ E n ⟩✱
−− →
B m ❛ ♥ ❞

←−−
B m ♣ ♦❥ ❡ ❝ ✐ ♥ ♦ ⟨k e r B m ⟩ ❛ ♥ ❞ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ⟨i m B m⟩ ❜ ② ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧

✇ ❛ ②✱ ❛ ♥ ❞
−− →
B m ⊥

←−−
B m ✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✭ ❡ ❡ ❡ ❝ ✳ ✷✳ ✶✮✿
(i) ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ B i ❛ ❡ ❡ ❛❧ ❛ ♥ ❞ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡❀

(ii) ❛❧❧ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❡ ❛❧ ❛ ✣ ♥ ❡ ♣ ♦❥ ❡ ❝ ♦
−→
B i ❛ ♥ ❞

←−
B i ❀

(iii) ❤ ❡ ♠ ❛ ✐ ① B ✐ ❡ ❛❧ ❛ ♥ ❞ ♣ ✐ ♠ ❡✱ ❛ ♥ ❞ ❛❧❧ ✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✳
❆ ❡ ❛❧ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① B = M ♠ ❛ ② ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡ ❛❧ ♦ ♥ ❡ ❜ ② ❛ ❡ ❛❧

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ✐ ✛ ❤ ❡ ♠ ❛ ✐ ① M ✐ ② ♠ ♠ ❡ ✐ ❝ ✭M = S ✮✳
❋ ♦ ❛ ♥ ② ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① S ✱ ❤ ❡ ❦ ❡ ♥ ❡❧ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❡ ❛ ❝ ❤ ✐ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ① S i ❛ ❡

❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦❢ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✱ ❛ ♥ ❞ ❦ ❡ ♥ ❡❧ ❢ ♦ ♠ ❤ ❡ ❞✐ ❡ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠✳
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ♦❢ ❛ ❡ ❛❧ ♠ ❛ ✐ ① B ❛ ❡ ❡ ❛❧ ❛ ♥ ❞ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ✐ ✛ B ✐ ❡ ❛❧ ❛ ♥ ❞
② ♠ ♠ ❡ ✐ ❝✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ B ❛ ♥ ❞ B ′ ♦❢ ❛ ♥ ❦ n − 1 ❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥

❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ⟨k e r B ⟩ ≡ ⟨ k e r B ′⟩ ✐ ✛ B V = ( B V ) ′✳
❚ ❛ ❦ ❡ ❛ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① B m ❛ ♥ ❞ ❛ ♣ ♣❧ ② ❤ ❡ ● ❛ ♠ ✕ ❙ ❝ ❤ ♠✐ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠

♦ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ✇ ♦ ❜❧ ♦ ❝ ❦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① V c ol = V ′
l i g ✐ ♥ ✭ ✽ ✻✮ ❡ ♣ ❛ ❛ ❡❧ ②✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ❤ ❡

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ❤ ❡ ♥ ✉❧❧✲ ❝ ❡❧❧ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✽ ✻✮✱ ✐✳ ❡✳ ❝ ♦ ♥ ❣ ✉ ❡ ♥
♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✿

B c = R ′
c ol B m R c ol ( 9 3)

✭⟨R c ol ⟩ ≡ R c ol ⟨R 2 ⟩✱ ❜ ✉ ⟨V c ol ⟩ ≡ R c ol ⟨C 2 ⟩✱ ❡ ❡ ✭ ✽ ✻✮✮✳ ❙ ✉ ❝ ✉ ❡ ♦❢ R 2 ❤ ❡ ❡ ✐ ✐ ♠✐❧ ❛ ♦ C 2

✐ ♥ ✭ ✽ ✻✮✳ ■❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ ✐ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❈ ❛ ❡ ✐ ❛ ♥✱ ❤ ❡ ♥ ❤ ❡ ♥ ❡ ✇ ♦ ❤ ♦ ♥ ♦ ♠ ❛❧ ❜ ❛ ❡ ✐
❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① { R c ol } = { R ′

l i g } ✳ ❆ ♥ ❞ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❜ ❛ ❡ ✐ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ✉ ♥ ❞ ❡ ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣ R c ol ❜ ② ❤ ❡ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ✉ ♥✐ ② ♠ ❛ ✐ ① ♦ ♥ ❤ ❡ ✐ ❣ ❤
❢ ♦ ✐ ❡ ♦ ✐ ♥ ❣✳ ❚ ❤ ❡ ♠ ♦ ❞ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ① R c ol ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ♦❢ ❛
② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① S ✐ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❜ ② ❤ ❡ ✇ ❛ ② ✐ ♠✐❧ ❛ ♦ ✭ ✼ ✽✮✳ ■❢ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ S ❛ ❡

❞✐ ✐ ♥ ❝ ✱ ❤ ❡ ♥ n ✐ ✉ ♥✐ ② ❧ ❡ ♥ ❣ ❤ ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ⟨k e r S i ⟩ ❢ ♦ ♠ ❤ ❡ ❞ ❡ ✐ ❡ ❞ ♠ ❛ ✐ ①
R c ol ✳ ■❢ ♦ ♠ ❡ ♦❢ ❤ ❡ ♠ ❛ ❡ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ✈ ❡ ✭ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ s i > 1 ✮✱ ❤ ❡ ♥ ❤ ❡ ● ❛ ♠ ✕ ❙ ❝ ❤ ♠✐ ❞
♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ✐ ❛ ♣ ♣❧✐ ❡ ❞✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ❡ ✉ ❡❧✳ ❚ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡
❛ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ♣ ❡ ❝✐ ❛❧ n × m ✲ ♠ ❛ ✐ ① A ✭n ≠ m ✮✿

B m 1 = A 1 A ′
2 , B m′1 = A 2 A ′

1 ( 9 4)

(⟨i m A1 ⟩ ≡ ⟨ i m A2 ⟩, r a n k A1 = r a n k A 2 = m < n ),

B m 2 = A ′
1 A 2 , B m′2 = A ′

2 A 1 ( 9 5)

(⟨k e r A 1 ⟩ ≡ ⟨ k e r A 2 ⟩, r a n k A1 = r a n k A 2 = n < m ).

◆ ♦ ❡ ♦ ♠ ❡ ♦ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❛❧❧ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✳

− − − − − →
B m ′B m =

− − − − − →
B m B m ′ =

−− →
B m,

← − − − − −
B m ′B m =

← − − − − −
B m B m ′ =

←−−
B m,

⟨k e r B m ′B m ⟩ ≡ ⟨ k e r B m B m ′⟩ ≡ ⟨ k e r B m ⟩,
⟨i m B m′B m ⟩ ≡ ⟨ i m B m B m′⟩ ≡ ⟨ i m B m⟩.





( 9 6)

❆ ♣ ♣❧ ② ✭ ✽ ✼✮ ♦ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ B m ❛ ♥ ❞ B m ′✱ ✇ ❡ ♦ ❜ ❛✐ ♥

K 1 (B m B m ′, r) = K 1 (B m ′B m, r ) = K 2
1 (B m, r ),

K 2 (B m B m ′, r) = K 2 (B m ′B m, r ) = K 2
2 (B m, r ),

k (B m B m ′, r) = k (B m ′B m, r ) = k 2 (B m, r ).





( 9 7)

❋ ♦ ♠ ✉❧ ❛ ✭ ✾ ✼✮ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥

d et (B B ′) = d et (B ′B ) = d et 2 B.

✭ ❙✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ M ❛ ♥ ❞ S ❛ ❡ ❛❧ ♦ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ✳✮



✹ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❆ ❋ ❋ ■ ◆ ❊ ❆ ◆ ❉ ❖ ❘ ❚ ❍ ❖ ● ❖ ◆ ❆ ▲ ❊ ■ ● ❊ ◆ ❘ ❖ ❏ ❊ ❈ ❚ ❖ ❘ ❙

✷✳ ✺ ❙ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦ ❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡

■ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❡ ❝ ✐ ♦ ♥✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ♦ ❜❧✐ ✉ ❡
♦ ♥ ❡ ✳ ❚ ❤ ❡ ② ✇ ❡ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❢ ♦ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ❞ ✉ ❡ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ✭ ✾ ✵✮ ♦❢
❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ ⟨ E n ⟩✳ ❚ ❤✐ ♣ ♦ ♣ ❡ ② ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ♦ ♥❧ ② ✐ ♥ ⟨ E n ⟩ ❛ ♥ ❞ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♦ ✐ ❣ ❤
❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✺✮ ❜ ❡ ✇ ❡ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦ ❧✐ ♥ ❡ ♦ ✳

▲ ❡ A ❜ ❡ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ m × n ✲ ♠ ❛ ✐ ① ♦❢ ❛ ♥ ❦ r ✇ ❤✐ ❝ ❤ ✐ ❧ ❡ n ❛ ♥ ❞ m ✳ ❲❡ ❤ ❛ ✈ ❡ ♣ ♦ ❞ ✉ ❝
A ′A, A A ′ ∈ ⟨ B m ⟩✱ ❛ ♥ ❞ ❤ ❡✐ ❛ ♥ ❦ ✐ ❛❧ ♦ ❡ ✉ ❛❧ ♦ r ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✾ ✶✮ ❛ ♥ ❞ ✭ ✾ ✷✮ ✇ ❡ ♦ ❜ ❛✐ ♥

−− →
A ′A = K 1 (A ′A, r )/ k (A ′A, r ),

−− →
A A ′ = K 1 (A A ′, r)/ k (A A ′, r), ( 9 8)

←−−
A ′A = K 2 (A ′A, r )/ k (A ′A, r ) = A + A = I n × n −

−− →
A ′A,

←−−
A A ′ = K 2 (A A ′, r)/ k (A A ′, r) = A A + = I m × m −

−− →
A A ′,

{ k (A A ′, t)} = { k (A ′A, t )} ;






( 9 9)

❛ ♥ ❞ ✐ ♥ ❤ ❡ ✇ ♦ ✐ ✈✐ ❛❧ ❝ ❛ ❡ ✱ ✇ ❤ ❡ ♥ ❡✐ ❤ ❡ r a n k A = r = m < n ✱ ♦ r a n k A = r = n < m ✱
❤ ❡ ② ❡ ① ♣ ❡ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇✿

r a n k A = r = m < n ⇒
←−−
A ′A = A ′{ A A ′} − 1 · A = A + A,

r a n k A = r = n < m ⇒
←−−
A A ′ = A { A ′A } − 1 · A ′ = A A + .





( 9 9 ′)

❍ ❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ⟨ E m ⟩ ✇✐ ❤ m × 1 ✲ ✈ ❡ ❝ ♦ a ✿
←−−
A A ′ ✐ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ♦ ♥ ♦ ⟨i m A⟩ ≡ ⟨ k e r A ′⟩ ⊥ ❀

← −
a a ′ = a a ′/ a ′a , { a } + = a ′/ (a ′a )❀

−− →
A A ′ ✐ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ♦ ♥ ♦ ⟨k e r A ′⟩ ≡ ⟨ i m A⟩ ⊥ ❀

− →
a a ′ = I − a a ′/ (a ′a )❀

A + ✐ ❤ ❡ ❡ ❤ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ▼ ♦ ♦ ✕ ❡ ♥ ♦ ❡ n × m ✲ ♠ ❛ ✐ ① ❬ ✸ ✵ ✕ ✸ ✷❪✱ r a n k A + = r ✳
❈ ♦ ♥ ❛ ②✱ ❢ ♦ ❤ ❡ ✇ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ⟨ E n ⟩ ♦ ♦❢ ⟨ A n ⟩✱ ✇ ❡ ♦ ❜ ✈✐ ♦ ✉ ❧ ② ♦ ❜ ❛✐ ♥

←−−
A ′A +

−− →
A ′A = I n × n ,

← − −
B ′B +

− − →
B ′B = I n × n =

← − −
B B ′ +

− − →
B B ′ ( 1 0 0)

✕ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ⟨i m A′⟩ ⊕⟨ k e r A ⟩ ≡ ⟨ A n ⟩, ⟨i m B ′⟩ ⊕⟨ k e r B ⟩ ≡ ⟨ i m B ⟩ ⊕⟨ k e r B ′⟩ ≡ ⟨ A n ⟩✳
■✐ ✐ ✐ ♥ ⟨ E n ⟩ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✾ ✾✮ ❛ ♥ ② ♠ ❛ ✐ ①

A + ❛ ✐ ✜ ❡ ❤ ❡ ✇ ♦ ❡ ♥ ♦ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❬ ✸ ✷❪✱ ✇ ❤✐ ❝ ❤ ❞ ❡ ❡ ♠✐ ♥ ❡ ✐ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ②✿

A A + A = A,  A + A A + = A + .

❋ ♦ ♠ ❤ ❡ ❧ ❛ ❡ ❛ ♥ ❞ ✭ ✻ ✷✮ ✇ ❡ ♦ ❜ ❛✐ ♥ ❡ ① ❛ ❝ ❧ ② ❢ ♦ ❛ ♥ ② A ✱ ✐✳ ❡✳✱ ❢ ♦ m × n ♦ n × m ✿

A + = A ′ ·
K 1 (A A ′, r − 1)

k (A A ′, r)
=

K 1 (A ′A, r − 1)

k (A ′A, r )
· A ′. ( 1 0 1)

❋✐ ✐ ❤ ❡ ❉ ❡ ❝ ❡❧❧✬ ❢ ♦ ♠ ✉❧ ❛✱ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❬ ✸ ✸❪ ❢ ♦ ♠ ❤ ❡ ❙ ♦ ✉ ✐ ❛ ✉ ❛❧ ❣ ♦ ✐ ❤ ♠ ❬ ✷ ✼❪ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶✮✳
❊ ✉ ❛❧✐ ② ✭ ✶ ✵ ✶✮ ❝ ❛ ♥ ❜ ❡ ❝ ❤ ❡ ❝ ❦ ❡ ❞ ❜ ② ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ❤ ❡ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❜ ② ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✭ ✷ ✼✮✳

❚ ❤ ❡ ♠ ❛ ✐ ① A + ❜ ❡ ❤ ❛ ✈ ❡ ❛ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ✐ ♥ ⟨i m A⟩ ❛ ♥ ❞ ❛ ❤ ❡ ③ ❡ ♦ ♦ ♥ ❡ ✐ ♥ ⟨k e r A ′⟩
✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❧ ❡❢ ✿

A + C = A + [(
←−−
A A ′ +

−− →
A A ′)C ] = A + (

←−−
A A ′C ). ( 1 0 2)

❍ ♦ ✇ ❡ ✈ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ✱ ❤ ❡ ♠ ❛ ✐ ① A + ♣❧ ❛ ② ❤ ❡ ♦❧ ❡ ♦❢ ❤ ❡
✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ✐ ♥ ⟨i m A′⟩ ❛ ♥ ❞ ❤ ❡ ③ ❡ ♦ ♠ ❛ ✐ ① ✐ ♥ ⟨k e r A ⟩✿

C A + = [ C (
−− →
A ′A +

←−−
A ′A )]A + = ( C

←−−
A ′A )A + . ( 1 0 3)



✷✳ ✺ ❙ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦ ❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✹ ✼

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ♠ ❛ ✐ ① B ❝ ♦ ♠ ♠ ✉ ❡ ✇✐ ❤ B + ❡ ① ❛ ❝ ❧ ② ✐ ♥ ⟨i m B ⟩ ∩ ⟨ i m B ′⟩✳ ❚ ❤ ❛ ✐ ✇ ❤ ②
❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ❤ ♦❧ ❞ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B − ❢ ♦ ♠ ✭ ✻ ✾✮ ✭ ❡ ❡ ❡ ❝ ✳ ✷✳ ✶✮✿

B − = B + ⇔ B ∈ ⟨ B m ⟩ ⇔ B + B = B B + . ( 1 0 4)

■ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❛ ❝ ❡ ❛✐ ♥ ♦ ❤ ♦ ♥ ♦ ♠ ❛❧ ❜ ❛ ❡✱ ❛ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ①
❤ ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡✿ ✐ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ✭ ❤ ❡ ♠ ❛ ✐ ① ♥ ♦ ♠ ♦❢ ❤ ❡ ✶✲ ♦ ❞ ❡ ✱ ❡ ❡
❡ ❝ ✳ ✾✳ ✶✮ ✐ ♠✐ ♥✐ ♠ ❛❧ ❛ ♠ ♦ ♥ ❣ ❛❧❧ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✶✲ ❡ ♥ ♦ ❡ ❡ ✉ ❛ ✐ ♦ ♥

A X A = A ✱ ✐✳ ❡✳✱ ❤✐ ♠ ❛ ✐ ① ✐ ❤ ❡ ♥ ♦ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❧ ❡❢ ❛ ♥ ❞ ❢ ♦ ♠
❤ ❡ ✐ ❣ ❤ ❬ ✸ ✵✱ ✸ ✷❪ ✭ ❡ ❡ ❛❧ ♦ ❜ ❡❧ ♦ ✇✮✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤✐ ♠ ❛ ✐ ① A + ❣✐ ✈ ❡ ❤ ❡ ♥ ♦ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ✭✐✳ ❡✳✱

✇✐ ❤ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠✮ ♦❢ ❤ ❡ ❧ ❡❢ ✱ ✐ ❣ ❤ ✱ ❛ ♥ ❞ ♠✐ ① ❡ ❞ ❣ ❡ ♥ ❡ ❛❧ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥

A 1 (m × n ) · X (n × t) = A (m × t) ⇒
•

X (n × t) = A +
1 A, ( 1 0 5)

Y (t × m ) · A 2 (m × n ) = A (t × n ) ⇒
•

Y (t × m ) = A A +
2 , ( 1 0 6)

A 1 (m 1 × n 1 ) · X · A 2 (m 2 × n 2 ) = A (m 1 × n 2 ) ⇒
•

X (n 1 × m 2 ) = A +
1 A A +

2 . ( 1 0 7)

❊ ✉ ❛ ✐ ♦ ♥ ❡ ✐ ❞ ✉ ❛❧ ❢ ♦ ❢ ✉❧❧ ♦❧ ✉ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ♦ ♦✿

•

∆ 1 = −
− − − →
A 1 A ′

1 A,

•

∆ 1 = Z ⇔ A ∈ ⟨
← − − −
A 1 A ′

1 · E m × t ⟩ ≡ ⟨ K E R R

− − − →
A 1 A ′

1 ⟩,





( 1 0 8)

•

∆ 2 = − A
− − − →
A ′

2 A 2 ,

•

∆ 2 = Z ⇔ A ∈ ⟨ E t × n ·
← − − −
A ′

2 A 2 ⟩ ≡ ⟨ K E R L

− − − →
A ′

2 A 2 ⟩,





( 1 0 9)

•

∆ = −
− − − →
A 1 A ′

1 A − A
− − − →
A ′

2 A 2 +
− − − →
A 1 A ′

1 A
− − − →
A ′

2 A 2 ,
•

∆ = Z ⇔

A ∈ ⟨
← − − −
A 1 A ′

1 · E m 1 × n 2 ·
← − − −
A ′

2 A 2 ⟩ ≡ ⟨ K E R R

− − − →
A 1 A ′

1 ∩ K E R L

− − − →
A ′

2 A 2 ⟩.





( 1 1 0)

■ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♦❢ ❛❧❧ ❧ ❡❢ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ♦❢ ❛❧❧ ✐ ❣ ❤ ♦ ♥ ❡
❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✭ ✾ ✾✮ ❝ ♦ ♥ ✐ ♦❢ ❤ ❡ ✉ ♥✐ ✉ ❡ ❡❧ ❡ ♠ ❡ ♥ A + ❬ ✸ ✵✱ ✸ ✹❪✿

⟨A −
R ⟩ ≡ A + ⊕ ⟨

−− →
A ′A · E n × m ·

←−−
A A ′⟩ ( 1 1 1)

✭ ❛❧❧ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ✭ ✶ ✵ ✽✮✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ A + ✮✱

⟨A −
L ⟩ ≡ A + ⊕ ⟨

←−−
A ′A · E n × m ·

−− →
A A ′⟩ ( 1 1 2)

✭ ❛❧❧ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✭ ✶ ✵ ✾✮✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ A + ✮✱

A + = ⟨A −
R ⟩ ∩ ⟨ A −

L ⟩. ( 1 1 3)

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦ ♠ ✭ ✶ ✵ ✽✮ ✕✭ ✶ ✶ ✵✮ ✇ ❡ ♦ ❜ ❛✐ ♥

r a n k A 1 = m ⇒
•

∆ 1 = Z, r a n k A 2 = n ⇒
•

∆ 2 = Z,

(r a n k A 1 = m, r a n k A 2 = n ) ⇒
•

∆ = Z.





( 1 1 4)



✹ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❆ ❋ ❋ ■ ◆ ❊ ❆ ◆ ❉ ❖ ❘ ❚ ❍ ❖ ● ❖ ◆ ❆ ▲ ❊ ■ ● ❊ ◆ ❘ ❖ ❏ ❊ ❈ ❚ ❖ ❘ ❙

❈ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ❤ ❡ ❡ ① ❛ ❝ ♥ ♦ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ A x = a ✐ ♥
❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✵ ✶✮✿

||A x − a || → mi n ,
•
x = A + a = [

•

A (r )/ k (A A ′, r)]a , ( 1 1 5)

•

d = −
−− →
A A ′a . ( 1 1 6)

❲❡ ❤ ❛ ✈ ❡
•

d = 0 ⇔ a ∈ ⟨ k e r
−− →
A A ′⟩ ≡ ⟨ k e r K 1 (A A ′, r)⟩. ( 1 1 7)

❍ ❡ ❡ ✇ ❡ ❣ ❡ ❡ ① ❛ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✶ ✺✮ ❛ ♥ ❞ ✭ ✶ ✶ ✻✮ ❢ ♦ ❤ ❡ ♥ ♦ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ♠✐ ♥✐ ♠ ❛❧ ❡ ✐ ❞ ✉ ❛❧
♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ A x = a ✳ ❚ ❤ ❡ ❡ ✐ ❞ ✉ ❛❧ ✐ ❛ ♥ ✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✭ ✶ ✶ ✻✮✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱
✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❛ ✐ ✜ ❡

||
•

d ||2 = −
•

d
′

a , ( 1 1 8)

||
•

d || = si n φ ||a ||, (φ ∈ [ 0; π / 2]) ( 1 1 9)

✇ ❤ ❡ ❡ φ ✐ ❤ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ❡ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✈ ❡ ❝ ♦ a ❛ ♥ ❞ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m A⟩✳
❲❡ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ✐ ♥❢ ❡ ✐ ♥ ❣ ❢ ♦ ♠ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✵ ✶✮ ❤ ❡ ❡ ① ♣❧✐ ❝✐ ❡ ① ♣ ❡ ✐ ♦ ♥ ❢ ♦ ❛

(p, q )✲ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ n × m ✲ ♠ ❛ ✐ ①
•

A (r ) ✐ ♥ ✭ ✶ ✶ ✺✮✳ ❚ ❤ ❡ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ❍ ❡ ♠✐ ❡ ❛ ♥✲❧✐ ❦ ❡ ❢ ♦ ♠ ♦❢
❤✐ ❡❧ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ✐ ♥✐ ✐ ❛❧ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ✐

(p, q ) =

( C r
m − 1 ❡ ♠ ) ( C r

n − 1 ❡ ♠ )

(q, p ) ∈

mi n o r (r )
A A d q ′ , p′

(q, p ) ∈

mi n o r (r )
A ,

✇ ❤ ❡ ❡ p = 1 , . . . , m, q = 1 , . . . , n, p′ ❛ ♥ ❞ q ′ ❛ ❡ ♥ ❡ ✇ ✐ ♥ ❞ ❡ ① ❡ ♦❢ a q p ✐ ♥ ♠✐ ♥ ♦ ♦❢ A ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱
✭ ✶ ✶ ✺✮ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❡ ❤ ❡ ❈ ❛ ♠ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✳ ■ ♥ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ r = n = m ✱ ✭ ✶ ✶ ✺✮ ❡ ♣ ❡ ❡ ♥

❤ ❡ ♠ ❛ ✐ ① ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❛ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ A x = a ✱ ❜ ❡ ❝ ❛ ✉ ❡
•

A (n ) = d et A · A V ✱
k (A A ∗ , n) = d et A · d et A ❛ ♥ ❞✱ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ x = ( A V / d et A )a = A − 1 a ✭ ❤ ❡
♣ ❡ ❝✐ ❛❧ ❝❧ ❛ ✐ ❝ ❝ ❛ ❡ ❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❬ ✹✱ ♣✳ ✸ ✽❪✮✳ ■ ♥ ❤ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛

❢ ♦ ❤ ❡ ✐ ♥✐ ✐ ❛❧ m × n ✲ ♠ ❛ ✐ ① A ✱ ❤ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ n × m ✲ ♠ ❛ ✐ ① A + ❜ ② ▼ ♦ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ❡ ✐
❡ ① ♣ ❡ ❡ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✐ ♥✐ ✐ ❛❧ ✭ ✶✮ ❛ ♥ ❞ ♦ ✭ ✶ ✵ ✶✮✱ ❛ ❢ ♦❧❧ ♦ ✇ ✭ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❡ ❝ ✳ ✸✳ ✹✮✿

A + = li m
ϵ → 0

[A ′(A A ′ + ϵ I ) − 1 ] = li m
ϵ → 0

[(A ′A + ϵ I ) − 1 A ′]

❚ ❤ ❡ ❡ ① ❛ ❝ ♥ ♦ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ A x = a ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❤ ❡ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧✐ ♠✐
❛ ♥ ❞ ❡ ① ❛ ❝ ❡ ❛❧ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ① ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① ♦❢ ▼ ♦ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ❡ ✇ ❡ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞
❜ ② ❤ ❡ ❛ ✉ ❤ ♦ ✇✐ ❤ ✈ ❡ ② ❞ ❡ ❛✐❧ ❡ ❞ ❞ ❡ ✐ ✈ ❛ ✐ ♦ ♥ ② ❡ ✐ ♥ ❡ ❛ ❧ ② ♦❢ ✶ ✾ ✽ ✶✱ ✇✐ ❤ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❜ ♦ ❤
♦ ❝ ❦ ❢ ♦ ❛ ♠ ❛ ✐ ① B ✱ ❛ ♥ ❞ ❛❧ ♦ ♥ ❣ ✇✐ ❤ ❛❧❧ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❈ ❤ ❛ ♣ ❡ ✶ ❛ ♥ ❞ ✷✳

❚ ❤ ❡ ❞ ❛❢ ♦❢ ❤ ❡ ❛ ✉ ❤ ♦ ✬ ✶ ♠ ❛ ❤ ❛ ✐ ❝❧ ❡✱ ✇✐ ❤ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡
♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ✇ ❛ ✉ ❜ ♠✐ ❡ ❞ ♦ ❤ ❡ ♠ ❛✐ ♥ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❥ ♦ ✉ ♥ ❛❧ ♦❢ ❤ ❡
❯ ❙ ❙ ❘✱ ❛ ♥ ❞ ✐ ❧ ❛ ② ✇✐ ❤ ✐ ✶ ❙ ♦ ✈✐ ❡ ❡ ✈✐ ❡ ✇ ❡ ❢ ♦ ✷ ② ❡ ❛ ✱ ❛❢ ❡ ✇ ❤✐ ❝ ❤ ✐ ✇ ❛ ❡❥ ❡ ❝ ❡ ❞ ❜ ②
❤✐ ♠ ✇✐ ❤ ❤ ❡ ✇ ♦ ❞✐ ♥ ❣ ❤ ❛ ✐ ✇ ❛ ♥ ♦ ✉✐ ❛ ❜❧ ❡ ❢ ♦ ❤✐ ❡ ♣ ❡ ❝ ❛ ❜❧ ❡ ❥ ♦ ✉ ♥ ❛❧✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❤ ❡
♠✐ ❞ ❞❧ ❡ ♦❢ ❤✐ ♣ ❡ ✐ ♦ ❞✱ ❤ ❡ ♥ ❡ ✇ ❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❛ ❜ ♦ ✈ ❡ ♠ ② ❡ ✐ ♦ ✉ ❧ ② ❛ ♣ ♣ ❡ ❛ ❡ ❞ ✐ ♥ ❤✐ ❡ ✈✐ ❡ ✇ ❡ ✬
♥ ❡ ✇ ❜ ♦ ♦ ❦✱ ❜ ② ❞ ❡❢ ❛ ✉❧ ✱ ❛ ❤✐ ♣ ♦ ♣ ❡ ✱ ❛ ♥ ❞ ✐ ✐ ❝❧ ❡ ❛ ✇ ❤ ②✿ ❤ ❡ ♣ ♦ ❜ ❛ ❜❧ ② ❧✐ ❦ ❡ ❞ ✐ ✈ ❡ ② ♠ ✉ ❝ ❤ ❡ ❞✳

❚ ❤ ❡ ❞ ❛❢ ❛ ✐ ❝❧ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❞ ♦ ❝✐ ❝ ✉❧ ❛ ❡ ✐ ♥ ♦ ❤ ❡ ❙ ♦ ✈✐ ❡ ♠ ❛ ❤ ❥ ♦ ✉ ♥ ❛❧ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❡ ✉❧ ✱
❛ ♥ ❞ ❛ ♥ ♦ ❤ ❡ ✧ ❛ ✉ ❤ ♦ ✧ ❢ ♦ ♠ ❤ ❡ ❛ ♠ ❡ ♠ ❛ ❤ ❝✐ ❝❧ ❡ ❧ ❛ ❡ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ❛❧ ♦ ✈ ❡ ② ♠ ② ❡ ✐ ♦ ✉ ❧ ② ♠ ②

✉ ❝ ✉ ❡ ❛ ❜ ♦ ✈ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❜ ✉ ❢ ♦ ♠ ❤✐ ♠✳ ❍ ♦ ✇ ❞ ♦ ❡ ❤ ❡ ❤ ❛ ♥ ❞
✐ ❡ ❛ ♠ ♦ ♥ ❣ ✧ ✜ ❣ ✉ ❡ ✧ ✐ ♥ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ❡ ① ❛ ❝ ❝✐ ❡ ♥ ❝ ❡ ♦ ♣ ❛ ♦ ✛ ♦ ♠ ❡ ♦ ♥ ❡ ❡❧ ❡✬ ❛ ❤ ❡✐ ♦ ✇ ♥ ❄

✧ ❖ ❡ ♠ ♣ ♦ ❛✱ ♦ ♠ ♦ ❡ ✦ ✧ ✕ ▼ ❛ ❝ ✉ ❚ ✉❧❧✐ ✉ ❈✐ ❝ ❡ ♦ ✭ ❋✐ ✲ ❝ ❡ ♥ ✉ ② ❇ ❈✮✳
✭ ❙ ❡ ❡ ♠ ♦ ❡ ❛ ❜ ♦ ✉ ❤ ❡ ❡ ❤✐ ♦ ✐ ❝ ❛❧ ❛ ♣ ❡ ❝ ♦ ♥ ❤ ❡ ❛ ✉ ❤ ♦ ✬ ✇ ❡ ❜✲ ✐ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✹✳✮



❈ ❤ ❛ ♣ ❡ ✸

▼ ❛✐ ♥ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡

✸✳ ✶ ❚ ❤ ❡ ♠✐ ♥ ♦ ❛ ♥ ♦❢ ❛ ♠ ❛ ✐ ① ❛ ♥ ❞ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥

▲ ❡ A 1 ❛ ♥ ❞ A 2 ❜ ❡ n × m ✲ ♠ ❛ ✐ ❝ ❡ ✳ ❚ ❤ ❡ ♥ k (A 1 A ′
2 , t) = k (A 2 A ′

1 , t)✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢
♦ ❞ ❡ t ❢ ♦ n × n ✲ ♠ ❛ ✐ ① A 1 A ′

2 ✇ ❡ ❡ ❤ ♦ ✇ ♥ ♦ ❜ ❡ ❤ ❡ ✉ ♠ ♦❢ ❛❧❧ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ♦❢ ♦ ❞ ❡ t✳
❘ ❡ ♣ ❡ ❡ ♥ ❡ ❛ ❝ ❤ ♠ ❛ ✐ ① ♦❢ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♠✐ ♥ ♦ ♦❢ A 1 A ′

2 ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ t × m ✲
♠ ❛ ✐ ❝ ❡ ♦❢ ♦ ✇ ✿

{ D ✲ ♠✐ ♥ ♦ (t)A 1 A ′
2 } = { ❧✐ ❣(t)A 1 } { ❧✐ ❣(t)A 2 } ′.

❇ ② ❤ ❡ ❇✐ ♥ ❡ ✕ ❈ ❛ ✉ ❝ ❤ ② ❢ ♦ ♠ ✉❧ ❛ ❬ ✹✱ ♣✳ ✸ ✾❪✱ ❤✐ ♠✐ ♥ ♦ ✭✐✳ ❡✳✱ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ♦❢ ❤ ❡ ❧ ❡❢ ♠ ❛ ✐ ①✮ ✐
❤ ❡ ✉ ♠ ♦❢ ❛❧❧ ♣ ❛✐ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ♠✐ ♥ ♦ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ✉ ❜ ♠ ❛ ✐ ❝ ❡ ♦❢ ♦ ❞ ❡ t ✇✐ ❤
❤ ❡ ❛ ♠ ❡ ❡ ♦❢ ❝ ♦❧ ✉ ♠ ♥ ✳ ❋ ♦ ❤ ❡ m × m ✲ ♠ ❛ ✐ ① A ′

1 A 2 ✱ ✐ ♥ ❛❧❧ ❤ ❡ ❡ ❛ ❡ ✐ ♦ ♥ ✱ ♦ ✇ ❛ ❡
❝ ❤ ❛ ♥ ❣ ❡ ❞ ❢ ♦ ❝ ♦❧ ✉ ♠ ♥ ❛ ♥ ❞ ❝ ♦❧ ✉ ♠ ♥ ❛ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ❢ ♦ ♦ ✇ ✳ ❈ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ✇ ♦ ❡ ♦❢ C t

n C t
m ♣ ❛✐

♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ♦ ❞ ❡ ✲t ♠✐ ♥ ♦ ♦❢ A 1 ❛ ♥ ❞ A 2 ✳ ❚ ❤ ❡ ② ❢ ♦ ♠ ❤ ❡ ✇ ♦ ✉ ♠ ✳ ❚ ❤ ❡ ✜ ✉ ♠ ✐
❡ ✉ ❛❧ ♦ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ k (A 1 A ′

2 , t)✱ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ✉ ♠ ✐ ❡ ✉ ❛❧ ♦ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
k (A ′

1 A 2 , t)✳ ❚ ❤ ❡ ❡ ❡ ①✐ ❛ ❜✐❥ ❡ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ✇ ♦ ❡ ✱ ✐ ✐ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❥ ✉ ❛ ❜ ♦ ✈ ❡✱ ❤ ✉
❢ ♦ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✇ ❡ ❤ ❛ ✈ ❡

k (A 1 A ′
2 , t) = k (A ′

1 A 2 ., t) = k (A 2 A ′
1 , t) = k (A ′

2 A 1 , t). ( 1 2 0)

■ ♥ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ A 1 = A 2 = A ✱ ✐✳ ❡✳✱ ❢ ♦ ❤ ❡ ❡ ❜ ♦ ❤ ❤ ♦ ♠ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞

k (A A ′, t) =

( C t
m ❡ ♠ ) ( C t

n ❡ ♠ )

♠✐ ♥ ♦ 2 (t)A = k (A ′A, t ) = M t2 (r )A ≥ 0 . ( 1 2 1)

❲❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ❡ ❤ ❡ ❤✐ ❣ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❛ ♥ n × m ✲ ♠ ❛ ✐ ①✱ ✐ ♠✐ ♥ ♦ ❛ ♥ ✿

M t(r )A = k (A A ′, r) = k (A ′A, r ) = M t(r )A ′ > 0 .

■ ✐ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ ❤ ❡ ✉ ♠ ♦❢ ❛❧❧ ✉ ❛ ❡ ❞ ❜ ❛ ✐ ❝ ♠✐ ♥ ♦ A ✱ ❤✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶ ✷ ✶✮✳

◆ ♦ ❡ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✳

✶✳ ■❢ n > m = r ✱ ❤ ❡ ♥ M t2 (m )A = d et A ′A ✭ ❤ ❡ ● ❛ ♠ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ❢ ♦ ❝ ♦❧ ✉ ♠ ♥ A ✮✳

✷✳ ■❢ m = 1 ✱ ❤ ❡ ♥ M t( 1) a = ||a ||E ✭ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ ❛ ✮✳

✸✳ ■❢ n = m = r ✱ ❤ ❡ ♥ M t(n )A = |d et A | ✭ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ A ✮✳

❋ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① ♣ ♦❧ ②✲ ❡ ♣ ❤ ♦ ♠ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♠✐ ♥ ♦ ❛ ♥ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✻ ✼✮✿

M t(r ){ A A ′A . . .

h

} = M t(r ){ A ′A A ′ . . .

h

} =

= k [(A A ′) h , r] = k h (A A ′, r) = M th (r )A.

❈ ♦ ♥ ✐ ❞ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✶ ✶ ✺✮ ❛ ♥ ❞ ❤ ❡ ♠ ❛ ✐ ① { A |a } ✳ ■❢ n = m = r ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ✭ ✶ ✶ ✼✮✱
•

d = 0 ✳
❲ ❤ ❡ ♥ n ≥ m ≥ r ✱ ✭ ✶ ✶ ✻✮ ❛ ♥ ❞ ✭ ✶ ✶ ✾✮ ❣✐ ✈ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❡ ✉❧ ✿

M t(r + 1) { A |a } = si n φ · ||a || · Mt(r )A = ||
•

d || · Mt(r )A. ( 1 2 2)



✺ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ▼ ❆ ■ ◆ ❙ ❈ ❆ ▲ ❆ ❘ ■ ◆ ❱ ❆ ❘ ■ ❆ ◆ ❚ ❙ ❖ ❋ ❙ ■ ◆ ● ❯ ▲ ❆ ❘ ▼ ❆ ❚ ❘ ■ ❈ ❊ ❙

❚ ❤ ♦ ✉ ❣ ❤ ❣ ❛ ❝ ❡❢ ✉❧ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✷ ✷✮ ❛ ♥ ❞ ✐ ♥ ❡ ♠ ♦❢ ♠✐ ♥ ♦ ❛ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① { A |a } ♦❢ ♦ ❞ ❡ ✲(r + 1)
✇✐ ❤ ❛❧❧ ✉ ❛ ❡ ❞ ♠✐ ♥ ♦ ✱ ✇ ❡ ♣ ♦ ✈ ❡ ❝❧ ❡ ❛ ✐ ♥ ♦ ♥ ❡✲❧✐ ♥ ❡ ❤ ❡ ❝❧ ❛ ✐ ❝ ❑ ♦ ♥ ❡ ❝ ❦ ❡ ✕ ❈ ❛ ♣ ❡❧❧✐ ❚ ❤ ❡ ♦ ❡ ♠ ✿

M t2 (r + 1) { A |a } =

( C r + 1
m + 1 ) ( C r + 1

n )

♠✐ ♥ ♦ 2 (r + 1) { A |a } = 0 ⇔
•

d = 0 ⇔ si n φ = 0 .

■❢ n > m = r ✱ ❤ ❡ ♥ ❤ ❡ ● ❛ ♠ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ♠ ❛ ② ❜ ❡ ❛❧ ♦ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❝ ✐ ❡ ✐ ♦ ♥ ❛

M t2 (r + 1) { A |a } = d et [{ A |a } ′{ A |a } ] = ||
•

d ||2 · Mt2 (r )A.

❋ ♦ ♠ ✉❧ ❛ ✭ ✶ ✷ ✷✮ ✐ ♥ ❤ ❡ ♣ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✇ ❤ ❡ ❡ φ ∈ ( 0; π / 2] ✮ ✐

0 ≤ si n φ = M t(r + 1) { A |a } / (M t(r )A · Mt( 1) a ) ≤ 1 . ( 1 2 3)

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✈ ❡ ❝ ♦ ✭φ 1 2 ∈ ( 0; π / 2] ✮ ✐ ♥ ⟨ E n ⟩✱ ✇ ❡ ❤ ❛ ✈ ❡✿

0 ≤ si n φ 1 2 = M t( 2)[ a 1 |a 2 ] / (M t( 1) a 1 · Mt( 1) a 2 ) =

= d et { [a 1 |a 2 ]′ · [a 1 |a 2 ]} / (||a 1 || · ||a 2 ||) = ||a 1 × a 2 ||/ (||a 1 || · ||a 2 ||) ≤ 1 . ( 1 2 4)

❍ ❡ ❡ ♦ ♥ ❤ ❡ ❧ ❡❢ ✇ ❡ ❣✐ ✈ ❡ ❛ ❝ ❛❧ ❛ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ② ♣ ❡ ❢ ♦ ✇ ♦ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ♦ ♥ ❤ ❡
✐ ❣ ❤ ✇ ❡ ❣✐ ✈ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ✐ ❛ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❤ ❡✐ ✈ ❡ ❝ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥✳ ■ ♥ ❤ ❡ ✜ ✈ ❛ ✐ ❛ ♥ ✱ ❢ ♦
✇ ♦ ✈ ❡ ❝ ♦ ♦ ♥ ❛ ♣❧ ❛ ♥ ❡ ✭n = 2 ✮✱ ♠ ❛ ② ❜ ❡ ❡✐ ❣ ❡ ♥ ✱ ✐✳ ❡✳✱ ✐ ♥ ⟨ E 2 ⟩✦✮✱ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✐ ♥ ❢ ♦ ♠ ✉❧ ❛

✭ ✶ ✷ ✹✮ ❞✐ ✐ ♥ ❡ ❣ ❛ ❡ ✐ ♥ ✇ ♦ ❡ ✉ ❛❧ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✳ ❆ ❡ ✉❧ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ❤ ❡ ✐ ♠ ♣❧✐ ✜ ❡ ❞ ❢ ♦ ♠ ✉❧ ❛
❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✈ ❡ ❝ ♦ ♦ ♥ ❛ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ❣ ♥✿

− 1 ≤ si n φ 1 2 = d et [a 1 |a 2 ]/ (||a 1 || · ||a 2 ||) ≤ + 1 , (φ 1 2 ∈ [− π / 2; + π / 2]) .

❘ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✐ ♥ ♦ ❛ ♥ ♦❢ ❛ ♥ n × r ✲ ♠ ❛ ✐ ① A ❛ ♥ ❞ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ ❤ ❡ ● ❛ ♠
❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ♦❢ ✐ r ❝ ♦❧ ✉ ♠ ♥ ❡ ♥ ❛ ❜❧ ❡ ♦ ♥ ❡ ♦ ❝❧ ❛ ✐❢ ② ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ♦❢ ❤ ❡ ♠✐ ♥ ♦ ❛ ♥ ❛ ❤ ❡
✈ ♦❧ ✉ ♠ ❡ ♦❢ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❡ ♣✐ ♣ ❡ ❞✱ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ♦ ♥ ❤ ❡ ✈ ❡ ❝ ♦ ✲ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① A ❬ ✺✱ ♣✳ ✷ ✶ ✻❪✳
■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ♣ ✉ m = r ✳ ❲❡ ♦❢ ❡ ♥ ❞ ❡ ❛❧ ✇✐ ❤ ✉ ❝ ❤ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ♣ ❛ ■■✳ ❚ ❤ ❡ ② ❡ ♣ ❡ ❡ ♥
♣ ❡ ❝✐ ❛❧ ❧✐ ♥ ❡ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ❧✐ ♥ ❡ ♦ ♦❢ ❣ ❡ ❛ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✭r > 1 ✮✱ ❤ ❡ ♥ ✈ ❡ ❝ ♦ ✳ ❈ ♦ ♥ ✐ ❞ ❡
❤ ❡ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❛ ♠ ❛ ✐ ① A ✳ ❉ ❡ ♥ ♦ ❡ ❤ ❡ ✉ ❜ ♠ ❛ ✐ ① ❢ ♦ ♠ ❡ ❞ ❜ ② ✜ j ❝ ♦❧ ✉ ♠ ♥ ❛ A j ✳ ❚ ❤ ❡ ♥

A j + 1 = { A j |a j + 1 } ❢ ♦ ❡ ❛ ❝ ❤ j ✳ ❆ ♣ ♣❧ ② ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✶ ✾✮ ❛ ♥ ❞ ✭ ✶ ✷ ✷✮ ♦ A j + 1 ✱ ❛❧ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝
✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ● ❛ ♠ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✉ ❛ ❡ ♦ ♦ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞✳ ❙ ✉ ❜ ❡ ✉ ❡ ♥ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥
♦❢ ❤✐ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❣✐ ✈ ❡ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛

M t(r )A = v r = ||a 1 || · si n φ 1 ,2 · ||a 2 || · si n φ 1 ,2 ,3 · · · ||a r || ≤ ||a 1 || · ||a 2 || · · · ||a r ||, ( 1 2 5)

✇ ❤ ❡ ❡ v r ✐ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡ ♦❢ ❤ ❡ r ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❛❧❧ ❡❧ ❡ ♣✐ ♣ ❡ ❞ ✇✐ ❤ ✐ ❞ ❡ a 1 , . . . , a r ✱ ❛ ♥ ❞
φ 1 ,2 , φ1 ,2 ,3 , · · · ∈ ( 0; π / 2] ✳

■❢ n = m = r ✱ ❤ ❡ ♥ ❢ ♦ ♠ ✭ ✶ ✷ ✺✮ ❤ ❡ ✐ ♥ ❡ ❍ ❛ ❞ ❛ ♠ ❛ ❞ ■ ♥ ❡ ✉ ❛❧✐ ② ✐ ♥ ✐ ✉ ✉ ❛❧ ❢ ♦ ♠ ❬ ✷ ✶✱ ♣✳ ✸ ✺❪
✐ ✈ ❛❧✐ ❞❀ ❛ ♥ ❞✱ ✐❢ r = 2 ✱ ✐ ❤ ❛ ♣ ❛ ✐ ❝ ✉❧ ❛ ❢ ♦ ♠ ✭ ✶ ✷ ✹✮✳ ❉ ✉ ❡ ♦ ✭ ✼ ✹✮✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞ ♦ ❡ ❤ ♦❧ ❞✿

M t(r )A = k (A A ′, r) =

q

j = 2

σ
s j

j > 0 ,
−− →
A A ′ =

q

j = 2

(σ 2
j I n × n − A A ′)/ σ 2

j , ( 1 2 6)

✇ ❤ ❡ ❡ σ 2
j > 0 ❛ ❡ ❤ ❡ ♥ ♦ ♥ ③ ❡ ♦ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ A A ′ ♦ A ′A ✳



✸✳ ✶ ❚ ❤ ❡ ♠✐ ♥ ♦ ❛ ♥ ♦❢ ❛ ♠ ❛ ✐ ① ❛ ♥ ❞ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✺ ✶

■ ♥ ❣ ❡ ♥ ❡ ❛❧ ✭ n ≥ m ≥ r ≥ t✮✱ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ k (A A ′, t) = k (A ′A, t ) ❝ ❛ ♥ ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ❡✐ ❤ ❡
❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❛ ❤ ❡ ✉ ♠ ♦❢ ✉ ❛ ❡ ❞ t✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✈ ♦❧ ✉ ♠ ❡ ✭t✲ ♠ ❡ ❛ ✉ ❡ ✮ ♦ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛❧❧ ② ❛
❤ ❡ ❱✐ ❡ ❡ ✉ ♠ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ A A ′✿

k (A A ′, t) =
( C t

m ❡ ♠ )

v 2
t ( p ) = s t (σ

2
j ) = v 2

t > 0 ,

k (A A ′, 1) =
( m ❡ ♠ )

ℓ 2
( p ) = s 1 (σ 2

j ) = ℓ 2 = ||A ||2F > 0 ,





(M t2 (r )A = v 2

r ). ( 1 2 7)

❍ ❡ ❡✱ ✐ ♥ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✱ v t ( p ) ✐ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡ v t ♦❢ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❦ t✳
■❢ m = r ✱ ❤ ❡ ♥ ❤ ❡ ❛ ✐ ♦ v t ( p ) / v t = c o s α p ✐ ❤ ❡ p ✲ ❤ ❞✐ ❡ ❝ ✐ ♦ ♥ ❝ ♦ ✐ ♥ ❡✳

❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✷ ✼✮ ❡ ① ♣ ❡ ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ❤ ❡ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ②
n × r ✲ ♠ ❛ ✐ ❝ ❡ ✳ ❋ ✉ ❤ ❡ ✱ ❤ ❡ ② ❛ ❡ ❝ ❛❧❧ ❡ ❞ ❧✐ ♥ ❡ ♦ ✳ ❆❧❧ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❡ ❛❧ ✇ ❛ ② ♣ ♦ ✐ ✐ ✈ ❡
❛ ♥ ❞ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦❧ ✉ ♠ ♥ ♦ ♦ ✇ ♦❢ ❤ ❡ ♠ ❛ ✐ ① A ❛ ♥ ❞ ✐
❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞

M t(r )A = M t(r ){ R 1 A R 2 } = M t(r )
√

A A ′ = M t(r )
√

A ′A. ( 1 2 8)

❚ ❤ ❡ ❡❢ ♦ ❡✱ ❛ ♠✐ ♥ ♦ ❛ ♥ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❢ ♦ ❤ ❡ ❡ ❧✐ ♥ ❡ ♦ ♦❢ ❞✐ ✛ ❡ ❡ ♥
❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ♥ ❦ ✳ ■ ♥ ❈ ❤✳ ✾ ❤✐ ♦ ♣ ♣ ♦ ✉ ♥✐ ② ✇✐❧❧ ❜ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❢ ♦ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❣ ❡ ♥ ❡ ❛❧
♥ ♦ ♠ ♦❢ ✐ ♠✐❧ ❛ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ✳

❚ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♦ ♦ ✐ ♥ ✭ ✶ ✷ ✽✮ ♠ ❛ ② ❜ ❡ ✐ ♥ ❣ ✉❧ ❛ ❀ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤ ❡ ② ❛ ❡ ❡❧ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡
♠ ❛ ✐ ① A ❜ ② ❤ ❡ ✉ ❛ ✐✲ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ A ✭✐✳ ❡✳✱ Q R ✲❢ ❛ ❝ ♦ ✐ ③ ❛ ✐ ♦ ♥ ✮✿

A = S ⊕
1 · R q =

√
A A ′ · {(

√
A A ′) + · A } , ( 1 2 9)

A = R q · S ⊕
2 = { A · (

√
A ′A ) + } ·

√
A ′A. ( 1 3 0)

S ⊕
1 = R q · S ⊕

2 · R q ′ ⇔ A A ′ = R q · A ′A · R q ′,

R q = A · (
√

A ′A ) + = (
√

A A ′) + · A ⇒

R q · R q ′ =
←−−
A A ′,  R q′R q =

←−−
A ′A,  R q ′ = R q + .

❚ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ A → R q ❣✐ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❡ ✉❧ ❛ ❤ ❡ ● ❛ ♠ ✕ ❙ ❝ ❤ ♠✐ ❞ ✉ ♥✐ ② ♦ ❤ ♦✲
❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ m ❧✐ ♥ ❡ ❛ ❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✈ ❡ ❝ ♦ ✿

A = { a 1 , . . . , a m } → { e 1 , . . . , e m } = R q.

❚ ❤✐ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ✉ ♥✐ ✉ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ● ❛ ♠ ✕ ❙ ❝ ❤ ♠✐ ❞
♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ✭ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ ❤ ❡ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ✈ ❡ ❝ ♦ ✐ ✜ ① ❡ ❞✮✳

■ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❤✐ ● ❛ ♠ ✕ ❙ ❝ ❤ ♠✐ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②
❝❧ ❡ ❛ ❧ ② ✇✐ ❤ ✉ ❡ ♦❢ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✿

v 1 = a 1 , v i = a i −
i− 1

k = 1

[e k · e ′
k ] · a i = { I −

i− 1

k = 1

[e k · e ′
k ]} · a i , ( 1 3 1)

✇ ❤ ❡ ❡ e k · e ′
k =

←− − −−
e k · e ′

k ✕ ❡ ❡ ❡ ❝ ✳ ✷✳ ✶✳ ❚ ❤ ❡ ❡ ✉❧ ♦❢ ❤✐ ♣ ♦ ❝ ❡ ❞ ✉ ❡ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
e i = v i / ||v i ||, i = 1 , . . . , m✱ ❛ ♥ ❞ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♠ ❛ ✐ ① R q ❢ ♦ A ✳

❋ ♦ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❦✐ ♥ ❞ ♦❢ n × m ✲ ♠ ❛ ✐ ❝ ❡ ✱ ✇✐ ❤ n > m = r ✱ ♣ ♦ ✈ ❡ ❤ ❡ ♣❧✐ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡
♠✐ ♥ ♦ ❛ ♥ ♦❢ ❤ ❡✐ ❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✿

M t(r )A 1 A ′
2 = M t(r )A 1 · Mt(r )A 2 = d et (A ′

1 A 1 ) · d et (A ′
2 A 2 ). ( 1 3 2)



✺ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ▼ ❆ ■ ◆ ❙ ❈ ❆ ▲ ❆ ❘ ■ ◆ ❱ ❆ ❘ ■ ❆ ◆ ❚ ❙ ❖ ❋ ❙ ■ ◆ ● ❯ ▲ ❆ ❘ ▼ ❆ ❚ ❘ ■ ❈ ❊ ❙

❲✐ ❤ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❛ ♠✐ ♥ ♦ ❛ ♥ ✱ ❤ ❡ ✉ ❛ ✐✲ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✉ ❝ ❤ ❛ ✭ ✶ ✷ ✾✮✱ ✭ ✶ ✸ ✵✮✱ ❛ ♥ ❞
❛❧ ♦ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✷ ✽✮✱ ✇ ❡ ✉ ❜ ❡ ✉ ❡ ♥ ❧ ② ♦ ❜ ❛✐ ♥

M t2 (r ){ A 1 A ′
2 } = k [(A 1 A ′

2 A 2 A ′
1 ), r] = k [(R q 1 · S ⊕

1 · S ⊕
2 · S ⊕

2 · S ⊕
1 · R q ′

1 ), r] =

= k [(S ⊕
1 · S ⊕

2 · S ⊕
2 · S ⊕

1 ), r] = d et (A ′
1 A 1 ) · d et (A ′

2 A 2 ) = M t2 (r )A 1 · Mt2 (r )A 2 .

❋ ✉ ❤ ❡ ✱ ❢ ♦ ✉ ❝ ❤ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ n × m ✲ ♠ ❛ ✐ ❝ ❡ ✇ ❡ ✉ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ✿

B = A 1 A ′
2 ,  B′ = A 2 A ′

1 ; C = A ′
1 A 2 ,  C′ = A ′

2 A 1 .

❋ ♦ B ✱ ✐❢ ⟨i m A′
2 ⟩ ∩ ⟨ k e r A 1 ⟩ = 0 , ⟨i m A′

1 ⟩ ∩ ⟨ k e r A 2 ⟩ = 0 , ❤ ❡ ❡ ❤ ♦❧ ❞ ✿
⟨i m B ⟩ ≡ ⟨ i m A1 ⟩ ⇔ ⟨ k e r B ′⟩ ≡ ⟨ k e r A ′

1 ⟩ ✕ ❡ ❡ ❛❧ ♦ ✭ ✶ ✵ ✵✮✱
⟨i m B ′⟩ ≡ ⟨ i m A2 ⟩ ⇔ ⟨ k e r B ⟩ ≡ ⟨ k e r A ′

2 ⟩ ✕ ❡ ❡ ❛❧ ♦ ✭ ✶ ✵ ✵✮✳
❉ ✉ ❡ ♦ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ m = r a n k A 1 = r a n k A 2 = r ✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞ ♦ ❡ ❤ ♦❧ ❞✿

← − −
B B ′ =

← − − − − − − −
A 1 A ′

2 A 2 A ′
1 =

← − − −
A 1 A ′

1 =
←− − − −−
R q 1 R q ′

1 ,
← − −
B ′B =

← − − − − − − −
A 2 A ′

1 A 1 A ′
2 =

← − − −
A 2 A ′

2 =
←− − − −−
R q 2 R q ′

2 ,
− − →
B B ′ =

− − − − − − − →
A 1 A ′

2 A 2 A ′
1 =

− − − →
A 1 A ′

1 =
−− − − − →
R q 1 R q ′

1 ,
− − →
B ′B =

− − − − − − − →
A 2 A ′

1 A 1 A ′
2 =

− − − →
A 2 A ′

2 =
−− − − − →
R q 2 R q ′

2 .






( 1 3 3)

❇ ❡ ✐ ❞ ❡ ✱ d et C = d et (A ′
1 A 2 ) ≠ 0 . ✭ ❙ ❡ ❡ ❤✐ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❛ ■■✱ ❡ ❝ ✳ ✺✳ ✹✳✮

❚ ❤ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡

K j [(A 1 A ′
2 A 2 A ′

1 ), r] = d et (A ′
2 A 2 ) · K j (A 1 A ′

1 , r),
K j [(A 2 A ′

1 A 1 A ′
2 ), r] = d et (A ′

1 A 1 ) · K j (A 2 A ′
2 , r),

(j = 1 , 2 , ) ( 1 3 4)

❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✻ ✶✮✱ ✭ ✻ ✷✮✱ ✭ ✶ ✸ ✷✮✱ ✭ ✶ ✸ ✸✮✳

✸✳ ✷ ❙✐ ♥ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ♠ ❛ ✐ ❝ ❡

▲ ❡ E = { e i } n × n ❜ ❡ ♦ ♠ ❡ n × n ✲ ♠ ❛ ✐ ①✱ ❣✐ ✈ ❡ ♥ ❛ ❛ ❧✐ ♥ ❡ ❛ ✉ ♥✐ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥ ❤ ❡
✶✲ ✉ ❛ ❞ ❛ ♥ ♦❢ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ { I } ✐ ♥ ❛ ♣ ❛ ❝ ❡ ⟨ E n ⟩✱ ✇ ❤ ❡ ❡ ||e i || = 1 ❢ ♦ ❛❧❧ i✳ ◆ ❛ ♠ ❡❧ ②✱ ❤ ❡
♠ ❛ ✐ ① E = { e i } n × n ❞ ❡ ❡ ♠✐ ♥ ❡ ❛ ♥ n ✲ ❡ ❞ ❣ ❡ ♣ ♦❧ ② ❤ ❡ ❞ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡❀
d et E = M t(n )E ≤ 1 ✐ ✱ ❞ ✉ ❡ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✈ ❛❧ ✉ ❡ ✐ ♥ ❍ ❛ ❞ ❛ ♠ ❛ ❞ ■ ♥ ❡ ✉ ❛❧✐ ② ✭ ✶ ✷ ✺✮✱ ✐
✐ ♥ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝✳ ❚ ❤✐ ♣ ♦❧ ② ❤ ❡ ❞ ❛❧ ❛ ♥ ❣❧ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❤ ❡ ✉ ♥✐ ✉ ❡ ♠ ✉ ✉ ❛❧ ❡ ♥ ♦

❛ ♥ ❣❧ ❡✱ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ♠ ❛ ✐ ① Ê = { ê i } n × n = {
−− − →
E i E

′
i e i s e c β i } ✱ ✇ ❤ ❡ ❡ E i ✐ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ♠ E ❜ ②

❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡ ❝ ♦❧ ✉ ♠ ♥ e i ♦ ♥ ③ ❡ ♦ ♦ ♥ ❡✱ ❛ ♥ ❞ ❢ ♦ ❤✐ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Ê ✉ ♥✐ ② ✐ ❝ ❛❧✐ ❜ ❛ ✐ ♦ ♥ ❜ ② s e c β i

✐ ✉ ❡ ❞✳ ❚ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ♦❢ ② ♣ ❡
−− − →
E i E

′
i ♣ ♦❥ ❡ ❝ ✐ ♥ ♦ ❤ ❡ ❦ ❡ ♥ ❡❧ ⟨k e r E ′

i ⟩ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ♦ ❤ ❡
✐ ♠ ❛ ❣ ❡ ⟨i m Ei ⟩ ✭ ❡ ❡ ❡ ❝ ✳ ✷✳ ✺✮✳ ❚ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿ c o s β i = e ′

i ê i = ê ′
i e i ( 0 < c o s β i ≤ 1) , e ′

i ê j = 0 ♦

E ′ Ê = D c o s β = Ê ′E ✱ → c o s 2 β i = e ′
i

−− − →
E i E

′
i e i , ❛ ♥ ❞ ❤ ❡ ❛❧❧ ✈ ❛❧ ✉ ❡ ♦❢ c o s β i ❛ ❡ ✜ ♥ ❞✐ ♥ ❣✳ ❚ ❤ ❡ ♥

d et E · d et Ê = d et D c o s β =
n

i = 1

c o s β i , |d et E | ≤ 1 , |d et Ê | ≤ 1;

E ′E = D c o s β · ( Ê ′ Ê ) − 1 · D c o s β , Ê ′ Ê = D c o s β · (E ′E ) − 1 · D c o s β ,

G = D s e c β · E ′E · D s e c β = Ĝ − 1 = [ D s e c β · Ê ′ Ê · D s e c β ]− 1 .

❍ ❡ ❡ G ❛ ♥ ❞ Ĝ ❛ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✐ ♥ ❤ ❡ ❡ ❝ ❤ ❡ ❞ ♦❢ ❤ ❡ ❡ ❛ ♥ ❣❧ ❡ ♠ ✉ ✉ ❛❧ ❛ ✣ ♥ ❡ ❜ ❛ ❡ ✱ ❣✐ ✈ ❡ ♥
✐ ♥ { I } ❜ ② ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ { E D s e c β } ❛ ♥ ❞ { Ê D s e c β } ✳



✸✳ ✸ ❈ ♦ ✐ ♥ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ♠ ❛ ✐ ❝ ❡ ✺ ✸

❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❤ ❡ ❜ ♦ ♦ ❦✱ ✇ ❡ ❞ ❡ ❛❧ ✇✐ ❤ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ② ♣ ❡ ✱ ✐✳ ❡✳✱ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ❡ ❞
❜ ② ♣ ❛✐ ♦❢ ❧✐ ♥ ❡ ❛ ✉ ❜ ♣ ❛ ❝ ❡ ✭ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✐❢ r = 1 ✮ ♦ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ A 1 ✱ A 2 ✭ ✈ ❡ ❝ ♦ ✐❢ r = 1 ✮
✐ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ✳

❆ ✜ ✱ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ✐ ♥ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❜✐ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ✳ ❋ ♦ ❤✐ ✇ ❡ ✉ ♣ ♣ ♦ ❡ ❤ ❛
r 1 = r a n k A 1 ❛ ♥ ❞ r 2 = r a n k A 2 ✱ ❜ ✉ r 1 + r 2 ≤ n ✳ ❚ ❤ ❡ ❜❧ ♦ ❝ ❦ ♠ ❛ ✐ ① { A 1 |A 2 } ✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡
❡ ① ❡ ♥ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ A 1 ❛ ♥ ❞ A 2 ✳ ■ ♥ ♦ ❞ ✉ ❝ ❡ ❢ ♦ ❤ ❡ ❡ ❝ ❛ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✭ ♦ ❧✐ ♥ ❡ ♦ ✮ A 1

❛ ♥ ❞ A 2 ❤ ❡ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ ❡ ❛ ✐ ♦ ✭ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❡ ❝ ✳ ✽✳ ✹✮✿

| {A 1 |A 2 }| si n = M t(r 1 + r 2 ){ A 1 |A 2 } / (M t(r 1 )A 1 · Mt(r 2 )A 2 ) = ( 1 3 5)

= d et
A ′

1 A 1 A ′
1 A 2

A ′
2 A 1 A ′

2 A 2
/ d et (A ′

1 A 1 ) · d et (A ′
2 A 2 ) = d et G 1 ,2 / M t(r )A 1 A ′

2 ≥ 0 .

■ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ✭ ✶ ✷ ✸✮ ❛ ♥ ❞ ❛ ✐ ♦ ✭ ✶ ✷ ✹✮ ❢ ♦ ❤ ❡ ✐ ♥ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✈ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ♠ ❛ ✐ ①
✐ ♥ ♥ ✉ ♠ ❡ ❛ ♦ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ✈ ❡ ❝ ♦ ♦❢ ✐ ♥ ❡ ② ♣ ❡ ✉ ❡ ❞ ✐ ♥ ✭ ✶ ✷ ✹✮✳
❚ ❤✐ ❛ ✐ ♦ ✐ ❤ ❡ ✐ ♥ ❡ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ❞ ❡ ✜ ♥✐ ❡ ♥ ♦ ♠ ❢ ♦ ❛ ♣ ❛✐ ♦❢ A 1 ❛ ♥ ❞ A 2 ✳

❚ ❤ ❡ ❑ ♦ ♥ ❡ ❝ ❦ ❡ ✕ ❈ ❛ ♣ ❡❧❧✐ ❚ ❤ ❡ ♦ ❡ ♠ ♠ ❛ ② ❜ ❡ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♠ ❛ ✐ ① ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ✉ ❝ ❤ ❛
✭ ✶ ✵ ✺✮ ✕✭ ✶ ✵ ✼✮✳ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ✐ ❡ ① ♣ ❡ ❡ ❞ ❛❧ ♦ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ♠✐ ♥ ♦ ❛ ♥ ✿

M t2 (r 1 + r 2 + 1)
A 1 A
Z A 2

= 0 ⇔
•

∆ = Z. ( 1 3 6)

✸✳ ✸ ❈ ♦ ✐ ♥ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ♠ ❛ ✐ ❝ ❡

❉ ❡ ♥ ♦ ❡ ❤ ❡ ❤✐ ❣ ❤ ❡ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❛ ✉ ❛ ❡ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ①✱ ✐ ❞✐ ❛ ♥ ❛❧ ✿

D l(r )B = k (B, r ) = D l(r )B ′ (d et B = 0) ,

❙ ♦✱ D l(r ){ A A ′} = D l(r ){ A ′A } = k (A A ′, r) = M t2 (r )A ✕ ❡ ❡ ❡ ❝ ✳ ✸✳ ✶✳ ❆ ♥ ❞ ❢ ♦ ♠ ❢ ♦ ♠ ✉❧ ❛

✭ ✶ ✷ ✷✮ ✇ ❡ ❤ ❛ ✈ ❡✿ M t2 (r + 1) { A |a } = D l(r + 1) { [A |a ][A |a ]′} = 0 ⇔
•

d = 0 ⇔ si n φ = 0!
❚ ❤ ❡ ♥ ❤ ❡ ♥ ❡ ✇ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❢ ♦ ❛ ✐ ♥ ❣ ✉❧ ❛ ✉ ❛ ❡ ♠ ❛ ✐ ① B ✱ ✐ ✐ ❣ ♥✲✐ ♥ ❞ ❡ ✜ ♥✐ ❡

❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ✭ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❈ ❤✳ ✽✮✱ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ♠✐ ♥ ♦ ❛ ♥ ❛ ♥ ❞ ❤ ❡ ❞✐ ❛ ♥ ❛❧✿

{ B } c o s = D l(r )B / D l(r )B B ′ = D l(r )B / M t(r )B =

q 1

i = 2

µ
s ′

1 , i

i

q 2

j = 2

σ
s 2 , j

j . ( 1 3 7)

❲❡ ♠ ❛ ② ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❢ ♦ B ❛ ❢ ♦❧❧ ♦ ✇ ✭ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❡ ❝ ✳ ✽✳ ✶✮✿

1 ≥ | { B }| c o s = | Dl(r )B |/ M t(r )B =

q 1

i = 2

|µ i |
s ′

1 , i

q 2

j = 2

σ
s 2 , j

j ≥ 0 . ( 1 3 8)

❚ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ♦❢ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ B ✐ ✵ ✭ r ′ < r ✮✱ ❛ ♥ ❞ ✐ ✐ ✰ ✶ ♦ − 1 ❢ ♦ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ B ✳
❋ ♦ ♠ ✉❧ ❛ ✭ ✶ ✸ ✼✮ ♦ ❤ ❡ ✐ ❣ ❤ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ i ✇✐ ❤ ❤ ❡✐ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ✐ ❡ s ′

1 , i

❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B ❛ ♥ ❞ ✐ ✐ ♥ ❣ ✉❧ ❛ ♥ ✉ ♠ ❜ ❡ σ j > 0 ✭❢ ♦ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B B ′ ♦
B ′B ✮ ✇✐ ❤ ❤ ❡✐ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✭ ❣ ❡ ♦ ♠ ❡ ✐ ❝✮ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ✐ ❡ s 2 , j ✐ ♥ M t(r )B ❛ ✐ ♥ ✭ ✶ ✷ ✻✮✳

▲ ❡ A 1 ❛ ♥ ❞ A 2 ❜ ❡ n × m ✲ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢
❝ ♦ ✐ ♥ ❡ ② ♣ ❡ B = A 1 A ′

2 ❛ ♥ ❞ B ′ = A 2 A ′
1 ✱ C = A ′

1 A 2 ❛ ♥ ❞ C ′ = A ′
2 A 1 ✳ ❚ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦

❢ ♦ ❛ ♣ ❛✐ ♦❢ ♠ ❛ ✐ ❝ ❡ ✭ ♦ ❧✐ ♥ ❡ ♦ ✮ A 1 ❛ ♥ ❞ A 2 ♠ ❛ ② ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛

{ A 1 · A ′
2 } c o s = { A 2 · A ′

1 } c o s = D l(r ){ A 1 · A ′
2 } / M t(r ){ A 1 · A ′

2 } . ( 1 3 9)



✺ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ▼ ❆ ■ ◆ ❙ ❈ ❆ ▲ ❆ ❘ ■ ◆ ❱ ❆ ❘ ■ ❆ ◆ ❚ ❙ ❖ ❋ ❙ ■ ◆ ● ❯ ▲ ❆ ❘ ▼ ❆ ❚ ❘ ■ ❈ ❊ ❙

■❢ A 1 ❛ ♥ ❞ A 2 ❛ ❡ ❡ ✉✐ ❛ ♥ ❦ n × r ✲ ♠ ❛ ✐ ❝ ❡ ✱ ❤ ❡ ♥✱ ❞ ✉ ❡ ♦ ✭ ✶ ✷ ✵✮ ❛ ♥ ❞ ✭ ✶ ✸ ✷✮✱

{ A 1 · A ′
2 } c o s = D l(r ){ A 1 · A ′

2 } / (M t(r )A 1 · Mt(r )A 2 ) =

= d et { A ′
1 A 2 } / [ d et { A ′

1 A 1 } · d et { A ′
2 A 2 } ]. ( 1 4 0)

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✈ ❡ ❝ ♦ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ✇ ❡ ❤ ❛ ✈ ❡

− 1 ≤ c o s φ 1 2 = a ′
1 a 2 / ||a 1 || · ||a 2 || = a ′

2 a 1 / ||a 2 || · ||a 1 || ≤ + 1 , (φ 1 2 ∈ ( 0; π ]). ( 1 4 1)

❲❡ ♥ ♦ ❡ ❤ ❡ ❡ ❡ ♣ ❡ ❝✐ ❛❧❧ ②✱ ❤ ❛ ❜ ♦ ❤ ❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ✐ ❞ ❡ ✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✸ ✺✮ ♦ ✭ ✶ ✹ ✵✮ ♠ ❛ ② ❜ ❡
❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❛ ♦ ♠ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ① ♣ ❡ ✐ ♦ ♥ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✭ ✐ ♥ ❡ ♦ ❝ ♦ ✐ ♥ ❡✮ ♥ ❛ ✉ ❡
❢ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✭❧✐ ♥ ❡ ♦ ✮ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② n × r ✲ ♠ ❛ ✐ ❝ ❡ A 1 ❛ ♥ ❞ A 2 ✳ ❚ ❤ ❡
❛ ♥ ❣❧ ❡ ✐ ❣ ♥ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ♦ ♥❧ ② ❢ ♦ ✇ ♦ ✈ ❡ ❝ ♦ ♦ ♥ ❛ ♣❧ ❛ ♥ ❡✱ ♠ ❛ ② ❜ ❡ ❡✐ ❣ ❡ ♥ ✱ ✐✳ ❡✳✱ ✐ ♥ ⟨ E 2 ⟩✳

❋ ♦ ✇ ♦ ✈ ❡ ❝ ♦ a 1 ❛ ♥ ❞ a 2 ✭✐✳ ❡✳ ✐❢ r = 1 ✮✱ ❤ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✸ ✺✮✱ ✭ ✶ ✹ ✵✮ ❛ n ≥ 2
❡ ♣ ❛ ❛ ❡❧ ② ♦ ❛ ❤ ❡ ✉ ♠ ♦❢ ❤ ❡✐ ✉ ❛ ❡ ❞ ❢ ♦ ♠ ❣✐ ✈ ❡ ❛ ♥ ✉ ♠ ❜ ❡ ♦❢ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ♦

✐ ❞ ❡ ♥ ✐ ✐ ❡ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✭ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡✮ ♥ ❛ ✉ ❡✳ ❚ ❤ ❡✐ ❡ ① ❛ ♠ ♣❧ ❡ ❛ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❛ ✐ ♥ ❡
❍ ❛ ❞ ❛ ♠ ❛ ❞ ■ ♥ ❡ ✉ ❛❧✐ ②✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥ ❢ ♦ ♠ ✭ ✶ ✷ ✺✮ ❛ r = 2 ❀ ❝ ♦ ✐ ♥ ❡ ❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ②✱ ❢ ♦
❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥ ❢ ♦ ♠ ✭ ✶ ✹ ✶✮✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ✈ ❡ ❝ ♦ ♦❢ ✐ ♥ ❡ ② ♣ ❡ ✐ ♥ ✭ ✶ ✷ ✹✮ ❛ ♥ ❞
❝ ♦ ✐ ♥ ❡ ② ♣ ❡ ✐ ♥ ✭ ✶ ✹ ✶✮ ❣✐ ✈ ❡ ❤ ❡ ❡ ❙ ✉ ♠ ♠ ❛ ② ✐ ❞ ❡ ♥ ✐ ② ❢ ♦ ❤ ❡✐ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✭ ❤ ❡ ❡ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡✮✱ ✇ ❤✐ ❝ ❤ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ■ ❞ ❡ ♥ ✐ ② ❛❧ ♦ ❢ ♦ ✇ ♦ ✈ ❡ ❝ ♦ ✿

[M t( 2)[ a 1 |a 2 ]/ (M t( 1) a 1 · Mt( 1) a 2 )] 2 + [ t r a 1 a ′
2 / (M t( 1) a 1 · Mt( 1) a 2 )] 2 =

= [ d et ([a 1 |a 2 ]′[a 1 |a 2 ])]/ [a ′
1 a 1 · a ′

2 a 2 ] + [(a ′
1 a 2 ) 2 ]/ [a ′

1 a 1 · a ′
2 a 2 ] = ( 1 4 2)

= si n 2 φ 1 ,2 + c o s 2 φ 1 ,2 = 1 = ( a 1 × a 2 ) 2 / ||a 1 ||2 · ||a 2 ||2 + ( a 1 · a 2 ) 2 / ||a 1 ||2 · ||a 2 ||2 ,

✭ ✇ ❤ ❡ ❡ ❤ ❡ ❧ ❛ ✈ ❛ ✐ ❛ ♥ ✐ ❛ ❝❧ ❛ ✐ ❝ ❛❧ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ■ ❞ ❡ ♥ ✐ ② ♦❢ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ❢ ♦ ✇ ♦ ✈ ❡ ❝ ♦ ✮✳ ◆ ♦ ❡✱
❤ ❛ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✹ ✷✮ ❡ ♥ ❛ ❜❧ ❡ ♦ ♥ ❡ ♦ ♥ ♦ ♠ ❛❧✐ ③ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✈ ❡ ❝ ♦ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳

■ ♥ ♣ ❛ ■■ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦✱ ✐ ♠✐❧ ❛ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ❛ ❧✐ ♥ ❡ ♦ ✱
❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② n × m ✲ ♠ ❛ ✐ ❝ ❡ A 1 ❛ ♥ ❞ A 2 ✱ ✇✐❧❧ ❜ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❞✳

✸✳ ✹ ▲✐ ♠✐ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❡✐ ❣ ❡ ♥ ♣ ♦ ❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶✮ ❛ ♥ ❞ ✭ ✶ ✵ ✶✮✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ❞ ♦ ❤ ♦❧ ❞✿

A + = li m
ϵ → 0

[A ′(A A ′ + ϵ I ) − 1 ] = li m
ϵ → 0

[(A ′A + ϵ I ) − 1 A ′] = ( 1 4 3)

= li m
N → ∞

[N A ′(N A A ′ + I ) − 1 ] = li m
N → ∞

[(N A ′A + I ) − 1 N A ′], ( 1 4 4)

✭
−− →
A ′A A ′ = Z = A ′

−− →
A A ′ ⇒ K 1 (A ′A, r )A ′ = Z = A ′K 1 (A A ′, r) ✮✳

❆ ✇ ❡❧❧ ❛ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✼ ✶✮ ✕✭ ✼ ✸✮✱ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✹ ✸✮✱ ✭ ✶ ✹ ✹✮ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ❜ ②
♣ ✉ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✇ ❛ ②✱ ✇✐ ❤ ✉ ❡ ♦❢ ❤ ❡ ❡ ♦❧ ✈ ❡ ♥ ✭ ✶✮✳

❆✳ ◆✳ ❚✐ ❦ ❤ ♦ ♥ ♦ ✈ ❬ ✷ ✻❪ ✇ ❛ ❤ ❡ ✜ ✇ ❤ ♦ ❡ ① ♣ ❡ ❡ ❞ ❤ ❡ ♥ ♦ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥
A x = a ❛ ❛ ❧✐ ♠✐ ✳ ❍ ❡ ✉ ❡ ❞ ❤✐ ❡ ❣ ✉❧ ❛ ✐ ③ ❛ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧
❡ ① ❡ ♠ ✉ ♠ ♣ ♦ ❜❧ ❡ ♠✿ ✜ ♥ ❞ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ✇✐ ❤ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ♦ ♥ ❛
❣✐ ✈ ❡ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❡ ✐ ❞ ✉ ❛❧ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥

U (x , ϵ) = ϵ F 1 (x ) + F 2 (x ) = mi n , d U / dx = 0 (ϵ → 0) . ( 1 4 5)

❍ ❡ ❡✿ (F 1 (x ) = x ′x , F2 (x ) = d ′(x ) · d (x )✱ ❛ ♥ ❞ ✇ ❤ ❡ ❡ ❤ ❡ ❡ ✐ ❞ ✉ ❛❧ ✐ d (x ) = A x − a )✳



✸✳ ✹ ▲✐ ♠✐ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❡✐ ❣ ❡ ♥ ♣ ♦ ❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✺ ✺

◆ ♦ ❡✱ ❤ ❛ ✐ ♠✐❧ ❛ ❡ ✉❧ ✱ ❜ ✉ ✐ ♥ ❧✐ ♠✐ ❢ ♦ ♠ ✭ ✶ ✹ ✹✮✱ ♠✐ ❣ ❤ ❜ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❧ ♦ ♥ ❣ ❜ ❡❢ ♦ ❡ ❤ ❡
♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❆✳ ◆✳ ❚✐ ❦ ❤ ♦ ♥ ♦ ✈ ❜ ② ❈ ♦ ✉ ❛ ♥ ✬ ♣ ❡ ♥ ❛❧ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ❬ ✶ ✽❪✿

W (x , N) = F 1 (x ) + N · F 2 (x ) = mi n , d W / dx = 0 (N → ∞ ). ( 1 4 6)

■ ♥ ❤✐ ❛ ❦✱ ❜ ♦ ❤ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ❛ ❡ ✐ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❝ ♦ ♥ ✐ ✐ ♥ ❣ ✐ ♥ ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣
♦ ❞✐ ✈✐ ❞✐ ♥ ❣ ❜ ② ❛ ❝ ❛❧ ❛ ❧✐ ♠✐ ♣ ❛ ❛ ♠ ❡ ❡ ✳

❈ ♦ ✉ ❛ ♥ ✬ ♣ ❡ ♥ ❛❧ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ✜ ♥ ❞ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ① ❡ ♠ ✉ ♠ ♦❢ F 1 (x ) ✇✐ ❤ ❤ ❡
❣ ❛ ❞✐ ❡ ♥ 1 × n ✲ ✈ ❡ ❝ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ❡ ✉ ❛ ✐ ♦ ♥ h ′(x ) = d F 2 / d x = 0 ✳ ■ ♥ ❡ ❣ ❛ ✐ ♦ ♥
❝ ♦ ♥ ✈ ❡ ❤ ❡ ✉ ✉ ❛❧ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✐ ♥ ♦ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❛❧ ❛ ❢ ♦ ♠✿

h (x ) =

x

x s

h ′(x )d x = 0 = c o n st. ( 1 4 7)

❚ ❤ ❡ ♥ ✐ ♥ ✭ ✶ ✹ ✻✮ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ W (x , N) ❛ ♥ ❞ ❤ ❡ ✉ ♥✐ ✉ ❡ ❝ ❛❧ ❛ ▲ ❛ ❣ ❛ ♥ ❣ ❡
♠ ✉❧ ✐ ♣❧✐ ❡ N → ∞ ✱ ❛

(d h / d x ) · N = h ′(x ) · N = 0 · N = − d F 1 / d x ≠ 0

❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✶ ✹ ✻✮✱ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② N → ∞ ✳
■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ❡ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❛ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ❢ ♦ ✜ ♥ ❞✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ① ❡ ♠ ✉ ♠ ♦❢

F 1 (x ) ♦ ♥ ❤ ❡ ❛ ✐ ♦ ♥ ❛ ② ❡ ♦❢ F 2 (x )✳ ❈ ❤ ❛✐ ♥ ✐ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✶ ✹ ✺✮ ❛ ♥ ❞ ✭ ✶ ✹ ✻✮ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❞
❜ ② ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧ ✐ ♥ ϵ ♦ N ✳ ❚ ❤ ❡ ✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ❜✐❧✐ ② ❤ ❡ ❡ ✇ ♦ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞
✐ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❢ ♦ ♠ ✭ ✇✐ ❤ ❤ ❡ ♠ ❛❧❧ ♦ ❧ ❛ ❣ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✮ ✐ ✱ ❞ ✉ ❡ ♦ ✭ ✶ ✹ ✼✮✱ ✐ ♥ ❡ ❣ ❛ ❜✐❧✐ ② ♦❢
❤ ❡ 1 × n ✲ ✈ ❡ ❝ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ h ′(x ) ❢ ♦ ♠ ❤ ❡ ❝ ♦ ♥ ❛✐ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ② ♠ ♠ ❡ ② ♦❢

✐ ❏ ❛ ❝ ♦ ❜✐ ♠ ❛ ✐ ①✿ (d h / d x ) ′ = d h / d x ✳ ■❢ ❤ ❡ ♥ ♦ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥ A x = a ✐ ❡ ❛ ❝ ❤ ❡ ❞
❢ ♦ ✱ ❤✐ ② ♠ ♠ ❡ ✐ ❝ ❏ ❛ ❝ ♦ ❜✐ ♠ ❛ ✐ ① ✐ A ′A ✳

❉ ✉ ❡ ♦ ● ❡ ♥ ❡ ❛❧ ♦ ♣ ✐ ♠✐ ③ ❛ ✐ ♦ ♥ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ϵ d F 1 / d x + h ′(x ) = 0 ,
ϵ → 0 ♦ d F 1 / d x + N h ′(x ) = 0 ✱ N → ∞ ✱ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛ ❝ ♦ ♠ ♣❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ✐ ♦ ♥ ❛ ✐ ② ♦❢ F 1 (x ) ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❛✐ ♥ h ′(x ) = 0 ✐ ✛ ❤ ❡ ❏ ❛ ❝ ♦ ❜✐ ♠ ❛ ✐ ① ♦❢ ❤ ❡
❝ ♦ ♥ ❛✐ ♥ ✈ ❡ ❝ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ h ′(x ) ✐ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ✱ ✐✳ ❡✳✱ ⟨k e r d h / d x ⟩ ≡ ⟨ k e r (d h / d x ) ′⟩✳ ✭ ❆ ♥ ❞
❛ ❤ ❡ ❛ ✐ ♦ ♥ ❛ ✐ ② ♣ ♦✐ ♥ ♦❢ F 1 (x ) ❢ ♦ ❤ ❡ 1 × n ✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❣ ❛ ❞✐ ❡ ♥ ✱ ♦ ❜ ✈✐ ♦ ✉ ❧ ②✱

❤ ❡ ❡ ❤ ♦❧ ❞ ✿ d F 1 / d x ·
−− − − →
d h / d x ∈ ⟨ k e r d h / d x ⟩✳✮

❚ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ✐ ♦ ♥ ❛ ✐ ② ♥ ❛ ✉ ❡ ♦❢ F 1 (x ) ✭✐✳ ❡✳✱ ❡✐ ❤ ❡ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ♠✐ ♥✐ ♠ ✉ ♠ ♦ ❛
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ♠ ❛ ①✐ ♠ ✉ ♠✱ ♦ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ❞ ❞❧ ❡ ✇✐ ❤ ♦ ✉ ❡ ① ❡ ♠ ✉ ♠ ✮ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❧✐ ♠✐
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❍ ❡ ❡ ♠ ❛ ✐ ① ♦❢ F 1 (x ) ✉ ♣ ♦ ❝ ❛❧ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ϵ ♦ N ✳

❙ ❡ ❡ ❞ ❡ ❛✐❧ ❡ ❞ ❡ ① ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤✐ ● ❡ ♥ ❡ ❛❧ ♦ ♣ ✐ ♠✐ ③ ❛ ✐ ♦ ♥ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❛ ♥ ❞ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥
✐ ♥ ♦ ❤ ❡ ♦ ✉ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ❬ ✶ ✼✱ ♣✳ ✾ ✼ ✕ ✶ ✶ ✷❪✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤✐ ♠ ❡ ❤ ♦ ❞ ❣✐ ✈ ❡ ✱ ❜ ② ✉ ❝ ❤ ✐ ♠ ♣❧ ❡
✇ ❛ ②✱ ❤ ❡ ❡ ① ❛ ❝ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ① ❡ ♠ ✉ ♠ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞✲ ♦ ❞ ❡ ❝ ❛❧ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ Q (x )
✉ ♥ ❞ ❡ ❤ ❡ ❧✐ ♥ ❡ ❛ ❝ ♦ ♥ ❛✐ ♥ ❡ ✉ ❛ ✐ ♦ ♥ B m · x = a ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ B m = S ✳

▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ✐ ♥ ❣ ✉❧ ❛ ❏ ❛ ❝ ♦ ❜ ② ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B p ❢ ♦ ❤ ❡ ❧✐ ♥ ❡ ❛ ❝ ♦ ♥ ❛✐ ♥
❡ ✉ ❛ ✐ ♦ ♥ B p ·x = a ♠ ❛ ② ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① B m ❜ ② ❛ ✉✐ ❛ ❜❧ ❡ ♠ ♦ ❞ ❛❧

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❜ ❛ ❡ ✭❢ ✉ ❤ ❡ ✱ ❤✐ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ♠ ❛ ② ❜ ② ❛ ♣ ♣❧✐ ❡ ❞✮✳ ❆ ❡ ① ❛ ♠ ♣❧ ❡✱
❢ ♦ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B p ✱ ✐ ❛ ✣ ♥ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① B p − ✱ ❡ ❡ ✭ ✻ ✾✮✱ ♠ ❛ ② ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞
❜ ② ❤ ❡ ❛ ♠ ❡ ❧✐ ♠✐ ✇ ❛ ② ✇✐ ❤ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✉ ❡ ♦❢ ❧✐ ♥ ❡ ❛ ❜ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❝ ♦ ♥ ✈ ❡ ✐ ♥ ❣ B p
✐ ♥ ♦ B m ✳ ❚ ❤ ❡ ♥ ♦ ♥ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ B m − ❜ ② ❤ ❡ ❧✐ ♠✐ ♠ ❡ ❤ ♦ ❞ ❞ ✉ ❡ ♦ ✐ ✈ ❛❧ ✉ ❡ ✐ ♥ ✭ ✶ ✵ ✹✮✱ ✐✳ ❡✳✱
❢ ❛ ❝ ✉ ❛❧❧ ② ❛ ❤ ❡ ▼ ♦ ♦ ✲ ❡ ♥ ♦ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ①✳ ❍ ❛ ✈✐ ♥ ❣ ✜ ♥✐ ❤ ❡ ❞ ❤ ❡ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✱ ♦ ♥ ❡
❡ ✉ ♥ ♦ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❜ ❛ ❡ ❜ ② ❤ ❡ ❡ ✈ ❡ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ❛ ♥ ❞ ❣ ❡ ❤ ❡ ♠ ❛ ✐ ① B p − ✳

❋ ✉ ❤ ❡ ✱ ✐ ♥ ❈ ❤✳ ✽✱ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❢ ♦ ♠ ❡ ❝ ✐ ♦ ♥ ✳
✸✳ ✷✱ ✸✳ ✸ ✇✐❧❧ ❜ ❡ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉ ♠ ♦❢ ❛ ♥ ✉❧❧ ♥ ♦ ♠ ❛❧ B ✳



❈ ❤ ❛ ♣ ❡ ✹

▼ ❛✐ ♥ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✈ ❛ ✐ ❛ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥

✹✳ ✶ ❈ ♦ ♠ ♣ ❛ ✐ ♥ ❣ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✈ ❛ ✐ ❛ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥

❯ ♥ ✐❧ ❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ♥ ♦ ♣ ❛ ✐ ❝ ✉❧ ❛ ❧ ② ♦ ✉ ❝ ❤ ❡ ❞ ♦ ♥ ❤ ❡ ✉ ❡ ✐ ♦ ♥✿ ✇ ❤ ❛ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❝ ♦ ♥ ❡ ♥
✐ ♣ ❡ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❞ ❝ ❛ ♥ ❛ ♣ ♣ ❡ ❛ ✐ ♥ ❡ ❛ ❞ ♦❢ ❧ ❡ ❡ ❞ ❡ ✐ ❣ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✱ ❛ ♥ ❞ ✐ ♥
✈ ❛ ✐ ♦ ✉ ❛ ❡ ♠ ❡ ♥ ✉ ✐ ♥ ❣ ❤ ❡ ♠✳ ❋ ♦ ♠ ❤ ❡ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❡ ❝ ✐ ♦ ♥ ✧ ◆ ♦ ❛ ✐ ♦ ♥ ✧✱ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ✐
❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ✜ ▼ ❛ ✐ ① ❆❧ ♣ ❤ ❛ ❜ ❡ ✱ ✐ ✐ ❝❧ ❡ ❛ ❤ ❛ ❤ ❡ ❡ ❛ ❜ ❛ ❝ ❧ ❡ ❡ ♥ ♦ ✐ ♦ ♥ ✇✐❧❧ ❛ ♣ ♣ ❡ ❛ ✐ ♥
❤ ❡ ❢ ✉ ❤ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ♥ ❞ ✐ ♥ ✐ ♥ ✉ ♠ ❡ ♦ ✉ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧

❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❡❧ ❡ ✐ ♥ ❛ ✈ ❡ ② ❧ ❛ ❣ ❡ ♥ ✉ ♠ ❜ ❡ ✉ ✐ ♥ ❣ ❛❧❧ ▲ ❛ ✐ ♥ ❛ ♥ ❞ ● ❡ ❡ ❦ ❛❧ ♣ ❤ ❛ ❜ ❡ ✳ ❖❢ ❝ ♦ ✉ ❡✱ ❤ ❡
♥ ♦ ❛ ✐ ♦ ♥ ♦❢ ❧ ♦ ❣✐ ❝ ❛❧ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❧✐ ♥ ❦✐ ♥ ❣ ❤ ❡ ❡ ❧✐ ❡ ❛❧ ♥ ♦ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ♥ ♦ ❤✐ ♥ ❣ ♦ ❞ ♦ ✇✐ ❤ ✇ ❤ ❛ ✇ ❛
❛✐ ❞ ❛ ❜ ♦ ✈ ❡✳ ❋ ♦ ❝ ❛❧ ❛ ♥ ♦ ✐ ♦ ♥ ✱ ✐ ♥ ❡ ❛ ❞ ♦❢ ❤ ❡✐ ❧ ❡ ❡ ❞ ❡ ✐ ❣ ♥ ❛ ✐ ♦ ♥ ✱ ✇ ❡ ❝ ❛ ♥ ♠ ❡ ❛ ♥✱ ✉ ♥ ❞ ❡ ❤ ❡

❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ❛ ❞ ♠✐ ✐ ❜✐❧✐ ② ❛ ♥ ❞ ❡ ① ♣ ❡ ❞✐ ❡ ♥ ❝ ②✱ ♣ ❡ ❝✐ ✜ ❝ ❦✐ ♥ ❞ ♦❢ ♥ ✉ ♠ ❜ ❡ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ♦ ❡
✇✐ ❤ ③ ❡ ♦✳ ❍ ❡ ❡ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ♠ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ✱
✇ ❤ ❛ ✐ ✉ ✉ ❛❧❧ ② ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❡ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ✳

◆ ❛ ✉ ❡ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ❣✐ ✈ ❡ ✐ ❡ ♦ ♠ ❛✐ ♥ ✇ ♦ ❛ ♥ ❞ ✉✐ ❡ ❞✐ ✛ ❡ ❡ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❢ ♦
✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ❣ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦ ✈ ❡ ✐ ♥✐ ✐ ❛❧❧ ② ❣✐ ✈ ❡ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♦ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ❡
❝ ♦ ♠ ♣❧ ❡ ① ❡❧ ❡ ♠ ❡ ♥ ♠ ❛ ② ❤ ❛ ✈ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❢ ♦ ♠ ♦❢ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✳

❇ ② ❤ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦ ✈ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✲ ♥ ✉ ♠ ❜ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ❢ ♦ ♠ ❛❧❧ ② ❤ ❡
❛ ♠ ❡ ❛ ♦ ✈ ❡ ❡ ❛❧✲ ♥ ✉ ♠ ❜ ❡ ♦ ♥ ❡ ✳ ❚ ❤✐ ❛❧❧ ♦ ✇ ♦ ♥ ❡ ♦ ✉ ❡ ❡ ✉❧ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦
❡ ❛❧✲ ♥ ✉ ♠ ❜ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ❜❥ ❡ ❝ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❡ ❛ ❡ ♦ ♠ ❡ ❡ ① ❝ ❡ ♣ ✐ ♦ ♥ ✿ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✉ ♥❧ ❡

♣ ❛ ❛ ♠ ❡ ❡ ❛ ❡ ♦ ♥❧ ② ❡ ❛❧✮✱ ♠ ♦ ❞ ✉❧ ❡ ♥ ♦ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✐ ♣ ❡ ✉ ❞ ♦✐ ③ ❛ ✐ ♦ ♥✱ ✇ ❤ ❡ ♥ ❡ ❛❧ ❛ ♥ ❞
✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❛ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ❡❧ ❡ ♠ ❡ ♥ ❢ ♦ ♠ ❞✐ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡ ❛ ♠ ❡ ② ♣ ❡✳

❚ ❤ ❡ ② ♠ ❜✐ ♦ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✉ ♣ ♣ ♦ ❡ ❤ ❡ ✉ ❡ ♦❢ ❛ ♥ ❞ ❛ ❞ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡
❛ ✇ ❡❧❧ ❛ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ✐ ♦ ♥ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ♥ ✉ ✉ ❛❧ ♦ ♥ ❡ ✳ ■ ♥
♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❢ ♦ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ①
❡ ♥ ✐ ❡ ✿ ❤ ❡✐ ❛ ♥ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ❛❧ ✇ ❛ ② ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ❜ ② ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❍ ❡ ♠✐ ❡✬
✈ ❛ ✐ ❛ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ❛❧❧ ♦ ✇ ♦ ♥ ❡ ♦ ✉ ❡ ✐ ♥ ❤ ❡ ❡❧❢✲ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❢ ♦ ♠ ♥ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❛❧
♣ ♦ ✐ ✐ ✈ ❡ ♠ ♦ ❞ ✉❧ ❡ ♦ ♥ ♦ ♠ ❛ ✇ ❡❧❧ ❛ ✐ ♠✐❧ ❛ ❡❧❢✲ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❢ ♦ ♠ ❢ ♦ ❛ ❧ ♦ ♦❢ ✐ ♥ ❡ ✉ ❛❧✐ ② ❡❧ ❛ ✐ ♦ ♥ ✳

❚ ❤ ❡ ❡ ❞✐ ✛ ❡ ❡ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ♣ ♦✐ ♥ ♦ ✉ ❤ ❡ ✇ ♦ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ❢ ♦
❢ ✉ ❤ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❤ ❡ ♦ ✐ ❡ ❛ ♥ ❞ ❤ ❡✐ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❛ ❝ ❡ ✳

❙ ♦✱ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ♦❢ ② ♣ ❡ ⟨i m B ⟩ ≡ ⟨ i m B ′⟩ ❛ ♥ ❞ ⟨i m B ⟩ ≡ ⟨ i m B ∗ ⟩ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②
❛ ❞ ❡ ✉ ❛ ❡❧ ② ❛ ♥ ❞ ❍ ❡ ♠✐ ❡ ❛ ♥ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✳ ❇ ✉ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ❛ ♥ ❞ ❍ ❡ ♠✐ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❞✐ ✛ ❡ ❡ ♥ ✇ ❛ ② ✉ ✐ ♥ ❣ ✭ ✾ ✽✮ ✕✭ ✶ ✵ ✶✮✳
❆ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♥ ♦ ❛❧ ✇ ❛ ② ❡ ①✐ ✐ ♥ ✉ ❝ ❤ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❢ ♦ ♠ ✐ ♥ ✇ ❤ ❛ ❍ ❡ ♠✐ ❡ ❛ ♥
♦ ♥ ❡ ❡ ①✐ ✳ ❆ ❡ ① ❛ ♠ ♣❧ ❡✱ M t2 (r )A = k (A A ′, r) = k (A ′A, r ) ❢ ♦ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ①✱ ✇ ❤ ❡ ❡
r = r a n g A ✱ ♠ ❛ ② ❤ ❛ ✈ ❡ ❛ ♥ ② ❝ ♦ ♠ ♣❧ ❡ ① ✈ ❛❧ ✉ ❡ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ③ ❡ ♦✳

❇ ✉ ❢ ♦ ♣ ❡ ✉ ❞ ♦✐ ③ ❡ ❞ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ♠ ❛ ✐ ❝ ❡ ❤ ❡✐ ✉ ❛ ❡ ❞ ♠✐ ♥ ♦ ❛ ♥ ♠ ❛ ② ❤ ❛ ✈ ❡ ♦ ♥❧ ② ❡ ❛❧ ✈ ❛❧ ✉ ❡
✖ ♣ ♦ ✐ ✐ ✈ ❡✱ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ③ ❡ ♦✳ ❋ ♦ ♠ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ✐ ♥ ❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ✈ ❛ ✐ ❛ ♥ ❤ ❡ ❡ ❤ ♦❧ ❞
k (A A ∗ , t) = k (A ∗ A, t ) > 0 , t ≤ r ✳

■ ♥ ❛ ♥ ② ❝ ❛ ❡✱ ❛❧❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ♦❢ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B p ❡ ①✐ ❛ ♥ ❞ ❛ ❡ ♣ ❡ ❝ ❛❧❧ ②
♥ ♦ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❡ ♠✐✲ ❞ ❡ ✜ ♥✐ ❡ ♠ ❛ ✐ ❝ ❡ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ❡ ✉ ❛❧ ♦ ✰ ✶ ❛ ♥ ❞ ✵✳
▼ ♦ ❡ ♦ ✈ ❡ ✱ ❢ ♦ ♠ ❛ ✐ ❝ ❡ B p ❛ ✣ ♥ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❞ ♦ ♥ ♦ ❞ ❡✲
♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ■❢ ❛ ♠ ❛ ✐ ① B ✐ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ❞ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ✱ ❤ ❡ ♥
⟨i m B ⟩ ≡ ⟨ i m B ′⟩ ≡ ⟨ i m B ∗ ⟩ ≡ ⟨ A n ⟩✱ ❤ ❛ ✐ ✇ ❤ ② ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① B − 1 ❢ ♦ ✉ ❝ ❤
✉ ❛ ❞ ❛ ✐ ❝ ♠ ❛ ✐ ① B ✐ ✉ ♥✐ ✉ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞✳



✹✳ ✶ ❈ ♦ ♠ ♣ ❛ ✐ ♥ ❣ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✈ ❛ ✐ ❛ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✺ ✼

❋ ♦ ♠ ♦❢ ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ❛ ♥ ② ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ✧ a ✧ ✇✐ ❤ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✉ ♥✐ ✧ i✧ ❛ ❡ ✇ ❡❧❧✲
❦ ♥ ♦ ✇ ♥ ❛ ♥ ❞ ✈ ❛ ✐ ♦ ✉ ✳ ❚ ❤ ❡ ② ❛ ❡ ✐ ♠ ♣❧ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❢ ♦ ♠✱ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ▼ ♦✐ ✈ ❡✬ ❛ ♥ ❞ ♣ ♦❧ ❛
❢ ♦ ♠ ✱ ❡ ① ♣ ♦ ♥ ❡ ♥ ✐ ❛❧ ❊ ✉❧ ❡ ✬ ❢ ♦ ♠✱ ♣ ❡ ✉ ❞ ♦✐ ③ ❡ ❞ ✈ ❡ ❝ ♦ ✐ ❛❧ ❢ ♦ ♠✱ ❡ ❡ ♦ ❣ ❛ ♣ ❤✐ ❝ ❘✐ ❡ ♠ ❛ ♥ ♥✬ ❢ ♦ ♠✳
❋ ♦ ❢ ✉ ❤ ❡ ❛✐ ♠ ✱ ✇ ❡ ✉ ❡ ❛ ♥ ♦ ♠ ❛❧ 2 × 2 ✲ ♠ ❛ ✐ ① ❢ ♦ ♠ ✕ ✇✐ ❤ ♦ ✉ ✉ ✐ ♥ ❣ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✉ ♥✐ ✧✐ ✧✿

W (a ) ≡ F (ρ, φ ), (φ ∈ [− π ; +π ]) :

p − q
+ q p

= ρ
c o s φ − si n φ

+ si n φ c o s φ
= S + K

(a = p + i q);

W ′(a ) ≡ F ′(ρ, φ ) :

p + q
− q p

= ρ
c o s φ + si n φ

− si n φ c o s φ
= S − K

( ā = p − i q),






( 1 4 8)

❚ ❤ ❡ ♥✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ✿

W (a ) · W ′(a ) = W ′(a ) · W (a ) = ρ 2 · I 2 × 2 ✱ S = S ′, K = − K ′, S K = K S ✳

◆ ♦ ❡ ❡ ♣ ❡ ❝✐ ❛❧❧ ②✱ ❤ ❛ ❤✐ ❡ ❛❧ ❢ ♦ ♠ W (a ) ✐ ❛❧ ♦ ✐ ♥ ❣❧ ❡✲ ✈ ❛❧ ✉ ❡ ❞ ❛ ✉ ✉ ❛❧ ♦ ♥ ❡✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱
✉ ❝ ❤ ❢ ♦ ♠ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ✐ ♥ ✐ ✐ ♠ ♣❧ ❡ 2 × 2 ✲ ♠ ❛ ✐ ① ♥ ♦ ♠ ❛❧ ❢ ♦ ♠ ❢ ♦ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛✐ ❡ ❞
♦❧ ✉ ✐ ♦ ♥ ♦❢ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❛❧❧ ② ✇✐ ❤ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♦ ♦ ✱ ❛ ♥ ❞ ✇✐ ❤ ♣ ♦ ✐ ❜❧ ❡

❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥✳

❋ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ✇✐ ❤ ✉ ❝ ❤ ✉ ♥ ✉ ✉ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ♥ ❡ ♠ ❛ ② ♣ ♦ ✈ ❡ ❞ ✐ ♠ ♣❧ ② ❤ ❛ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞
❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ♣ ♦ ✇ ❡ n ❤ ❛ ❛❧ ✇ ❛ ② ❛ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✐ ♠✐❧ ❛ ✐ ♠ ♣❧ ❡ ♠ ❛ ✐ ①
♦❧ ✉ ✐ ♦ ♥ ✉ ♥✐ ✉ ❡ ✉ ♣ ♦ ❛ ❞ ♠✐ ❡ ❞ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ♦❢ ✐ 2 × 2 ✲ ❝ ❡❧❧ ✦

❚ ❤ ❡ ❡ ❤ ♦❧ ❞ W (a 1 ) · W (a 2 ) = W (a 1 · a 2 ) ≡ F (ρ 1 , φ1 ) · F (ρ 2 , φ2 ) = F [ρ 1 · ρ 2 , (φ 1 + φ 2 )]✳
❚ ❤ ❡ ❢ ♦ ♠ W (a ) ❡ ① ❡ ❝ ✉ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦ ❛ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❢ ♦ ♠ a ✳

❇ ❡ ✐ ❞ ❡ ✱ ❤ ❡ ❡ ❛❧ ❢ ♦ ♠ W (a j ) ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ a j ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❢ ♦ ♠
a j ❛ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ❤ ❡✐ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ❛ ♥ ❞ ❛ ✐ ❢ ② ❛❧❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞
✐ ❞ ❡ ♥ ✐ ✐ ❡ ❢ ♦ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ✳ ❚ ❤ ❡ ② ❝ ♦ ♠ ♣✐❧ ❡ ❤ ❡ ♣ ❛✐ ♦❢ ♠ ✉ ✉ ❛❧❧ ② ❛ ♥ ♣ ♦ ❡ ❞ ♠ ❛ ✐ ❝ ❡ ✐ ♥
✭ ✶ ✹ ✽✮ ✐ ♠✐❧ ❛ ❧ ② ♦ ❤ ❡ ♣ ❛✐ ♦❢ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ✳

❋ ♦ ♠ ❛❧❧ ② W (a ) ❡ ♣ ❡ ❡ ♥ ❛ ❣✐ ✈ ❡ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ a ✐ ♥ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❛❧ ❛ ✣ ♥ ❡ ♦❢ ❤ ❡ ❡ ❛❧
♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ♣ ❛ ❝ ❡ ⟨ A 2 × 2 ⟩ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ② ♣ ❡✳

❚ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ F (ρ, φ ) ✐ ♥ ✭ ✶ ✹ ✽✮ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ a ✐ ♥ ❤ ❡ ❛ ✐ ❤✲
♠ ❡ ✐ ❝ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦❢ ❤ ❡ ❡ ❛❧ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ♣ ❛ ❝ ❡ ⟨ E 2 × 2 ⟩ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ② ♣ ❡✳

❋ ♦ ♠ ❤✐ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♥ ♦ ♠ ❛❧ n × n ✲ ♠ ❛ ✐ ① M ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ❛ ✣ ♥ ❡
♦ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ 2 k ≤ ⌊ n ⌋ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♥ ✉ ♠ ❜ ❡ ❛ ♥ ❞ n − 2 k ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♦ ♥ ❡ ✱ ✐✳ ❡✳✱
M = R W R ′✳ ❆ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① P = V W V − 1 ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ❛ ✣ ♥ ❡ ❜ ❛ ❡
❤ ❡ ❡ ♥ ✉ ♠ ❜ ❡ ✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ❤ ❡ ❡ W ✐ ❛ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ♥ ♦ ♠ ❛❧ ♠ ♦ ♥ ♦ ❜✐ ♥ ❛ ② ❝ ❡❧❧ ❢ ♦ ♠ ♦❢ ❤ ❡ ♠ ❛ ✐ ❝ ❡

M ❛ ♥ ❞ P ✳ ❚ ❤ ❡✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✱ ❛ ❛ ❞✐ ❡ ❝ ✉ ♠ ✱ ❝ ♦ ♥ ❛✐ ♥ ♦ ♥❧ ② ❡ ❛❧ 1 × 1 ✲ ❛ ♥ ❞ 2 × 2 ✲ ❝ ❡❧❧ ✳

■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤ ❡ ♠ ❛ ✐ ① W ✱ ✉ ♣ ♦ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ♦❢ ✐ ❝ ❡❧❧ ✱ ✐ ❤ ❡ ✐ ♠ ♣❧ ❡ ❡ ❛❧ ♦❧ ✉ ✐ ♦ ♥
♦❢ ❡ ❝ ✉❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ c (µ ) = 0 ✳  ❆ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ❈ ❛ ②❧ ❡ ②✲ ❍ ❛ ♠✐❧ ♦ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ♦ ❤ ❡ ♣ ✐ ♠ ❡
♠ ❛ ✐ ① P ❣✐ ✈ ❡ V − 1 { c (P )} V = c (W ) = Z ✳ ❙✐ ♠✐❧ ❛ ❲✲❢ ♦ ♠ ♦❢ ✉ ❝ ❤ ✐ ♠ ♣❧ ❡ ♠ ❛ ✐ ❝ ❡
✇✐❧❧ ❜ ❡ ✉ ❡ ✐ ♥ ❛ ■■ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦ ❢ ♦ ❝❧ ❡ ❛ ✐ ♥❢ ❡ ✐ ♥ ❣ ♦❢ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦ ♠ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✳



✺ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ▼ ❆ ■ ◆ ❆ ▲ ❚ ❊ ❘ ◆ ❆ ❚ ■ ❱ ❊ ❱ ❆ ❘ ■ ❆ ◆ ❚ ❙ ❖ ❋ ❈ ❖ ▼ ▲ ❊ ❳ ■ ❋ ■ ❈ ❆ ❚ ■ ❖ ◆

■ ♥ ✐ ✉ ♥✱ ❡ ❛❧ ♠ ❛ ✐ ① ❢ ♦ ♠ ✭ ✶ ✹ ✽✮ ♠ ❛ ② ❜ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❡ ❞ ♦ ♦✱ ❡✐ ❤ ❡ ✐ ♥ ❤ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ♦
❍ ❡ ♠✐ ✐ ❛ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ■ ♥ ❤ ❡ ✜ ❝ ❛ ❡✱ ❤ ❡ ❡ ❤ ♦❧ ❞

W (z 1 ) :

u − v
v u

= ρ
c o s ψ − si n ψ
si n ψ c o s ψ

= S + K

(z 1 = u + i v),

W ′(z 1 ) = W (z 2 ) :

u v
− v u

= ρ
c o s ψ si n ψ

− si n ψ c o s ψ
= S − K

(z 2 = u − i v).






( 1 4 9)

❚ ❤ ❡ ♥✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ✿

❬W (z ) · W ′(z ) = W ′(z ) · W (z ) = ρ 2 · I 2 × 2 ✱ S = S ′, K = − K ′, S K = K S ✳❪

❈ ♦ ♠ ♣❧ ❡ ① ❛ ❞ ❡ ✉ ❛ ❡❧ ② ♥ ♦ ♠ ❛❧ W ✲❢ ♦ ♠ ✭ ✶ ✹ ✾✮ ✐ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ✐ ♥ ❛ ♦ ♠ ❡ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ❈ ❛ ❡ ✐ ❛ ♥
❜ ❛ ❡ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 2 × 2 ⟩ ♦ ✈ ❡ C ✳ ❆ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ❞ ❡ ✉ ❛ ❡❧ ② ♥ ♦ ♠ ❛❧
n × n ✲ ♠ ❛ ✐ ① M = R W R ′ ♠ ❛ ② ❡ ♣ ❡ ❡ ♥ ❞ ♦ ✉ ❜❧ ❡ ✉ ❛ ♥ ✐ ② ♦❢ ♥ ♦ ♥✲ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡
✭✐✳ ❡✳✱ ❛ z 1 ❛ ♥ ❞ z 2 ✮ ✐ ♥ ❤ ❡ ✐ ♠✐❧ ❛ ❜ ❛ ❡ ✳ ❆❧❧ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ✐ W ✲❢ ♦ ♠ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ①
♥ ✉ ♠ ❜ ❡ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ❡ ♠ ♦ ❞ ✉❧ ❡ ρ ❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣❧ ❡ ψ. ❚ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① M ♠ ❛ ② ❜ ❡
✐ ♠ ♣❧✐ ✜ ❡ ❞ ✇✐ ❤ ♦ ♠ ❡ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ R ✭ ❛❧ ♦ ❝ ♦ ♠ ♣❧ ❡ ①✮ ❛ ♥ ❞ ❡ ♣ ❡ ❡ ♥ ❡ ❞

✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ W ✲❢ ♦ ♠ ✭ ✶ ✹ ✾✮✳

■ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❝ ❛ ❡✱ ✐ ♥ ❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞

W (z ) : W ∗ (z ) = W ′( z̄ ) :

u − v̄
v ū

= H + Q
ū v̄

− v u
= H − Q,

(z = u + i v), ( z̄ = ū − iv̄ ) ,

( 1 5 0)

[W (z ) · W ∗ (z ) = W ∗ (z ) · W (z ), H = H ∗ , Q = − Q ∗ , H Q = Q H ]✳

❈ ♦ ♠ ♣❧ ❡ ① ❍ ❡ ♠✐ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ W ✲❢ ♦ ♠ ✭ ✶ ✺ ✵✮ ✐ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡
♦❢ ❤ ❡ ✉ ♥✐ ❛ ② ♣ ❛ ❝ ❡ ⟨ U 2 × 2 ⟩✳ ■ ✇ ♦ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♥ ✉ ♠ ❜ ❡ ♦ ❛
✐ ♥ ✭ ✶ ✹ ✽✮✳ ❍ ❡ ♥ ❝ ❡✱ ❤✐ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ♦ ♠ ❛❧ ❢ ♦ ♠ ✐ ✐ ♠ ♣❧✐ ✜ ❡ ❞ ✇✐ ❤ ♦ ♠ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ U ✐❧❧ ❝ ♦ ♥ ✈ ❡ ✐ ♥ ❣ ✐ ♥ ♦ ❡ ❛❧ W ✲❢ ♦ ♠ ♦❢ ② ♣ ❡ ✭ ✶ ✹ ✽✮✳ ❚ ❤ ❡ ❢ ✉❧❧ ❡ ⟨U W U ∗ ⟩ ✐
❤ ❡ ♣ ❡ ❝✐ ✜ ❡ ❞ ❡ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✱ ❤ ❛ ♠ ❛ ② ❜ ② ❡ ❞ ✉ ❝ ❡ ❞ ❜ ② ♦ ♠ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ✲

❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐❧❧ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✶ ✺ ✵✮ ❛ ♥ ❞ ✭ ✶ ✹ ✽✮✳

❚ ❤ ❡ ❡ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ✐ ♥ ❡ ❡ ✐ ♥ ❣ ✐ ♥ ❍ ❡ ♠✐ ❡ ❛ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳ ❚ ❤ ❡✐ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡
❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ d t = ρ t e x p( ± i βt )✱ ρ t ∈ (− ∞ + ∞ )✱ β t ∈ [− π / 2; + π / 2] ❀ ❢ ♦ ❍ ❡ ♠✐ ❡ ❛ ♥
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ✿ d t = e x p( ± i βt )✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❛ ♣ ❛✐ ♦❢ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❡❧ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡✐
❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ 2 × 2 ✲ ❝ ❡❧❧ ♦❢ ♦ ♠ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡
❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❡❧ ❡ ♠ ❡ ♥ ✐ ♥ ❛ ❜ ❛ ✐ ❝ ✉ ♥✐ ❛ ② ♣ ❛ ❝ ❡✳ ✭ ❇ ✉ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ① n × n ✲
♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ✐ ♠ ♣❧✐ ✜ ❡ ❞ ✇✐ ❤ ♦ ♠ ❡ ✉ ♥✐ ❛ ② ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐❧❧ ❤ ❡✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠
✇✐ ❤ n ❡ ♥ ✐ ❡ ♦❢ ❤ ❡ ② ♣ ❡ d t = ρ t e x p( i βt )✦✮

❚ ❤ ❡ ❡ ✉ ❡ ✐ ♦ ♥ ❛ ❡ ❞✐ ❝ ✉ ❡ ❞ ♠ ♦ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❛ ■■✱ ❈ ❤✳ ✶ ✵✳



✹✳ ✷ ❊ ① ❛ ♠ ♣❧ ❡ ♦❢ ❛ ❞ ❡ ✉ ❛ ❡ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✐ ③ ❡ ❞ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✺ ✾

✹✳ ✷ ❊ ① ❛ ♠ ♣❧ ❡ ♦❢ ❛ ❞ ❡ ✉ ❛ ❡ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✐ ③ ❡ ❞ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥

❚ ② ♣✐ ❝ ❛❧ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❛ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿
• ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ♦ ♦ ♦❢ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱
• ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ♦ ♥ ❡ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ❛ ✉ ❡ ✕ ❡ ❡ ✐ ♥ ❈ ❤ ✳ ✸ ❛ ♥ ❞ ✽✱
• ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❤ ❡✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱
• ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ✭ ❤ ♦❧ ♦ ♠ ♦ ♣ ❤✐ ❝✮ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❤ ❡✐ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ✐ ♥ ♦ ♣ ♦ ✇ ❡ ❡ ✐ ❡ ✱
• ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✱ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ❢ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ❛❧

❝ ♦ ♠ ♣❧ ❡ ① ❛ ❣ ✉ ♠ ❡ ♥ ✳
✭ ❊ ✈ ❡ ② ✇ ❤ ❡ ❡ ❡ ❛❧✲ ♥ ✉ ♠ ❜ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ✉ ❜ ✐ ✉ ❡ ❞ ❜ ② ❝ ♦ ♠ ♣❧ ❡ ① ♦ ♥ ❡ ✳✮
■ ♥ ❛ ♣ ❛ ❝ ❡ ♦ ✈ ❡ C ✇✐ ❤ ❛ ♥ ❛ ❞ ❡ ✉ ❛ ❡ ② ♣ ❡ ♦❢ ♠ ❡ ✐ ❝✱ ❤ ❡ ♠ ❡ ❛ ✉ ❡ ♦❢ ❧ ❡ ♥ ❣ ❤ ❛ ♥ ❞ ❛ ♥ ❣❧ ❡

❛ ❡ ♥ ❡ ❝ ❡ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ①✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❤ ❡ ❡ ♠ ❡ ❛ ✉ ❡ ♠ ❛ ② ❜ ❡ ❡ ❛❧✱
③ ❡ ♦ ♦ ✐ ♠ ❛ ❣✐ ♥ ❛ ②✳ ●✐ ✈ ❡ ❜ ❡❧ ♦ ✇ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ❛✐ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
♦❢ ✐ ♥ ❞ ❡ ① q = 1 ✭ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❛ ■■✱ ❈ ❤ ✳ ✻✱ ✶ ✶✱ ✶ ✷✱ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❧ ❛ ❣ ❡ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✮✿

• ▼✐ ♥ ❦ ♦ ✇ ❦✐ ● ❡ ♦ ♠ ❡ ② ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠
❛ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♥ ❡ ✇ ✐ ♠ ♣ ♦ ❛ ♥ ♣ ❛ ♦❢ ❤✐ ● ❡ ♦ ♠ ❡ ②✱

• ❡ ① ❡ ♥ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦ ♥ ❤ ❡ ♣ ❤ ❡ ❡ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ②
❛ ♥ ❞ ❡ ❛❧ ❛ ❞✐ ✉ ✭✐✳ ❡✳✱ ♦❢ ✇ ♦ ② ♣ ❡ ✮✱ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ✭ ❚ ❤ ❡ ❡ ✇ ♦
❣ ❡ ♦ ♠ ❡ ✐ ❡ ✇✐ ❤ ❡ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ❛ ❡
✐ ♦ ♠ ❡ ✐ ❝ ♦ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❛ ♥ ❞ ❇ ❡❧ ❛ ♠✐ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✮✳

❈ ♦ ♥ ✐ ❞ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♦ ② ♦❢ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧
❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ① ✈ ❛ ✐ ❛ ❜❧ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ♦ ② ♦❢ ♠ ❛ ✐ ❝ ❡ ✳

▲ ❡ x , y ∈ ⟨ E n ⟩✱ ❛ ♥ ❞ z = x + i y ❜ ❡ ❛ ♥ (n × 1) ✲ ✈ ❡ ❝ ♦ ❛ ❣ ✉ ♠ ❡ ♥ ✐ ♥ ❛ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ①
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ F (z ) = F 1 (x , y ) + i F2 (x , y ) ❜ ❡ ❛ ❝ ❡ ❛✐ ♥ ❝ ❛❧ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥
♦❢ z ✳ ❉✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ (n × 1) ✲ ✈ ❡ ❝ ♦ ✲ ❛ ❣ ✉ ♠ ❡ ♥ ✐ ♥ ❤ ❡
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✳ ❚ ♦ ❛❧ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✱ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✱ ❛ ♥ ❞
✐ ♥ ❡ ❣ ❛❧ ❤ ❛ ✈ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ❢ ♦ ♠ ✇ ❤✐ ❝ ❤ ♣ ❛ ✐ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ♥ ❞ ❤ ❡✐ ❡❧ ❛ ✐ ♦ ♥ ❛ ❡
❝❧ ❡ ❛ ❛ ♥ ❞ ♦ ❜ ✈✐ ♦ ✉ ❧ ② ✐ ♥❢ ❡ ❡ ❞✿

d F = h (z )d z ⇔ d F = d F 1 + i d F2 = ( h 1 (x , y ) + ih 2 (x , y ))( d x + i dy ) =

= [ h 1 (x , y )d x − h 2 (x , y )d y ] + i[h 1 (x , y )d y + h 2 (x , y )d x ].

❍ ❡ ❡ ❤ ❡ 1 × n ✲ ✈ ❡ ❝ ♦ ♣ ❛ ✐ ❛❧ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✭ ❣ ❛ ❞✐ ❡ ♥ ✮ ❢ ♦ ♠ ♣ ❛✐ ✿

h 1 (x , y ) = ∂ F 1
∂ x

= ∂ F 2
∂ y

,

h 2 (x , y ) = − ∂ F 1
∂ y

= ∂ F 2
∂ x

.





(a )

❚ ❤✐ ✐ ❤ ❡ ✈ ❡ ❝ ♦ ✲❢ ♦ ♠ ♦❢ ❝❧ ❛ ✐ ❝ ❛❧ ❞✬ ❆❧ ❡ ♠ ❜ ❡ ✕ ❊ ✉❧ ❡ ❊ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❝ ❛❧ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F 1 ✱
F 2 ♦ ❛❧❧ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ❜❧ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❣ ✉ ♠ ❡ ♥ ① ✱ ② ✭ ♦ ❢ ♦ ♦ ❛❧✐ ② ♦❢ ✇ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧
❡ ① ♣ ❡ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ✉ ❛ ❡ ❜ ❛ ❝ ❦ ❡ ✮✳

❆ ♣ ♣❧ ② ❤ ❡ ❛ ♠ ❡ ❝ ❤ ❡ ♠ ❡ ♦❢ ❡ ❛ ♦ ♥✐ ♥ ❣ ♦ ❤ ❡ 1 × n ✲ ✈ ❡ ❝ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥

d F
d z

= h (z ) = h 1 (x , y ) + ih 2 (x , y )✿

∂ h 1
∂ x

= ∂ h 2
∂ y

= ∂ 2 F 1

∂ x 2 = − ∂ 2 F 1

∂ y 2 = ∂ 2 F 2
∂ x ∂ y

= ∂ 2 F 2
∂ y ∂ x

= ∂ h 1
∂ x

′

,

∂ h 1
∂ y

= − ∂ h 2
∂ x

= ∂ 2 F 2

∂ y 2 − ∂ 2 F 2

∂ x 2 = ∂ 2 F 1
∂ y ∂ x

= ∂ 2 F 1
∂ x ∂ y

= ∂ h 1
∂ y

′

.






(b )



✻ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ▼ ❆ ■ ◆ ❆ ▲ ❚ ❊ ❘ ◆ ❆ ❚ ■ ❱ ❊ ❱ ❆ ❘ ■ ❆ ◆ ❚ ❙ ❖ ❋ ❈ ❖ ▼ ▲ ❊ ❳ ■ ❋ ■ ❈ ❆ ❚ ■ ❖ ◆

❚ ❤ ❡ ✜ ❡ ✉ ❛❧✐ ✐ ❡ ✐ ♥ ❝ ❤ ❛✐ ♥ (b ) ❛ ❡ ❤ ❡ ♠ ❛ ✐ ①✲❢ ♦ ♠ ❞✬ ❆❧ ❡ ♠ ❜ ❡ ✕ ❊ ✉❧ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡
✈ ❡ ❝ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ h 1 ❛ ♥ ❞ h 2 ♦ ❛❧❧ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ❜❧ ❡ ✐ ♥ ❡ ♠ ♦❢ ① ✱ ② ✳ ❚ ♦ ❣ ❡ ❤ ❡ ❤ ❡ ② ❡ ① ♣ ❡ ✱
❛ ✇ ❡❧❧ ❛ ② ♠ ♠ ❡ ② ♦❢ ❏ ❛ ❝ ♦ ❜✐ ♠ ❛ ✐ ❝ ❡ ❞ ✉ ❡ ♦ ② ♠ ♠ ❡ ② ♦❢ ❍ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✱ ♥ ❡ ❝ ❡ ❛ ② ❛ ♥ ❞
✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ♦ ❛❧✐ ② ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ F ❛❧ ♦ ✐ ♥ ❡ ♠ ♦❢ ① ✱ ② ✳ ❚ ❤ ❡

♠ ❛ ✐ ①✲❢ ♦ ♠ ▲ ❛ ♣❧ ❛ ❝ ❡ ❊ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❤ ❛ ♠ ♦ ♥✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F 1 ✱ F 2 ♦❢ ❤ ❡ ❡ ❛❧ ✈ ❛ ✐ ❛ ❜❧ ❡ ① ✱ ②
❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ (b )✳

■ ♥ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n + q ⟩ ✭✐ ♥ ❤ ❡ ❜✐ ♥ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ① ❢ ♦ ♠✮✱ ❞ ✉ ❡ ♦ ✐ ♣ ❡ ❝✐ ❛❧
✉ ❝ ✉ ❡✱ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❛ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞✿

z =
x

iy
; d F = h (z )d z ⇔ d F = d F 1 + i d F2 =

= [ h 1 t 1 ] + i[ h 2 t 2 ]
d x

i dy
=

= [ h 1 (x , y )d x − t 2 (x , y )d y ] + i[t 1 (x , y )d y + h 2 (x , y )d x ].

❍ ❡ ❡

h 1 (x , y ) = ∂ F 1
∂ x

, h 2 (x , y ) = ∂ F 2
∂ x

,

t 1 (x , y ) = ∂ F 2
∂ y

, t 2 (x , y ) = − ∂ F 1
∂ y

;





(a ′)

∂ h 1
∂ x

= ∂ 2 F 1

∂ x 2 = ∂ h 1
∂ x

′

, ∂ t 1
∂ y

= ∂ 2 F 2

∂ y 2 = ∂ t 1
∂ y

′

,

∂ h 2
∂ x

= ∂ 2 F 2

∂ x 2 = ∂ h 2
∂ x

′

, ∂ t 2
∂ y

= − ∂ 2 F 1

∂ y 2 = ∂ t 2
∂ y

′

,

∂ h 1
∂ y

= ∂ 2 F 1
∂ x ∂ y

= ∂ 2 F 1
∂ y ∂ x

′

= − ∂ t 2
∂ x

′

,

∂ t 1
∂ x

= ∂ 2 F 2
∂ y ∂ x

= ∂ 2 F 2
∂ x ∂ y

′

= ∂ h 2
∂ y

′

.






(b ′)

■ ♥ ❤✐ ❝ ❛ ❡✱ F 1 (x , y )✱ F 2 (x , y ) ❛ ❡ ♥ ♦ ❤ ❛ ♠ ♦ ♥✐ ❝ ✐ ♥ ❤ ❡ ❙ ❡ ♥ ❡ ♦❢ ▲ ❛ ♣❧ ❛ ❝ ❡✳

❚ ❤ ❡ ❡ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ❡ ①✐ ❢ ♦ ♣ ✉ ❡❧ ② ❡ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ✉ ❡ ❞ ♣ ❡ ✈✐ ♦ ✉ ❧ ②✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦
♠ ❛ ✐ ❝ ❡ ❤ ❡ ② ❛ ❡ ❤ ❡ ❛ ♥ ❦✱ ❤ ❡ ✶✲ ❛ ♥ ❞ ✷✲ ♥ ❞ ♦ ❝ ❦✳ ❛ ❛❧❧ ❡❧✐ ♠ ♦❢ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ✐ ❛ ♥ ❛ ✣ ♥ ❡
♣ ♦ ♣ ❡ ②✱ ❤ ❛ ✐ ✇ ❤ ② ✐ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ♦ ♣ ✐ ♠ ❛❧
♣ ♦ ❝ ❡ ❞ ✉ ❡ ❢ ♦ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ❝ ❤ ❡ ❝ ❦✐ ♥ ❣ ✐ ♥ ❛ ❡ ❛❧ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ① ♦ ♥ ❡ ♠ ❛ ② ❞✐ ✛ ❡ ✳

❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ n × m ✲ ♠ ❛ ✐ ❝ ❡ A 1 ❛ ♥ ❞ A 2 ❞ ❡ ❡ ♠✐ ♥ ❡ ❧✐ ♥ ❡ ❛ ✉ ❜ ♣ ❛ ❝ ❡ ✭ ♦ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ✮
✐ ♥ ❤ ❡ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡ ⟨ A n ⟩✳ ❚ ❤ ❡ ♣ ♦ ❝ ❡ ❞ ✉ ❡ ❢ ♦ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ❡ ❝ ♦ ❣ ♥✐ ③✐ ♥ ❣ ✉ ❡ ❤ ❡ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝
② ♠ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ♦ ✳ ■❢ ❛ ♥ ❦ ♦❢ A 1 ❛ ♥ ❞ A 2 ❛ ❡ ❡ ✉ ❛❧✱ ❤ ❡ ♥ ♣ ♦ ❝ ❡ ✭ ✾ ✹✮ ♠ ❛ ② ❜ ❡ ✉ ♥ ✐ ♥ ❤ ❡
✐ ♠ ♣❧ ❡ ✈ ❛ ✐ ❛ ♥ ✳

■ ♥ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡✱ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ♥ n × n ✲ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ✐ ♠ ❛ ❣ ❡✱ ✐✳ ❡✳✱ ⟨i m A C ⟩ ≡
⟨i m A⟩✱ ✇ ❤ ❡ ❡ C ✐ ❛ ♥ m × n ✲ ♠ ❛ ✐ ① ✉ ❝ ❤ ❤ ❛ ✿

✶✮ ⟨i m C ⟩ ∩ ⟨ k e r A ⟩ = 0 ⇔ r a n k A C = r a n k A ✱
✷✮ k (A C, r ) ≠ 0 ✳



✹✳ ✸ ❊ ① ❛ ♠ ♣❧ ❡ ♦❢ ❍ ❡ ♠✐ ❡ ❛ ♥ ❛ ♥ ❞ ② ♠ ❜✐ ♦ ✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✻ ✶

■ ♥ ❛ ♣ ❛ ❝ ❡ ♦ ✈ ❡ R ♦ ♥ ❡ ♠ ❛ ② ♣ ✉ C = A ′✱ ✐ ♥ ❛ ♣ ❛ ❝ ❡ ♦ ✈ ❡ C ♣ ✉ C = A ∗ ✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤ ❡
❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❤ ♦❧ ❞ ✿

✶✳ ⟨i m A2 ⟩ ⊆ ⟨ i m A1 ⟩ ⇔
← − − −
A 1 C 1 · A 2 = A 2 ⇔

− − − →
A 1 C 1 · A 2 = Z ✱

⟨i m A1 ⟩ ⊆ ⟨ i m A2 ⟩ ⇔
← − − −
A 2 C 2 · A 1 = A 1 ⇔

− − − →
A 2 C 2 · A 1 = Z ✳

✷✳ ⟨i m A2 ⟩ ≡ ⟨ i m A1 ⟩ ⇔
− − − →
A 1 C 1 · A 2 = Z =

− − − →
A 2 C 2 · A 1 ✳

❖ ♥ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♦❢ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ✐ ❤ ❡ ♥ ♦ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ ❛ ♠ ❡ ✐ ❝
✐ ♥ ❛ ❣✐ ✈ ❡ ♥ ♣ ❛ ❝ ❡✳

■ ♥ ❛ ❡ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦ ✐ ♥ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ♠ ❡ ✐ ❝
✈ ❛ ✐ ❛ ♥ ✱ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ✐ ❡ ❝ ♦ ❣ ♥✐ ③ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✿

⟨i m A1 ⟩ ⊥ ⟨ i m A2 ⟩ ⇔ A ′
1 A 2 = Z = A ′

2 A 1 .

❇ ✉ ✐ ♥ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ✈ ❛ ✐ ❛ ♥ ✱ ✐ ✐ ❡ ❝ ♦ ❣ ♥✐ ③ ❡ ❞ ❜ ②
❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✿

⟨i m A1 ⟩ ⊥ ⟨ i m A2 ⟩ ⇔ A ∗
1 A 2 = Z = A ∗

2 A 1 .

❍ ❡ ❡ ❤ ❡ ❜ ♦ ❤ ✭❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ✮ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✳

✹✳ ✸ ❊ ① ❛ ♠ ♣❧ ❡ ♦❢ ❍ ❡ ♠✐ ❡ ❛ ♥ ❛ ♥ ❞ ② ♠ ❜✐ ♦ ✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥

❍ ❡ ♠✐ ❡✬ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ❛❧ ♠ ♦ ✐ ♥ ❛ ♥ ② ❝ ❛ ❡ ✇ ❤ ❡ ♥ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦ ❞ ❡ ❝✐ ❞ ❡
♣ ♦ ❜❧ ❡ ♠ ✐ ♥ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❛ ❝ ❡ ✇✐ ❤ ✈ ❡ ❝ ♦ ✐ ❛❧ ♦ ❜❥ ❡ ❝ ✳ ❍ ❡ ♥ ❝ ❡ ✇ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ♦ ♥❧ ② ♦ ♠ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ✱
♠ ♦ ❝❧ ♦ ❡ ♦ ♦ ✉ ❤ ❡ ♠ ❡✿

• ♣ ♦ ✐ ✐ ✈ ❡ ♥ ♦ ♠ ❢ ♦ ❧ ❡ ♥ ❣ ❤ ✱ ✉ ❢ ❛ ❝ ❡ ✱ ✈ ♦❧ ✉ ♠ ❡ ❡ ❝✳ ♦❢ ❛ ❞✐ ✛ ❡ ❡ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥
❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣ ❛ ❝ ❡❀

• ♣ ♦ ✐ ✐ ✈ ❡ ♥ ♦ ♠ ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❛ ♥ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡❀

• ♣ ❡ ✈✐ ♦ ✉ ❡ ✉❧ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❡❧❢✲ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❢ ♦ ♠✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞ ❛ ❧ ♦
♦❢ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✾ ✽✮ ✕✭ ✶ ✵ ✸✮✱ ✭ ✶ ✶ ✺✮ ✕✭ ✶ ✸ ✵✮✱ ✭ ✶ ✸ ✷✮ ✕✭ ✶ ✹ ✹✮ ✇✐ ❤ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ■ ❞ ❡ ♥ ✐ ② ✭ ✶ ✹ ✷✮✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ②✿

• • ♠✐ ♥ ♦ ❛ ♥ ♣ ♦ ✐ ✐ ✈✐ ② ❢ ♦ ❤ ❡ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ✐ ♥ ❛ ♥ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱

• • ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✷ ✷✮ ❛ ♥ ❞ ✭ ✶ ✸ ✻✮ ❡ ① ♣ ❡ ✐ ♥ ❣ ❤ ❡ ❑ ♦ ♥ ❡ ❝ ❦ ❡ ✕ ❈ ❛ ♣ ❡❧❧✐ ❚ ❤ ❡ ♦ ❡ ♠✱

• • ❍ ❛ ❞ ❛ ♠ ❛ ❞ ❛ ♥ ❞ ❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ② ♣ ❡ ✭ ❈ ❤✳ ✸✮✱ ❤ ❡ ② ❛ ❡
✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦ ♥ ❛ ♥ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❍ ❡ ♠✐ ✐ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✈ ❡ ❝ ♦ ✉ ✐ ♥ ❣ ❍ ❡ ♠✐ ❡✐ ③ ❡ ❞ ❤ ❡ ♠ ❛ ♥ ♦ ♠ ❛❧✐ ③✐ ♥ ❣❀

• • ❙✐ ♥ ❡ ❣ ❡ ♥ ❡ ❛❧ ❛ ♥ ❞ ❈ ♦ ✐ ♥ ❡ ❣ ❡ ♥ ❡ ❛❧ ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ❈ ❤ ✳ ✸ ❛ ♥ ❞ ✽✮✱ ❤ ❡ ② ❛ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦
❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❛ ♥ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✭ ❡ ❡ ❢ ✉ ❤ ❡ ✐ ♥ ❡ ❝ ✳ ✶ ✵✳ ✶ ❛ ❤ ❡ ❜ ❛ ✐ ❢ ♦

❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❧✐ ♥ ❡ ♦
✉ ✐ ♥ ❣ ❤ ❡ ❙✐ ♥ ❡ ❛ ♥ ❞ ❈ ♦ ✐ ♥ ❡ ❍ ❡ ♠✐ ❡✐ ③ ❡ ❞ ♥ ♦ ♠ ❛❧✐ ③✐ ♥ ❣ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✮❀

• ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ♥ ❤ ❡ ◗ ✉ ❛ ♥ ✉ ♠ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ✱ ❍ ❡ ♠✐ ❡ ❛ ♥❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ✉ ❡ ❞
♦ ❡ ♣ ❡ ❡ ♥ ♦ ♠ ❡ ♦ ❜ ❡ ✈ ❛ ❜❧ ❡ ♣ ❛✐ ❡ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ✈ ❛❧ ✉ ❡ ✳ ❚ ❤✐ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡

❍ ❡✐ ❡ ♥ ❜ ❡ ❣ ❯ ♥ ❝ ❡ ❛✐ ♥ ② ✐ ♥ ❝✐ ♣❧ ❡ ✐ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ❢ ♦ ♠ ❤ ❡ ❍ ❡ ♠✐ ❡✐ ③ ❡ ❞ ❢ ♦ ♠
♦❢ ❤ ❡ ❈ ♦ ✐ ♥ ❡ ❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛ ♣ ❛✐ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ✈ ❡ ❝ ♦ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ❡ ❝ ✷✳ ✸✮✳ ❆ ♥ ❞
✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✉ ✐ ♥ ❣ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❈ ♦ ✐ ♥ ❡ ■ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛ ♣ ❛✐ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ❧✐ ♥ ❡ ♦ ✱ ❛❧ ♦ ✐ ♥ ❤ ❡
❍ ❡ ♠✐ ❡✐ ③ ❡ ❞ ❢ ♦ ♠✱ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ♣ ❛ ♦ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ✉ ❛ ♥ ✉ ♠ ❡ ❡ ✐ ♠ ❛ ❡ ❀

• ❆❧❧ ❤ ❡ ❧✐ ♠✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ♠ ❡ ❤ ♦ ❞ ✭ ❡ ❝ ✳ ✸✳ ✹✮ ❛ ❝ ✈ ❡ ② ✇ ❡❧❧ ✐ ♥ ❤ ❡ ❍ ❡ ♠✐ ❡✐ ③ ❡ ❞ ❢ ♦ ♠ ❀

• ▼ ❛ ①✐ ♠ ✉ ♠ ▼ ♦ ❞ ✉❧ ✉ ✐ ♥ ❝✐ ♣❧ ❡✱ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠✱ ✐ ❤ ♦❧ ❞ ❢ ♦ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ①
❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ✐ ♥ ❣❧ ❡ ❛ ♥ ❞ ♠ ❛ ♥ ② ✈ ❛ ✐ ❛ ❜❧ ❡ ✕ ❡ ❡ ❤✐ ✐ ♥ ❝✐ ♣❧ ❡✬ ♦ ✐ ❣✐ ♥ ❛❧ ✐ ♥❢ ❡ ✐ ♥ ❣ ❛ ❛
♣ ❛ ✐ ❝ ✉❧ ❛ ❝ ❛ ❡ ✐ ♥ ❤ ❡ ♦ ✉ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ❬ ✶ ✼✱ ♣✳ ✶ ✷ ✼❪✳



✻ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ▼ ❆ ■ ◆ ❆ ▲ ❚ ❊ ❘ ◆ ❆ ❚ ■ ❱ ❊ ❱ ❆ ❘ ■ ❆ ◆ ❚ ❙ ❖ ❋ ❈ ❖ ▼ ▲ ❊ ❳ ■ ❋ ■ ❈ ❆ ❚ ■ ❖ ◆

▼ ♦ ❣ ❡ ♥ ❡ ❛❧ ✐ ❤ ❡ ② ♠ ❜✐ ♦ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✳ ■ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❤ ❡ ♦ ② ♦❢ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧
❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❜ ❛ ✐ ❝ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❝ ❛❧ ❝ ✉❧ ✉ ✭ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥✮ ❣✐ ✈ ❡
❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ② ♠ ❜✐ ♦ ✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ✿

• ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ✐ ♥ ♦ ♣ ♦ ✇ ❡ ❡ ✐ ❡ ✐ ♥ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ z ❛ ♥ ❞ z ❢ ♦ ♣ ❡ ❝✐ ❛❧ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ♥ ♦ ♥✲
❤ ♦❧ ♦ ♠ ♦ ♣ ❤✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ z ❛ ♥ ❞ z ✱ ✐✳ ❡✳✱ ❤ ❡ ♥ ♦ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❙ ❡ ♥ ❡ ♦❢ ❘✐ ❡ ♠ ❛ ♥ ♥✱

• ♣ ❡ ❝✐ ❛❧ ✉❧ ❡ ♦❢ ② ♠ ❜✐ ♦ ✐ ❝ ✭ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡✮ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥✱
• ♣ ❡ ❝✐ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ❜✐❧✐ ② ❛ ♥ ❞ ❛ ♥ ❛❧ ② ✐ ❝✐ ② ❢ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡

✈ ❛ ✐ ❛ ❜❧ ❡ z ❛ ♥ ❞ z ✱
• ♣ ❡ ❝✐ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ✐ ♥ ❡ ❣ ❛ ❜✐❧✐ ② ♦❢ ❛ ❝ ❡ ❛✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ① ♣ ❡ ✐ ♦ ♥ ✭✐✳ ❡✳✱ ♦❢ ❤ ❡

❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦ ❛❧✐ ②✮✱
• ② ♠ ❜✐ ♦ ✐ ❝ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ✜ ♥ ❞✐ ♥ ❣ ❡ ① ❡ ♠ ❛ ♦❢ ❝ ❛❧ ❛ ❡ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡

✭ ❤ ❡ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ♥ ❡ ❝ ❡ ❛ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦ ✉ ❝ ❤ ❝ ❛❧ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ✐ ② ♠ ♠ ❡ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦
❤ ❡ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ✮✳ ❚ ❤✐ ✐ ❢ ✉ ❤ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❢ ♦ ♠ ❛❧ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✐ ❞ ❡ ❛ ✭ ❡ ❡✱ ❢ ♦

❡ ① ❛ ♠ ♣❧ ❡✱ ❬ ✶ ✾❪✮ ✐ ♥ ❛ ♥ ❛❧ ② ✐ ♦❢ ♥ ♦ ♥ ❤ ♦❧ ♦ ♠ ♦ ♣ ❤✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛ ✐ ❛ ❜❧ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳ ❲❡ ✐❧❧ ✉ ❛ ❡ ❤ ❡
❡ ① ❡ ♠ ❛❧ ♣ ♦ ❜❧ ❡ ♠ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ✱ ❝❧ ♦ ❡ ♦ ♦ ✉ ❤ ❡ ♠ ❡✱

• • ❡ ① ❡ ♠ ❛ ♦❢ ❤ ❡ ❝ ❛❧ ❛ ❡ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭❢ ♦ ♠ ❡ ❝ ✳ ✶✳ ✷✮ ❡ ① ♣ ❡ ✐ ♥ ❣ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦
❛ ✐ ♦ ♦❢ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♠ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ♦❢ ❛❧❧ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ♦ ✱ ✐❢ ❤ ❡ ♦ ♦ ❛ ❡

♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ✭ ❡ ❡ ♦ ✉ ♠ ❡ ❤ ♦ ❞ ♦❢ ♦❧ ✈✐ ♥ ❣ ✐ ♠✐❧ ❛ ❛ ❦ ✐ ♥ ❬ ✶ ✼✱ ♣✳ ✶ ✷ ✹ ✕ ✶ ✸ ✺❪✮✱
• • ♠✐ ♥✐ ♠✐ ③✐ ♥ ❣ ✉ ❛ ❡ ❞ ❍ ❡ ♠✐ ❡ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ❡ ✉ ❛ ✐ ♦ ♥ ❡ ✐ ❞ ✉ ❛❧ ✭ ✶ ✶ ✻✮✱ ✐✳ ❡✳✱ ❝ ❛❧ ❛

❡ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F = ||A x − a ||2H ✇✐ ❤ ✐ ♥❢ ❡ ✐ ♥ ❣ ❝ ♦ ♠ ♣❧ ❡ ① ❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✹ ✸✱ ✶ ✹ ✹✮✳

✯ ✯ ✯
♦ ❝ ✐ ♣ ✉ ♠ ♦ ❤ ❡ ❛ ■✳ ■ ♥ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥ ♦❢ ❤✐ ✐ ♥ ♦ ❞ ✉ ❝ ♦ ② ♣ ❛ ■ ❛ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❜ ❛ ✐ ❢ ♦

✉ ❜ ❡ ✉ ❡ ♥ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ♣ ❛ ■ ■✱ ❤ ❡ ❛ ✉ ❤ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦
♥ ♦ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✳ ❆ ❧ ♦ ♦❢ ♥ ❡ ✇ ♣ ♦ ✈✐ ✐ ♦ ♥ ✱ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ♥ ❞ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❤ ❡ ♣ ❛ ■ ✇ ❡ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞
❜ ② ❤ ❡ ❛ ✉ ❤ ♦ ❡❧ ❡ ❛ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ✶ ✾ ✽ ✶✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ② ✇ ❡ ❡ ♥ ♦ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❤ ❡ ♥ ♦ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥
✐ ♥ ❤ ❡ ❧ ❡ ❛ ❞✐ ♥ ❣ ❙ ♦ ✈✐ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❥ ♦ ✉ ♥ ❛❧ ✕ ❡ ❡ ♠ ♦ ❡ ❛ ❜ ♦ ✉ ❤✐ ♦ ♥ ❤ ❡ ❛ ✉ ❤ ♦ ✬ ✇ ❡ ❜✲ ✐ ❡ ✳ ❚ ❤ ❡ ❡
❝ ♦ ♥ ❡ ♥ ✇ ❡ ❡ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ♠ ❛ ♥ ② ❧ ❛ ❡ ✱ ✐ ♥ ✷ ✵ ✵ ✹✱ ✐ ♥ ❤✐ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ❬ ✶ ✺❪✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤✐ ❤ ❛ ♣❧ ❛ ❝ ❡
❢ ♦ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❢ ♦ ❤ ❡ ♥ ❡ ✇ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❣ ✉❧ ❛ ✐ ②
✇✐ ❤ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♥ ❣ ❤ ❡ ♠✱ ❢ ♦ ❤ ❡ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ♦❢ ❛ ♠✐ ♥✐ ♠ ❛❧
❛ ♥ ♥ ✉❧❧✐ ♥ ❣ ♣ ♦❧ ② ♥ ♦ ♠✐ ❛❧✱ ❢ ♦ ❤ ❡ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❛❧❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✐ ♥
❡ ♠ ♦❢ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❛ ♥ ✐ ♥✐ ✐ ❛❧ ♠ ❛ ✐ ①✱ ❢ ♦ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ❛ ♥ ❞ ♥ ✉❧❧✲

♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✱ ❢ ♦ ❤ ❡ ❡ ① ❛ ❝ ❛ ♥ ❞ ❡ ① ♣❧✐ ❝✐ ♥ ♦ ♠ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❧✐ ♥ ❡ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦
♣ ❡ ✉ ❞ ♦✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✕ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❞ ❧✐ ♠✐ ♦ ♥ ❡ ✱ ❢ ♦ ❤ ❡ ♥ ❡ ✇ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♥ ♦ ✐ ♦ ♥ ❛ ❛ ♠✐ ♥ ♦ ❛ ♥ ❛ ♥ ❞
❛ ❞✐ ❛ ♥ ❛❧ ♦❢ ❛ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡✐ ✉ ❡❢ ✉❧ ♣ ♦ ♣ ❡ ✐ ❡ ✐ ♥ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ❧✐ ♥ ❡ ❛ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞
♠ ❛ ✐ ❝ ❡ ✱ ❡ ❝✳✳ ❇ ✉ ♦ ♠ ❡ ❝ ♦ ♥ ❡ ♥ ❢ ♦ ♠ ❤✐ ❡ ✐ ❡ ❜ ❡ ❣ ❛ ♥ ♦ ❛ ♣ ♣ ❡ ❛ ❧ ❛ ❡ ✐ ♥ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡
❛ ♠ ❡ ❝✐ ❝❧ ❡ ♦❢ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ✇ ❤✐ ❝ ❤ ❞✐ ❞ ♥ ♦ ❛ ❝ ❝ ❡ ♣ ❛❧❧ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❛ ❜ ♦ ✈ ❡✳ ❋ ♦ ❤✐ ❡ ❛ ♦ ♥✱ ❤ ❡ ❛ ✉ ❤ ♦

❞✐ ❞ ♥ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♠ ❛ ❦ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ❤ ❡ ❡ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛ ✐❢ ✧ ❤ ❡✐ ❡ ✉❧ ✧✳ ❚ ❤ ❡ ❛ ♠ ❡ ❛ ♣ ♣❧✐ ❡
♦ ♣❧ ❛ ❣✐ ❛ ✐ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ✐ ♥ ❲✐ ❦✐ ♣ ❡ ❞✐ ❛ ✇✐ ❤ ❜ ♦ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ ❬ ✶ ✺❪ ♦❢ ✷ ✵ ✵ ✹ ❛ ♥ ❞ ❧ ❛ ❡ ✳

❆❧❧ ♦❢ ♣❧ ❛ ❣✐ ❛ ✐ ✇ ❡ ❡ ✉ ♣ ❛ ❡ ❞ ❜ ② ❤ ❡ ❯ ❦ ❛✐ ♥✐ ❛ ♥ ♣ ✉ ❜❧✐ ❤✐ ♥ ❣ ❤ ♦ ✉ ❡ ✧ ❰ ✐ ➝ ✧ ✭ ✧ ▲✐ ❣ ❤
♦❢ ❯ ❦ ❛✐ ♥ ❡ ✧ ✮ ✐ ✉ ❡ ❞ ♠ ② ✧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✲ ✷ ✵ ✵ ✹ ✧ ❛❢ ❡ ✶ ✵ ② ❡ ❛ ✐ ♥ ✷ ✵ ✶ ✺✱ ✇✐ ❤ ♦ ✉ ❝ ❤ ❛ ♥ ❣ ❡ ✱ ❜ ✉
✉ ♥ ❞ ❡ ♦ ❤ ❡ ✧ ❛ ✉ ❤ ♦ ✧ ♥ ❛ ♠ ❡✱ ✇✐ ❤ ❡ ✈✐ ❡ ✇ ♦ ✐ ❢ ♦ ♠ ✇ ♦ ❯ ❦ ❛✐ ♥✐ ❛ ♥ ♦❢ ❡ ♦ ✕ ❉ ♦❢ ❝✐ ❡ ♥ ❝ ❡ ✦✦✦

♦ ❜ ❛ ❜❧ ②✱ ♦ ♠ ❡✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ♥ ♦ ✈✐ ❝ ❡ ❛ ✉ ❤ ♦ ✱ ❤ ❛ ✈ ❡ ❡ ♥ ❝ ♦ ✉ ♥ ❡ ❡ ❞ ✇✐ ❤ ✐ ♠✐❧ ❛ ❡ ❤✐ ❝ ❛❧❧ ② ✉ ♥ ❛ ❝ ❝ ❡ ♣ ❛ ❜❧ ❡
♣ ❤ ❡ ♥ ♦ ♠ ❡ ♥ ❛ ✇ ❤ ❡ ♥✱ ❞ ✉ ❡ ♦ ❤ ❡ ❧ ❛ ❝ ❦ ♦❢ ❛ ✣❧✐ ❛ ✐ ♦ ♥ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ♠ ♦ ❡ ❝ ❡✐ ✈ ❡ ♦ ✣ ❝✐ ❛❧ ❡ ✈✐ ❡ ✇ ✱
❤ ❡✐ ❝✐ ❡ ♥ ✐ ✜ ❝ ✇ ♦ ❦ ❛ ❡ ♥ ♦ ♣ ✉ ❜❧✐ ❤ ❡ ❞✱ ❜ ✉ ❤ ❡ ♥✱ ❞ ✉ ❡ ♦ ❤ ❡ ❛ ❜ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❡ ❡ ✉❧ ✐ ♥ ❤ ❡ ❧✐ ❡ ❛ ✉ ❡✱

♦ ❤ ❡ ✏ ❛ ✉ ❤ ♦ ✑ ✇✐ ❤ ❛ ✣❧✐ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ✉✐ ❡ ❧ ② ✉ ❡ ❤ ❡ ♠ ✐ ♥ ❤ ❡✐ ✐ ♠✐❧ ❛ ♦ ✇ ♥ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ✳
❚ ❤ ❡ ❛ ✉ ❤ ♦ ✇ ✐ ❡ ❤✐ ❤ ❡ ❡ ❛ ♥ ❞ ♦ ♠ ❡ ✐ ♠ ❡ ❢ ✉ ❤ ❡ ♦ ♥❧ ② ❢ ♦ ❤ ❡ ♣ ✉ ♣ ♦ ❡ ♦❢ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥
❛ ❜ ♦ ✉ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❛ ♥ ✉ ♠ ❜ ❡ ♦❢ ❡ ❛ ❧ ② ✉ ❣ ❣ ❡ ❡ ❞ ❜ ② ❤✐ ♠ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✐ ❞ ❡ ❛ ✱ ❡❧ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✉❧ ✳

❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ♥ ♦ ✉ ♦ ✈ ❡ ❧ ② ♣ ♦❧✐ ✐ ❝✐ ③ ❡ ❞ ✐ ♠ ❡✱ ♦ ♥❧ ② ❤ ❡ ❛ ✉ ❤ ♦ ❤✐ ♠ ❡❧❢ ❤ ♦ ✉❧ ❞ ❞ ❡❢ ❡ ♥ ❞ ❤✐ ❝✐ ❡ ♥ ✐ ✜ ❝
♣ ✐ ♦ ✐ ✐ ❡ ❛ ♥ ❞✱ ❛❧ ♦ ♥ ❣ ❤ ❡ ✇ ❛ ②✱ ❤ ❡ ♣ ✐ ♦ ✐ ✐ ❡ ♦❢ ♦ ❤ ❡ ❛ ✉ ❤ ♦ ❛ ♣ ♣ ♦ ♣ ✐ ❛ ❡ ❞ ❜ ② ♦ ♠ ❡ ♦ ♥ ❡ ✱ ✇ ❤ ❡ ♥ ❤ ❡ ②
❤ ❛ ✈ ❡ ❛❧ ❡ ❛ ❞ ② ❧ ❡❢ ❡ ❛ ❤❧ ② ❧✐❢ ❡✱ ❛ ♥ ❞ ♥ ♦ ❤ ♦ ♣✐ ♥ ❣ ❤ ❛ ♦ ❤ ❡ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❛ ❡ ♥ ❡ ♦❢ ❥ ✉ ✐ ❝ ❡ ✇✐❧❧ ❞ ♦ ✐ ✳

❘ ❡ ✉❧ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❛ ■ ❛ ❡ ❢ ♦ ✷ ✵ ❤ ❝ ❡ ♥ ✳✱ ❡ ✉❧ ♦❢ ❛ ■ ■ ❛ ♥ ❞ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❛ ❡ ♦ ❙ ❡ ♣ ❡ ♠ ❜ ❡ ✷ ✵ ✵ ✹✳
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❚ ❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✿ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❝ ♦ ♥ ❡ ♥

❚ ❤✐ ❜ ❛ ✐ ❝ ♣ ❛ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦ ❜ ❡ ❣✐ ♥ ❜ ② ❧ ❛ ❣ ❡ ❈ ❤ ❛ ♣ ❡ ✺ ✐ ♥ ✇ ❤✐ ❝ ❤ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②
✐ ❞ ❡ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ✐ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✱ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ✐ ♥ ❤ ❡ ✇ ❛ ②✱ ✇✐ ❤ ♣ ❡❧✐ ♠✐ ♥ ❛ ②
✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡✐

♦ ♥ ❣ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ❛ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ✇✐ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ − 1 ❛ ♥ ❞ + 1 ✱
✐ ✐ { I ± } ✐ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ❝ ❛ ❡ ♦ R { I ± } R ′ ❣ ❡ ♥ ❡ ❛❧❧ ②✳ ■ ❞✐ ✈✐ ❞ ❡ ❤✐ ❜✐ ♥ ❛ ② ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ✐ ♥ ♦ ✐ ❞✐ ❡ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ❢ ♦ ♠ ✇ ♦ ✉ ❜ ♣ ❛ ❝ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✦

■ ♥ ❤ ❡ ✶✲ ❤ ❛❧❢ ♦❢ ❈ ❤ ❛ ♣ ❡ ✺ ✭ ❡ ❝ ✳ ✺✳ ✶ ✕ ✺✳ ✻✮✱ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ✐ ✈ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②
✐ ❝ ♦ ♥ ✉ ❝ ❡ ❞✳ ■ ✐ ❞ ❡ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ✇✐ ❤ ✉ ✐ ♥ ❣ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❢ ♦ ♠ ❤ ❡ ❡ ❝ ❛ ♥ ❣ ✉❧ ❛ ♦ ✉ ❛ ❡
♠ ❛ ✐ ❝ ❡ ✳ ❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ✇✐ ❤ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
♦❢ ❛❧ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ② ♣ ❡ ❜ ❡ ✇ ❡ ❡ ♥ n × r ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ♦ ❤ ❡✐ ✐ ♠ ❛ ❣ ❡ ⟨i m A1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩
✭✐✳ ❡✳✱ ❛ ♣❧ ❛ ♥ ❛ ♦❢ ❛ ♥ ❦ r 1 ❛ ♥ ❞ r 2 ✮ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞✳ ■ ♥ ♦ ❤ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥✱ ❤ ❡ ❡ ♥ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥
✇✐ ❤ ❤ ❡✐ ❛ ♥ ❣❧ ❡ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ❡ ♠ ❛ ♥ ♥ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ✐ ♥ ❣ ✉❧ ❛ ♥ ✉❧❧✲
♣ ✐ ♠ ❡ n × n ✲ ♠ ❛ ✐ ① ⟨i m B ⟩ ❛ ♥ ❞ ⟨i m B ′⟩ ✭✐✳ ❡✳✱ ❛ ♣❧ ❛ ♥ ❛ ♦❢ ❛ ♥ ❦ r ✮✳ ❚ ❤ ❡ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧

✉ ❝ ✉ ❡ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❛ ❡ ✐ ♥ ❛❧❧ ❡ ❞✳
■ ♥ ❤ ❡ ✷✲ ♥ ❞ ❤ ❛❧❢ ♦❢ ❈ ❤ ❛ ♣ ❡ ✺ ✭ ❡ ❝ ✳ ✺✳ ✼ ✕ ✺✳ ✶ ✷✮✱ ✇ ❡ ❛ ♥ ✐ ♥ ❛ ✉ ❛❧❧ ② ✐ ♥ ♦ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞

❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❝ ♦ ♥ ✉ ❝ ❡ ❞ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳
❚ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❤✐ ✈ ❡ ✐ ♦ ♥ ❡ ♣ ❡ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❛❧ ✭ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡✮
❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ✭ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ✮ ♠ ❛ ✐ ① ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✮✳ ■ ♥ ❤ ❡ ❈ ❤ ❛ ♣ ❡ ❡ ♥ ❞✱ ❤ ❡ ② ❛ ❡
❣ ♦ ❡ ♥ ✐ ♥ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ✱ ✐✳ ❡✳✱ ✇✐ ❤ ♦ ♥ ❡ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ♦❢
♦ ❛ ✐ ♦ ♥ ✕ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❣✐ ✈ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ♦❢ ✐ ♥ ❞ ❡ ① q = 1 ✳

❚ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ♠ ♦ ♥ ♦✲ ❜✐ ♥ ❛ ② ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ✐ ♥ ♦ ♠ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡
❢ ♦ ❛❧❧ ♠ ❛✐ ♥ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❤ ❡ ❡ ♥ ✐ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❜ ❡ ✐ ❞ ❡ ✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✳

■ ♥ ❈ ❤ ❛ ♣ ❡ ✻ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧
❡ ✢ ❡ ❝ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ❛ ♥ ❞ ✇✐ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✐ ✐ ❣ ♥✲✐ ♥ ❞ ❡ ✜ ♥✐ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝

✐ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ✇✐ ❞ ❡ ✉ ❡ ♦❢ ❤ ❡ ❛ ❜ ❛ ❝ ❛ ♥ ❞ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✳
❙ ❝ ❛❧ ❛ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ❡ ① ♣ ♦ ❡ ❞ ♦ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ✐ ♥ ❝✐ ♣ ❛❧
❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✳ ❋ ♦ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✇✐ ❤ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✱ ❤ ❡
❡ ♣ ❡ ❝✐ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✭ ♥ ✉ ♠ ❜ ❡ ✮ ω ✐ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ π / 4 ✭ ✇ ❤✐ ❝ ❤
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❢ ♦ ❝ ✉ ✮✳ ❚ ❤ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ✱ ❤ ❡✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ♦ ♦ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❛ ❡ ❣✐ ✈ ❡ ♥ ✐ ♥ ❤ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ◗ ✉ ❛ ❝✐ ❝❧ ❡ ✳
■ ♥ ❤ ❡ ❈ ❤ ❛ ♣ ❡ ❡ ♥ ❞✱ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ✳

■ ♥ ❈ ❤ ❛ ♣ ❡ ✼ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ❛ ✉ ❡ ♦❢ ♠ ❛ ✐ ❝ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ❛ ♥ ❞ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ②
✐ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❛ ❤ ❡ ❡ ♣ ❛ ❛ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❛ ♥ ❞ ❍ ❡ ♠✐ ✐ ❛ ♥ ✈ ❛ ✐ ❛ ♥ ✳

■ ♥ ❈ ❤ ❛ ♣ ❡ ✽ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉ ♠ ❢ ♦ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① ❛ ♥ ❞ ❢ ♦ ❛ ♣ ❛✐ ♦❢ ❧✐ ♥ ❡ ♦
❛ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞✱ ✇ ❤✐ ❝ ❤ ❡ ✈ ❡ ❛ ❛ ❜ ❛ ✐ ❢ ♦ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧✐ ③✐ ♥ ❣
♥ ❡ ✇ ♠ ❛ ✐ ① ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✳ ❚ ❤ ❡ ② ❣✐ ✈ ❡ ♦ ♣ ♣ ♦ ✉ ♥✐ ② ❢ ♦ ❝ ♦ ❡ ❝ ❞ ❡ ✜ ♥✐ ♥ ❣ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠
✇✐ ❤ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❡❧ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❛ ✐ ① ♦ ❜❥ ❡ ❝ ✳ ❙ ❡ ❡ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❛ ❜ ♦ ✉ ❤ ❡ ♠ ✐ ♥ ❈ ❤ ❛ ♣ ❡ ✸✳

■ ♥ ❈ ❤ ❛ ♣ ❡ ✾ ❤ ❡ ❝ ♦ ❡ ❝ ✉ ❛ ❞ ❛ ✐ ❝ ♥ ♦ ♠ ♦❢ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ❧✐ ♥ ❡ ♦ ❛ ♦ ♠ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝
♦ ❜❥ ❡ ❝ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❛ ✈ ❡ ❛ ❣ ❡ ✈ ❛❧ ✉ ❡ ❢ ♦ ♠ ❈ ❤ ❛ ♣ ❡ ✶✳

■ ♥ ❈ ❤ ❛ ♣ ❡ ✶ ✵✱ ✶ ✶✱ ✶ ✷ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ❞ ❡ ✉ ❛ ❡ ❛ ♥ ❞
❍ ❡ ♠✐ ✐ ❛ ♥ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✱ ❛ ♥ ❞ ✐ ♥ ❡ ❛❧✐❢ ② ❡ ❞ ♣ ❡ ✉ ❞ ♦✐ ③ ❡ ❞ ♣ ❛ ❝ ❡ ✳ ▲ ❛ ❣ ❡ ❛ ❡ ♥ ✐ ♦ ♥ ✐ ♣ ❛ ❡ ❞ ❢ ♦ ♠
❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦ ✉ ❞ ②✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡

♦❢ ✐ ♥ ❞ ❡ ① q ❛ ♥ ❞ ❡ ♣ ❛ ❛ ❡❧ ② ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡ ✕ ✐ ♠ ❡ ♦❢ ✐ ♥ ❞ ❡ ① q = 1 ✱ ✇✐ ❤ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞
✐ ♥ ♦ ❤ ❡ ♠ ✇ ♦ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❤ ② ♣ ❡ ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ②✳ ❙ ♦✱ ✈ ❛ ✐ ♦ ✉

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✐ ♥ ❤ ❡ ❧ ❛ ❣ ❡ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞✳ ■ ♥ ❤ ❡ ❡ ♥ ❞✱ ❤ ❡
❙ ♣ ❡ ❝✐ ❛❧ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❡❧ ❛ ✐ ✈✐ ② ✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ❞ ❢ ♦ ✐ ✉ ❡ ✐ ♥ ❤ ❡ ❧ ❛ ❣ ❡ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳



❈ ❤ ❛ ♣ ❡ ✺

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ◗ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②

✺✳ ✶ ❖ ❜ ❥ ❡ ❝ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ♥ ❞ ❤ ❡✐ ♣ ❛ ✐ ❛❧ ❡❧ ❛ ✐ ♦ ♥

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❈ ❛ ♥ ♦ ✕ ❉ ❡ ❞ ❡ ❦✐ ♥ ❞ ❈ ♦ ♥ ✐ ♥ ✉ ✉ ♠ ❆ ①✐ ♦ ♠ ❬ ✷ ✶✱ ♣✳ ✾ ✾❪✱ ❛ ✣ ♥ ❡ ❛ ♥ ❞ ❛ ✐ ❤ ♠ ❡ ✐ ❝
♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝✱ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡✐ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❛ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝
♦ ♦✳ ❉ ✉ ❡ ♦ ❤✐ ✱ ❡ ✉❧ ✱ ♦ ❜ ❛✐ ♥ ❡ ❞ ❜ ② ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✇ ❛ ② ✱ ♠ ❛ ② ❜ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ✐ ♥ ❡ ♣ ❡ ❡ ❞❀ ❛ ♥ ❞

✈✐ ❝ ❡ ✈ ❡ ❛✳ ✐ ♠ ❛ ② ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡ ❛ ❡ ♣ ♦✐ ♥ ❛ ♥ ❞ ❢ ❡ ❡ ✈ ❡ ❝ ♦ ✱
❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❛ ①✐ ♦ ♠ ❛ ✐ ❝ ❞ ❡ ❡ ♠✐ ♥ ❛ ✐ ♦ ♥ ❜ ② ❍ ❡ ♠ ❛ ♥ ♥ ❲❡ ②❧✳ ❚ ❤ ❡✐ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥
❜ ❛ ❡ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② n ✲ ✉ ♣❧ ❡ ♦❢ ♥ ✉ ♠ ❜ ❡ ✳ ♦✐ ♥ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✳
❚ ❤ ❡ ❡ ❛ ❡ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ❛ ♥ ❞ ♥ ♦ ♥ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✳ ❈ ❡ ♥ ❛❧✐ ③ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝
❤ ❛ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♣ ♦✐ ♥ ✐ ♥ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ❛ ❣✐ ✈ ❡ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ② ❡ ♠✳ ❚ ❤ ❡ ❡ ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ✐ ♥
❤ ❡ ❡ ✇ ♦ ♣ ❛ ❝ ❡ ⟨ A n ⟩ :

❛ ✈ ❡ ❝ ♦ a − ❛ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ❡ ❣ ♠ ❡ ♥ ,
❛ ♥ ✐ ♠ ❛ ❣ ❡ ⟨i m a ⟩  − ❛ ❛✐ ❣ ❤ ❧✐ ♥ ❡,
❛ ❦ ❡ ♥ ❡❧ ⟨k e r a ′⟩  − ❛ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ,
n × r ✲❧✐ ♥ ❡ ♦ A ♦❢ ❛ ♥ ❦ r − ❛ ♥ r ✲ ✐ ♠ ♣❧ ❡ ①,
❛ ♥ ✐ ♠ ❛ ❣ ❡ ⟨i m A⟩  − ❛ ♣❧ ❛ ♥ ❛ ♦❢ ❛ ♥ ❦ r,
❛ ❦ ❡ ♥ ❡❧ ⟨k e r A ′⟩  − ❛ ♣❧ ❛ ♥ ❛ ♦❢ ❛ ♥ ❦ n − r.

◆ ♦ ❡✱ ❞ ✉ ❡ ♦ ✭ ✶ ✵ ✵✮ ❤ ❡ ❡ ❤ ♦❧ ❞ ⟨i m A⟩ ⊕ ⟨ k e r A ′⟩ ≡ ⟨ A n ⟩ ✭ ❞✐ ❡ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ⟨ E n ⟩ ✉ ♠✮✳
❚ ❤ ❡ ❡ ✐ ♠ ♣❧ ❡ ❧✐ ♥ ❡ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ♦❢ ❞ ❡ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❤ ❛ ✈ ❡ ❛ ✈ ❛❧ ❡ ♥ ❝ ② ✶✳
❆ ✈ ❛❧ ❡ ♥ ❝ ② ❢ ♦ ♥ ♦ ♥ ❛ ♥ ❛❧✐ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♦ ❜❥ ❡ ❝ ♠ ❛ ② ❜ ❡ ♦ ❤ ❡ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞
❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ✈ ❡ ❝ ♦ ❤ ❛ ✈ ❡ ❤ ❡ ✈ ❛❧ ❡ ♥ ❝ ② ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✵ ❛ ♥ ❞ ✷✿

a ′
1 a 2 = c = a ′

2 a 1 , a 1 a ′
2 = B = { a 2 a ′

1 } ′. ( 1 5 1) , ( 1 5 2)

❙ ❡ ♣ ❛ ❛ ❡ ❤ ❡ ❝❧ ❛ ♦❢ ❡ ✉✐ ❛ ♥ ❦ n × r ✲❧✐ ♥ ❡ ♦ ❛ ♥ ❞ ♣❧ ❛ ♥ ❛ ✳ ❚ ❤ ❡ ♣❧ ❛ ♥ ❛ ♠ ❛ ② ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞
❛❧ ♦ ❜ ② ❛ ♥ ② ✐ ♥ ❣ ✉❧ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ n × n ✲ ♠ ❛ ✐ ❝ ❡ B p ✭ ✇ ❡ ❤ ❛❧❧ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❜ ✐ ❡ ✢ ② ❛ B
✉ ♥❧ ❡ ❛ ♥ ♦ ❤ ❡ ❡ ♥ ❡ ✐ ♥ ♦ ❡ ❞✮✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ❢ ♦ ❛ ♣ ❛✐ ♦❢ ♣❧ ❛ ♥ ❛ ✭r a n k A 1 = r 1 , r a n k A2 = r 2 ✮
❡❧ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ✐ ♥ ⟨ A n ⟩ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ✐ ♥ ⟨ E n ⟩ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦

❢ ♦ ♠ ❈ ❤✳ ✷ ✐ ♥ ❛ ✣ ♥ ❡ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

⟨i m A1 ⟩ ≡ ⟨ i m A2 ⟩ ⇔
← − − −
A 1 A ′

1 =
← − − −
A 2 A ′

2 ⇔

⇔
− − − →
A 1 A ′

1 =
− − − →
A 2 A ′

2 ⇔ ⟨ k e r A ′
1 ⟩ ≡ ⟨ k e r A ′

2 ⟩,
❢ ♦ ❡ ✉✐ ❛ ♥ ❦ ♣❧ ❛ ♥ ❛ (r 1 = r 2 ), ( 1 5 3)

⟨i m A2 ⟩ ⊆ ⟨ i m A1 ⟩ ⇔
← − − −
A 1 A ′

1 ·
← − − −
A 2 A ′

2 =
← − − −
A 1 A ′

1 =

=
← − − −
A 2 A ′

2 ·
← − − −
A 1 A ′

1 ⇔
← − − −
A 1 A ′

1 · A 2 = A 2 ⇔

⇔
− − − →
A 1 A ′

1 · A 2 = Z = A ′
2 ·

− − − →
A 1 A ′

1 ⇔ ⟨ k e r A ′
1 ⟩ ⊆ ⟨ k e r A ′

2 ⟩,





(r 2 ≤ r 1 ), ( 1 5 4)

⟨i m A2 ⟩ ⊆ ⟨ k e r A ′
1 ⟩ ⇔ A ′

1 A 2 = Z 1 , A′2 A 1 = Z 2 ⇔
⇔ ⟨ i m A1 ⟩ ⊆ ⟨ k e r A ′

2 ⟩ ⇒ ⟨ i m A1 ⟩ ∩ ⟨ i m A2 ⟩ = 0 ,
⇒ (r 1 + r 2 ≤ n ), ( 1 5 5)

⟨k e r A ′
1 ⟩ ⊆ ⟨ i m A2 ⟩ ⇔

← − − −
A 2 A ′

2 ·
− − − →
A 1 A ′

1 =
− − − →
A 1 A ′

1 ⇔

⇔
− − − →
A 2 A ′

2 ·
− − − →
A 1 A ′

1 = Z =
− − − →
A 1 A ′

1 ·
− − − →
A 2 A ′

2 ⇔
⇔ ⟨ k e r A ′

2 ⟩ ⊆ ⟨ i m A1 ⟩ ⇒ ⟨ k e r A ′
1 ⟩ ∩ ⟨ k e r A ′

2 ⟩ = 0 ,





⇒ (r 1 + r 2 ≥ n ), ( 1 5 6)



✺✳ ✶ ❖ ❜ ❥ ❡ ❝ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ♥ ❞ ❤ ❡✐ ♣ ❛ ✐ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✻ ✺

❚ ❤ ❡ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ✐ ♥ ❛ ♥ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡ ⟨ A n ⟩ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ✐ ♥
❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ♦❢ ❧✐ ♥ ❡ ♦ ♦ ♣❧ ❛ ♥ ❛ ✱ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❧✐ ♥ ❡ ♦ ♦ ♦✱ ❡ ✉✐ ❡ ❢ ✉ ❤ ❡ ❞ ❡ ✈ ❡✲
❧ ♦ ♣ ♠ ❡ ♥ ❛ ♥ ❞ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ♦ ❤ ❛ ♦ ♥ ❤ ❡✐ ❜ ❛ ✐ ✇ ❡ ❝ ❛ ♥ ❞ ❡ ✐ ✈ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥
❛ ♥ ❞ ❤ ❡ ❜ ❛ ✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ✇✐ ❤ ❤ ❡✐ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✕ ❛ ❣ ✉ ♠ ❡ ♥ ✳

■❢ ❤ ❡ ❧✐ ♥ ❡ ❛ ✉ ❜ ♣ ❛ ❝ ❡ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ n × n ✲ ♠ ❛ ✐ ❝ ❡ B p ✭ ❛ ■✱ ❡ ❝ ✳ ✶✳ ✻✮✱
❤ ❡ ♥ ❤ ❡✐ ❛ ✣ ♥ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ❛❧ ♦✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱

⟨i m B p1 ⟩ ≡ ⟨ i m B p2 ⟩, ⟨k e r B p 1 ⟩ ≡ ⟨ k e r B p 2 ⟩ ⇔
←−−−− →
B p 1 =

−− →←−−
B p 2 ; ( 1 5 7)

⟨i m B p2 ⟩ ⊆ ⟨ i m B p1 ⟩ ⇔
←−−
B p 1 · B p 2 = B p 2 ⇔

⇔
−− →
B p 1 · B p 2 = Z = B p ′

2 ·
−− →
B p ′

1 ⇔ ⟨ k e r B p ′
1 ⟩ ⊆ ⟨ k e r B p ′

2 ⟩.





( 1 5 8)

❆ ✣ ♥ ❡ ❡❧ ❛ ✐ ♦ ♥ ✭ ✶ ✺ ✸✮ ✕✭ ✶ ✺ ✻✮ ❜ ❡ ✇ ❡ ❡ ♥ ♣❧ ❛ ♥ ❛ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ♦❢ ❤ ❡✐
❛ ♥ ❦ r 1 ❛ ♥ ❞ r 2 ♠ ❛ ② ❜ ❡ ♥ ❛ ✉ ❛❧❧ ② ✇✐ ❞ ❡ ♥ ❛ ❢ ♦❧❧ ♦ ✇ ✳ ■ ♥ ❤ ❡ ✜ ❡ ① ❡ ♠ ❡ ❝ ❛ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡✿

⟨i m A1 ⟩ ∩ ⟨ i m A2 ⟩ = 0 ⇔ r a n k (
← − − −
A 2 A ′

2 −
← − − −
A 1 A ′

1 ) =

= r 1 + r 2 = r a n k (
− − − →
A 1 A ′

1 −
− − − →
A 2 A ′

2 ) ≤ n.





( 1 5 9)

❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤✐ ♠ ❛ ✐ ① (
← − − −
A 2 A ′

2 −
← − − −
A 1 A ′

1 ) ✐ ♥ ❛ ♥ ② ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ♦❢ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
⟨ E n ⟩ ✐ ❤ ❡ ❞✐ ❡ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ⟨i m A1 ⟩ ⊕ ⟨ i m A2 ⟩ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ (r 1 + r 2 )✱ ❛ ♥ ❞ ✐ ❦ ❡ ♥ ❡❧
✐ ❤ ❡ ♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ⟨ E n ⟩ ♦ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ n − (r 1 + r 2 )✳ ■ ♥ ❤ ❡
❡ ❝ ♦ ♥ ❞ ❡ ① ❡ ♠ ❡ ❝ ❛ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡✿

⟨k e r A ′
1 ⟩ ∩ ⟨ k e r A ′

2 ⟩ = 0 ⇔ r a n k (
← − − −
A 2 A ′

2 −
← − − −
A 1 A ′

1 ) =

= r a n k (
− − − →
A 1 A ′

1 −
− − − →
A 2 A ′

2 ) = ( n − r 1 ) + ( n − r 2 ) ≤ n.





( 1 6 0)

❍ ❡ ❡ ❤ ❡ ❛ ♠ ❡ ♠ ❛ ✐ ① ✐ ♠ ❛ ❣ ❡✱ ❜ ✉ ✐ ♥ ♦ ❤ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ (
− − − →
A 1 A ′

1 −
− − − →
A 2 A ′

2 )✱ ✐ ❤ ❡ ❞✐ ❡ ❝ ✉ ♠
⟨k e r A ′

1 ⟩ ⊕ ⟨ k e r A ′
2 ⟩ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ [(n − r 1 ) + ( n − r 2 )] = 2 n − (r 1 + r 2 )✱ ❛ ♥ ❞ ✐ ❦ ❡ ♥ ❡❧ ✐ ❤ ❡

♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ⟨ E n ⟩ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ (r 1 + r 2 ) − n ✳ ◆ ♦ ❡✱ ❤ ❛ ✭ ✶ ✺ ✺✮ ❛ ♥ ❞ ✭ ✶ ✺ ✻✮ ❛ ❡ ♦ ♥❧ ②
❤ ❡ ♣ ❡ ❝✐ ❛❧ ❡ ① ❡ ♠ ❡ ❝ ❛ ❡ ♦❢ ✭ ✶ ✺ ✾✮ ❛ ♥ ❞ ✭ ✶ ✻ ✵✮✳ ❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✺ ✾✮ ❛ ♥ ❞ ✭ ✶ ✻ ✵✮ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✐ ✛

n = r 1 + r 2 ✱ ✐✳ ❡✳✱ ✐ ♥ ❤✐ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡✱ ❤ ❡ ❡ ❤ ♦❧ ❞

⟨i m A1 ⟩ ⊕ ⟨ i m A2 ⟩ ≡ ⟨ A n ⟩ ≡ ⟨ k e r A ′
1 ⟩ ⊕ ⟨ k e r A ′

2 ⟩.

❯ ♥ ❞ ❡ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ♠ ❛ ✐ ① (
← − − −
A 2 A ′

2 −
← − − −
A 1 A ′

1 ) = (
− − − →
A 1 A ′

1 −
− − − →
A 2 A ′

2 ) ✐ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ✳
❙✐ ♠✐❧ ❛ ❧ ②✱ ✐ ♥ ♦ ❤ ❡ ❝ ❛ ❡ ✱ ✇ ❡ ❤ ❛ ✈ ❡✿

⟨i m A1 ⟩ ∩ ⟨ i m A2 ⟩̸= 0 ⇔ r a n k (
← − − −
A 2 A ′

2 −
← − − −
A 1 A ′

1 ) < r 1 + r 2 , ( 1 6 1)

⟨k e r A ′
1 ⟩ ∩ ⟨ k e r A ′

2 ⟩̸= 0 ⇔ r a n k (
− − − →
A 1 A ′

1 −
− − − →
A 2 A ′

2 ) < 2 n − (r 1 + r 2 ). ( 1 6 2)

❙ ✉ ❝ ❤ ✐ ♥ ❜ ❛ ❝ ❦ ❡ ❛ ♥ ❞ ♦ ❤ ❡ ✐ ♠✐❧ ❛ ✇ ♦ ♥ ❞ ❡ ❢ ✉❧ ♠ ❛ ✐ ❝ ❡ ❣✐ ✈ ❡ ✉ ❤ ❡ ✇ ❛ ② ❢ ♦ ❞ ❡ ✜ ♥✐ ♥ ❣ ❢ ✉ ❤ ❡
❛❧❧ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ❤ ❡✐ ❛ ❣ ✉ ♠ ❡ ♥
✐ ♥ ❡ ♠ ♦❢ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❢ ♦ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦ ❛ ♣ ❛✐ ♦❢ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ✱ ❛ ♥ ❞
❤ ❡ ♥ ♦ ❛ ♣ ❛✐ ♦❢ ♠ ❛ ✐ ① ♦ ❧✐ ♥ ❡ ❛ ♠ ❛ ✐ ① ♦ ❜❥ ❡ ❝ B ❛ ♥ ❞ B ′✳ ◆ ❡ ① ✱ ✇ ❡ ✉ ♥ ♦ ❤ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥

♦❢ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ✐ ♥✐ ✐ ❛❧❧ ② ♦❢ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ② ♣ ❡✱ ✐ ♥ ❛ ✣ ♥ ❡ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳



✻ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

✺✳ ✷ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡✱ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝

si n Φ̃ 1 2 =
← − − −
A 2 A ′

2 −
← − − −
A 1 A ′

1 =
− − − →
A 1 A ′

1 −
− − − →
A 2 A ′

2 = si n ′ Φ̃ 1 2 = − si n Φ̃ 2 1 ( 1 6 3)

✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩
✭ ♦ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ✮✳ ❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ♣ ♦✐ ♥ ❡ ❞ ♦ ✉ ❜ ②
❤ ❡ ✐❧ ❞ ❡ ✉ ♣ ♣ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✳ ❲❡ ❤ ❛ ✈ ❡✿

Φ̃ 1 2 = ( Φ̃ 1 2 ) ′ = − Φ̃ 2 1 . ( 1 6 4)

❚ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ✭ ✶ ✻ ✹✮ ♦❢ ❛ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✇✐❧❧ ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ❢ ✉ ❤ ❡ ❛❢ ❡ ❝ ♦ ♥ ✈ ❡ ✐ ♥ ❣
✇✐ ❤ ✐ ❡ ♥ ♦ ✐ ♥ ❡ ✐ ♥ ♦ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ♠ ♦ ♥ ♦ ❜✐ ♥ ❛ ② ❛ ♥ ❞ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✳

■ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❛ ♥ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ✐ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ♠ ❛ ❤ ❡✲
♠ ❛ ✐ ❝ ❛❧❧ ② ✈ ❡ ② ✐ ♠ ♣❧ ② ❛ ♥ ❞ ❝ ♦ ❡ ❝ ❧ ② ❛ ❤ ❡ ❛ ❝ ✐ ♥ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡✳ ❚ ❤ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ✐ ♥ ⟨ A n ⟩ ✇✐ ❤ ❛ ♥ ✐ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E n ⟩ ❛❧❧ ♦ ✇ ♦ ✐ ❣ ♦ ♦ ✉ ❧ ② ❞ ❡ ✜ ♥ ❡ ❤ ❡
❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ✇✐ ❤ ♣ ❛ ✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ❛ ❜ ❛ ❝ ❛ ✣ ♥ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ♥ ❣❧ ❡ ♦ ♠ ❡ ✐ ❝ ✈ ❛❧ ✉ ❡✳
■ ♥ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✇✐ ❤ ♦ ✉ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ✐ ❞ ♦ ♥ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥
❛ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡✱ ❜ ✉ ❢ ♦ ❤✐ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦ ✐ ❝ ❧ ② ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❛ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡✳

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✻ ✸✮✱ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ⟨i m A1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩ ✐ ❛ ❞ ❞✐ ✐ ✈ ❡❧ ② ♦ ♣ ♣ ♦ ✐ ❡ ♦
❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ⟨k e r A ′

1 ⟩ ❛ ♥ ❞ ⟨k e r A ′
2 ⟩✳ ❚ ❤ ❡ ❡ ✇ ♦ ❛ ♥ ❣❧ ❡ ♦ ❣ ❡ ❤ ❡ ❢ ♦ ♠ ❤ ❡ ✇ ❤ ♦❧ ❡ ❜✐ ♥ ❛ ②

✉ ❝ ✉ ❡ ♦❢ Φ̃ 1 2 ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♥ ♦ ♥✲ ♦ ✐ ❡ ♥ ❡ ❞ ✈ ❡ ❝ ♦
♦ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✐

si n Φ̃ 1 2 =
←− −−
a 2 a ′

2 −
←− −−
a 1 a ′

1 =
a 2 a ′

2

a ′
2 a 2

−
a 1 a ′

1

a ′
1 a 1

. ( 1 6 5 − I )

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✐ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ❝ ✉ ❡ ♦ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ✐

si n Φ̃ 1 2 = si n φ 1 2 I 2 × 2 , I 2 × 2 = R ·
0 1
1 0

· R ′,

✇ ❤ ❡ ❡ φ 1 2 ✐ ❤ ❡ ❝ ♦ ✉ ♥ ❡ ✲ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ✐ ❣ ❤ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡✱ |φ 1 2 | ≤ π ❢ ♦ ✈ ❡ ❝ ♦
♦ |φ 1 2 | ≤ π / 2 ❢ ♦ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✱ R ✐ ♦ ♠ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ①✳

❈ ♦ ♥ ❞✐ ✐ ♦ ♥ si n Φ̃ 1 2 = Φ̃ 1 2 = Z ♠ ❡ ❛ ♥ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ✭ ✶ ✺ ✸✮ ♦❢ ❤ ❡ ♣❧ ❛ ♥ ❛ ✳ ■ ♥ ❝ ♦ ♠ ♠ ♦ ♥ ❤ ❡ ❡
♣❧ ❛ ♥ ❛ ♠ ❛ ② ❜ ❡ ♥ ♦ ♥ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ❛ < a 1 + ⟨i m A1 ⟩ > ❛ ♥ ❞ < a 2 + ⟨i m A2 ⟩ > .

❘ ❡❧ ❛ ✐ ♦ ♥ ✐ ♠✐❧ ❛ ♦ ✭ ✶ ✺ ✹✮ ❤ ❛ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦ ♦✿

⟨i m A1 ⟩ ⊆ ⟨ i m A2 ⟩ ⇔ si n 2 Φ̃ 1 2 = + si n Φ̃ 1 2 , ( 1 6 6)

⟨i m A2 ⟩ ⊆ ⟨ i m A1 ⟩ ⇔ si n 2 Φ̃ 1 2 = − si n Φ̃ 1 2 . ( 1 6 7)

■ ♥ ❞ ❡ ❡ ❞✱

si n 2 Φ̃ 1 2 =
← − − −
A 1 A ′

1 ·
− − − →
A 2 A ′

2 +
← − − −
A 2 A ′

2 ·
− − − →
A 1 A ′

1 =
− − − →
A 1 A ′

1 ·
← − − −
A 2 A ′

2 +
− − − →
A 2 A ′

2 ·
← − − −
A 1 A ′

1 . ( 1 6 8)

❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✻ ✼✮✱ ✐ ♠ ❛ ② ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ❛ ✿

⟨i m A2 ⟩ ⊆ ⟨ i m A1 ⟩ ⇔ ⟨ k e r A ′
1 ⟩ ⊆ ⟨ k e r A ′

2 ⟩ ⇔

⇔
← − − −
A 1 A ′

1 ·
← − − −
A 2 A ′

2 =
← − − −
A 2 A ′

2 ,
← − − −
A 2 A ′

2 ·
− − − →
A 1 A ′

1 = Z ⇔ si n 2 Φ̃ 1 2 = − si n Φ̃ 1 2 .

■ ♥ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✭ ✶ ✻ ✻✮✱ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡ ✐ ❛ ② ♠ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ♦ ✭✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ✵ ❛ ♥ ❞ ✰ ✶✮❀
✐ ♥ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✭ ✶ ✻ ✼✮ ✐ ✐ ❛ ♥ ❛ ♥ ✐ ♣ ♦❥ ❡ ❝ ♦ ✭ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ✵ ❛ ♥ ❞ − 1 ✮✳



✺✳ ✷ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡✱ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ✻ ✼

❚ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ⟨i m B ′⟩ ❛ ♥ ❞ ⟨i m B ⟩ ✐ ❛ ❞ ❞✐ ✐ ✈ ❡❧ ② ♦ ♣ ♣ ♦ ✐ ❡ ♦ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
❜ ❡ ✇ ❡ ❡ ♥ ⟨k e r B ⟩ ❛ ♥ ❞ ⟨k e r B ′⟩✳ ❚ ❤ ❡ ❡ ✇ ♦ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ❡ ♥ ✐ ❡❧ ② ❤ ❡ ✇ ❤ ♦❧ ❡ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡
♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ B ✳ ❙✐ ♠✐❧ ❛ ❧ ② ♦ ✭ ✶ ✻ ✸✮ ❛ ♥ ❞ ✭ ✶ ✻ ✹✮✱ ❤ ❡ ❡ ❤ ♦❧ ❞

si n Φ̃ B =
← − −
B ′B −

← − −
B B ′ =

− − →
B B ′ −

− − →
B ′B = si n ′ Φ̃ B = − si n Φ̃ B ′ ; ( 1 6 9)

Φ̃ B = ( Φ̃ B ) ′ = − Φ̃ B ′ . ( 1 7 0)

❈ ♦ ♥ ❞✐ ✐ ♦ ♥ si n Φ̃ B = Z ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ Φ̃ B = Z ❛ ♥ ❞ B ∈ ⟨ B m ⟩✱ ✐ ✐ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✭ ❛ ■✱ ❡ ❝ ✳ ✷✳ ✹✮❀ si n Φ̃ 1 2 = 0 ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ✭ ✶ ✺ ✸✮✳

❚ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣❧ ❛ ♥ ❛ ✿ ✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❦ ❡ ♥ ❡❧ ♦❢ ♠ ❛ ✐ ❝ ❡ A 1 ❛ ♥ ❞ A 2

♦ B ❛ ♥ ❞ B ′ ❛ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❜ ② ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❝ ♦ ✐ ♥ ❡ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ♦ Φ̃ B ✿

c o s Φ̃ 1 2 =
← − − −
A 2 A ′

2 −
− − − →
A 1 A ′

1 =
← − − −
A 1 A ′

1 −
− − − →
A 2 A ′

2 =

=
← − − −
A 1 A ′

1 +
← − − −
A 2 A ′

2 − I = I −
− − − →
A 1 A ′

1 −
− − − →
A 2 A ′

2 =

= c o s ′ Φ̃ 1 2 = c o s Φ̃ 2 1 = c o s ( − Φ̃ 1 2 ),





( 1 7 1)

c o s Φ̃ B =
← − −
B B ′ −

− − →
B ′B =

← − −
B ′B −

− − →
B B ′ =

← − −
B B ′ +

← − −
B ′B − I =

= I −
− − →
B B ′ −

− − →
B ′B = c o s ′ Φ̃ B = c o s Φ̃ B ′ = c o s ( − Φ̃ B ′ ).

( 1 7 2)

❋ ♦ ✇ ♦ ♥ ♦ ♥✲ ♦ ✐ ❡ ♥ ❡ ❞ ✈ ❡ ❝ ♦ ♦ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ♦ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

c o s Φ̃ 1 2 =
←− −−
a 2 a ′

2 +
←− −−
a 1 a ′

1 − I =
a 1 a ′

1

a ′
1 a 1

+
a 2 a ′

2

a ′
2 a 2

− I. ( 1 6 5 − I I )

c o s Φ̃ 1 2 = c o s φ 1 2 I 2 × 2 , I 2 × 2 = R ·
+ 1 0
0 − 1

· R ′, ( c o s φ 1 2 ≥ 0) .

❚ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦❢ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✶ ✺ ✺✮ ❛ ♥ ❞ ✭ ✶ ✺ ✻✮ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛

c o s 2 Φ̃ 1 2 =
← − − −
A 1 A ′

1 ·
← − − −
A 2 A ′

2 +
− − − →
A 2 A ′

2 ·
− − − →
A 1 A ′

1 =
− − − →
A 1 A ′

1 ·
− − − →
A 2 A ′

2 +
← − − −
A 2 A ′

2 ·
← − − −
A 1 A ′

1 . ( 1 7 3)

❙✐ ♠✐❧ ❛ ❧ ② ♦ ✭ ✶ ✻ ✽✮✱ ❡ ✉ ❛❧✐ ✐ ❡ ❢ ♦ ❤ ❡ ✐ ♥ ❣ ✉❧ ❛ ❝ ♦ ✐ ♥ ❡ ✭ ❛ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ❛ ♥ ✐ ♣ ♦❥ ❡ ❝ ♦ ✮

c o s 2 Φ̃ 1 2 = + c o s Φ̃ 1 2 ↔ ( 1 5 6) , c o s 2 Φ̃ 1 2 = − c o s Φ̃ 1 2 ↔ ( 1 5 5) ( 1 7 4)

❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✺ ✻✮ ❛ ♥ ❞ ✭ ✶ ✺ ✺✮✱ ❤✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶ ✼ ✸✮✳
❚❡ ♥ ♦ ❝ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ♠ ❛✐ ♥ ❛ ♥ ❣❧ ❡ ✐ ❡ ✉ ❛❧ ❛❧ ♦ ♦ ❡ ♥ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡

✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ✐ ❛ Ξ̃ = ( π̃ / 2 − Φ̃ ) ✱ ❛ ♥ ❞ ✈✐ ❝ ❡ ✈ ❡ ❛✿

c o s Φ̃ = si n Ξ̃ , si n Φ̃ = c o s Ξ̃ . ( 1 7 5)

■ ♥ ❛ ♥ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡ ⟨ A n ⟩✱ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ ❤ ❛ ♥ ♦ ✉ ❛ ♥ ✐ ❛ ✐ ✈ ❡ ❡ ♥ ❡ ✉ ♥❧ ❡ ❤✐ ✐ ③ ❡ ♦ ♦ ♦ ♣ ❡ ♥✳
❇ ✉ ✐ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ❛ ♥ ❛ ❣ ✉ ♠ ❡ ♥ ❡ ① ♣ ❡ ❡ ✐ ♥ ✐
♠ ❡ ✐ ❝ ❢ ♦ ♠ ❤ ❡ ✉ ❛ ♥ ✐ ❛ ✐ ✈ ❡ ♣ ❛ ✐ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❧✐ ♥ ❡ ♦ ♦ ❜ ❡ ✇ ❡ ❡ ♥ ♣❧ ❛ ♥ ❛ ✳

■ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❤ ❡ ✐ ❣ ❤ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ❢ ♦ ♠ ❡ ❞ ❜ ② ♣ ❛✐ ♦❢ ♣❧ ❛ ♥ ❛ ⟨i m A⟩ ❛ ♥ ❞
⟨k e r A ′⟩✳ ❍ ❡ ♥ ❝ ❡✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❢ ♦ ❤ ❡ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ❤ ❡ ♣ ❛✐ ♦❢ ❡ ♥ ♦ ♠ ✉ ✉ ❛❧ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✱
❛ ♥ ❞ ❤✐ ♣ ❛✐ ✐ ❜ ♦ ✉ ♥ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ✇✐ ❤ ❤ ❡ ❣✐ ✈ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ✿

← − − −
A 1 A ′

1 −
− − − →
A 1 A ′

1 = R e f { A 1 A ′
1 } = c o s Φ̃ 1 2 − si n Φ̃ 1 2 = R e f ⊞ { − Φ̃ 1 2 } = c o s Z̃ 1 , ( 1 7 6)

← − − −
A 2 A ′

2 −
− − − →
A 2 A ′

2 = R e f { A 2 A ′
2 } = c o s Φ̃ 1 2 + si n Φ̃ 1 2 = R e f ⊞ { + Φ̃ 1 2 } = c o s Z̃ 2 , ( 1 7 7)



✻ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❉ ✉ ❡ ♦ ❤ ❡ ✐ ❣ ❤ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ⟨i m B ⟩ ❛ ♥ ❞ ⟨k e r B ′⟩ ✇ ❡ ❣ ❡ ♠ ✉ ✉ ❛❧ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ♦ ♦

← − −
B B ′ −

− − →
B B ′ = R e f { B B ′} = c o s Φ̃ B − si n Φ̃ B = R e f ⊞ { − Φ̃ B } = c o s Z̃ B , ( 1 7 8)

← − −
B ′B −

− − →
B ′B = R e f { B ′B } = c o s Φ̃ B + si n Φ̃ B = R e f ⊞ { + Φ̃ B } = c o s Z̃ B ′ . ( 1 7 9)

❚ ❤ ❡ ② ❛ ❡ ❡ ♥ ♦ ❝ ♦ ✐ ♥ ❡ ♦❢ ❢ ♦ ✉ ③ ❡ ♦ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩✱ ⟨i m A2 ⟩✱
♦ ⟨i m B ⟩✱ ⟨i m B ′⟩❀ ❛ ♥ ❞ c o s 2 Z̃ = I ✳ ❚ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ✉ ❛ ❡ ♦ ♦ ✭ ✶ ✼ ✻✮ ✕✭ ✶ ✼ ✾✮ ✉ ❝ ❤ ❛√

I = (
√

I ) − 1 = (
√

I ) ′ ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ✉ ✉ ❛❧ ❡ ✢ ❡ ❝ ♦ ❢ ♦ Φ̃ ✇✐ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ± 1 ✳
✭ ❍ ❡ ❡ Φ̃ ✐ ✈ ❛ ✐ ❛ ❜❧ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ ❢ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ R e f ⊞ ❛ ✇ ❡ ❡ ❤ ♦ ✇ ♥
✐ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✭ ✶ ✼ ✻ ✮✲ ✭ ✶ ✼ ✾ ✮✦ ❋ ♦ ❛ ♣ ❛✐ ♦❢ ❧✐ ♥ ❡ ♦ ♦ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B p ✱ ✇ ❡ ❤ ❛ ✈ ❡ 4 ✈ ❛ ✐ ❛ ♥
♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❛ ± ( c o s Φ̃ ∓ si n Φ̃ ) ✳ ❚ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❝ ❛ ② ♦ ✉ ❤ ❡
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✿ + R e f { A A ′} ♦ ✛ ❤ ❡ ♠✐ ♦ ⟨k e r A ′⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨i m A⟩✱ − R e f { A A ′}
♦ ✛ ❤ ❡ ♠✐ ♦ ⟨i m A⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨k e r A ′⟩❀ + R e f { B B ′} ♦ ✛ ❤ ❡ ♠✐ ♦ ⟨k e r B ′⟩ ♣ ❛ ❛❧❧ ❡❧ ♦
⟨i m B ⟩❀ − R e f { B B ′} ♦ ✛ ❤ ❡ ♠✐ ♦ ⟨i m B ⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨k e r B ′⟩✳ ❙ ♦ ♠ ❡ ❡ ① ❡ ♠ ❡ ❝ ❛ ❡ ❛ ❡✿

si n Φ̃ = Z̃ ⇔ c o s Φ̃ ⊂ ⟨ I n × n ⟩ S , c o s Φ̃ = Z ⇔ Φ̃ = π̃ / 2 ⇔ si n Φ̃ ⊂ ⟨ I n × n ⟩ S ,

si n Φ̃ 1 2 = + I ⇔ r 1 = 0 , r2 = n, si n Φ̃ 1 2 = − I ⇔ r 1 = n, r 2 = 0; ( si n Φ̃ B ≠ ± I ) .

c o s Φ̃ = + I ⇔ r a n k A = r a n k B = n, c o s Φ̃ = − I ⇔ r a n k A = r a n k B = 0 .

❋ ♦ ♠ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❜ ♦ ♥ ❞ ❛ ♣ ❛✐ ♦❢ ❡ ✉✐ ❛ ♥ ❦ ❡ ✢ ❡ ❝ ♦ ✇✐ ❤ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ ✇ ❡ ❣ ❡ ✿

c o s { Φ̃ } = c o s ′{ Φ̃ } = ( F { + Φ̃ } + F { − Φ̃ } ) / 2 ,

si n { Φ̃ } = si n ′{ Φ̃ } = ( F { + Φ̃ } − F { − Φ̃ } ) / 2 .
( 1 8 0)

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ I · I = I = I · I ❛ ❡ ❝❧ ❡ ❛ ❧ ② ✈ ❛❧✐ ❞✿

(
← − − −
A 1 A ′

1 +
− − − →
A 1 A ′

1 )(
← − − −
A 2 A ′

2 +
− − − →
A 2 A ′

2 = I = (
← − − −
A 2 A ′

2 +
− − − →
A 2 A ′

2 )(
← − − −
A 1 A ′

1 +
− − − →
A 1 A ′

1 ),

(
← − −
B B ′ +

− − →
B B ′)(

← − −
B ′B +

− − →
B ′B = I = (

← − −
B ′B +

− − →
B ′B )(

← − −
B B ′ +

− − →
B B ′).





( 1 8 1)

❚ ❤ ❡ ② ❣✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❛ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ♣ ❛✐ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ✐ ♦ ♥✿

si n 2 Φ̃ + c o s 2 Φ̃ = I = c o s 2 Ξ̃ + si n 2 Ξ̃ ( ♦❧ ❡ ♠ ② ❚❡ ♥ ♦ ♦ ❤ ♦✲ ♦❥ ❡ ❝ ✐ ✈ ❡ ■ ♥ ✈ ❛ ✐ ❛ ♥ ), ( 1 8 2)

si n Φ̃ · c o s Φ̃ = − c o s Φ̃ · si n Φ̃ , ( 1 8 3)

si n 2 Φ̃ · c o s 2 Φ̃ = c o s 2 Φ̃ · si n 2 Φ̃ , ( 1 8 4)

◆ ♦ ❡✱ ❤ ❛ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ❡ ♥ ♦ ♣ ❛✐ ✐ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✳

❚ ❤ ❡ ❚ ❛ ❜❧ ❡ ♦❢ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ❞✐ ✛ ❡ ❣ ❡ ♥ ❡ ✐ ❡✐ ❣ ❡ ♥ ♣ ♦ ❥ ❡ ❝ ♦

←−
B ·

← − −
B B ′ =

← − −
B B ′ =

← − −
B B ′ ·

←−
B ′,

−→
B ·

− − →
B ′B =

− − →
B ′B =

− − →
B ′B ·

−→
B ′,

←−
B ′ ·

← − −
B ′B =

← − −
B ′B =

← − −
B ′B ·

←−
B ,

−→
B ′ ·

− − →
B B ′ =

− − →
B B ′ =

− − →
B B ′ ·

−→
B ,

←−
B ·

← − −
B ′B =

←−
B =

← − −
B B ′ ·

←−
B ,

−→
B ·

− − →
B B ′ =

−→
B =

− − →
B ′B ·

−→
B ,

←−
B ′ ·

← − −
B B ′ =

←−
B ′ =

← − −
B ′B ·

←−
B ′,

−→
B ′ ·

− − →
B ′B =

−→
B ′ =

− − →
B B ′ ·

−→
B ′.

( 1 8 5)

❚ ❤✐ ❚ ❛ ❜❧ ❡ ♦❢ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ❡ ❛ ② ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❛ ♥ ♣ ♦ ✐ ✐ ♦ ♥ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✦



✺✳ ✷ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡✱ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ✻ ✾

♦❥ ❡ ❝ ✐ ✈ ❡ ♥ ❛ ✉ ❡ ♦❢ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ✐❧❧ ✉ ❛ ❡ ❞ ❜ ② ❤ ❡
❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ♦❧ ✈✐ ♥ ❣ ❛ ✢ ❛ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡✿

← − −
B B ′ = +

←−
B · c o s Φ̃ = + c o s Φ̃ ·

←−
B ′, ( 1 8 6)

← − −
B ′B = +

←−
B ′ · c o s Φ̃ = + c o s Φ̃ ·

←−
B , ( 1 8 7)

− − →
B ′B = −

−→
B · c o s Φ̃ = − c o s Φ̃ ·

−→
B ′, ( 1 8 8)

− − →
B B ′ = −

−→
B ′ · c o s Φ̃ = − c o s Φ̃ ·

−→
B , ( 1 8 9)

■ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
←−
B ❛ ♥ ❞

−→
B ❛ ❡ ❤ ❡ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❢ ♦ ❤ ❡ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B

✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✷✳ ✶✮✳ ❍ ❡ ❡ ❤ ❡ ② ♣❧ ❛ ② ❛ ♦❧ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ✐ ♥ ✉ ❝ ❤ ❡ ♥ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✳

❇ ✉ ❤ ❡ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❣✐ ✈ ❡ ✉ ❤ ❡ ✉ ♣ ✐ ✐ ♥ ❣ ❢ ♦ ✉ ♥✐❧ ♣ ♦ ❡ ♥ ❧ ❡ ❣ ✿

←−
B −

← − −
B B ′ = +(

√
Z ) 1 = +

←−
B · si n Φ̃ = +

←−
B ·

− − →
B B ′ = −

← − −
B B ′ ·

−→
B , ( 1 9 0)

−→
B −

− − →
B ′B = +(

√
Z ) 2 = +

−→
B · si n Φ̃ = −

− − →
B ′B ·

←−
B = +

−→
B ·

← − −
B ′B, ( 1 9 1)

←−
B ′ −

← − −
B ′B = − (

√
Z ) ′

2 = −
←−
B ′ · si n Φ̃ = −

← − −
B ′B ·

−→
B ′ = +

←−
B ′ ·

− − →
B ′B, ( 1 9 2)

−→
B ′ −

− − →
B B ′ = − (

√
Z ) ′

1 = −
−→
B ′ · si n Φ̃ = +

−→
B ·

← − −
B B ′ = −

− − →
B B ′ ·

←−
B ′, ( 1 9 3)

✭ ❲ ❤ ❡ ♥ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ❛ ♥ ♣ ♦ ❡ ❞✱ ❤ ❡ ♥ ❤ ❡ ✐ ♥ ❡ ✐ ❣ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ✳✮ ❚ ❤ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡
♦❢ ♦ ❜❧✐ ✉ ❡ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ♦❢ ❤ ❡ ❛ ♠ ❡ ② ♣ ❡ ❛ ❡ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ♦❢ ♦ ❞ ❡ ✷✳

◗ ✉ ❛ ❞ ❛ ✐ ♥ ❣ ❛ ♥ ❞ ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣ ♦❢ ✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽ ✻✮ ✕✭ ✶ ✽ ✾✮ ❣✐ ✈ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦
❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ♦ ❜❧✐ ✉ ❡ ❛ ✇ ❡❧❧ ❛ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ♦❢ ❤ ❡ ❛ ♠ ❡ ② ♣ ❡✿

← − −
B B ′ = (

←−
B · c o s Φ̃ ) 2 =

←−
B ·

←−
B ′ · c o s 2 Φ̃ =

←−
B · c o s 2 Φ̃ ·

←−
B ′ = c o s 2 Φ̃ ·

←−
B

←−
B ′, ( 1 9 4)

− − →
B B ′ = ( − c o s Φ̃ ·

−→
B ) 2 =

−→
B ′ ·

−→
B · c o s 2 Φ̃ =

−→
B ′ · c o s 2 Φ̃ ·

−→
B = c o s 2 Φ̃ ·

−→
B ′−→B , ( 1 9 5)

← − −
B B ′ ·

← − −
B ′B = (

←−
B · c o s Φ̃ ) · (

←−
B ′ · c o s Φ̃ ) = c o s 2 Φ̃ ·

←−
B =

←−
B · c o s 2 Φ̃ , ( 1 9 6)

− − →
B ′B ·

− − →
B B ′ = ( − c o s Φ̃ ·

−→
B ′) · (− c o s Φ̃ ·

−→
B ) = c o s 2 Φ̃ ·

−→
B =

−→
B · c o s 2 Φ̃ . ( 1 9 7)

♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ✐❧❧ ✉ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ② ♠ ❜ ♦❧✐ ❝ ❡ ♥ ♦
♦ ❝ ❛ ❤ ❡ ❞ ♦ ♥ ❢ ♦ ♠ ❡ ❞ ❜ ② ❡✐ ❣ ❤ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ♦❢ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ B ✐ ♥ 2 ✲ ✈ ❛❧ ❡ ♥ ⟨ E n × n ⟩ ✭ ❋✐ ❣ ✉ ❡ ✶✮✳
❋ ♦ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ B ✱ ❤✐ ♦ ❝ ❛ ❤ ❡ ❞ ♦ ♥ ✐ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ I ✳

Fi g u r e 1 . ❙ ② ♠ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ♦ ❝ ❛ ❤ ❡ ❞ ♦ ♥ ❢ ♦ ♠ ✽ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦
❢ ♦ ✐❧❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✳



✼ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

✺✳ ✸ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ❡ ❝ ❛ ♥ ✱ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❛ ✣ ♥ ❡ ✭ ♦ ❜❧✐ ✉ ❡ ✮ ❡ ✢ ❡ ❝ ♦

❚ ❤ ❡ ❡ ♥ ♦ ❡ ❝ ❛ ♥ ✭ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✮ ♦❢ ❛ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ♦ ❜❧✐ ✉ ❡
❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ♠ ❛ ✐ ① ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥

s e c Φ̃ B =
←−
B ′ −

−→
B =

←−
B −

−→
B ′ =

←−
B +

←−
B ′ − I =

= I −
−→
B −

−→
B ′ = s e c ′ Φ̃ B = s e c Φ̃ B ′ = s e c ( − Φ̃ B ) =

= (
←−
B ′) ′ −

−→
B =

←−
B − (

−→
B ) ′






( 1 9 8)

✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❡ ❝ ❛ ♥ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ B ✳

❚ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ❡ ❛ ✐❧ ② ✐ ♥❢ ❡ ❡ ❞ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②✳ ❙ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✭ ✶ ✽ ✻✮ ❛ ♥ ❞ ✭ ✶ ✽ ✾✮✱
✭ ✶ ✽ ✼✮ ❛ ♥ ❞ ✭ ✶ ✽ ✽✮ ❣✐ ✈ ❡

(
←−
B ′ −

−→
B ) · c o s Φ̃ = c o s Φ̃ · (

←−
B ′ −

−→
B ) = I = c o s Φ̃ · (

←−
B −

−→
B ′) = (

←−
B −

−→
B ′) · c o s Φ̃ .

❚ ❤ ❡ ❡ ❡ ✉ ❛❧✐ ✐ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ♥ ♦ ❡ ❝ ❛ ♥ ✳

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✼ ✷✮✱ c o s Φ̃ B ✐ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ✐ ✛ ⟨i m B ⟩ ∩ ⟨ k e r B ⟩ = 0 ✱ ✐✳ ❡✳✱ B ∈ ⟨ B p ⟩ ✐
❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① ✭ ❡ ❡ ❛ ■✱ ❡ ❝ ✳ ✶✳ ✻✮✱ ❤ ❡ ❡❢ ♦ ❡✱

s e c Φ̃ B p = c o s − 1 Φ̃ B p , s e c Φ̃ B p · c o s Φ̃ B p = I = c o s Φ̃ B p · s e c Φ̃ B p ; ( 1 9 9)

❚ ❤ ❡ ♠ ❛ ✐ ① B ♠ ❛ ② ❜ ❡ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡✱ ❛ ♥ ❞ ❤ ❡ ❡ ♠ ❛ ② ❡ ①✐ ♥ ♦ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ♥
❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦❢ ❛ ♥ ❣❧ ❡ Φ̃ B ✐ ❤ ❡ ③ ❡ ♦ ♠ ❛ ✐ ① ♦ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m B ⟩ ∩ ⟨ k e r B ⟩ ❛ ♥ ❞

s e c Φ̃ B = c o s + Φ̃ B , s e c Φ̃ · c o s Φ̃ =
←− −−
c o s Φ̃ = c o s Φ̃ · s e c Φ̃ . ( 2 0 0)

❚ ❤ ❡ ❢ ♦ ♠ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♥ ♦ ❡ ❝ ❛ ♥ ❛ ✉ ❛ ✐✲ ❡ ❝ ❛ ♥ ❛ ❦ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ✉ ❛ ✐✲
✐ ♥ ✈ ❡ ❡ ▼ ♦ ♦ ✕ ❡ ♥ ♦ ❡ ♠ ❛ ✐ ① ✭ ❡ ❡ ❛ ■✱ ❡ ❝ ✳ ✷✳ ✺✮ ❢ ♦ ❤ ❡ ✐ ♥ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❣ ✉❧ ❛ ❡ ♥ ♦
❝ ♦ ✐ ♥ ❡✳ ✭ ❘ ❡ ❝ ❛❧❧✱ ❤ ❛ ✐ ♠ ❛ ✐ ① ✐ ② ♠ ♠ ❡ ✐ ❝ ❛❧✳✮ ■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡
❡ ♥ ♦ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✉ ❛ ✐✲ ❡ ❝ ❛ ♥ ✐ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ✭ ✷ ✵ ✵✮✳ ❋ ♦ ♠ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱

❢ ♦ ❛ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ✐ ① B ✱ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m B s 0

⟩ ❛ ♥ ❞

⟨i m (B ′) s 0

⟩ ✐ ❛ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ①✳ ◆ ♦ ❡✱ ❤ ❛ ❢ ♦ ❤ ❡ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
❜ ❡ ✇ ❡ ❡ ♥ ⟨i m B ⟩ ❛ ♥ ❞ ⟨k e r B ⟩ ✐ ✐ ❣ ❤ ✳ ❇ ✉ ❢ ♦ ❤ ❡ ♠ ❛✐ ♥ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ✐ ♥
❤ ❡ ❝ ❛ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡✿

si n Φ̃ B = Z ⇔ c o s Φ̃ B =
√

I, c o s 2 Φ̃ B = I, s e c Φ̃ B = c o s − 1 Φ̃ B .

❋ ♦ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡ ✐ ♥ ❤ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡✱ ✐❢ B ∈ ⟨ B p ⟩ ❛ ♥ ❞ r B = n / 2 ✱ ❤ ❡ ❡ ❤ ♦❧ ❞

d et si n Φ̃ B ≠ 0 ⇔ ⟨ i m B ⟩ ∩ ⟨ i m B ′⟩ = 0 , ⟨k e r B ⟩ ∩ ⟨ k e r B ′⟩ = 0 . ( 2 0 1)

■❢ ❤ ❡ ❛ ♠ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ✱ ❤ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✶ ✺ ✾✮ ❛ ♥ ❞ ✭ ✶ ✻ ✵✮
❤ ♦ ✉❧ ❞ ❤ ♦❧ ❞ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ②✳ ■ ♥ ♦ ❤ ❡ ❝ ❛ ❡ ✱ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡ ✐ ❛ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ①✱ ❛ ♥ ❞ ❤ ❡
✉ ❛ ✐✲ ❝ ♦ ❡ ❝ ❛ ♥ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ▼ ♦ ♦ ✕ ❡ ♥ ♦ ❡ ♠ ❛ ✐ ①✿

c o s e c Φ̃ B = si n + Φ̃ B = c o s e c ′ Φ̃ B = − c o s e c Φ̃ B ′ = − c o s e c( − Φ̃ B ) = s e c Ξ̃ . ( 2 0 2)

❋ ✉ ❤ ❡ ✱ ✉ ❜ ❛ ❝ ✐ ♥ ❣ ✭ ✶ ✽ ✻✮ ❛ ♥ ❞ ✭ ✶ ✽ ✼✮ ❣✐ ✈ ❡

si n Φ̃ B = − c o s Φ̃ B · (
←−
B ′ −

←−
B ) = +(

←−
B ′ −

←−
B ) · c o s Φ̃ B .



✺✳ ✸ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ❡ ❝ ❛ ♥ ✱ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❛ ✣ ♥ ❡ ✭ ♦ ❜❧✐ ✉ ❡ ✮ ❡ ✢ ❡ ❝ ♦ ✼ ✶

❚ ❤ ❡ ❡ ❡ ✉ ❛❧✐ ✐ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ♥ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥

i t a n Φ̃ B =
←−
B ′ −

←−
B =

−→
B −

−→
B ′ = (

←−
B ) ′ −

←−
B ) =

=
−→
B − (

−→
B ) ′ = − (i t a n Φ̃ B ) ′ = − i t a n Φ B ′ = − i t a n( − Φ B ),





( 2 0 3)

❝ ❛❧❧ ❡ ❞ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ❡ ♥ ♦ ❛ ♥ ❣ ❡ ♥ ♦❢ Φ̃ B ✳ ■ ♥ ❤ ❡ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ❢ ♦ ♠ ✐ ✐ ❛ ❡ ❛❧
✈ ❛❧ ✉ ❡ ❞ ❦ ❡ ✇ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ j = ± i t a n φ j ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✭ ❡ ❡ ❛❧ ♦ ❡ ❝ ✳
✺✳ ✺ ❛ ♥ ❞ ✼✮✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ❛✐ ❡ ❞ ❡❧ ❛ ✐ ♦ ♥ ✭✦✮✿

i t a n Φ̃ = + si n Φ̃ · s e c Φ̃ = − s e c Φ̃ · si n Φ̃ ↔

↔ si n Φ̃ = + i t a n Φ̃ · c o s Φ̃ = − c o s Φ̃ · i t a n Φ̃ →

→ + si n Φ̃ · i t a n Φ̃ = − i t a n Φ̃ · si n Φ̃ .






( 2 0 4)

❋ ♦ ✇ ♦ ✈ ❡ ❝ ♦ ♦ ✇ ♦ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✱ ❞ ✉ ❡ ♦ ✭ ✶ ✺ ✶✮ ❛ ♥ ❞ ✭ ✶ ✺ ✷✮✱ ❤ ❡ ❡ ❤ ♦❧ ❞

i t a n Φ̃ B =
B ′

t r B ′
−

B

t r B
=

B ′ − B

t r B
=

a 2 a ′
1

a ′
1 a 2

−
a 1 a ′

2

a ′
2 a 1

=
a 2 a ′

1 − a 1 a ′
2

a ′
1 a 2

= i t a n Φ̃ 1 2 . ( 2 0 5)

■ ✉ ❝ ✉ ❡ ✐ [i t a n Φ̃ 1 2 = t a n φ 1 2 I 2 × 2 ], I 2 × 2 = R ·
0 − 1

+ 1 0
· R ′.

❚ ❤ ❡ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ✉ ❛ ✐✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✐ ❞ ❡ ✜ ♥ ❡ ❞✱ ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡✱ ❛

i c ot Φ̃ B = i t a n + Φ̃ B = − i c ot ′ Φ̃ B = − i c ot Φ̃ B ′ = − i c ot( − Φ̃ B ) = i t a n Ξ̃ B . ( 2 0 6)

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ❛ ❡ ❛ ✣ ♥ ❡ ✭ ♦ ❜❧✐ ✉ ❡✮ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ✭ ✶ ✽ ✶✮✿

(
←−
B +

−→
B ) · (

←−
B ′ +

−→
B ′) = I = (

←−
B ′ +

−→
B ′) · (

←−
B +

−→
B ) ( 2 0 7)

❚ ❤ ❡ ② ❛ ❡ ❝❧ ❡ ❛ ❧ ② ✈ ❛❧✐ ❞ ❢ ♦ ❤ ❡ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ✳ ❇ ② ❤ ❡ ✇ ❛ ②✱ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡

s e c 2 Φ̃ − t a n 2 Φ̃ = I = c o s e c 2 Ξ̃ − c ot 2 Ξ̃ ( ❚❡ ♥ ♦ ♦ ❜❧✐ ✉ ❡✲ ♦❥ ❡ ❝ ✐ ✈ ❡ ✉ ❛ ✐✲■ ♥ ✈ ❛ ✐ ❛ ♥ ), ( 2 0 8)

+ i t a n Φ̃ · s e c Φ̃ = − s e c Φ̃ · i t a n Φ̃ , ( 2 0 9)

t a n 2 Φ̃ · s e c 2 Φ̃ = s e c 2 Φ̃ · t a n 2 Φ̃ ( 2 1 0)

❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽ ✷✮ ✕✭ ✶ ✽ ✹✮ ❢ ♦ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ❛✐ ✳ ◆ ♦ ❡✱
t a n Φ̃ ✐ ❛ ✉ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣ ❡ ♥ ✇✐ ❤ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ j = ± t a n φ j ✳

◆ ♦ ❡ ✳ ❲❡ ♥ ❛ ♠ ❡ ❞ ✭ ✷ ✵ ✽✮ ❛ ❤ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❜ ❡ ❝ ❛ ✉ ❡✱ ❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❤ ❡
❦✐ ♥ ❞ ♦❢ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❡ ❝ ❛ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ✭ ♦ ❝ ♦ ❡ ❝ ❛ ♥ ✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✮ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❡ ✉ ❛ ✐✲
✐ ♥ ✈ ❛ ✐ ❛ ♥ ❞ ♦ ♥ ♦ ❤ ❛ ✈ ❡ ❤ ❡ ♣ ♦ ♣ ❡ ② ♦❢ ✇ ♦✲ ❛ ♥ ❞ ♠ ✉❧ ✐ ❡ ♣ ❛ ♣ ♣❧✐ ❝ ❛ ❜✐❧✐ ② ✐ ♥ ❤ ❡ ❡ ✢ ❡ ❝ ✐ ✈ ❡

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✳ ❚ ❤ ❡ ② ❛ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ♦ ♥❧ ② ❢ ♦ ♦ ♥ ❡✲ ❡ ♣
❡ ✢ ❡ ❝ ✐ ♦ ♥ ✳ ❚ ❤✐ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ✇✐❧❧ ❜ ❡ ❞✐ ❝ ✉ ❡ ❞ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❤ ❡ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✱ ✇ ❤ ❡ ❡ ❡ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✇✐❧❧ ♣❧ ❛ ② ❛ ❧ ❛ ❣ ❡ ♦❧ ❡ ✐ ♥ ✈ ❛ ✐ ♦ ✉ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ②✳

❘ ✉❧ ❡ ✶ ✳ ❙ ✉ ❛ ❡ ❛ ♥ ❞ ❛ ♥ ② ❡ ✈ ❡ ♥ ❞ ❡ ❣ ❡ ❡ ♦❢ ❛❧❧ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ❡
❛ ♥ ❣❧ ❡ ✭❢ ♦ ❤ ❡ ❛ ♠ ❡ ♣ ❛✐ ♦❢ ❧✐ ♥ ❡ ♦ ♦ ♣❧ ❛ ♥ ❛ ✮ ❝ ♦ ♠ ♠ ✉ ❡ ✇✐ ❤ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣❧ ❡✱ ✇✐ ❤ ❛❧❧ ✐ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ❛❧❧ ✐ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✳



✼ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

■❢ B = B p ✐ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① ✭ ♥ ♦ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧✮✱ ❤ ❡ ♥ ✐ ✇ ♦ ♠ ✉ ✉ ❛❧ ♦ ❜❧✐ ✉ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧
❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✭ ❡ ✢ ❡ ❝ ✐ ♥ ❣ ✇✐ ❤ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✕ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✺✳ ✶ ✵✮ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞
✐ ♠✐❧ ❛ ❧ ② ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✼ ✻✮ ✕✭ ✶ ✼ ✾✮ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✭ ❡ ❡ ❛ ■✱ ✭ ✻ ✵✮✮✿

←−
B −

−→
B = I − 2

−→
B = R e f { B } = s e c Φ̃ B − i t a n Φ̃ B = R e f ⊠ { − Φ̃ B } , ( 2 1 1)

←−
B ′ −

−→
B ′ = I − 2

−→
B ′ = R e f { B ′} = R e f ′{ B } = s e c Φ̃ B + i t a n Φ̃ B = R e f ⊠ { + Φ̃ B } . ( 2 1 2)

✭■ ♥ ♥ ♦ ❛ ✐ ♦ ♥ R e f ⊠ ✇ ❡ ✉ ❡ ❞ ❤ ❡ ♦ ❜❧✐ ✉ ❡ ✉ ❜✲ ✐ ❣ ♥✳✮ ❋ ♦ ♠ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❤ ❡ ② ❛ ❡
❛ ② ♠ ♠ ❡ ✐ ❝ ♣ ✐ ♠ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ ❤ ❡ ✉ ♥✐ ② ♠ ❛ ✐ ① ❛

√
I = (

√
I ) − 1 ✇✐ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ± 1 ✳

❚ ❤ ❡ ❡ ♠ ✉ ✉ ❛❧ ❛ ② ♠ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❝ ❛ ② ♦ ✉ ❤ ❡ ♦ ❜❧✐ ✉ ❡ ❡ ✢ ❡ ❝ ✐ ♦ ♥✱ ♥ ❛ ♠ ❡❧ ②✿
+ R e f { B } ♦ ✛ ❤ ❡ ♠✐ ♦ ⟨k e r B ⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨i m B ⟩ ✇✐ ❤ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✱
− R e f { B p } ♦ ✛ ♠✐ ♦ ⟨i m B ⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨k e r B ⟩ ✇✐ ❤ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✳

❚ ❤ ❡ ② ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ✇✐ ❤ ✉ ❡ ♦❢ ✭ ✷ ✶ ✶✮ ❛ ♥ ❞ ✭ ✻ ✵✮✳ ❇ ✉ ✐ ✛ B p ✐ ❛ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① B m ✱ ❤ ❡ ♥
✉ ❛ ❡ ♦ ♦ ✭ ✷ ✶ ✶✮ ❛ ♥ ❞ ✭ ✷ ✶ ✷✮ ❛ ❡ ② ♠ ♠ ❡ ✐ ❝✱ ✐✳ ❡✳✱ ❤ ❡ ② ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ✭ ✶ ✼ ✽✮✱ ✭ ✶ ✼ ✾✮✳
❊ ❛ ❝ ❤ ② ♠ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❛ ② ♠ ♠ ❡ ✐ ❝ ♣ ✐ ♠ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ I ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❛ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ❡ ✢ ❡ ❝ ♦ ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❡ ❛ ❝ ❤ ♣ ❛✐ ♦❢ ❤ ❡ ❛ ♠ ❡ ❦✐ ♥ ❞ ♦ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞
♦ ❛ ✉ ♥✐ ✉ ❡ ♣ ❛✐ ♦❢ ♠ ✉ ✉ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✱ ❛ ♥ ❞ ♦ ❛ ✉ ♥✐ ✉ ❡ ♣ ❛✐ ♦❢ ♠ ✉ ✉ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ✮ ✕ ❡ ❡ ♠ ♦ ❡ ❛ ❜ ♦ ✉ ❤✐ ✐ ♥ ❡ ❝ ✳ ✺✳ ✻✳

❘ ❡ ✢ ❡ ❝ ♦ ❛ ❡ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✱ ❛ ✐ ♥ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✼ ✻✮ ✕✭ ✶ ✼ ✾✮✱ ✭ ✷ ✶ ✶✮✱ ✭ ✷ ✶ ✷✮
✇ ❡ ❣ ❡ ❤ ❛ ❛ ♥ ❦ ♦❢ ❜ ♦ ❤ ♠ ❛ ✐ ❝ ❡ ✭❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ✮ ❛ ❡ ✉ ♠ ♠ ❛ ❡ ❞ ❛ ♥ ❞ ❤ ❡✐ ✉ ♠ ❡ ✉ ❛❧ ♦ n ✳
✭ ❚ ❤ ❡ ❡ ✉ ❡ ✐ ♦ ♥ ✇✐❧❧ ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ❝ ✳ ✺✳ ✻✳✱ ✺✳ ✼✱ ✺✳ ✶ ✵✳✮

❚ ❤ ✉ ✇ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ✇✐ ❤ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛❧❧ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
✐ ♥ ❤ ❡ ❡ ✢ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳ ❖ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❛ ✣ ♥ ❡ ♣❧ ❛ ♥ ❡✱ ❤ ❡ ❡
❡ ♥ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ♦ ♦✦ ❍ ❡ ❡ ❤ ❡ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❤ ❡ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦

❛ ♥ ❣❧ ❡ ✱ ❜ ✉ ❤ ❡✐ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛❧ ♦ ❝❧ ❛ ✐ ❝ ✢ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳ ■ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❛ ♥ ❞ ❛ ✣ ♥ ❡ ❧✐ ♥ ❡ ❛ ♣ ❛ ❝ ❡✱ ❝❧ ❛ ✐ ❝ ✢ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ❝ ✇✐ ❤ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ♦✱ ❜ ✉ ♦ ♥❧ ② ♦ ♥
❤ ❡ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ♦❢ ❛ ♥ ② ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ♦ ✉ ✐ ♣ ❡ ❝✐ ✜ ❝ ♥ ❛ ✉ ❡✳

✺✳ ✹ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ✇ ❛ ② ❢ ♦ ❞ ❡ ✜ ♥✐ ♥ ❣ ♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡

❚ ❤ ❡ ❡ ✇ ❛ ② ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ❛ ♥ ❞ Φ̃ B ✱ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿
• ✐ ♥ ❡ ♠ ♦❢ n × m ✲ ♠ ❛ ✐ ❝ ❡ ♦❢ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ✱ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ❀
• ✐ ♥ ❡ ♠ ♦❢ n × m ✲ ♠ ❛ ✐ ❝ ❡ B ❛ ♥ ❞ B ′ ✭ ❛ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧✐ ♥ ❡ ♦ ✮✳ ❇ ♦ ❤ ❤ ❡ ❡

✇ ❛ ② ❤ ❛ ✈ ❡ ❛❧ ❡ ❛ ❞ ② ❜ ❡ ❡ ♥ ✉ ❡ ❞ ❜ ❡❢ ♦ ❡ ✭ ❡ ❡ ❛ ■✱ ❡ ❝ ✳ ✸✳ ✸✮✳
❋✐ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✉ ♥ ❞ ❡ ✇ ❤✐ ❝ ❤ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ ❛ ♥ ❞ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❞ ♦

♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❛ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❤ ❡ ✇ ❛ ② ❢ ♦ ♠ ❤ ❡ ❡ ✇ ♦ ✇ ❛ ② ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❞ ❡ ✜ ♥✐ ♥ ❣ ✳
❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✐ ♥✐ ✐ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ❡ ❝ ✳ ✸✳ ✶✱ ♣ ✉ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✿

B = A 1 A ′
2 ,  B′ = A 2 A ′

1 ; ( 2 1 3) , ( 2 1 4)

C = A ′
1 A 2 ,  C′ = A ′

2 A 1 . ( 2 1 5) , ( 2 1 6)

❚ ❤ ❡ ♥ ❤ ❡ ♠ ❛ ✐ ❝ ❡ A 1 ❛ ♥ ❞ A 2 ❤ ♦ ✉❧ ❞ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ✐ ③ ❡ ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❢ ♦ ♠ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ② ♦❢ ❤ ❡
✇ ♦ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✱ ✐✳ ❡✳✱ Φ̃ 1 2 = Φ̃ B ✱ ❤ ❡ ❡ ✉ ❛❧✐ ✐ ❡ ♦❢ ❤ ❡✐ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

❢ ✉ ♥ ❝ ✐ ♦ ♥ ❢ ♦❧❧ ♦ ✇ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❡ ✉ ❛❧✐ ✐ ❡ ♦❢ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦
✭ ❜ ♦ ✉ ♥ ❞ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ② ❡ ① ❛ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡✮ ❢ ♦❧❧ ♦ ✇ ♦ ♦❀ ❛ ♥ ❞ ✈✐ ❝ ❡ ✈ ❡ ❛✿

Φ̃ 1 2 = Φ̃ B ⇔ ( si n Φ̃ 1 2 = si n Φ̃ B , c o s Φ̃ 1 2 = c o s Φ̃ B ) ⇔

⇔ (
− − − →← − − −
A 1 A ′

1 =
− − →← − −
B B ′,

− − − →← − − −
A 2 A ′

2 =
− − →← − −
B ′B ).



✺✳ ✹ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ✇ ❛ ② ❢ ♦ ❞ ❡ ✜ ♥✐ ♥ ❣ ♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✼ ✸

❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❡ ✉ ❛❧✐ ✐ ❡ ♦❢ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❛ ✣ ♥ ❡ ✭ ♦ ❜❧✐ ✉ ❡✮ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦
− − − →← − − −
A 1 A ′

2 =
−→←−
B ✭ ❛

❜ ♦ ♥ ❞ ❡ ❞ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ② ♦ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✮ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✭ ✷ ✶ ✸✮ ✕✭ ✷ ✶ ✹✮✳ ❲ ❤ ❛ ✐ ♠ ♦ ❡✱
❤ ❡ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ✉ ❛❧✐ ✐ ❡ ❛ ❡ ✈ ❛❧✐ ❞ ❞ ✉ ❡ ♦ ♦ ♥❧ ② ❡ ①✐ ❡ ♥ ❝ ❡ ♦❢ ❛ ✣ ♥ ❡ ♣ ♦❥ ❡ ❝ ♦ ❢ ♦ B ✭ ❡ ❝ ✳ ✷✳ ✶✮✳

❋ ♦ ❤ ❡✐ ❡ ①✐ ❡ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ❝ ❛ ❡✱ ❡ ❡ ❜ ❡❧ ♦ ✇ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✸ ✵✮✳
❊ ✉ ❛❧✐ ② ♦❢ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡❧ ❛ ✐ ♦ ♥ ✿

⟨i m A1 ⟩ ≡ ⟨ i m B ⟩ ⇔ ⟨ k e r A ′
1 ⟩ ≡ ⟨ k e r B ′⟩, ( 2 1 7) , ( 2 1 8)

⟨i m A2 ⟩ ≡ ⟨ i m B ′⟩ ⇔ ⟨ k e r A ′
2 ⟩ ≡ ⟨ k e r B ⟩. ( 2 1 9) , ( 2 2 0)

■ ♥ ❤ ❡✐ ✉ ♥✱ ❤ ❡ ♣ ❛✐ ♦❢ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✶ ✼✮✱ ✭ ✷ ✶ ✽✮ ❛ ♥ ❞ ✭ ✷ ✶ ✾✮✱ ✭ ✷ ✷ ✵✮ ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❡ ❛ ❝ ❤ ♦
❛ ♥ ♦ ❤ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❢ ❛ ❝ ✱ ❤ ❛ ❤ ❡ ❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ✉ ❜✲ ♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ❡ ♣ ❛✐ ❛ ❡
❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❛ ❝ ❤ ♦ ❛ ♥ ♦ ❤ ❡ ✐ ♥ ⟨ A n ⟩ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ♥ ❡ ✐ ♥ ⟨ E n ⟩ ✕ ❡ ❡ ✐ ♥ ❛ ■ ❤✐
✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♣ ♦ ♣ ❡ ② ✭ ✶ ✵ ✵✮✳

❆ ✜ ✱ ❝ ♦ ♥ ✐ ❞ ❡ ✱ ✇ ❤ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✶ ✼✮ ❛ ❡ ✈ ❛❧✐ ❞✳ ❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ❤ ❛

⟨i m B ⟩ ≡ A 1 ⟨i m A′
2 ⟩ ⇐ B = A 1 A ′

2 ,

⟨i m A1 ⟩ ≡ A 1 ⟨ A r 2 ⟩ ≡ A 1 (⟨i m A′
2 ⟩ ⊕ ⟨ k e r A 2 ⟩).

❚ ❤ ❡ ❡❢ ♦ ❡ ✭ ✷ ✶ ✼✮ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ♣ ❛✐ ♦❢ ♦ ❜ ✈✐ ♦ ✉ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✶ ✸✮✿

⟨i m A′
2 ⟩ ∩ ⟨ k e r A 1 ⟩ = 0 , ⟨k e r A 2 ⟩ ⊂ ⟨ k e r A 1 ⟩. ( 2 2 1)

❙✐ ♠✐❧ ❛ ❧ ②✱ ✭ ✷ ✶ ✾✮ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ♣ ❛✐ ♦❢ ♦ ❜ ✈✐ ♦ ✉ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✶ ✹✮✿

⟨i m A′
1 ⟩ ∩ ⟨ k e r A 2 ⟩ = 0 , ⟨k e r A 1 ⟩ ⊂ ⟨ k e r A 2 ⟩. ( 2 2 2)

■ ✐ ❡ ❡ ♥ ❤ ❛ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✶ ✼✮✱ ✭ ✷ ✶ ✾✮ ❤ ♦❧ ❞ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ✐ ✛

⟨k e r A 1 ⟩ ≡ ⟨ k e r A 2 ⟩ ⇔ ⟨ i m A′
1 ⟩ ≡ ⟨ i m A′

2 ⟩ ⇔

⇔
− − − →
A ′

1 A 1 =
− − − →
A ′

2 A 2 ⇔
← − − −
A ′

1 A 1 =
← − − −
A ′

2 A 2

( 2 2 3)

❛ ♥ ❞ ✇ ❤ ❡ ❡ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② r 1 = r 2 ≤ m ✳
❚ ❤ ✉ ✭ ✷ ✷ ✸✮ ✐ ❤ ❡ ♥ ❡ ❝ ❡ ❛ ② ❛ ♥ ❞ ✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ♥ ✇ ❡ ✐ ♥ ❣ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ❢ ♦ ♠ ❜ ❡✲

❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ❤ ❡ ❡ ❝ ✐ ♦ ♥✳ ❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ✭ ✷ ✷ ✸✮ ❛❧ ♦ ✐ ♠ ♣❧✐ ❡ ❤ ❡ ✈ ❡ ② ✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ✉ ❡❢ ✉❧ ✉ ✣ ❝✐ ❡ ♥
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ r 1 = r 2 = r = m ✳ ❚ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✱ ✐ ♥ ✐ ✉ ♥✱ ❤ ❛ ✐ ♠ ♣❧ ❡ ❝ ♦ ♦❧❧ ❛ ✐ ❡

⟨k e r A 1 ⟩ ≡ ⟨ k e r A 2 ⟩ = 0 , ⟨i m A′
1 ⟩ ≡ ⟨ i m A′

2 ⟩ ≡ ⟨ A r ⟩.

❚ ❤✐ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✐ ✐ ♠ ♣❧✐ ❡ ❞ ✇ ❤ ❡ ♥ ♦ ♥ ❡ ❞ ❡ ❛❧ ✇✐ ❤ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✉ ❝ ❤
❛ ✭ ✷ ✶ ✸✮ ✕✭ ✷ ✶ ✻✮ ❢ ♦ ❤ ❡ ❡ ♦ ❝ ❛❧❧ ❡ ❞ ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥

r 1 = r 2 = r = m < n. ( 2 2 4)

✭ ❚ ❤✐ ❤ ♦❧ ❞ ❛❧ ✇ ❛ ② ❢ ♦ ✇ ♦ ✈ ❡ ❝ ♦ ✳✮ ❋ ♦ ♠ ✭ ✶ ✷ ✵✮ ❛ ♥ ❞ ✭ ✷ ✶ ✸✮ ✕✭ ✷ ✶ ✻✮ ✇ ❡ ❤ ❛ ✈ ❡

k (B, r ) = k (B ′, r) = d et C = d et C ′. ( 2 2 5)

■❢ B ✐ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ①✱ ❤ ❡ ♥ ⟨i m B ⟩ ∩ ⟨ k e r B ⟩ = 0 ❛ ♥ ❞ k (B, r ) = d et C ≠ 0 ✳ ■ ♥ ❤ ❡ ❝ ❛ ❡✱
✐❢ B ✐ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ①✱ ❤ ❡ ♥ ⟨i m B ⟩ ≡ ⟨ i m B ′⟩ ❛ ♥ ❞ ❞ ✉ ❡ ♦ ✭ ✾ ✼✮ ✭ ❡ ❡ ❛ ■✱ ❡ ❝ ✳ ✷✳ ✹✮
✇ ❡ ❤ ❛ ✈ ❡ k (B B ′, r) = k (B ′B, r ) = k 2 (B, r ) = d et 2 C > 0 . ❍ ♦ ✇ ❡ ✈ ❡ ✐❢ B ✐ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡
♠ ❛ ✐ ①✱ ❤ ❡ ♥ ⟨i m B ⟩ ∩ ⟨ k e r B ⟩̸= 0 ❛ ♥ ❞ k (B, r ) = d et C = 0 ✳



✼ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❯ ♥ ❞ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✷ ✸✮ ♦ ♣ ❛ ✐ ❝ ✉❧ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✷ ✹✮✱ ❤ ❡ ❡ ❤ ♦❧ ❞

− − − →← − − −
A 1 A ′

1 =
− − →← − −
B B ′,

− − − →← − − −
A 2 A ′

2 =
− − →← − −
B ′B. ( 2 2 6)

■ ♥ ❛ ♥ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡✱ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ d et G = d et [(A 1 |A 2 ) ′(A 1 |A 2 )] ✐ ❤ ❡ ❝ ✐ ❡ ✐ ♦ ♥ ❢ ♦
❛ ❧ ❡ ❛ ♣ ❛ ✐ ❛❧ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ♦❢ ❤ ❡ ❡ ♣❧ ❛ ♥ ❛ ♦ ♣ ❛ ✐ ❛❧ ❝ ♦ ♣❧ ❛ ♥ ❛ ✐ ② ♦❢ ❤ ❡ ❡ ❧✐ ♥ ❡ ♦ − ❡ ❡ ❤✐
✐ ♥ ❡ ❝ ✳ ✽✳ ✹✳ ■ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ d et C = d et (A ′

1 A 2 )✱ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
✭ ✷ ✷ ✹✮✱ ✐ ❤ ❡ ❝ ✐ ❡ ✐ ♦ ♥ ❢ ♦ ❛ ❧ ❡ ❛ ❤ ❡✐ ♣ ❛ ✐ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ②✳

d et G = 0 ⇔ ⟨ i m A1 ⟩ ∩ ⟨ i m A2 ⟩̸= 0 , ( 2 2 7)

d et G ≠ 0 ⇔ ⟨ i m A1 ⟩ ∩ ⟨ i m A2 ⟩ = 0 , ( 2 2 8)

d et C = 0 ⇔ ⟨ i m A1 ⟩ ∩ ⟨ k e r A ′
2 ⟩̸= 0 ⇔ ⟨ i m A2 ⟩ ∩ ⟨ k e r A ′

1 ⟩̸= 0 , ( 2 2 9)

d et C ≠ 0 ⇔ ⟨ i m A1 ⟩ ∩ ⟨ k e r A ′
2 ⟩ = 0 ⇔ ⟨ i m A2 ⟩ ∩ ⟨ k e r A ′

1 ⟩ = 0 . ( 2 3 0)

■ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❤ ❡ ❡ ❤ ♦❧ ❞ ⟨k e r A ′⟩ ≡ ⟨ i m A⟩ ⊥ ✕ ❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❛ ■✱ ✭ ✶ ✵ ✵✮✳

❚ ♦ ❛❧ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ♦❢ ♣❧ ❛ ♥ ❛ ✭ ✶ ✺ ✸✮ ♦ ❝ ♦❧ ♣❧ ❛ ♥ ❛ ✐ ② ♦❢ ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ − ❡ ❡ ❤✐ ✐ ♥ ❡ ❝ ✳ ✽✳ ✹✱
✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✷ ✹✮✱ ♠ ❡ ❛ ♥ ❤ ❛ ❤ ❡ ♠ ❛ ✐ ① B = A 1 A ′

2 ✐ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧✱ ✐✳ ❡✳✱ B ∈ ⟨ B m ⟩✳
❉ ✉ ❡ ♦ ✭ ✾ ✼✮ ❛ ♥ ❞ ✭ ✶ ✸ ✷✮✱ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ✿

|d et C | = k (B m · B m ′, r) = |k (B m, r )| =

= M t(r )( A 1 · A ′
2 ) = M t(r )A 1 · Mt(r )A 2 =

= d et (A ′
1 · A 1 ) · d et (A ′

2 · A 2 )






( 2 3 1)

❛ ♥ ❞ ✐ ❛❧ ♦ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ✭ ✶ ✺ ✸✮ ✐ ♥ ❛ ♥ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡✳ ❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✷ ✼✮ ✕✭ ✷ ✸ ✶✮ ♠ ❛ ② ❜ ❡
✐ ♥ ❡ ♣ ❡ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②✱ ✐ ✇✐❧❧ ❜ ❡ ❞ ♦ ♥ ❡ ❧ ❛ ❡ ✳

❚ ♦ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♦❢ ♣❧ ❛ ♥ ❛ ♦ ❧✐ ♥ ❡ ♦ ✱ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✷ ✹✮✱ ♠ ❡ ❛ ♥ ❤ ❛ B = A 1 A ′
2

✐ ❛ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ① ♦❢ ♦ ❞ ❡ ✷✿ B 2 = Z ✱ ♦ C = Z ✳ ❚ ❤ ❡ ❧ ❛ ❡ ✐ ❛❧ ♦ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦
♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ✭ ✶ ✺ ✺✮✱ ✐❢ r 1 = r 2 ✱ ✐ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ❚ ❤ ❡✐ ♣ ❛ ✐ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♠ ❡ ❛ ♥
❤ ❛ B ✐ ❛ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ✐ ①✳

❚ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ❛ ♥ ❞ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡✱ ♦❢ ❝ ♦ ✉ ❡✱ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ❤ ❛ ♥
❤ ❡ ❛ ♥ ❣❧ ❡ Φ̃ B ❛ ♥ ❞ ✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❛ ♠ ❛ ✐ ❝ ❡ A 1 ❛ ♥ ❞ A 2 ♠ ❛ ② ❤ ❛ ✈ ❡ ❞✐ ✐ ♥ ❝ ✐ ③ ❡ n × r 1 ❛ ♥ ❞

n × r 2 ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ♥❧ ② ❢ ♦ Φ̃ 1 2 ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐❢ ❤ ❡ ❧✐ ♥ ❡ ♦ ❛ ❡ ♣ ❛ ✐ ❛❧❧ ② ♦ ♦ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱
❤ ❡ ♥ ♦ ♥❧ ② ❤ ❡ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ❡ ①✐ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ② ♣ ❡ ♦❢ ❛ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♠ ♦ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ✐ ♥ ❤ ❡

♣ ♦ ❜❧ ❡ ♠ ♦❧ ✈✐ ♥ ❣ ❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ❤ ♦ ❡ ♥✳

✺✳ ✺ ❈ ❡❧❧✲❢ ♦ ♠ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦

❛ ❛❧❧ ❡❧✐ ♠ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❡ ① ❡ ♠ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❧✐ ♥ ❡ ❛
♦ ❜❥ ❡ ❝ ✳ ■ ♥ ♦ ❞ ❡ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❛ ♥ ❛❧ ② ③ ❡ ❛❧❧ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ❜❥ ❡ ❝ ✱ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦
❡ ♣ ❡ ❡ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❢ ♦ ♠ ✱ ♦ ✜ ♥ ❞ ❤ ❡✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ♥ ❞ ♦

❞ ❡ ✜ ♥ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ✈ ❡ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❢ ♦ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡✳
❈ ♦ ♥ ✐ ❞ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✐ ♠✐❧ ❛ ♦ ✭ ✶ ✻ ✸✮ ❛ ♥ ❞ ✭ ✶ ✼ ✶✮✳ ❚ ❤ ❡ ② ❡ ① ♣ ❡ ❤ ❡

♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❜ ② ✇ ♦ ♠ ❛ ♥ ♥ ❡ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✽ ✷✮ ✕✭ ✶ ✽ ✹✮ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡
❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ❡ ❛❧ ♣ ❛✐ ❡ ❞ (± ) ♥ ✉ ♠ ❜ ❡ ❜ ❡❧ ♦ ♥ ❣✐ ♥ ❣ ♦ (− 1; + 1) ✿

µ 2
i si n + µ 2

i c o s = 1 . ( 2 3 2)



✺✳ ✺ ❈ ❡❧❧✲❢ ♦ ♠ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ✼ ✺

❚ ❤ ❡ ♣ ❛✐ ❡ ❞ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✐ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✈ ❛❧ ✉ ❡ ♦❢ ❜✐ ♥ ❛ ②
❛ ♥ ❣❧ ❡ ♦ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ✳ ❋ ♦ ✉ ❡✐ ❣ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ❜ ♦ ❤ ✈ ❛ ✐ ❛ ♥ ♦❢ ❞✐❢✲
❢ ❡ ❡ ♥ ❝ ❡ ✭ ✶ ✻ ✸✮ ❛ ♥ ❞ ✭ ✶ ✼ ✶✮ ❛ ❡ ♣ ❛✐ ❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳ ❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ♦ ❢ ♦ ✉
♣ ❛✐ ❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ❜ ♣ ❛ ❝ ❡ ✿ ⟨i m A1 ⟩✱ ⟨k e r A ′

1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩✱ ⟨k e r A ′
2 ⟩ ✕ ❡ ❡ ❛ ■✱ ✭ ✶ ✵ ✵✮✿

⟨i m A1 ⟩ ⊥ ⟨ k e r A ′
1 ⟩, ⟨i m A1 ⟩ ⊕ ⟨ k e r A ′

1 ⟩ ≡ ⟨ E n ⟩ ⇔

⇔ ⟨ i m A2 ⟩ ⊥ ⟨ k e r A ′
2 ⟩, ⟨i m A2 ⟩ ⊕ ⟨ k e r A ′

2 ⟩ ≡ ⟨ E n ⟩.





( 2 3 3)

■ ♥ ❤ ❡ ✜ ✈ ❛ ✐ ❛ ♥ ♦❢ ✭ ✶ ✻ ✸✮✱ ✐✳ ❡✳✱ ❛ ✐ ♥ ✭ ✶ ✺ ✾✮✱ ❤ ❡ ✐ ♥ ❡ ✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m A1 ∪
i m A2 ⟩❀ ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ✈ ❛ ✐ ❛ ♥ ♦❢ ✭ ✶ ✻ ✸✮✱ ✐✳ ❡✳✱ ❛ ✐ ♥ ✭ ✶ ✻ ✵✮✱ ❤ ❡ ✐ ♥ ❡ ✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❤ ❡
✉ ❜ ♣ ❛ ❝ ❡ ⟨k e r A ′

1 ∪ k e r A ′
2 ⟩✳ ❙✐ ♠✐❧ ❛ ❧ ②✱ ✐ ♥ ❤ ❡ ✜ ✈ ❛ ✐ ❛ ♥ ♦❢ ✭ ✶ ✼ ✶✮✱ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥

⟨i m A2 ∪ k e r A ′
1 ⟩❀ ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ✈ ❛ ✐ ❛ ♥ ♦❢ ✭ ✶ ✼ ✶✮✱ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ⟨i m A1 ∪ k e r A ′

2 ⟩✳
❚ ❤ ❡ ✐❧❧ ✉ ❛ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ✐ ♥ ❋✐ ❣ ✉ ❡ ✷✳ ■ ✐ ✉ ♣ ♣ ♦ ❡ ❞ ✇✐ ❤ ♦ ✉ ❧ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧✐ ② ❤ ❛ ❤ ❡

✜ ✈ ❛ ✐ ❛ ♥ ❛ ✐ ♥ ✭ ✶ ✺ ✹✮✱ ✐✳ ❡✳✱ r 1 ≤ r 2 , r1 + r 2 ≤ n ✭ ♦ 2 r ≤ n ✮✱ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡✳ ❚ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ✐
♣ ❛ ✐ ✐ ♦ ♥ ❡ ❞ ❞ ✉ ❡ ♦ ❤✐ ✈ ❛ ✐ ❛ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✭ ✶ ✻ ✸✮ ❛ ♥ ❞ ✭ ✶ ✼ ✶✮ ✐ ♥ ♦ ❢ ♦ ✉ ❜ ❛ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ✳ ❇ ♦ ❤
❤ ❡ ② ♠ ❛ ♣ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ ✇✐ ❤ ✐ ❜✐ ♥ ❛ ② ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡

± φ i ✕ ♣ ✐ ♠ ❛ ❛ ② ❛ ♥ ❞ ♠ ✉ ✉ ❛❧ ♦ ❤ ❡ ✜ ✳ ✭ ❙ ❡ ❡ ♠ ♦ ❡ ❛ ❜ ♦ ✉ ✉ ❝ ❤ ♣❧✐ ✐ ♥ ❣ ✐ ♥ ❡ ❝ ✳ ✺✳ ✶ ✷✳✮

Fi g u r e 2 . ❉✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡
✐ ♥ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❧✐ ♥ ❡ ♦ ✳

❆ ❋✐ ❣ ✉ ❡ ✷✱ ❛ ❛ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❉✐ ❛ ❣ ❛ ♠ ❢ ♦ ❤ ❡ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ♣ ❛✐ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ✱ ✇ ❡ ♠ ❛ ♣ ❛ ❜ ❛ ❝ ❧ ② ❤ ❡ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ❧ ♦ ❣✐ ❝ ❛❧
❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ♣ ❛✐ ❡ ❞ ✭ ± ✮ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ✭ ✇✐ ❤ ✐ ❜✐ ♥ ❛ ② ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡

± φ i ✐ ♥ D ✲❢ ♦ ♠ ♦❢ ❡ ♥ ♦ ✐ ♥ ❡✮ ❛ ♥ ❞ ✇✐ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠ ❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❤✐ ❡ ♥ ♦
❛ ♥ ❣❧ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ❛ ❝ ❤ ♦ ♦ ❤ ❡ ✳ ❆❧❧ ❤ ❡ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ✉ ❜ ♣ ❛ ❝ ❡ ❛ ❡ ♣ ❛✐ ❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦ ✈✐ ❞ ❡ ❞
❤ ❛ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ 2 τ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

si n φ i ≠ ± 1 , si n φ i ≠ 0 , ( c o s φ i ≠ 0 , c o s φ i ≠ ± 1 ) . ( 2 3 4)

❖ ❤ ❡ ✇✐ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞✱ ♦✱ ❜ ② ♠ ❛ ♥ ♥ ❡ ✱ ✉ ❣ ❣ ❡ ❡ ❞ ✐ ♥ ✭ ✶ ✸ ✶✮✱ ❈ ❤✳ ✸✳



✼ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❚ ❤✐ ✇ ❤ ♦❧ ❡ ❜✐ ♥ ❛ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞✐ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡ ❡
❢ ♦ ✉ ♣ ❛ ✐ ❝ ✉❧ ❛ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ❜ ♣ ❛ ❝ ❡ ✭✐ ♥ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ✮✿

⟨ P 1 1 ⊕ P 1 2 ⟩ ≡ ⟨ P 2 1 ⊕ P 2 2 ⟩. ( 2 3 5)

✭ ❚ ❤ ❡ ❡ ❢ ♦ ✉ ✉ ❜ ♣ ❛ ❝ ❡ ❛ ❡ ❢ ♦ ♠ ❡ ❞ ❜ ② ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡✳✮
■ ❡ ✈ ❡ ♥ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ 2 τ ✐ ❝ ❛❧❧ ❡ ❞ ❢ ✉ ❤ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❦ ♦❢ ❛ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✱ ✇ ❤ ❡ ❡

τ = mi n { r 1 , r2 , n − r 1 , n − r 2 } ✳ ❍ ❡ ❡ ✇ ❡ ❤ ❛ ✈ ❡ τ = r 1 ✳ ❚ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡
❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✸ ✷✮ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❛ ❜ ♦❧ ✉ ❡ ✈ ❛❧ ✉ ❡ ✐ ♥ ❤ ❡ ✇ ♦ ♠ ✉ ✉ ❛❧ ✉ ❜ ♣ ❛ ❝ ❡ ✭ ✷ ✸ ✺✮✱ ❛ ❤ ❡
✇ ♦ ✐ ❞ ❡ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ✐ ♥ ✭ ✶ ✻ ✸✮ ❛ ❡✱ ❞ ✉ ❡ ♦ ✭ ✷ ✸ ✸✮✱ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❀ ❜ ✉ ❤ ❡✐ ✐ ❣ ♥ ❛ ❡

♦ ♣ ♣ ♦ ✐ ❡✱ ❛ ❤ ❡ ♣ ♦❥ ❡ ❝ ♦ ❛ ❡ ♦ ❞ ❡ ❡ ❞ ✐ ♥ ✈ ❡ ❡❧ ② ✐ ♥ ❤ ❡ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✭ ✶ ✻ ✸✮ ❛ ♥ ❞
✭ ✶ ✼ ✶✮ ✕ ❡ ❡ ❋✐ ❣ ✉ ❡ ✷✳

■❢ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✸ ✹✮ ❛ ♥ ❞ r 1 ≤ r 2 ❤ ♦❧ ❞✱ ❤ ❡ ✇ ♦ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✭ ❤ ❡ ③ ❡ ♦
✐ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ③ ❡ ♦ ❝ ♦ ✐ ♥ ❡✮ ❛ ♥ ❞ ❤ ❡✐ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

⟨ P 3 ⟩ ≡ ⟨ k e r A ′
1 ∩ k e r A ′

2 ⟩, di m⟨ P 3 ⟩ = n − (r 1 + r 2 ), ( si n φ = 0 , c o s φ = − 1);

⟨ P 4 ⟩ ≡ ⟨ i m A2 ∩ k e r A ′
1 ⟩ (ν ′′ = 0) , di m⟨ P 4 ⟩ = r 2 − r 1 , ( c o s φ = 0 , si n φ = + 1) .

❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❛ ❡ ② ♠ ♠ ❡ ✐ ❝ ✭ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✮ ♠ ❛ ✐ ❝ ❡ ✱ ♦ ❤ ❡ ②
♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞ ❡ ♣ ❛ ❛ ❡❧ ② ✐ ♥ ♦ ❤ ❡✐ D ✲❢ ♦ ♠ ✇✐ ❤ ❝ ❡ ❛✐ ♥ ♠ ♦ ❞ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡
R 1 ❛ ♥ ❞ R 2 ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = R 1 · Ẽ ❛ ♥ ❞ Ẽ 2 = R 2 · Ẽ ✳ ■ ♥ ♦ ❞ ❡ ♦ ❣✐ ✈ ❡
❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✭ ✷ ✸ ✷✮✱ ✇ ❡ ✉ ❡ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ✇✐ ❤ ❤ ❡

♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ ❛ ♥ ❞ ❤ ❡ ♥ ✜ ♥ ❞ ❛ ♥ ❧ ♦ ❝ ❛❧ ✉ ♥✐ ② ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❢ ♦ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ W ✲❢ ♦ ♠ ♦❢ ❤ ❡
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ̃ ✳ ❲❡ ❡ ❛ ❜❧✐ ❤ ✐ ❜ ❡❧ ♦ ✇✳

❊ ❛ ❝ ❤ i✲ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ 2 × 2 ✲ ❝ ❡❧❧ ✇✐ ❤ ❛ ♥ ✉ ♥✐ ✉ ❡ ♣ ❛✐ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ✭± ✮ ❡✐ ❣ ❡ ♥✲
✈ ❛❧ ✉ ❡ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❛ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✐ i✲ ❤ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡✳
■ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❤ ❡ ❡ ✐ ♥ Ẽ ❜ ② ❛ ♣ ❛✐ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♥✐ ② ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ u i ❛ ♥ ❞
v i ✳ ❚ ❤ ❡ ② ❛ ❡ ✇ ♦ ❈ ❛ ❡ ✐ ❛ ♥ ❛ ① ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ❝ ♦ ✐ ♥ ❡ ❉✲❢ ♦ ♠ ❜ ❛ ❡ ✭ ♥ ♦ ② ❡ ♦ ✐ ❡ ♥ ❡ ❞✮ ❛ ♥ ❞
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ± c o s φ i ✱ ✇ ❤ ❡ ❡ φ i ∈ [− π / 2; + π / 2] ❛ ❡ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♣❧ ❛ ♥ ❛ ♦ ♥ ♦ ♥✲ ♦ ✐ ❡ ♥ ❡ ❞ ❧✐ ♥ ❡ ♦ ✳ ■ ♥ ♦ ❞ ❡ ♦ ❝ ♦ ♥ ✉ ❝ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧

❢ ♦ ♠ ♦❢ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❞✐ ♣ ♦ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧ ❛❧ ♦ ♥ ❣ ❤ ❡ ♠ ❛ ✐ ①
❞✐ ❛ ❣ ♦ ♥ ❛❧ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❤ ❡ ✈ ❛❧ ✉ ❡ | c o s φ i |✳ ❚ ❤ ❡ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❞✐ ♣ ♦ ❡ ❤ ❡ 1 × 1 ✲ ❝ ❡❧❧
❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ✉ ❜✲ ♣ ❛ ❝ ❡ ⟨ P 3 ⟩ ❛ ♥ ❞ ⟨ P 4 ⟩✳ ❉ ❡ ♥ ♦ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ ❛ ① ❡
❛ x 1 , . . . , xn ✱ ❛ ♥ ❞ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ♦❢ ❤ ❡ ♥ ❡ ✇ ❛ ① ❡ ❛ u 1 , . . . , uτ ❀ v 1 , . . . , vτ ✉ ❝ ❤ ❤ ❛
x 1 ↔ u 1 ✱ x 2 ↔ v 1 ✱. . . , x2 i − 1 ↔ u i ✱ x 2 i ↔ v i ✱. . . , x2 τ − 1 ↔ u τ ✱ x 2 τ ↔ v τ ✳ ❉✐ ❡ ❝ ❤ ❡ ♥ ❡ ✇
❛ ① ❡ ✐ ♥ ✉ ❝ ❤ ✇ ❛ ② ❤ ❛ ❡ ❛ ❝ ❤ u i ❛ ♥ ❞ v i ❢ ♦ ♠ ❛ ♥ ❛ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡✳ ❲❡ ❢ ♦ ✉ ♥ ❞ R W ❢ ♦ ❛ ♥ ❧ ❛ ✐ ♥ ❣
✐ ♥ ♦ ♥ ❡ ✇ Ẽ 1 = R W { Ẽ } = { I } ✳

■ ♥ ❛ ♥ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧✱ si n 2 Φ̃ 1 2 ❛ ♥ ❞ c o s 2 Φ̃ 1 2 ❤ ❛ ✈ ❡ ❤ ❡ ✇ ♦ ♣ ♦ ✐ ✐ ✈ ❡ ✭ ✉ ❛ ❞ ✐ ❝✮ ♠ ✉❧ ✐ ♣❧ ❡
❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❢ ♦ ♠ ✭ ✷ ✸ ✷✮✳ ❆ si n 2 Φ̃ 1 2 ❛ ♥ ❞ c o s 2 Φ̃ 1 2 ❝ ♦ ♠ ♠ ✉ ❡ ✐ ♥ ✭ ✶ ✽ ✹✮ ❛ ♥ ❞ ✭ ✶ ✽ ✺✮✱ ❤ ❡ ♥ ❤ ❡✐
❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ D ✲❢ ♦ ♠ ❛ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ♦ ❣ ❡ ❤ ❡ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ❧ ♦ ❝ ❛❧ ❜ ❛ ❡ Ẽ 1 ✿

si n 2 Φ̃ 1 2 c o s 2 Φ̃ 1 2

✳ ✳ ✳

si n 2 φ i 0
0 si n 2 φ i

✳ ✳ ✳

0

✳ ✳ ✳

1

✳ ✳ ✳

P 3

P 4

✳ ✳ ✳

c o s 2 φ i 0
0 c o s 2 φ i

✳ ✳ ✳

1

✳ ✳ ✳

0

✳ ✳ ✳

.



✺✳ ✺ ❈ ❡❧❧✲❢ ♦ ♠ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ✼ ✼

❉ ✉ ❡ ♦ ② ♠ ♠ ❡ ② ♦❢ si n Φ̃ 1 2 ❛ ♥ ❞ c o s Φ̃ 1 2 ✱ ❛ ♥ ❞ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✶ ✽ ✸✮ ♦ ♥ ❡
❡ ♣ ❡ ❡ ♥ ❤ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ W ✲❢ ♦ ♠ ✕ ❡ ❡ ✭✭ ✶ ✹ ✽✮ ✐ ♥ ❡ ❝ ✳ ✶✳ ✹✮ ✐ ♥
❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ Ẽ 1 = { I } ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✭ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ r 1 ≤ r 2 , r1 + r 2 ≤ n ✮✿

si n Φ̃ 1 2 c o s Φ̃ 1 2 ( 2 3 6) , ( 2 3 7)

✳ ✳ ✳

0  + si n φ i

+ si n φ i 0

✳ ✳ ✳

0

✳ ✳ ✳

+ 1

✳ ✳ ✳

P 3

P 4

✳ ✳ ✳

+ c o s φ i 0
0 − c o s φ i

✳ ✳ ✳

− 1

✳ ✳ ✳

0

✳ ✳ ✳

,

■ ♥ ✭ ✷ ✸ ✻✮ ❛ ♥ ❞ ✭ ✷ ✸ ✼✮✱ ❤ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧ ❛ ❡
❝ ❤ ♦ ❡ ♥ ♦ ✉ ❢ ♦ ✉ ♣ ♦ ✐ ❜❧ ❡ ✈ ❛ ✐ ❛ ♥ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✻ ✸✮✱ ✭ ✶ ✼ ✶✮❀ ❜ ✉ ❤ ❡ ✐ ❣ ♥
♦❢ ❤ ❡ ♠ ✐ ♥ ⟨ P 3 ⟩✱ ❛ ♥ ❞ ⟨ P 4 ⟩ ❛ ❡ ❝ ❤ ♦ ❡ ♥✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳

❋ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ̃ B (B ∈ ⟨ B p ⟩✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ⟨ P 4 ⟩ = 0 ✱ di m ⟨ P 3 ⟩ = n − 2 r ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✾ ✾✮
✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❛ ♠ ❡ ❜ ❛ ❡ Ẽ 1 ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡ ❝ ❛ ♥ ❛ ❢ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡✳ ❋ ♦ ♠ ❛ ♥ ✐ ② ♠ ♠ ❡ ② ♦❢
i t a n Φ̃ 1 2 ❛ ♥ ❞ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✵ ✸✮✲✭ ✷ ✵ ✹✮ ♦ ♥ ❡ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥
Ẽ 1 ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ W ✲❢ ♦ ♠ ✭ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ 2 r < n ✮✿

s e c Φ̃ B i t a n Φ̃ B ( 2 3 8) , ( 2 3 9)

✳ ✳ ✳

+ s e c φ i 0
0 − s e c φ i

✳ ✳ ✳

− 1

✳ ✳ ✳

P 3

✳ ✳ ✳

0 − t a n φ i

+ t a n φ i 0

✳ ✳ ✳

0

✳ ✳ ✳

,

❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✸ ✻✮ ✕✭ ✷ ✸ ✾✮ ❛ ❡ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❲✲❢ ♦ ♠ ❢ ♦ ❛❧❧ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥
✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ❡ ❞ ❜ ❛ ❡ ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ Ẽ 1 ✳ ❚ ❤✐ ❜ ❛ ❡ ✐ ❝ ❛❧❧ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ✉ ❡ ❞
✐ ♥ ❲✲❢ ♦ ♠ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ❢ ♦ ♠ ❛❧ ♦ ✐❧❧ ✉ ❛ ❡ ❘ ✉❧ ❡ ✶ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✳

❯ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✸ ✹✮ ❛❧ ♦ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

−→
S i =

− − − − − − − − − − − − − − − →
{ c o s 2 Φ̃ − c o s 2 φ i · I } =

− →
S i 1 +

− →
S i 2 ;

− →
S i 1 =

− − − − − − − − − − − − − →
{ c o s Φ̃ − c o s φ i · I } ,

− →
S i 2 =

− − − − − − − − − − − − − →
{ c o s Φ̃ + c o s φ i · I } ;

−→
S 3 =

−− − →
si n Φ̃ ,

−→
S 4 =

−− − →
c o s Φ̃; (

−→
S 1 +

−→
S 2 +

−→
S 3 +

−→
S 4 = I )






. ( 2 4 0)

❚ ❤ ❡ ❡ ❛ ❡ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ♦ ♥ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✿ ❤ ❡ i✲ ❤
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧✱ ❤ ❡ ❛ ① ❡ u i ⊂ ⟨ P 2 1 ⟩ ❛ ♥ ❞ v i ⊂ ⟨ P 2 2 ⟩✱ ⟨ P 3 ⟩✱ ❛ ♥ ❞ ⟨ P 4 ⟩✳ ❍ ❡ ❡ ❤ ❡✐ ❜ ❛ ✐

❝ ♦❧ ✉ ♠ ♥ ✭ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❜ ❛ ✐ ♦ ✇ ✮ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞✳



✼ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

■❢ ♦ ♠ ❡ ❛ ♥ ❣❧ ❡ φ i ✐ ♠ ✉❧ ✐ ♣❧ ❡✱ ❤ ❡ ♥ ❤ ❡ i✲ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧ ❛ ❡ ✉ ♥✐ ❡ ❞✱ ❛ ♥ ❞ ♦ ❤ ♦✲
❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ① ❡ ❛ ❡ ♥ ❡ ❝ ❡ ❛ ② ❢ ♦ ♣ ❡ ❡ ✈✐ ♥ ❣ ❤ ❡ ❜✐ ♥ ❛ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

✉ ❝ ✉ ❡✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐❢ ✐ ♠ ♣❧ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✭ ✵ ❛ ♥ ❞ ± 1 ✮ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ♦ ✐ ♥ ❡ ❛ ❡
❡ ✉ ❛❧ ♦ ❤ ❡ ❛ ♠ ❡ ♦ ♥ ❡ ✐ ♥ ⟨ P 3 ⟩ ❛ ♥ ❞ ⟨ P 4 ⟩✱ ♦ ♥ ❡ ♠ ❛ ② ❛❧ ♦ ✉ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ❢ ♦ ❞✐ ✈✐ ❞✐ ♥ ❣
❤ ❡ ♠✐ ① ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ✐ ❛❧ ✉ ❜ ♣ ❛ ❝ ❡ ✳ ✭ ❙ ❡ ❡ ❡ ❝ ✳ ✸✳ ✶✳✮

❇ ❡❧ ♦ ✇ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ❡ ① ❡ ♠ ❡ ❝ ❛ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❝ ❛ ❡ ✇✐ ❤ ❤ ❡ ♦ ❤ ❡ ♣ ✐ ♠ ❛ ②
❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✷✮✳

❘ ❡ ✉ ♥ ♦ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✸ ✹✮✳ ❚ ❤ ❡ ② ❢ ❛ ❝✐❧✐ ❛ ❡ ♣ ❛ ✐ ✐ ♦ ♥✐ ♥ ❣ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ✐ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ✉ ♥ ❛ ② ❛ ♥ ❞ ❜✐ ♥ ❛ ② ♣ ❛ ♦❢ ❲✲❢ ♦ ♠ ✳ ❆ ✜ ✱ ❝ ♦ ♥ ✐ ❞ ❡

❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ❛ ❡✱ ✇ ❤ ❡ ♥ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ si n φ i = 0 ♦❢ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② 2 ν ′ ❛ ❡ ✐ ♥ ⟨ P 1 1 ⟩ ❛ ♥ ❞
⟨ P 1 2 ⟩✳ ❇ ❡ ✐ ❞ ❡ ❤ ❡ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ✐ ♥ ❡ ✈ ❛❧ ✉ ❡ 0 ❜ ❡❧ ♦ ♥ ❣✐ ♥ ❣ ♦ ⟨ P 3 ⟩✳ ❆❧ ♦ ❤ ❡ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞
♦ ❤ ❡ ♣ ❛✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② ν ′ c o s φ i = + 1 ✐ ♥ ⟨ P 2 1 ⟩ ❛ ♥ ❞ c o s φ i = − 1 ✐ ♥ ⟨ P 2 2 ⟩✳

❚ ❤ ❡ ❧ ❛ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ✈ ❛❧ ✉ ❡ − 1 ❜ ❡❧ ♦ ♥ ❣✐ ♥ ❣ ♦ ⟨ P 3 ⟩✳ ❚ ❤ ❡
♦ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ❛ ❡ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡✱ ✇ ❤ ❡ ♥ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ c o s φ i = 0 ♦❢ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② 2 ν ′′

❛ ❡ ✐ ♥ ⟨ P 2 1 ⟩ ❛ ♥ ❞ ⟨ P 2 2 ⟩✳ ❇ ❡ ✐ ❞ ❡ ❤ ❡ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ✈ ❛❧ ✉ ❡ 0 ❜ ❡❧ ♦ ♥ ❣✐ ♥ ❣ ♦ ⟨ P 4 ⟩✳
❆❧ ♦ ❤ ❡ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♣ ❛✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ② ν ′′ si n φ i = + 1 ✐ ♥ ⟨ P 1 1 ⟩
❛ ♥ ❞ si n φ i = − 1 ✐ ♥ ⟨ P 1 2 ⟩✳ ❚ ❤ ❡ ✜ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ✐ ♥ ❡ ✈ ❛❧ ✉ ❡ + 1
❜ ❡❧ ♦ ♥ ❣✐ ♥ ❣ ♦ ⟨ P 4 ⟩✳ ■ ♥ ♦ ❞ ❡ ♦ ❡ ♣ ❛ ❛ ❡ ❛❧❧ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣ ❛ ❝ ❡ ✱ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦
♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❡ ❤ ❡ ♠✳ ❆❢ ❡ ❤ ❛ ❤ ❡ ♣ ❛ ✐ ❛❧ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P 1 1 ⟩✱ ⟨ P 2 1 ⟩✱ ⟨ P 3 ⟩✱ ⟨ P 4 ⟩✱ ⟨ P 1 2 ⟩✱ ⟨ P 2 2 ⟩
❜ ❡ ❝ ♦ ♠ ❡ ❡ ♥ ✐ ❡❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳

◆ ♦ ✇ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ♦ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✱ ❛ ❦ ❡ ♥ ❜ ❡❢ ♦ ❡✱ ❞ ♦ ♥ ♦ ❤ ♦❧ ❞✳ ■❢ r 1 + r 2 > n ✱ ❤ ❡ ♥
⟨ P 3 ⟩ = ⟨i m A1 ⟩ ∩ ⟨ i m A2 ⟩✳ ❇ ❡ ✐ ❞ ❡ ✱ ✐❢ r 2 > r 1 ✱ ❤ ❡ ♥ ⟨ P 4 ⟩ = ⟨i m A2 ⟩ ∩ ⟨ k e r A ′

1 ⟩✳ ■ ♥ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣
✇✐ ❤ ❤ ❡ ❡ ♥ ❡ ✇ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✱ ❤ ❡ ✐ ❣ ♥ ♦❢ ✉ ♥✐ ❛ ② ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✐ ♥ ⟨ P 3 ⟩ ❛ ♥ ❞ ⟨ P 4 ⟩
❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞✳ ❋ ♦ ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P 4 ⟩ ✐ ❛ ❜ ❡ ♥ ✦

❆❧❧ ❤ ❡ ❜ ❛ ❡ ✉ ❡ ❞ ❛ ❡ ✐ ❣ ❤ ✭d et { R } = + 1 ✮✳ ❆ ♠ ♦ ♥ ❣ ❤ ❡ ♠ ❛ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥
❜ ❛ ❡ Ẽ ❛ ♥ ❞ ❤ ❡ ♥ ❡ ✇ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨u i , vi ⟩✱ ✐✳ ❡✳✱ Ẽ 1 = R W { Ẽ } = { I } ✭ ❤ ❡ ②
❢ ♦ ♠ ❤ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ♦❢ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ✮✳ ■ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡✱ ♦ ♥ ❡ ♠ ❛ ② ✜ ♥ ❞ ❤ ❡
❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ✉ ♣ ♦ ❤ ❡✐ ✐ ❣ ♥ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷ ✸ ✻✮✱ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ❣ ♥
❛ ❡ ❡ ① ❛ ❝ ❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✭ ✷ ✸ ✼✮❀ ❛ ♥ ❞ ✈✐ ❝ ❡ ✈ ❡ ❛✳ ❇ ♦ ❤ ❞ ❡ ❡ ♠✐ ♥ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❤ ❡ ❛ ❜ ♦❧ ✉ ❡
✈ ❛❧ ✉ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ❝ ♦ ✉ ♥ ❡ ✲ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ φ i ✐ ♥ [− π / 2; + π / 2] ✳ ❚ ❤✐ ❡ ❣ ♠ ❡ ♥
✐ ❤ ❡ ❛ ♥ ❣ ❡ ♦❢ ❛ ♥ ❣❧ ❡ ❢ ♦ ♣❧ ❛ ♥ ❛ ♦ ♥ ♦ ♥✲ ♦ ✐ ❡ ♥ ❡ ❞ ❧✐ ♥ ❡ ♦ ✳

❆ ♥ ❛❧ ♦ ❣ ♦ ✉ ❡ ❛ ♦ ♥✐ ♥ ❣ ♠ ❛ ② ❜ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❢ ♦ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ❝ ❛ ♥ ❛ ♥ ❞ ❛ ♥✲
❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✐ ♥ ❤ ❡ ❢ ♦ ✉ ❡✐ ❣ ❡ ♥ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❧✐ ♥ ❡ ♦ ✱ ✇✐ ❤
❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ♦ ❤ ❡✐ ♠ ❛ ♣ ♣✐ ♥ ❣ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ✭ ✷ ✸ ✽✮✱ ✭ ✷ ✸ ✾✮✳

❚ ❤ ✉ ✱ ✇✐ ❤ ♠ ❛ ✐ ❝ ❡ ♦❢ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✷ ✸ ✻✮ ✕✭ ✷ ✹ ✵✮✱ ✇ ❡ ❤ ❛ ✈ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❞ ❤ ❛ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧
♣ ❛ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ✇ ❤✐ ❝ ❤ ❡❧ ❛ ❡ ♦ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥✱ ✈ ❛ ✐ ♦ ✉ ♣ ♦ ♣ ❡ ✐ ❡ ✱ ❛ ♥ ❞ ♣ ✐ ♠ ❛ ②
❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡✐ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡
② ♣ ❡✳ ❆ ♥ ❞ ✐ ❡ ♠ ❛✐ ♥ ❢ ♦ ✉ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ✇ ❛ ② ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ✐ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ♣ ❛ ✇✐ ❤ ✐ ♠✐❧ ❛

❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ♠ ❛ ✐ ❝ ❡ ✱ ✇ ❤✐ ❝ ❤ ❡❧ ❛ ❡ ♦ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥✱ ♣ ♦ ♣ ❡ ✐ ❡ ✱ ❛ ♥ ❞ ♣ ✐ ♠ ❛ ② ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ② ♠ ♠ ❡ ✐ ❝ ✭ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✮ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ✭ ❛ ✣ ♥ ❡✮ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✇✐ ❤ ❤ ❡

♣ ♦❥ ❡ ❝ ✐ ✈ ❡✲ ② ♣ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✜ ❣ ✉ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ♠✳ ❇ ✉ ✐ ♥ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✭ ✶ ✼ ✻✮ ✕✭ ✶ ✼ ✾✮ ❛ ♥ ❞ ✭ ✷ ✶ ✶✮✱
✭ ✷ ✶ ✷✮✱ ❛ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♦ ♣ ❡ ❛ ♦ ✱ ❤ ❡ ❡ ❛ ♥ ❣❧ ❡ ❛ ❡ ♥ ♦ ❛ ❣ ✉ ♠ ❡ ♥ ✳ ❚ ❤ ❡✐ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ❡
✐ ♥ ❣ ✉❧ ❛ ✉ ❛ ❡ ♠ ❛ ✐ ❝ ❡ ✭ ❆ ❆✬✱ ❇ ❇✬✱ ❇✬ ❇✱ ❇ ❛ ♥ ❞ ❇✬✮ ✇✐ ❤ ✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❦ ❡ ♥ ❡❧ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ❤✐ ❝ ❤
❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦ ❝ ❝ ✉ ✳ ❆❧❧ ❤ ❡ ❡ ❡ ♥ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❛ ✐ ✐ ❡ ① ♣ ♦ ❡ ❞ ❛ ❜ ♦ ✈ ❡✱

✐ ♥ ❤ ❡✐ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ✭ ✶ ✼ ✻✮ ✕✭ ✶ ✼ ✾✮ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ✭ ✷ ✶ ✶✮ ✕✭ ✷ ✶ ✷✮ ♣ ❛✐ ❢ ♦ ♠ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣
♣ ❛✐ ♦❢ ② ♠ ♠ ❡ ✐ ❝ ✭ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✮ ❛ ♥ ❞ ❛ ② ♠ ♠ ❡ ✐ ❝ ✭ ♦ ❜❧✐ ✉ ❡✮ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦
❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦ ❤ ❡ ❦ ❡ ♥ ❡❧ ❢ ♦ ❡ ❛ ❝ ❤✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ❛ ♠ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ✭ ❤ ❡ ❞✐ ❡ ❝ ❡ ❞ ❜ ❛ ❡

♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡✮ ✐ ✉ ❡ ❞ ❢ ♦ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ❜ ♦ ❤ ♠ ✉ ✉ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦
✭ ✶ ✼ ✻✮✱ ✭ ✶ ✼ ✼✮ ❛ ♥ ❞ ♦❢ ❜ ♦ ❤ ♠ ✉ ✉ ❛❧ ❛ ✣ ♥ ❡ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✭ ✷ ✶ ✶✮✱ ✭ ✷ ✶ ✷✮✳ ❚ ❤ ❡✐ ♠ ❛ ✐ ① ❡ ♥ ♦
❢ ♦ ♠ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿



✺✳ ✻ ❚ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ❡ ♦ ② ♦❢ ♣ ✐ ♠ ❡ ♦ ♦
√

I ✼ ✾

+ R e f { A 1 A ′
1 } + R e f { A 2 A ′

2 } ( 2 4 1)

✳ ✳ ✳

+ c o s φ i − si n φ i

− si n φ i − c o s φ i

✳ ✳ ✳

− 1

✳ ✳ ✳

− 1

✳ ✳ ✳

P 3

P 4

✳ ✳ ✳

+ c o s φ i + si n φ i

+ si n φ i − c o s φ i

✳ ✳ ✳

+ 1

✳ ✳ ✳

− 1

✳ ✳ ✳

,

✭ ❤ ❡ ② ❛ ❡ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠ ✭ ✷ ✸ ✼✮ ❛ ♥ ❞ ✭ ✷ ✸ ✻✮ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ r 1 ≤ r 2 , r1 + r 2 ≤ n ✮❀

+ R e f { B } + R e f { B ′} ( 2 4 2)

✳ ✳ ✳

+ s e c φ i + t a n φ i

− t a n φ i − s e c φ i

✳ ✳ ✳

− 1

✳ ✳ ✳

P 3

✳ ✳ ✳

+ s e c φ i − t a n φ i

+ t a n φ i − s e c φ i

✳ ✳ ✳

+ 1

✳ ✳ ✳

,

✭ ❤ ❡ ② ❛ ❡ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠ ✭ ✷ ✸ ✽✮ ❛ ♥ ❞ ✭ ✷ ✸ ✾✮ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ 2 r ≤ n ✮✳

✺✳ ✻ ❚ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ❡ ♦ ② ♦❢ ♣ ✐ ♠ ❡ ♦ ♦
√

I

■ ♥ ❤✐ ❡ ❝ ✐ ♦ ♥✱ ✇ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❜ ✐ ❡ ✢ ② ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ❛✐ ♥ ♥ ♦ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠✲
❡ ② ❛ ♥ ❞ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ♣ ✐ ♠ ❡ ♦ ♦

√
I ✭✐✳ ❡✳✱ ✇✐ ❤ ♦ ✉ ♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ① ✉ ♠ ♠ ❛ ♥ ❞ ❛ ✐ ♥ ✭ ✷ ✶✮

♦ ✭ ✼ ✻✮ ✕ ❛ ■✮✳ ❋✐ ① ❛ ♥ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✐ ♥ ⟨ E n ⟩✳ ■ ♥ ❤✐ ❜ ❛ ❡ ❛ ♥ ② ♣ ✐ ♠ ❡ ✉ ❛ ❡
♦ ♦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① I ✐ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ✭ ✐ ❣ ♥✲✐ ♥ ❞ ❡ ✜ ♥✐ ❡ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ①✮✱ ❡✐ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝

♦ ♥ ♦ ♥ ② ♠ ♠ ❡ ✐ ❝ ✕ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✼ ✻✮ ✕✭ ✶ ✼ ✾✮ ❛ ♥ ❞ ✭ ✷ ✶ ✶✮✱ ✭ ✷ ✶ ✷✮✳

❙ ♦✱ ✐ ✐ (
√

I ) s = R e f { B m } ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ (
√

I ) s = R e f { A A ′} ❀ ♦
√

I = R e f { B p } ✳

❚ ❤ ❡ ② ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞✱ ✇✐ ❤ ❤ ❡ ❝ ❡ ❛✐ ♥ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ T · {Ẽ } = Ẽ D ✱ ✐ ♥ ♦ ❤ ❡ ❞ ✉ ❛❧
❜❧ ♦ ❝ ❦✲ ✉ ♥✐ ② D ✲❢ ♦ ♠ ♦❢

√
I = R e f { B m } ♦

√
I = R e f { B p } ✿

R ′
W ·

√
I · R W = I ± =

+ I Z
Z − I

q +

q − (q + + q − = n, q + = r a n k B, q − = si n g B ).

❋ ♦ ❛ ♥ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ✭✐✳ ❡✳✱ ♠ ❛ ✐ ①✱ ❜ ♦ ✉ ♥ ❞ ✇✐ ❤ ❛ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡✮ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❛ ♥ ❦ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✭ ❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ✭ ✷ ✸ ✺✮✮✳ ❍ ❡ ❡
❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❦ 2 τ ❛❧ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ♥ ✐ ♥ ❞ ❡ ① q ♦❢ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ✿

2 τ = 2 q = 2 mi n { q + , q− } = 2 mi n { r, n − r } .

❋ ✉ ❤ ❡ ✱ ❢ ♦ W ✲❢ ♦ ♠ ✇ ❡ ✉ ❡ ❛❧ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 = R W { Ẽ } = { I } ✳



✽ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❙ ❡ ♣ ❛ ❛ ❡ ② ♠ ♠ ❡ ✐ ❝ ♦ ♦ (
√

I ) s = (
√

I ) ′
s ✳ ❋ ♦ ❛ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① B m ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱

+ R e f { B m } =
←−−
B m −

−− →
B m = (

√
I ) s ✳ ✉ ✱ ✇✐ ❤ ♦ ✉ ❧ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧✐ ②✱ B m = A A ′✳

▲ ❡ (
√

I ) 1 ❛ ♥ ❞ (
√

I ) 2 ❜ ❡ ❛ ♣ ❛✐ ♦❢ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ② ♠ ♠ ❡ ✐ ❝ ♦ ♦ ✳ ❚ ❤ ❡ ♥✱ ✐ ♥ ⟨ E n ⟩✱ ❤ ❡ ❡
♦ ♦ ❛ ♥ ❞ ❤ ❡ ♦ ❤ ♦ ❡ ✢ ❡ ❝ ♦ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

← − − −
A 1 A ′

1 = ( I + (
√

I ) 1 )
2 ,

− − − →
A 1 A ′

1 = ( I − (
√

I ) 1 )
2 ,

← − − −
A 2 A ′

2 = ( I + (
√

I ) 2 )
2 ,

− − − →
A 2 A ′

2 = ( I − (
√

I ) 2 )
2 .

⇔
(
√

I ) 1 =
← − − −
A 1 A ′

1 −
− − − →
A 1 A ′

1 ,

(
√

I ) 2 =
← − − −
A 2 A ′

2 −
− − − →
A 2 A ′

2 .
( 2 4 3)

❋ ♦ ♠ ❤✐ ✱ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✭ ✶ ✻ ✸✮✱ ✭ ✶ ✼ ✶✮✱ ✭ ✶ ✼ ✻✮✱ ❛ ♥ ❞ ✭ ✶ ✼ ✼✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥

c o s Φ̃ 1 2 − si n Φ̃ 1 2 = (
√

I ) 1 = + R e f { A 1 A ′
1 } ,

c o s Φ̃ 1 2 + si n Φ̃ 1 2 = (
√

I ) 2 = + R e f { A 2 A ′
2 } ,

( 2 4 4)

c o s Φ̃ 1 2 = [(
√

I ) 1 + (
√

I ) 2 ]/ 2 , si n Φ̃ 1 2 = [(
√

I ) 2 − (
√

I ) 1 ]/ 2 . ( 2 4 5)

❚ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♣ ♦❥ ❡ ❝ ♦ ❛ ❡ ❡ ✉✐ ❛ ♥ ❦✱ ✐ ✛ (
√

I ) 1 ❛ ♥ ❞ (
√

I ) 2 ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ✐ ♥ ❞ ❡ ①✱ ❡✐ ❤ ❡
q − ✱ ♦ q + ✭ ❛ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❦ ❢ ♦ ❛ ♣ ❛✐ ♦❢ ❧✐ ♥ ❡ ♦ ♦ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ①✮✳ ❘ ❡ ♠ ❡ ♠✲
❜ ❡ ✱ ❤ ❛ ❤ ❡ ♦ ❤ ♦ ❡ ✢ ❡ ❝ ♦ + R e f { A A ′} ❛ ♥ ❞ − R e f { A A ′} ❤ ❛ ✈ ❡ ❤ ❡✐ ♠ ✉ ✉ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
♠✐ ♦ ⟨k e r A ′⟩ ❛ ♥ ❞ ⟨i m A⟩ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳

❈ ♦ ♦❧❧ ❛ ✐ ❡ ✭❢ ♦ ⟨ E n ⟩✮
✶✳ ❆ ② ♠ ♠ ❡ ✐ ❝ ♦ ♦

√
I ❞ ❡ ✜ ♥ ❡ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❛ ✉ ♥✐ ✉ ❡ ② ♠ ♠ ❡ ✐ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ❛

✇ ❡❧❧ ❛ ❛ ✉ ♥✐ ✉ ❡ ♠ ✉ ✉ ❛❧ ♣ ❛✐ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ❛ ✉ ♥✐ ✉ ❡ ✐ ❣ ❤ ❡ ♥ ♦
❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❦✳

2 . ❆ ♥ ② ♣ ❛✐ ♦❢ ② ♠ ♠ ❡ ✐ ❝ ♦ ♦ (
√

I ) 1 ❛ ♥ ❞ (
√

I ) 2 ❞ ❡ ✜ ♥ ❡ ❛ ✉ ♥✐ ✉ ❡ ♣ ❛✐ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ②
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ✱ ❛ ✉ ♥✐ ✉ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ❛ ♥ ❞ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳

3 . ■❢ ❛ ♥ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✐ ✜ ① ❡ ❞✱ ❤ ❡ ♥ ❛❧❧ ❤ ❡ ♠ ❛ ✐ ① ♥ ♦ ✐ ♦ ♥ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦
✐ ❡ ♠ 2 ✱ ❞ ✉ ❡ ♦ ( 2 4 3) − ( 2 4 5) ✱ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞ ✐ ♥ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♠ ♦ ♥ ♦ ❜✐ ♥ ❛ ② W ✲❢ ♦ ♠ ✐ ♥ ❛

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 ✳
❙ ❡ ♣ ❛ ❛ ❡ ♥ ♦ ♥ ② ♠ ♠ ❡ ✐ ❝ ♣ ✐ ♠ ❡ ♦ ♦

√
I ≠ (

√
I ) ′✳ ❋ ♦ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B p ✱ ❢ ♦ ❡ ① ❛ ♠✲

♣❧ ❡✱ + R e f { B p } =
←−
B p −

− →
B p =

√
I ≠ (

√
I ) ′✳ ❉ ❡ ♥ ♦ ❡ ❤ ❡ ♠ ❛ ✐ ① B p ❜ ✐ ❡ ✢ ② ❛ B ✳ ❚ ❤ ❡ ♥ ✇ ❡

❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❜ ♦ ♥ ❞ ♦❢ ❤ ❡ ❡ ♦ ♦ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ❡ ✢ ❡ ❝ ♦ ✿

←−
B = ( I +

√
I )

2 ,
−→
B = ( I −

√
I )

2 ,
←−
B ′ = ( I + (

√
I ) ′ )

2 ,
−→
B ′ = ( I − (

√
I ) ′ )

2 .
⇔

√
I =

←−
B −

−→
B ,

(
√

I ) ′ =
←−
B ′ −

−→
B ′.

( 2 4 6)

❋ ♦ ♠ ❤✐ ✱ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✭ ✶ ✾ ✽✮✱ ✭ ✷ ✵ ✸✮✱ ✭ ✷ ✶ ✶✮✱ ✭ ✷ ✶ ✷✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥

s e c Φ̃ B − i t a n Φ̃ B =
√

I = + R e f { B } ,

s e c Φ̃ B + i t a n Φ̃ B = (
√

I ) ′ = + R e f { B ′} ,
( 2 4 7)

s e c Φ̃ B = (
√

I + (
√

I ) ′)/ 2 , i t a n Φ̃ B = ((
√

I ) ′ −
√

I )/ 2 . ( 2 4 8)

❚ ❤ ❡ ♦ ♦
√

I ❛ ♥ ❞ (
√

I ) ′ ❛❧ ✇ ❛ ② ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❦✳ ❘ ❡ ♠ ❡ ♠ ❜ ❡ ✱ ❤ ❛ ❤ ❡
♦ ❜❧✐ ✉ ❡ ❡ ✢ ❡ ❝ ♦ + R e f { B p } ❛ ♥ ❞ + R e f { B p } ❤ ❛ ✈ ❡ ❤ ❡✐ ♠ ✉ ✉ ❛❧❧ ② ♦ ❜❧✐ ✉ ❡ ♠✐ ♦ ⟨k e r B ⟩
❛ ♥ ❞ ⟨i m B ⟩ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✕ ❡ ❡ ❢ ♦ ❤ ❡ ♥ ♦ ♥✲ ❛ ♥ ♣ ♦ ❡ ❞ ❡ ✢ ❡ ❝ ♦ ✳

❈ ♦ ♦❧❧ ❛ ✐ ❡ ✭❢ ♦ ⟨ E n ⟩✮
✶✳ ❆ ♥ ② ♥ ♦ ♥ ② ♠ ♠ ❡ ✐ ❝ ♣ ✐ ♠ ❡ ♦ ♦

√
I ❞ ❡ ✜ ♥ ❡ ❛ ✉ ♥✐ ✉ ❡ ♥ ♦ ♥ ② ♠ ♠ ❡ ✐ ❝ ♦ ❜❧✐ ✉ ❡ ❡ ✢ ❡ ❝ ♦ ❛

✇ ❡❧❧ ❛ ❛ ✉ ♥✐ ✉ ❡ ♠ ✉ ✉ ❛❧ ♣ ❛✐ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❜❧✐ ✉ ❡ ♣ ♦❥ ❡ ❝ ♦ ✳
2 . ❆ ♥ ② ♣ ❛✐ ♦❢ ♥ ♦ ♥ ② ♠ ♠ ❡ ✐ ❝ ♣ ✐ ♠ ❡ ♦ ♦

√
I ❛ ♥ ❞ (

√
I ) ′ ❞ ❡ ✜ ♥ ❡ ❛ ✉ ♥✐ ✉ ❡ ♣ ❛✐ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ②

♦ ❜❧✐ ✉ ❡ ♣ ♦❥ ❡ ❝ ♦ ✱ ❛ ✉ ♥✐ ✉ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ B ❛ ♥ ❞ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳
3 . ■❢ ❛ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✐ ✜ ① ❡ ❞✱ ❤ ❡ ♥ ❛❧❧ ❤ ❡ ♥ ♦ ✐ ♦ ♥ ✭✐ ❡ ♠ 2 ✮✱ ❞ ✉ ❡ ♦ ( 2 4 6) − ( 2 4 8) ✱ ♠ ❛ ②

❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞ ✐ ♥ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♠ ♦ ♥ ♦ ❜✐ ♥ ❛ ② W ✲❢ ♦ ♠ ✐ ♥ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 ✳
✯ ✯ ✯



✺✳ ✼ ❘ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✽ ✶

■ ♥ ❡ ❝ ✐ ♦ ♥ ✺✳ ✶ ✕ ✺✳ ✻✱ ✇ ❡ ❤ ❛ ✈ ❡ ❧ ❛✐ ❞ ♦ ✉ ❤ ❛ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❝ ♦ ♥ ❡ ♥ ♦❢ ❡ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇ ❤✐ ❝ ❤ ❡❧ ❛ ❡ ♦ ✐ ❧✐ ♥ ❡ ❛ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♦ ❜ ❥ ❡ ❝ ✱ ♦ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❛❧❧ ❤ ❡

❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✕ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡
② ♣ ❡ ✐ ♥ ❤ ❡ ❛ ✣ ♥ ❡ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱ ♦ ❛❧❧ ② ♠ ♠ ❡ ✐ ❝ ✭ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✮ ❛ ♥ ❞

♦ ❜❧✐ ✉ ❡ ✭ ❛ ✣ ♥ ❡ ✮ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✈ ❡ ② ❧ ♦ ❣✐ ❝ ❛❧❧ ② ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐ ♣ ❡ ❝✐ ✜ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ✐ ✈ ❡ ❛ ❝ ✐ ♦ ♥ ✳ ❲ ❡ ❤ ❛ ✈ ❡
❡ ❛ ❜❧✐ ❤ ❡ ❞ ❛ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ❜ ❡ ✇ ❡ ❡ ♥ ❛❧❧ ❤ ❡ ❡ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡
② ♠ ♠ ❡ ✐ ❝ ♦ ❛ ② ♠ ♠ ❡ ✐ ❝ ♣ ✐ ♠ ❡ ♦ ♦ ❢ ♦ ♠ ❤ ❡ ✉ ♥✐ ② ♠ ❛ ✐ ①✳ ❲ ❤ ❡ ♥ ❤ ❡ ❡ ♦ ♦ ✕
❡ ✢ ❡ ❝ ♦ ❤ ❛ ✈ ❡ ❛❧ ♦ ❛ ♣ ❡ ❝✐ ✜ ❝ ♦ ✐ ❣✐ ♥✱ ❤ ❡ ♥ ❤ ❡ ② ❝ ❛ ♥ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❧✐ ♥ ❦ ❡ ❞ ♦ ❡✐ ❣ ❡ ♥✲

♣ ♦ ❥ ❡ ❝ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇✐ ❤ ♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✕ ❛ ❣ ✉ ♠ ❡ ♥ ✳
❖ ✉ ♥ ❡ ① ❛ ❦ ✐ ✱ ✉ ✐ ♥ ❣ ✉ ❝ ❤ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✱ ✜ ❧ ②✱ ♦ ❝ ♦ ❡ ❝ ❧ ② ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡

✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✭ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ❣ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✮
❛ ♥ ❞✱ ❡ ❝ ♦ ♥ ❞❧ ②✱ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ✐ ♥ ♥ ❛ ✉ ❛❧ ✇ ❛ ② ❤ ❛ ♣ ❛ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇ ❤✐ ❝ ❤
❡❧ ❛ ❡ ♦ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐
❡ ♥ ♦ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ② ♣ ❡✳ ■ ♥ ♦ ❞ ❡ ♦ ♣ ❛ ❢ ♦ ♠ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♦❢

♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ② ♣ ❡ ♦ ♦ ♥ ❡ ♦❢ ♠ ♦ ✐ ✈ ❡ ② ♣ ❡ ✐ ♥ ♥ ❛ ✉ ❛❧ ❛ ♥ ❞ ❝ ♦ ❡ ❝ ✇ ❛ ②✱ ✇ ❡ ✇✐❧❧ ❡ ♦
♦ ❤ ❡ ❦ ♥ ♦ ✇ ♥ ♣ ♦ ♣ ❡ ② ♦❢ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✿ ❤ ❡ ❡ ① ❡ ❝ ✉ ✐ ♦ ♥ ♦❢ ✇ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥

❢ ♦ ❛ ✈ ❡ ❝ ♦ ♦ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✱ ✇ ❤ ❡ ❡ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♥ ✐ ❡ ♥
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②✱ ❧ ❡ ❛ ❞ ♦ ✐ ♦ ❛ ✐ ♦ ♥ ✭ ✇✐ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ♥ ♦ ✈ ❛ ✐ ❛ ♥ ✮✳

✺✳ ✼ ❘ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡

■ ♥ ❤ ❡ ❡ ✉ ❡❧✱ ✐ ♥ ♦ ❞ ❡ ♦ ✐ ♥❢ ❡ ♦ ♠ ❡ ♠ ❛ ✐ ① ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ♠ ❡ ✉ ❛❧✐ ② ❛ ♥ ❞
✐ ♥ ❡ ✉ ❛❧✐ ② ✇ ❡ ❤ ❛❧❧ ✉ ❡ ♦ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ② ✳ ■ ❝ ♦ ♥ ✐ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✳

❚ ❤ ❡ ♣ ✐ ♠ ❡ ❡ ❛❧ ♠ ❛ ✐ ❝ ❡ P 1 ❛ ♥ ❞ P 2 ❛ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ✛ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞
❥ ♦✐ ♥ ❧ ② ✐ ♥ ❤ ❡✐ ❡ ❛❧ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♠ ♦ ♥ ♦ ❜✐ ♥ ❛ ② ❝ ❡❧❧ ❢ ♦ ♠ W 1 ❛ ♥ ❞ W 2 ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ❡ ❛❧ ❧ ♦ ❝ ❛❧
❜ ❛ ❡ ✭ ❡ ❝ ✳ ✹✳ ✶✮✳ ■❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ✣ ♥ ❡ ❜ ❛ ❡ ✐ Ẽ ✱ ❤ ❡ ♥ ❤ ❡ ❡ ❤ ❡ ❧ ♦ ❝ ❛❧ ❜ ❛ ❡ ✐ Ẽ 1 = V W ·Ẽ = { I } ✳
❚ ❤ ❡ ♠ ❛ ✐ ❝ ❡ P 1 ❛ ♥ ❞ P 2 ❛ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♦ ♥ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ❡ ❛❧ ❡✐ ❣ ❡ ♥ ♣ ❛ ❝ ❡ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥
✶ ❛ ♥ ❞ ✷ ✭ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❡ ❝ ✳ ✼✳ ✷✮✳ ❚ ❤ ❡ ❡ ❢ ♦ ♠ W 1 ❛ ♥ ❞ W 2 ❛ ❡ ❛ ❞✐ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡✐ ♠ ♦ ♥ ♦ ❜✐ ♥ ❛ ②
❝ ❡❧❧ ♦❢ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✉ ❝ ✉ ❡✳

▼ ♦ ❡ ♦ ✈ ❡ ✱ ❛ ♥ ② ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F (P 1 , P2 ) ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ ♠ ❛ ② ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡
Ẽ 1 ❛ F (W 1 , W2 )✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤✐ ❡ ❛❧✐ ③ ❡ ❢ ♦ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞
♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ F (P 1 , P2 ) ❛ ❡ ❤ ❡ ❛ ♠ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❢ ♦ F (W 1 , W2 )✳
✭■ ♥ ❤ ❡ ♦ ② ♦❢ ♠ ❛ ✐ ❝ ❡ ✱ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ✉ ♥ ❛ ✐ ② ✐ ❛ ♣ ♣❧✐ ❡ ❞ ❢ ♦ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥
♦❢ ❡ ✈ ❡ ❛❧ ♣ ✐ ♠ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ❥ ♦✐ ♥ ❡ ❞ ✉ ❝✐ ♥ ❣ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✳✮ ❚ ❤ ❡
♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ② ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ♥ ❞ ✉ ❛ ❡ ♦❢ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ✐ ♠ ❡
♠ ❛ ✐ ❝ ❡ P 1 ❛ ♥ ❞ P 2 ❝ ♦ ♠ ♠ ✉ ❡ ❡ ❛ ❝ ❤ ✇✐ ❤ ❛ ♥ ♦ ❤ ❡ ✳ ❇ ♦ ❤ ❤ ❡ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ❡ ♥ ❛ ❜❧ ❡ ♦ ♥ ❡ ♦ ❣ ❡ ♥ ❡✲
❛❧✐ ③ ❡ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦ ✈ ❡ ✐ ♠ ♣❧ ❡ ❝ ❡❧❧ ✉ ❝ ✉ ❡ ❛ ♥ ❞ ❡ ✉❧ ♦ ♥ ♦ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡

❛ ♥ ❞ ❤ ❡✐ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳
❙ ✉ ♣ ♣ ♦ ❡✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ♥ ⟨ E n ⟩✿ P 1 = c o s Φ̃ 1 2 , P2 = si n Φ̃ 1 2 ❢ ♦ ❤ ❡ ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ A 1

❛ ♥ ❞ A 2 ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✻ ✸✮ ❛ ♥ ❞ ✭ ✶ ✼ ✶✮✳ ❚ ❤ ❡ ♥ ⟨ P 4 ⟩ = 0 ✳ ❇ ✉ ♥ ♦ ♥✲ ③ ❡ ♦ ⟨ P 3 ⟩ ❡ ①✐
✐ ✛ ✐ ❡ ①✐ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✭ ✷ ✸ ✼✮ ✭ ❛ ♣ ♦ ✐ ✐ ✈ ❡ ♦ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✉ ♥✐ ② ❜❧ ♦ ❝ ❦✮✳

❇ ② ✭ ✶ ✼ ✻✮ ❛ ♥ ❞ ✭ ✶ ✼ ✼✮ ❢ ♦ ❤ ❡ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ P 1 ❛ ♥ ❞ P 2 ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥

F (P 1 , P2 ) = ( P 1 + P 2 ) · (P 1 − P 2 ) =

= [ + R e f { A 2 A ′
2 } ] · [ +R e f { A 1 A ′

1 } ] = [− R e f { A 2 A ′
2 } ] · [− R e f { A 1 A ′

1 } ].

❚ ❤ ❡ ♥ ❤ ❡ ❡ ❤ ♦❧ ❞ T W = R W ✳



✽ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❙ ♦✱ ❤ ❡ W ✲❢ ♦ ♠ ♦❢ F (P 1 , P2 ) ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ Ẽ 1 = R W · Ẽ = { I } ✐ ❡ ① ♣ ❡ ❡ ❞
❜ ② ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ 2 Φ 1 2 ❣ ♦ ❡ ♥ ✇✐ ❤ ✇ ♦ ♠ ✉ ✉ ❛❧ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✿

R e f { A 2 A ′
2 } R e f { A 1 A ′

1 } R ot ( + 2 Φ 1 2 ) ( 2 4 9)











✳ ✳ ✳

+ c o s φ i + si n φ i

+ si n φ i − c o s φ i

✳ ✳ ✳











·











✳ ✳ ✳

+ c o s φ i − si n φ i

− si n φ i − c o s φ i

✳ ✳ ✳











=











✳ ✳ ✳

c o s 2 φ i − si n 2 φ i

+ si n 2 φ i c o s 2 φ i

✳ ✳ ✳











,

✇ ❤ ❡ ❡ ⟨ P 3 ⟩ ✐ ❤ ❡ ✉ ♥✐ ② ❜❧ ♦ ❝ ❦ + I ❛ (± 1) ·(± 1) = + 1 ❢ ♦ ✉ ♥✐ ② ❝ ♦ ✐ ♥ ❡ ♣ ❛ ✐ ♥ ✭ ✷ ✸ ✼✮✳ ❚ ❤✐ 2 × 2 ✲
❝ ❡❧❧ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❝ ♦ ✉ ♥ ❡ ✲ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❛ ♥ ❣❧ ❡ + 2 φ i ♦ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ✳
■ ♥ Ẽ ✱ ✐ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ + 2 Φ 1 2 ✿

R e f { A 2 A ′
2 } · R e f { A 1 A ′

1 } = ( c o s Φ̃ 1 2 + si n Φ̃ 1 2 ) · ( c o s Φ̃ 1 2 − si n Φ̃ 1 2 ) =

= c o s 2 Φ̃ 1 2 − si n 2 Φ̃ 1 2 + 2 si n Φ̃ 1 2 c o s Φ̃ 1 2 = c o s 2 Φ 1 2 − si n 2 Φ 1 2 + 2 i si n Φ 1 2 c o s Φ 1 2 =

= c o s 2 Φ 1 2 + i si n 2 Φ 1 2 = R ot 2 Φ 1 2 = [ − R e f { A 2 A ′
2 } ] · [− R e f { A 1 A ′

1 } ], ( 2 4 9)

[± R e f { A 1 A ′
1 } ] · [± R e f { A 2 A ′

2 } ] = R ot ′2 Φ 1 2 = R ot (− 2 Φ 1 2 ) = R ot 2 Φ 2 1 . ( 2 5 0)

◆ ♦ ❛ ✐ ♦ ♥ R ot Φ ✐ ✉ ❡ ❞ ❢ ♦ ❡ ♥ ♦ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❜✐ ♥ ❛ ② ♠ ♦ ✐ ✈ ❡ ② ♣ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
❛ ♥ ❣❧ ❡ Φ ✳ ❙ ✉ ❝ ❤ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❞ ♦ ♥ ♦ ❝ ♦ ♥ ❛✐ ♥ ✐ ♥ ❤ ❡✐ ♥ ♦ ❛ ✐ ♦ ♥ ❤ ❡ ✐❧ ❞ ❡ ② ♠ ❜ ♦❧ ♥ ❡ ❝ ❡ ❛ ② ❢ ♦
♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✳ ❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✉ ♥✐ ❡ ❞ ♣ ♦ ♣ ❡ ✐ ❡ ❤ ♦❧ ❞ ❢ ♦ ❤ ❡ ♠ ❛✐ ♥ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ♣ ❛✐ ♦❢
♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✭ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❡ ❝ ✺✳ ✽✮✿ c o s 2 Φ̃ = c o s 2 Φ , si n 2 Φ̃ = si n 2 Φ;
❛ ♥ ❞ si n Φ̃ ·c o s Φ̃ = i si n Φ ·c o s Φ = c o s Φ ·i si n Φ = − c o s Φ̃ ·si n Φ̃ . ❚ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛❧ ♦ ✐❧❧ ✉ ❛ ❡
❘ ✉❧ ❡ ✶ ✭ ❡ ❝ ✳ ✺✳ ✸✮✱ ❜ ✉ ❢ ♦ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ② ♣ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳ ❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ❤ ❡ ♥ ✐ ♥ ❛ ♥ ②
♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P 3 ⟩ ❤ ❛ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦ ♥❧ ② + 1 ✱ ❛ ♥ ❞ ⟨ P 4 ⟩ = 0 ✭ ❛ ✐ ♥ ❤ ❡ ❝ ❛ ❡ r 1 = r 2

❛ ❋✐ ❣ ✉ ❡ ✷✮✳ ▼ ♦ ❣ ❡ ♥ ❡ ❛❧❧ ② ♥ ♦ ❡✱ ❤ ❛ R ot Φ 1 2 ❛ ✐ ♥ ✭ ✷ ✹ ✾✮ ✐ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❛ ❡ ♦ ♦
✭✭✐✳ ❡✳✱ ❛ ❡ ✉❧ ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ❞✐ ♠✐ ❞✐ ❛ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ❡ ❛ ❝ ❤ ❜✐ ♥ ❛ ② ❝ ❡❧❧ ♦❢ W ✲❢ ♦ ♠✦✮✿

R ot Φ 1 2 = { [± R e f { A 2 A ′
2 } ] · [± R e f { A 1 A ′

1 } ]} 1 / 2 . ( 2 5 1)

❋ ♦ ♠ ✉❧ ❛ ✭ ✷ ✹ ✾✮ ✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✳ ❖ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ⟨i m A1 ⟩ ✭ ♦ ⟨k e r A ′
1 ⟩✮

❛ ♥ ❞ ❤ ❡ ♥ ♦❢ ⟨i m A2 ⟩ ✭ ♦ ⟨k e r A ′
2 ⟩✮ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ❞ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥

⟨i m A1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩✳ ■ ✐ ✉✐ ❡ ❝❧ ❡ ❛ ✇ ❤ ❡ ♥ ✇ ❡ ❞ ❡ ❛❧ ✇✐ ❤ ✇ ♦ ✈ ❡ ❝ ♦ ♦ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✳ ❚ ❤ ❡
♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✭τ = 1 ✮✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷ ✹ ✾✮✱ ✭ ✶ ✼ ✻✮✱ ✭ ✶ ✼ ✼✮✱ ✐

R ot Φ 1 2 = [( I − 2 ·
←− −−
a 2 a ′

2 ) · (I − 2 ·
←− −−
a 1 a ′

1 )] 1 / 2 =

= I − 2 ·
a 1 a ′

1

a ′
1 a 1

+
a 2 a ′

2

a ′
2 a 2

+ 4 c o s 2 φ 1 2 ·
a 2 a ′

1

a ′
1 a 2

1 / 2

. ( 2 5 2)

❍ ❡ ❡ ❤ ❡ ♠✐ ♦ ❛ ❡ ❡✐ ❤ ❡ ❛ ♦ ❛ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨k e r a ′⟩ ✕ ♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦❢ ⟨i m a ⟩✱

R ot Φ 1 2 ·
−− − →←− −−
a 1 a ′

1 · R ot (− Φ 1 2 ) =
−− − →←− −−
a 2 a ′

2 ,
← −
a a ′ =

a a ′

a ′a
,
←− −−
a 2 a ′

1 =
a 2 a ′

1

a ′
1 a 2

(
←−
e e ′ = e e ′,

← − −
e 2 e ′

1 =
e 2 e ′

1

c o s φ 1 2
).

■❢ ❤ ❡ ❡ n × 1 ✲ ✈ ❡ ❝ ♦ ❛ ❡ ♦ ✐ ❡ ♥ ❡ ❞✱ ❤ ❡ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ φ 1 2 ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡
♠ ❛ ✐ ① R ot Φ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ✈ ❛ ✐ ❡ ✐ ♥ [− π ; π ]✳ ✭ ❋ ♦ ♦ ❛ ✐ ♦ ♥ ♦❢ ❧✐ ♥ ❡ ♦ ✇ ❡ ❤ ❛ ✈ ❡
τ R = r 1 = r 2 ❛ ❋✐ ❣ ✉ ❡ ✷✳✮ ❇ ✉ ♦ ❛ ✐ ♦ ♥ ✭ ✷ ✹ ✾✮ ✐ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ❤ ❡ 2 τ R ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✉ ❜ ♣ ❛ ❝ ❡
✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ n − 2 τ R ✳ ❚ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ♠ ❛ ✐ ① ✭ ✷ ✹ ✾✮
✇✐ ❤ ❤ ❡ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ± i φk ♦ ♥ k ✲ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ [− π / 2; + π / 2] ✦



✺✳ ✼ ❘ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✽ ✸

❘ ❡ ❛❧ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❝ ❛❧❧ ❡ ❞ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✐❢ ❤ ❡✐ ❲✲❢ ♦ ♠ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ✉ ❝ ✉ ❡ ✐ ♥ ❛
❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡✳ ❙ ♦✱ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♦ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♦ ♥ ❡ ✕ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❈ ❤✳ ✼✮✳
❘ ❡ ❛❧ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞ ✐ ♥ ♦ ❲✲❢ ♦ ♠ ✇✐ ❤ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡
❜ ❛ ❡✱ ✇ ❡ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♠ ❛ R W ✳ ❋ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✱ R W ✐ ❛ ♠ ❡✳

❚ ❤ ❡ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ✈ ❛ ✐ ❛ ♥ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✹ ✾✮ ❛ ♥ ❞ ✭ ✷ ✺ ✵✮ ❢ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❡ ✢ ❡ ❝ ♦ ✐

( c o s Φ̃ 1 2 ± si n Φ̃ 1 2 )( c o s Φ̃ 3 4 ± si n Φ̃ 3 4 ) = R ot { ± Φ 1 2 ± Φ 3 4 } .

■ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❜ ❡ ✐ ❞ ❡ ❤ ❡ ♠ ✉ ✉ ❛❧ ❡ ✢ ❡ ❝ ♦ ✐ ♥ ✭ ✷ ✹ ✾✮✱ ♦ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✐
✈ ❡ ② ✐ ♠ ♣ ♦ ❛ ♥ ✳ ❋ ♦ ❛ ♣ ❛✐ ♦❢ ❤ ❡ ❣✐ ✈ ❡ ♥ ❧✐ ♥ ❡ ♦ ♦ ♣❧ ❛ ♥ ❛ ❤ ❡✐ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✐ ✐ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥
R e f { A 1 A ′

1 } ❛ ♥ ❞ R e f { A 2 A ′
2 } ✭r 1 = r 2 = r ✮ ♦ R e f { B B ′} ❛ ♥ ❞ R e f { B ′B } ✱ ✐✳ ❡✳✱ ❢ ♦ ❤ ❡ ♠✐ ❞ ❞❧ ❡

✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ♦ Φ̃ B ✳ ❇ ✉ ✐ ✐ ♥ ♦ ❛ ❛ ❝ ❤ ♦ ♥❧ ② ♦ ❤✐ ♣ ❛✐ ♦❢ ♦ ❜❥ ❡ ❝ ✳ ■ ✐
❞ ❡ ✜ ♥ ❡ ❞ ❢ ♦ ❤ ❡ ❡ ♦❢ ♣ ❛✐ ♦❢ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ❤ ❛ ✈✐ ♥ ❣ ✉ ❝ ❤ ❝ ♦ ♠ ♠ ♦ ♥ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✳ ■ ❤ ❛ ❤ ❡
✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ✉ ♥✐ ② ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❲✲❢ ♦ ♠ ❝ ♦ ♥ ❣ ✉ ♦ ✉ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✭ ✷ ✸ ✼✮ ✐ ♥ ❤ ❡
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ Ẽ 1 ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ Φ̃ ✳ ❚ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ① ❡ ✐ ♥ ❤ ❡ ③ ❡ ♦ ✐ ♥ ❡ ✉ ❜ ♣ ❛ ❝ ❡

⟨ P 3 ⟩ ❛ ❡ ❤ ❡ ❛ ♠ ❡ ✇✐ ❤ ❤ ❡✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ + 1 ♦ − 1 ❀ ❤ ❡ ③ ❡ ♦ ❝ ♦ ✐ ♥ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P 4 ⟩ = 0 ❛
r 1 = r 2 ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✼ ✶✮✱ ✭ ✶ ✼ ✷✮ ❛ ♥ ❞ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✭ ✷ ✸ ✼✮✱ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ❤ ❡
❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠ ♦❢ ✇ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♠ ✇✐ ❤ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛❧❧ ② ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✿

c o s Φ̃ 1 2 = { c o s Φ̃ 1 2 } ⊕ + { c o s Φ̃ 1 2 } ⊖ , { c o s Φ̃ 1 2 } ⊕ · {c o s Φ̃ 1 2 } ⊖ = Z.

❚ ❤ ❡ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ❛ ❡ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✳  ❍ ❡ ❡ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ♠✐ ♦ ✐ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡
⟨i m { c o s Φ̃ 1 2 } ⊖ ⟩✱ ❣✐ ✈ ❡ ♥ ❜ ② ❛ ① ❡ v i ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✼ ✻✮ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✐ ❡ ① ♣ ❡ ❡ ❞ ❛

R e f { c o s Φ̃ 1 2 } ⊖ } = {
− − − − →
c o s Φ̃ 1 2 } ⊖ − {

← − − − −
c o s Φ̃ 1 2 } ⊖ = {

√
I } S = { R W · I ± · R ′

W } . ( 2 5 3)

❉ ❡ ✜ ♥ ❡ ❤ ❡ ✐ ♥ ❞ ❡ ① q ♦❢ ❤✐ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ♦❢ Φ 1 2 ♦ Φ B ❛ ❤ ❡ ✉ ❛ ♥ ✐ ② ♦❢ ✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ − 1 ✳
❚ ❤ ❡ ♠✐ ♦ ♦❢ ❤✐ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✐ ✐ ✉ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♠ ✉ ✉ ❛❧ ♠✐ ♦ ✐ ♥

✭ ✶ ✼ ✻✮ ❛ ♥ ❞ ✭ ✶ ✼ ✼✮ ❢ ♦ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ✕ ❡ ❡ ❤ ❡✐ ✉ ❝ ✉ ❡ ✭ ✷ ✹ ✶✮✳ ■ ♥ ♦ ❞ ❡ ♦ ♣ ♦ ✈ ❡ ❤✐ ✱
✇ ❡ ♦ ❜ ❛✐ ♥ ❤✐ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ❜ ② ❢ ♦ ✉ ✇ ❛ ② ✿ ❜ ② ♠ ♦ ❞ ❛❧ ♦ ❛ ✐ ♥ ❣ ❤ ❡ ✶✲ ❡ ✢ ❡ ❝ ♦ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡
{ + Φ 1 2 / 2 } ✱ ❜ ② ♠ ♦ ❞ ❛❧ ♦ ❛ ✐ ♥ ❣ ❤ ❡ ✷✲ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ { − Φ 1 2 / 2 } ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞
❜ ② ♦ ♥❧ ② ❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ♦ ❛ ✐ ♥ ❣ ❤ ❡ ❡ ❡ ✢ ❡ ❝ ♦ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ { ± Φ 1 2 } ❛ ❜ ❡❧ ♦ ✇✿

R ot Φ 1 2 / 2 R e f { A 1 A ′
1 } R ot ′ Φ 1 2 / 2











✳ ✳ ✳

c o s φ i / 2 − si n φ i / 2
si n φ i / 2 c o s φ i / 2

✳ ✳ ✳











·











✳ ✳ ✳

+ c o s φ i − si n φ i

− si n φ i − c o s φ i

✳ ✳ ✳











·











✳ ✳ ✳

c o s φ i / 2 si n φ i / 2
− si n φ i / 2 c o s φ i / 2

✳ ✳ ✳











=

R ot ′ Φ 1 2 / 2 R e f { A 2 A ′
2 } R ot Φ 1 2 / 2

=











✳ ✳ ✳

c o s φ i / 2 si n φ i / 2
− si n φ i / 2 c o s φ i / 2

✳ ✳ ✳











·











✳ ✳ ✳

c o s φ i + si n φ i

si n φ i − c o s φ i

✳ ✳ ✳











·











✳ ✳ ✳

c o s φ i / 2 − si n φ i / 2
si n φ i / 2 c o s φ i / 2

✳ ✳ ✳











=

= R ot ( + Φ 1 2 ) ·R e f { A 1 A ′
1 } = R e f { c o s Φ̃ 1 2 } ⊖ = R ot (− Φ 1 2 ) ·R e f { A 2 A ′

2 } = ( 2 5 4)

= (
√

I ) S =











✳ ✳ ✳

+ 1 0
0 − 1

✳ ✳ ✳











.



✽ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❚ ❤ ❡ ♠ ❛❧❧ ❡ ✈ ❡ ❡ ✳
◆ ♦ ✇ ✇ ❡ ♠ ❛ ② ❡ ✉ ♥ ♦ ❥ ✉ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣
♦❢ ❤ ❡ ❝ ❤ ❛ ♣ ❡ ✳ ❇ ❛ ✐ ❝ ❛❧❧ ②✱ ✐ ❝ ♦ ♠ ❡ ❞ ♦ ✇ ♥ ♦ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❡ ❝ ❛ ♥ ✱ ❛ ✇ ❡❧❧ ❛
❢ ♦ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ❡ ✢ ❡ ❝ ♦ ✱ ✐ ♥ ❢ ❛ ❝ ✱ ❢ ♦ ♠ ❤ ❡ ✇ ♦ ♠ ♦ ♦ ♣ ✐ ♠ ❛❧ ♦ ♣ ✐ ♦ ♥ ✳ ❋ ❛ ❝ ✉ ❛❧❧ ②✱ ✇ ❡
❤ ❛ ✈ ❡ ❛❧ ❡ ❛ ❞ ② ❢ ✉❧❧ ② ♦ ✉ ❧✐ ♥ ❡ ❞ ❤ ❡ ✜ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ♦ ♥✳ ■ ❡ ♠ ❛✐ ♥ ♦ ❤ ♦ ✇ ❜ ❡❧ ♦ ✇ ❤ ♦ ✇ ❤ ❡ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡
♦ ♣ ✐ ♦ ♥ ✇✐❧❧ ❞✐ ✛ ❡ ✳ ❙ ♦✱ ❧ ❡ ✉ ✐ ♥✐ ✐ ❛❧❧ ② ❝ ❤ ♦ ♦ ❡ ❤ ❡ ♦ ♣ ♣ ♦ ✐ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❡ ❝ ❛ ♥ ✿

c o s Φ̃ 1 2 =
− − − →
A 2 A ′

2 −
← − − −
A 1 A ′

1 , c o s Φ̃ B =
− − →
B ′ B −

← − −
B B ′ ; s e c Φ̃ B =

−→
B ′ −

←−
B .

❚ ❤ ❡ ♥ ✐ ♥ ❛❧❧ ✉ ❝ ❤ ❢ ♦ ♠ ✉❧ ❛ ❡ ❝ ♦ ♥ ❛✐ ♥✐ ♥ ❣ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❡ ❝ ❛ ♥ ✱ ❤ ❡ ② ❝ ❤ ❛ ♥ ❣ ❡ ✐ ❣ ♥ ♦ ❤ ❡ ♦ ♣ ♣ ♦ ✐ ❡✳ ❍ ♦ ✇ ❡ ✈ ❡
❤ ❡ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❡ ♠ ❛✐ ♥ ❤ ❡ ❛ ♠ ❡✳ ❚ ❤ ❡ ♥✱ ✐ ♥ ♦ ❞ ❡ ♦ ♣ ❡ ❡ ✈ ❡ ❤ ❡ ❤ ❛ ✈✐ ♥ ❣ ❧ ♦ ❣✐ ❝ ❛❧ ❢ ♦ ♠

❢ ♦ ❛❧❧ ✉ ❡❢ ✉❧ ❡❧ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ✱ ✇ ❡ ❛❧ ♦ ❝ ❤ ♦ ♦ ❡ ♦ ♣ ♣ ♦ ✐ ❡ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❛❧❧ ❤ ❡ ❡ ❡ ✢ ❡ ❝ ♦ ✿
− − − →
A 1 A ′

1 −
← − − −
A 1 A ′

1 = R e f { A 1 A ′
1 } = c o s Φ̃ 1 2 + si n Φ̃ 1 2 = F ( + Φ̃ 1 2 ) ,

− − − →
A 2 A ′

2 −
← − − −
A 2 A ′

2 = R e f { A 2 A ′
2 } = c o s Φ̃ 1 2 − si n Φ̃ 1 2 = F ( − Φ̃ 1 2 );

←−
B −

−→
B = R e f { B } = s e c Φ̃ B + i t a n Φ̃ B = Ψ { + Φ̃ B } ,

←−
B ′ −

−→
B ′ = R e f { B ′ } = s e c Φ̃ B − i t a n Φ̃ B = Ψ { − Φ̃ B } .






❆❢ ❡ ❤ ❛ ✱ ✐ ♥ ❤ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ❡ ✢ ❡ ❝ ♦ ✱ ❤ ❡ ♠✐ ♦ ❛ ♥ ❞ ✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❛ ✣ ♥ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛❧ ♦

❝ ❤ ❛ ♥ ❣ ❡ ❛ ✉ ♦ ♠ ❛ ✐ ❝ ❛❧❧ ② ♣❧ ❛ ❝ ❡ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ✉ ♥ ❞ ❡ ❤ ❡ ❣✐ ✈ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❋✐ ❣ ✉ ❡ ✷✱ ❤ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡

✉ ♥✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ③ ❡ ♦ ✐ ♥ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ♣ ♦ ✐ ✐ ✈ ❡✳ ■ ♥ ✭ ✷ ✹ ✾ ✮✱ ❤ ❡ ♦ ❞ ❡

♦❢ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ✭ ✷ ✺ ✹ ✮✱ ❤ ❡ ♦ ❞ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ♠ ✉ ❜ ❡ ❡ ✈ ❡ ❡ ❞ ❢ ♦ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❝ ♦ ✉ ♥ ❡ ✲ ❝❧ ♦ ❝ ❦ ✇✐ ❡

♦ ❛ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ❛ ❛ ❞ ♦ ♣ ❡ ❞✦ ❖❢ ❝ ♦ ✉ ❡✱ ❤✐ ✐ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❞ ♦ ❡ ♥ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❤ ❡

♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♣ ❛ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✦ ❖ ♥ ❡ ❝ ❛ ♥ ❞ ♦ ❛ ✐ ❡ ❡ ♠ ♠ ♦ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ✕ ❡✐ ❤ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣

♦ ❤ ❡ ❛ ❡ ❞ ♦ ♣ ✐ ♦ ♥✱ ♦ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤✐ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ♦ ♣ ✐ ♦ ♥✳ ❇ ♦ ❤ ♦ ♣ ✐ ♦ ♥ ❛ ❡ ❡ ✉ ❛❧ ✐ ♥ ✐ ❣ ❤ ✦

✯ ✯ ✯
❋ ✉ ❤ ❡ ✱ ✇ ❤ ❡ ♥ ✉ ✐ ♥ ❣ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ② ✐ ♥ 2 × 2 ✲ ❝ ❡❧❧ ✱ ✇ ❡ ❞ ♦ ♥ ♦ ❛ ❛ ❝ ❤ ✐ ♠ ♣ ♦ ❛ ♥ ❝ ❡ ♦

❤ ❡ ✐ ❣ ♥ ♦❢ ✉ ♥✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P 3 ⟩ ✐ ♥ ❤ ❡ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡ ♦❢ ❤ ❡
♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✳ ✭■ ❝ ❛ ♥ ❜ ❡ ❡✐ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ♦ ♥ ❡ ❣ ❛ ✐ ✈ ❡✱ ❛ ✉ ✉ ❛❧❧ ② ♣ ❡ ❝✐ ✜ ❡ ❞✳✮ ❋ ♦ ♥ ❡ ✇ ♠ ❛ ✐ ❝ ❡ ✱
❣ ♦ ❡ ♥ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤✐ ♣ ✐ ♥ ❝✐ ♣❧ ❡✱ ✇ ❡ ❣✐ ✈ ❡ ✉ ❡❢ ✉❧ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ✭ ✷ ✹ ✾✮✱ ✭ ✷ ✺ ✶✮✱ ✭ ✷ ✺ ✹✮✿

R e f { A 1 A ′
1 } = R ot ′ Φ 1 2 · R e f { A 2 A ′

2 } · R ot Φ 1 2 ↔
↔ R e f { A 2 A ′

2 } = R ot Φ 1 2 · R e f { A 1 A ′
1 } · R ot ′ Φ 1 2 .

⇒ ( 2 5 5)

⇒ R e f { c o s Φ̃ 1 2 } ⊖ = R ot ( + Φ 1 2 ) · R e f { A 1 A ′
1 } = R e f { A 1 A ′

1 } · R ot ( − Φ 1 2 ) =
= R ot ( − Φ 1 2 ) · R e f { A 2 A ′

2 } = R e f { A 2 A ′
2 } · R ot ( + Φ 1 2 ) .

R e f { A 2 A ′
2 } = R e f { c o s Φ̃ 1 2 } ⊖ · R e f { A 1 A ′

1 } · R e f { c o s Φ̃ 1 2 } ⊖ ,

R e f { A 1 A ′
1 } = R e f { c o s Φ̃ 1 2 } ⊖ · R e f { A 2 A ′

2 } · R e f { c o s Φ̃ 1 2 } ⊖ .
( 2 5 6)

❘ ✉❧ ❡ ✷ ✳ ❈ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❝ ♦ ♠ ♠ ✉ ❡✳ ■ ♥ ❤ ❡✐ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❤ ❡
❡ ♥ ♦ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ✈ ❡ ② ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠✳

❘ ✉❧ ❡ ✸ ✳ ■ ♥ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❛ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ② ♠ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ✱ ✐❢ ❤ ❡ ② ❛ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡✱
❤ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ❛ ♥ ❢ ❡ ❡ ❞ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ✇✐ ❤ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ✐ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ❣ ♥✳

❈ ♦ ♦❧❧ ❛ ✐ ❡
✶✳ ❆ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ① R ✐ ❛ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐❢ d et R = + 1 ✱ ❛ ♥ ❞ R ✐ ❛ ❡ ✢ ❡ ❝ ♦ ✐❢

R = R ′✳ ❲ ❤ ❛ ✐ ♠ ♦ ❡✱ ✇ ❤ ❡ ♥ d et R = + 1 ✱ ❤ ❡ ❡ ✇ ♦ ♣ ♦ ♣ ❡ ✐ ❡ ♠ ❛ ② ❜ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡✳
2 . ❚ ❤ ❡ ② ♣ ❡ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ♥ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✭✐✳ ❡✳✱ ✇ ❤ ❡ ♥ ❜ ♦ ✉ ♥ ❞ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ ✮ ❛ ♥ ❞ ✐ ♥

♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ♥ ❤ ❡✐ ❡ ♥ ♦ ❢ ♦ ♠ ✦✦✦ ■ ♥ ✜ ❝ ❛ ❡✱ ✐ ✐ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡✳
■ ♥ ❡ ❝ ♦ ♥ ❞ ❝ ❛ ❡✱ ✐ ✐ ♠ ♦ ✐ ✈ ❡✳ ■ ♥ ❝❧ ❛ ✐ ❝ ❝ ❛❧ ❛ ❢ ♦ ♠ ♦❢ ❤ ❡ ❡ ❛ ♥ ❣❧ ❡ ✱ ❤✐ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ❛ ❜ ❡ ♥ ✦

3 . ❈ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❛ ❝ ✐ ✈ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❛ ❡ ✢ ❡ ❝ ♦ ❛ ❛ 2 ✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ❛ ❛ ♥
❛ ♥ ❣❧ ❡ Φ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ✐ ♦ ❛ ✐ ♦ ♥ ❛ ❛ ♥ 1 ✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ 2 Φ ✕ ❡ ❡ ✐ ♥ ✭ ✷ ✺ ✹ ✮✳

4 . ❙ ♦✱ ❞ ✉ ❡ ♦ ✭ ✷ ✺ ✹ ✮✱ R e f { c o s Φ̃ 1 2 } ⊖ = R ot Φ 1 2 · R e f { A 1 A ′
1 } = R ot (− Φ 1 2 ) · R e f { A 2 A ′

2 } .
✐ ❛ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✭ ✷ ✺ ✸ ✮ ❢ ♦ ❤ ❡ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ✱ ❢ ♦ ❤ ❡✐ ✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❡✐ ❣ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✦

▼ ❛ ♥ ② ♦ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ✇✐ ❤ ❤ ❡ ❜✐ ♥ ❛ ✐ ② ♣ ✐ ♥ ❝✐ ♣❧ ❡✱ ❜ ✉ ♥ ♦ ✇ ✇ ❡ ♥ ❡ ❡ ❞ ❤ ❡ ❡✳



✺✳ ✼ ❘ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✽ ✺

❋ ✉ ❤ ❡ ❤✐ ✐ ♥ ❝✐ ♣❧ ❡ ✇ ♦ ❦ ❣ ❡ ❛ ✱ ❛ ✇ ❡ ✉ ❡ ✐ ❢ ♦ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❜✐ ♥ ❛ ② ❡ ♥ ♦
❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♦ ❜❥ ❡ ❝ ✳ ❙ ♦✱ ❤ ❡ ❡❧ ❡ ❣ ❛ ♥ ❛ ♥ ❞ ✉ ❡❢ ✉❧ ❢ ♦ ♠ ✉❧ ❛ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✷ ✺ ✺ ✮✿

R ot ( ± Φ 1 2 ) · R e f { c o s Φ̃ 1 2 } ⊖ · R ot ( ± Φ 1 2 ) = R e f { c o s Φ̃ 1 2 } ⊖ = ❈ ♦ ♥ .

❖❢ ❝ ♦ ✉ ❡✱ ❤✐ ❡❧ ❛ ✐ ♦ ♥ ✇ ♦ ❦ ❢ ♦ ❛ ✇✐ ❞ ❡ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ❤ ❛ ♥ ± Φ 1 2 ✳ ❇ ✉ ♦ ♥❧ ② ♦ ♠ ❡ ♦ ❛ ✐ ♦ ♥ Φ
♣ ❛ ✇✐ ❤ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❛ ♥ ❣❧ ❡✬ ✐ ❣ ♥ ❤ ♦ ✉ ❣ ❤ ❤ ❡ 2 × 2 ✲ ❝ ❡❧❧ ♦❢ ❤✐ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ❢ ♦ ♠ ❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ✳
❙ ✉ ❝ ❤ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ R ot Φ ❛ ❝ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ⟨ E n ⟩ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣
♦ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ + 1 ❛ ♥ ❞ − 1 ♦❢ ❤✐ ♣ ❡ ❝✐ ✜ ❝ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ R e f { c o s Φ̃ 1 2 } ⊖ ✳ ❚ ❤ ❡ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ❛ ❞ ♠✐ ✐ ❜❧ ❡
♦ ❛ ✐ ♦ ♥ ⟨ R ot Θ ⟩ ❢ ♦ ♠ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♦❢ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤✐ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦

❛ ❝ ♦ ♥❧ ② ✇✐ ❤✐ ♥ ❤ ❡ ❡ ✇ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✳ ❚ ❤✐ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❣ ♦ ✉ ♣
✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳ ■ ♥ ✉ ❝ ❤ ❜ ♦ ❛ ❞ ❡ ❡ ♥ ❡✱ ✇ ❡ ❝ ❛ ♥ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛✿

R ot Φ · R ot ′ Θ · R e f { c o s Φ̃ 1 2 } ⊖ · R ot Θ · R ot Φ = R e f { c o s Φ̃ 1 2 } ⊖ .

❲❡ ❤ ❛ ✈ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❤ ❡ ② ♣ ❡ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ❡ ✇ ❤✐ ❝ ❤ ❛ ❝ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇✐ ❤ ❤ ❡ ❣✐ ✈ ❡ ♥

❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❦✐ ♥ ❞ ❛ ♥ ❞ ❤ ❡✐ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ R e f { c o s Φ̃ 1 2 } ⊖ ✇✐ ❤ ❤ ❡ ✐ ♥ ❞ ❡ ① q ✳

▲ ❡ ✬ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ✐ ♥ ♦ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ❡ ♥ ❛❧ ❤ ❡ ♥ ❡ ✇ ❜✐ ♥ ❛ ② ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❬ ✶ ✺❪✱
✇ ❤✐ ❝ ❤ ♥ ❛ ✉ ❛❧❧ ② ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❜✐ ♥ ❛ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❬ ✻ ✺❪ ❛ ❙ ♣ ✉ ♥✐ ❦✳
❚ ❤ ❡ ♠ ❛✐ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ❡ ① ❡ ♥ ❞ ❤ ❡ ✏ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✑✱ ♦ ❜ ❛✐ ♥ ❡ ❞ ✐ ♥ ✭ ✷ ✺ ✸✱ ✷ ✺ ✹✮✱ ♦ ❤ ❡ ❡ ♥ ✐ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡✳ ❚ ❤ ❡ ♥ ✉ ❝ ❤ ♣ ❛ ✐ ❝ ✉❧ ❛ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ❛ ♥ ❢ ♦ ♠ ✐ ♥ ♦ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢
❤✐ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❞ ❡ ① q ❛ ♥ ❞ ✇✐ ❤ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✦ ❉ ❡ ✜ ♥ ❡ ✐ ♥ ♦ ✉ ✇ ♦ ❦
❤✐ ✐ ♥ ❞ ❡ ① q ♦❢ ❤✐ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❛ ❤ ❡ ✉ ❛ ♥ ✐ ② ♦❢ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ − 1 ♦❢ ✐ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳ ❆ ❛

❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡✱ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♣❧✐ ✐ ♥ ♦ ✇ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❤ ❛ ❛ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ②
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✳ ❋ ✉ ❤ ❡ Φ 1 2 ✐ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥
✇ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ✱ Θ 1 2 ✐ ❛ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❡

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ✳ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ❛ ❡ ❝ ❛❧❧ ❡ ❞ ❜ ♦ ♦ ✳ ⟨R ot Θ ⟩ ❢ ♦ ♠ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ❤ ❡
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ❣ ♦ ✉ ♣ ✳ ❚ ❛ ♥ ❢ ❡ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ R e f { c o s Φ̃ } ⊖ ✱ ❤ ❡

♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ❛ ♥ ❣❧ ❡ ✐ ❣ ♥ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♥ ❣❀ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❛ ✐ ♦ ♥ ✐ ❛ ♥ ❢ ❡ ✐ ♥ ❣
❤ ♦ ✉ ❣ ❤ ❜ ♦ ❤ ✉ ♥✐ ② ♣ ❛ ♦❢ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✇✐ ❤ ♦ ✉ ❝ ❤ ❛ ♥ ❣ ❡ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♥ ❣ ♦ ♦✦ ■ ♥ ✉ ❛ ✐✲

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ● ❡ ♦ ♠ ❡ ✐ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ② ♣ ❡✱ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ Φ 1 2 ♣❧ ❛ ② ❛
♠ ♦ ✐ ✈ ❡ ♦❧ ❡✱ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ Θ 1 2 ❣✐ ✈ ❡ ❛ ❛ ✉❧ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ♦❢ ❜ ❛ ❡ ♦ ♦ ❜❥ ❡ ❝ ✳

■ ♥ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ✈ ❡ ✐ ♦ ♥✱ ❤ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ② ♣ ❡ ❛ ✐ ❢ ② ❡❧ ❛ ✐ ♦ ♥ ✿

R ot (± Φ 1 2 ) · R e f { c o s Φ̃ } ⊖ · R ot (± Φ 1 2 ) = R e f { c o s Φ̃ } ⊖ ,

R ot ′ (± Θ 1 2 ) · R e f { c o s Φ̃ } ⊖ · R ot (± Θ 1 2 ) = R e f { c o s Φ̃ } ⊖ .
( 2 5 7)

❋ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ✐ ♦ ♥✱ ✇ ❡ ✉ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✷ ✺ ✻✮ ✇✐ ❤ ✇ ♦ ♠ ✉ ✉ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ✳
❲✐ ❤ ✐ ❛ ♥ ❣ ✉❧ ❛ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ✐ ♥ ✭ ✶ ✼ ✺✱ ✶ ✼ ✻✮ ❛ ♥ ❞ ❛ ❞ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠ ♦ ♥ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ✢ ❡ ❝ ♦ ✱
✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ✇ ♦ ② ♣ ❡ ✱ ✇ ❤✐ ❝ ❤ ❛❧❧ ❛ ✐ ❢ ② ❡❧ ❛ ✐ ♦ ♥ ✿

R e f ⊞ { ∓ Φ̃ 1 2 } · R e f { c o s Φ̃ } ⊖ · R e f ⊞ { ± Φ̃ 1 2 } = R e f { c o s Φ̃ } ⊖ ,

R e f ⊞ { ± Θ̃ 1 2 } · R e f { c o s Φ̃ } ⊖ · R e f ⊞ { ± Θ̃ 1 2 } = R e f { c o s Φ̃ } ⊖ .
( 2 5 8)

❆ ♥ ❞ ❛ ✐ ♠ ♣❧ ② ❢ ♦❧❧ ♦ ✇ ✱ ❛ ♥ ❢ ❡ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ R e f { c o s Φ̃ } ⊖ ✱ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧
❡ ✢ ❡ ❝ ♦ ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ✐ ♠ ✉ ✉ ❛❧ ♦ ♥ ❡ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♥ ❣❀ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ❡ ✢ ❡ ❝ ♦ ✐ ❛ ♥ ✲

❢ ❡ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❜ ♦ ❤ ✉ ♥✐ ② ♣ ❛ ♦❢ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✇✐ ❤ ♦ ✉ ❝ ❤ ❛ ♥ ❣ ❡ ❛ ♥ ❞ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♥ ❣ ♦ ♦✦
❇ ② ✭ ✷ ✺ ✼✮✱ ✭ ✷ ✺ ✽✮ ✇ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❤ ❡ ♥ ❡ ✇ ❙ ♣ ❡ ❝✐ ❛❧ ❣ ♦ ✉ ♣ ♦❢ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛❧ ♦ ♥ ❡ ✇ ✉ ❛ ✐✲

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩ ✇✐ ❤ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ♦❢ ✇ ♦ ❦✐ ♥ ❞ ✦ ❚ ❤ ❡ ② ❝ ♦ ♠ ♣❧ ❡ ❡
❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❣ ♦ ✉ ♣ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩✳ ❙ ❡ ❡ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥
❡ ❝ ✳ ✻✳ ✸✦ ❚ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❤✐
♣ ❛ ❝ ❡ ✇✐ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✱ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ✐ ♥ ❡ ❝ ✳ ✺✳ ✹✳ ❇ ❡ ✐ ❞ ❡ ✱ ✐ ♥
❤✐ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❞ ❡ ① q = 1 ✱ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✺ ✼✮ ❛ ♥ ❞ ✭ ✷ ✺ ✽✮ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ❙ ♣ ❡ ❝✐ ❛❧ ♦ ✐ ❡ ♥ ❡ ❞

❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♦❢ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ❞✐ ✉ R ✇✐ ❤ ✐ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ② ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ② ♣ ❡ ✳ ❆ ♥ ❞ ✇ ❡✬❧❧ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❤✐ ♥ ❡ ✇ ♦ ♣✐ ❝ ✐ ♥ ❈ ❤ ✳ ✻✱ ✻ ❆✱ ✽ ❆ ❛ ♥ ❞ ✶ ✵ ❆
✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♥ ♦ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞
❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❡ ① ❡ ♥ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♠ ✇✐ ❤ ❤ ❡ ❧ ❛ ✇ ♦❢ ❤ ❡✐ ✉ ♠ ♠ ❛ ✐ ♦ ♥✳



✽ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

✺✳ ✽ ▼ ♦ ✐ ✈ ❡✲ ② ♣ ❡ ❡ ♥ ♦ ✐ ♥ ❡✱ ❝ ♦ ✐ ♥ ❡✱ ❡ ❝ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥

❚ ❤ ❡ ♣ ❛✐ ❡ ❞ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ R ❛ ♥ ❞ R ′ (d et R = + 1) ✕ ❡ ❡ ✭ ✷ ✹ ✾✮✱ ✭ ✷ ✺ ✵✮ ❝ ♦ ♥ ✐ ♦❢ ❤ ❡
❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❡ ♥ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♦❢ ❛ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ 1 2 ♦ Φ B ✇✐ ❤ ❤ ❡✐ ♣ ❛✐ ❡ ❞
❜✐ ♥ ❛ ② ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ✕ ♣ ✐ ♠ ❛ ② ❛ ♥ ❞ ♠ ✉ ✉ ❛❧ ± i φk ✐ ♥ ❤ ❡✐ ❡✐ ❣ ❡ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣❧ ❛ ♥ ❡ ✿

R ot Φ =










✳ ✳ ✳

c o s φ j − si n φ j

+ si n φ j c o s φ j

✳ ✳ ✳










,  R ot ( − Φ ) =










✳ ✳ ✳

c o s φ j + si n φ j

− si n φ j c o s φ j

✳ ✳ ✳










, ( 2 5 9 )

c o s Φ = c o s ′ Φ = ( R ot Φ + R ot ′ Φ) / 2 = [ R ot ( + Φ) + R ot (− Φ)] / 2 , ( 2 6 0)

i si n Φ = − (i si n Φ) ′ = ( R ot Φ − R ot ′ Φ) / 2 = [ R ot ( + Φ) − R ot (− Φ)] / 2 . ( 2 6 1)

❚ ❤ ❡ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ♠ ♦ ✐ ✈ ❡ ✐ ♥ ❡ ✐ ❛ ❡ ❛❧ ✈ ❛❧ ✉ ❡ ❞ ❦ ❡ ✇ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡
µ j = ± i si n φ j ✱ ❜ ✉ si n Φ ✐ ❛ ✉ ❡ ♠ ♦ ✐ ✈ ❡ ✐ ♥ ❡ ✕ ❡ ❡ ❜ ❡❧ ♦ ✇ ✐ ♥ ✭ ✷ ✻ ✼✮✳ ❚ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❡ ❝ ❛ ♥ ❛ ♥ ❞
❛ ♥ ❣ ❡ ♥ ✇✐❧❧ ❜ ❡ ❞ ❡ ✜ ♥ ❡ ❤ ♦ ✉ ❣ ❤ D e f Φ ✐ ♥ ❡ ❝ ✳ ✺✳ ✶ ✵✳ ❍ ❡ ❡ ✇ ❡ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ♠ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❛ ✿

s e c Φ = c o s − 1 Φ = s e c ′ Φ . ( 2 6 2)

t a n Φ = s e c Φ · si n Φ = si n Φ · s e c Φ = t a n ′ Φ . ( 2 6 3)

R ot Φ · R ot (− Φ) = si n 2 Φ + c o s 2 Φ = I = c o s 2 Ξ + si n 2 Ξ ( ♦❧ ❡ ♠ ② ■ ♥ ✈ ❛ ✐ ❛ ♥ ). ( 2 6 4)

D e f Φ ·D e f (− Φ) = s e c 2 Φ − t a n 2 Φ = I = c o s e c 2 Ξ − c ot 2 Ξ ( ❚❡ ♥ ♦ ✉ ❛ ✐✲■ ♥ ✈ ❛ ✐ ❛ ♥ ). ( 2 6 5)

si n Φ · c o s Φ = c o s Φ · si n Φ = si n Φ̃ · c o s Φ̃ = − c o s Φ̃ · si n Φ̃ ,

s e c Φ · t a n Φ = t a n Φ · s e c Φ = t a n Φ̃ · s e c Φ̃ = − s e c Φ̃ · t a n Φ̃ .
( 2 6 6)

❋ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♦❢ ❛ ♠ ♦ ✐ ✈ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ✐ ♥ A 2 = R ot Φ · A 1 ✱ ♦ ❜ ✈✐ ♦ ✉ ❧ ②✱ ✇ ❡ ❤ ❛ ✈ ❡
⟨ P 4 ⟩ = 0 ✱ ❜ ✉ di m ⟨ P 3 ⟩ ✭ ❛ ✉ ♥✐ ② ❜❧ ♦ ❝ ❦ + I ✱ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✺✳ ✼✮ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥
n ❛ ♥ ❞ r a n k A ✳ ❚ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✐ ❡✐ ❤ ❡ (n − 2 r )✱ ♦ ( 2r − n )✱ ♦ ⟨ P 3 ⟩ = 0 ✳

❋✐ ① ❛ ♥ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✐ ♥ ⟨ E n ⟩✳ ❚ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❲✲❢ ♦ ♠ ❢ ♦ ❛ ❡ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
♠ ❛ ✐ ① ♦❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ ✭ ♦ Θ ✮ ❛ ♥ ❞ ❢ ♦ ✐ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ✐ ♥ ❤ ❡

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ♦❢ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ Ẽ 1 = R W · Ẽ = { I } ❛ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✭✐❢ 2 r < n ✮✿

R ot Φ = c o s Φ + i si n Φ = e x p( iΦ) = R ot ′ (− Φ) = R ot − 1 (− Φ) =

c o s Φ si n Φ

=










✳ ✳ ✳

c o s φ j 0
0 c o s φ j

✳ ✳ ✳

✰ ✶










+ i










✳ ✳ ✳

0  + i si n φ j

− i si n φ j 0

✳ ✳ ✳

✵










.

❚ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣❧ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ 0 ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P 3 ⟩✳
❘ ✉❧ ❡ ✹ ✳ ❆❢ ❡ ❛ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ R ot Φ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ Φ ❜ ② ✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ Ξ = Π / 2 − Φ
✭ ♦ ❜ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♠ ♦ ❞ ❛❧ ♦ ❛ ✐ ♦ ♥ R ot Π / 4 ♦❢ R ot Φ ✮✱ ❤ ❡ ♥ ❡ ✇ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ R ot Φ
❣✐ ✈ ❡ ❛ ♦ ❛ ✐ ♦ ♥ ❛ Ξ ✳ ✭ ❚ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♣ ♦ ♣ ❡ ② ❡❧ ❛ ❡ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ♦ ♦✳

R ot Ξ =










✳ ✳ ✳

c o s ξ k − si n ξ k

+ si n ξ k c o s ξ k

✳ ✳ ✳










= R ot Φ =










✳ ✳ ✳

si n φ k − c o s φ k

+ c o s φ k si n φ k

✳ ✳ ✳










. ( 2 6 7 )



✺✳ ✽ ▼ ♦ ✐ ✈ ❡✲ ② ♣ ❡ ❡ ♥ ♦ ✐ ♥ ❡✱ ❝ ♦ ✐ ♥ ❡✱ ❡ ❝ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✽ ✼

❉ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ❛ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ✐ ♠ ♦ ✐ ✈ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳ ❆ ✜ ✱ ✇ ❡ ✉ ❡
❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❜ ❛ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣❧ ❡ ❉✲❢ ♦ ♠✱ ❤ ❡ ♥ ❡ ✉ ♥ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡✳ ❙ ✉ ❝ ❤ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❣✐ ✈ ❡ ❤ ❡

❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ❛ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ Φ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡✿

D ( Φ) D ( Φ)

Ẽ D⇒ c o s











✳ ✳ ✳

+ φ j 0
0 − φ j

✳ ✳ ✳

✵











+ i si n











✳ ✳ ✳

+ φ j 0
0 − φ j

✳ ✳ ✳

✵











Ẽ − 1
D⇒

Φ Φ

Ẽ − 1
D⇒ c o s











✳ ✳ ✳

0  + i φj

− i φj 0

✳ ✳ ✳

✵











+ i si n











✳ ✳ ✳

0  + i φj

− i φj 0

✳ ✳ ✳

✵











=

iΦ Φ

= e x p











✳ ✳ ✳

0 − φ j

+ φ j 0

✳ ✳ ✳

✵











= e x p i ·











✳ ✳ ✳

0  + i φj

− i φj 0

✳ ✳ ✳

✵











.

❚ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ❢ ♦❧❧ ♦ ✇ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ✭ ✶ ✻ ✹✮✱ ✭ ✶ ✼ ✵✮ ❢ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♦ ♥ ❡ ✭ ✇✐ ❤
B ❛ ♥ ❞ B ′ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷ ✶ ✸✮✱ ✭ ✷ ✶ ✹✮ ♦ ❛ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ n × n ✲❧✐ ♥ ❡ ♦ ♦❢ ❛ ♥ ❦ r ✮✿

Φ 1 2 = − ( Φ 1 2 ) ′ = − Φ 2 1 , Φ B = − ( Φ B ) ′ = − Φ B ′ . ( 2 6 8)

❈ ♦ ♠ ♣ ❛ ❡ ❤ ❡ ♠ ✇✐ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ② ♣ ❡ ❛ ♥ ❣❧ ❡ ✭ ✶ ✻ ✹✮ ❛ ♥ ❞ ✭ ✶ ✼ ✵✮✦
❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ❢ ♦ ♠ ♦ ✐ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❢ ♦ ♠ ✭ ✷ ✻ ✹✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✉ ❝ ❤ ✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ✐ ♥ ❤ ❡

❛ ♠ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ✿

Φ D ( Φ) c o s Φ

c o s








✳ ✳ ✳

0  + i φj

− i φj 0

✳ ✳ ✳








= c o s








✳ ✳ ✳

+ φ j 0
0 − φ j

✳ ✳ ✳








=








✳ ✳ ✳

c o s φ j 0
0 c o s φ j

✳ ✳ ✳

,








Φ i si n Φ

i si n








✳ ✳ ✳

0  + i φj

− i φj 0

✳ ✳ ✳








=








✳ ✳ ✳

0 − si n φ j

+ si n φ j 0

✳ ✳ ✳








.



✽ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

✺✳ ✾ ❘ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥

❋ ♦ ♠ ✭ ✷ ✸ ✻✮ ✕✭ ✷ ✸ ✾✮✱ ❛ ♥ ❞ ❛❧ ♦ ✭ ✷ ✼ ✼✮✱ ✭ ✷ ✼ ✽✮ ✕ ❡ ❡ ❜ ❡❧ ♦ ✇✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✭ ✐ ♥ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡ ✮✿

R e f { c o s Φ̃ } ⊖ · (iΦ̃ ) = Φ = ( − iΦ̃ ) · R e f { c o s Φ̃ } ⊖ , Φ̃ 2 = Φ 2 , ( 2 6 9)

R e f { c o s Φ̃ } ⊖ ·






+ c o s Φ̃

− si n Φ̃

+ s e c Φ̃

− i t a n Φ̃





=






+ c o s Φ
+ i si n Φ
+ s e c Φ
+ t a n Φ





=






+ c o s Φ̃

+ si n Φ̃

+ s e c Φ̃

+ i t a n Φ̃





· R e f { c o s Φ̃ } ⊖ . ( 2 7 0)

❘ ✉❧ ❡ ✶ ✕ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ❢ ♦ ♠ ✳ ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✺✳ ✸✮ ❙ ✉ ❛ ❡ ❛ ♥ ❞ ❛ ♥ ② ❡ ✈ ❡ ♥ ❞ ❡ ❣ ❡ ❡ ♦❢ ❛❧❧ ♠ ✉ ✉ ❛❧
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ♥ ❣❧ ❡ ❛ ❡ ❡ ✉ ❛❧ ❛ ♥ ❞ ❝ ♦ ♠ ♠ ✉ ❡ ✇✐ ❤ ❛ ♥ ② ♦ ❤ ❡ ♦ ♥ ❡ ✳

✭ ❍ ❡ ❡ ✐ ✐ ⟨ P 4 ⟩ = 0 ✱ r 1 = r 2 ✳✮

■ ♥ ❤ ❡ ❡ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✱ Φ̃ ❛ ♥ ❞ iΦ ❛ ❡ ❡ ❛❧ ② ♠ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❛ ♥ ✐ ② ♠ ♠ ❡ ✐ ❝ ❜✐ ✈ ❛❧ ❡ ♥
❡ ♥ ♦ ✳ ❋✐ ♥ ❞ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❧ ♦ ❝ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ Ẽ 0 ❢ ♦ ✐ ♥ ❛❧❧✐ ♥ ❣ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

❛ ♥ ❛❧ ♦ ❣ ✉ ❡ { i φ} c ♦❢ ❡ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ { φ } r ❛ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✉ ❛ ❡ ♦ ♦ ♦❢ ❡ ✢ ❡ ❝ ♦ ✲ ❡ ♥ ♦
✭ ✷ ✺ ✹✮✱ ❣ ♦ ❡ ♥ ❜ ② ❤ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ E 1 = { I } ✐ ♥ ♦ E 0 = R c · E 1 = R c · {I } = { R c } ✿

R c = R ′
W · R e f { c o s Φ̃ } ⊖ · R W = (

√
I ± ) D =







✳ ✳ ✳

1 0
0 i

✳ ✳ ✳





 , (E 0 = R c · Ẽ 1 ). ( 2 7 1)

❘ ❡ ❝ ❛❧❧ ✭ ❡ ❡ ❡ ❝ ✳ ✺✳ ✺✱ ✺✳ ✼✮✱ ❤ ❛ Ẽ 1 = R W · Ẽ = { I } ✐ ❤ ❡ ❡ ❛❧ ❧ ♦ ❝ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ❢ ♦

❲✲❢ ♦ ♠ ✱ Ẽ ✐ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡✳ ❚ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❧ ♦ ❝ ❛❧ ❜ ❛ ❡ Ẽ 0 ✱ ✉ ♥❧✐ ❦ ❡ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱
❤ ❛ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ✱ ✇ ❤ ❛ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛❧❧ ② ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❝ ♦ ✐ ♥ ❡
❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✭u j → u j , vj → i vj ✮✳ ❆❧❧ ❤ ❡ ❡ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ♦ ✐ ♦ ♥ ❛ ❡ ❛ ♥ ❧ ❛ ❡ ❞ ✐ ♥ ♦ Ẽ 0 = { R c }
❛ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥ ❡ ❜ ② ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ R c ✳ ❇ ❡❧ ♦ ✇ ❤✐ ✐ ❡ ① ♣ ♦ ❡ ❞ ❝❧ ❡ ❛ ❧ ② ✐ ♥
✭ ✷ ✼ ✷✮ ♦ ♥❧ ② ❢ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✳ ❙ ✉ ❜ ✐ ✉ ✐ ♥ ❣ ❛ ❜ ❛ ❡ Ẽ 1 ❢ ♦ Ẽ 0 ❞ ♦ ❡
♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ❝ ❛ ♥ ❀ ❤ ❡ ❛ ♥ ❣❧ ❡ ✱ ❤ ❡✐ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞
✐ ♥ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ✳ ❋ ✉ ❤ ❡ ✇ ❡ ✉ ❡ ✐ ♥ ❞ ❡ ① ❡ ✧ ✧ ❛ ♥ ❞ ✧ ❝ ✧ ❢ ♦ ♥ ♦ ✐ ♦ ♥ ✐ ♥
❤ ❡ ❡ ❛❧ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ① ❜ ❛ ❡ Ẽ 1 ✱ Ẽ 0 ✳

R − 1
c · {Φ̃ } r ·R c = { Φ̃ } c ≡ { Φ } r ≡ i{ − iΦ̃ } c ⇔ R − 1

c · {iΦ } r ·R c = − i{ Φ } c ≡ { − iΦ̃ } r ≡ { − iΦ } c , ( 2 7 2 )

{ si n Φ̃ } c ≡ { si n Φ } r ≡ { i si n h ( − iΦ̃ } c ⇔ { i si n Φ } c ≡ i{ si n Φ̃ } r ≡ { si n h ( iΦ ) } c , ( 2 7 3 − 2 7 4 )

{ i t a n Φ̃ } c ≡ i{ t a n Φ } r ≡ { t a n h ( iΦ̃ ) } c ⇔ { t a n Φ } c ≡ { t a n Φ̃ } r ≡ { i t a n h ( − iΦ ) } c . ( 2 7 5 − 2 7 6 )

{ Φ̃ } r =










✳ ✳ ✳

0  + φ j

+ φ j 0

✳ ✳ ✳










= { Φ̃ }
′
r →  { Φ̃ } c =










✳ ✳ ✳

0  + i φ j

− i φ j 0

✳ ✳ ✳










= { Φ̃ }
∗
c , ( 2 7 7 )

{ i Φ } r =










✳ ✳ ✳

0 − φ j

+ φ j 0

✳ ✳ ✳










= − { i Φ }
′
r →  { − i Φ } c =










✳ ✳ ✳

0 − i φ j

− i φ j 0

✳ ✳ ✳










= { i Φ }
∗
c . ( 2 7 8 )

❈ ♦ ♦❧❧ ❛ ✐ ❡ − { Φ̃ } ′
c = { Φ̃ } c ≡ { Φ } r = − { Φ } ′

r ⇔ { Φ } ′
c = { Φ } c ≡ { Φ̃ } r = { Φ̃ } ′

r
✄✦



✺✳ ✾ ❘ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ♦ ❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✽ ✾

❈ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✿

{ c o s ( ± Φ̃ ) } r =













✳
✳
✳

+ c o s φ j 0

0 − c o s φ j

✳
✳
✳













=













✳
✳
✳

+ c o s h i φ j 0

0 − c o s h i φ j

✳
✳
✳













= { c o s h ( ± i Φ̃ ) } c , ( 2 7 9 )

{ c o s ( ± Φ ) } r =













✳
✳
✳

+ c o s φ j 0

0  + c o s φ j

✳
✳
✳













=













✳
✳
✳

+ c o s h i φ j 0

0  + c o s h i φ j

✳
✳
✳













= { c o s h ( ± i Φ ) } c , ( 2 8 0 )

{ s e c ( ± Φ̃ ) } r =













✳
✳
✳

+ s e c φ j 0

0 − s e c φ j

✳
✳
✳













=













✳
✳
✳

+ ❡ ❝ ❤ i φ j 0

0 − ❡ ❝ ❤ i φ j

✳
✳
✳













= { ❡ ❝ ❤ ( ± i Φ̃ ) } c , ( 2 8 1 )

{ s e c ( ± Φ ) } r =













✳
✳
✳

+ s e c φ j 0

0  + s e c φ j

✳
✳
✳













=













✳
✳
✳

+ ❡ ❝ ❤ i φ j 0

0  + ❡ ❝ ❤ i φ j

✳
✳
✳













= { ❡ ❝ ❤ ( ± i Φ ) } c , ( 2 8 2 )

{ s i n Φ̃ } r =













✳
✳
✳

0  + s i n φ j
+ s i n φ j 0

✳
✳
✳













,













✳
✳
✳

0  + s i n h i φ j
− s i n h i φ j 0

✳
✳
✳













= { i s i n h ( − i Φ̃ ) } c , ( 2 8 3 )

{ i s i n Φ } r =













✳
✳
✳

0 − s i n φ j
+ s i n φ j 0

✳
✳
✳













,













✳
✳
✳

0 − s i n h i φ j
− s i n h i φ j 0

✳
✳
✳













= { s i n h ( − i Φ ) } c , ( 2 8 4 )

{ i t a n Φ̃ } r =













✳
✳
✳

0 − t a n φ j
+ t a n φ j 0

✳
✳
✳













,













✳
✳
✳

0 − t a n h i φ j
− t a n h i φ j 0

✳
✳
✳













= { t a n h ( − i Φ̃ ) } c , ( 2 8 5 )

{ t a n Φ } r =













✳
✳
✳

0  + t a n φ j
+ t a n φ j 0

✳
✳
✳













,













✳
✳
✳

0 + t a n h i φ j
− t a n h i φ j 0

✳
✳
✳













= { i t a n h ( − i Φ ) } c . ( 2 8 6 )

■ ♥ ❤ ❡ ♥ ❡ ① ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ❤ ❛❧❧ ✉ ❡ ❤ ❡ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ❢ ♦ ❤ ❡
❝❧ ❡ ❛ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✱ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ✐ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ❈ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❡ ❝ ❛ ♥ ❛ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞
♥ ♦ ✐ ♦ ♥ ✱ ❛ ♥ ❞ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ② ❛ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ R c ✦



✾ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❲✐ ❤ ▼ ♦✐ ✈ ❡✬ ❛ ♥ ❞ ❊ ✉❧ ❡ ✬ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❛ ♥ ❞ ❛ ♥ ❣❧ ❡ ✱ ✇ ❡ ❣ ❡ ✿

R ot { m Φ } = c o s { m Φ } + i si n { m Φ } = R ot m Φ =

= c o s h { i · m Φ } + si n h { i · m Φ } = e x p { i · m Φ } →

→ i · {m Φ } = l n R ot { m Φ } → iΦ = l n R ot Φ → Φ = − i l n R ot Φ . ( 2 8 7)

❚ ❤✐ ❣✐ ✈ ❡ ❛ ❛ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ❛ ♦ ❛ ✐ ♦ ♥ ❡ ♥ ♦ ✦ ❚ ❤ ❡ ❜ ♦ ♥ ❞ Φ ↔ Φ̃ ✐ ✐ ♥ ✭ ✷ ✼ ✷✮✦
❈ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ❡❧ ♦ ✇ ❛❧ ♦ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡
♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✇✐ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ 2 × 2 ✲ ❝ ❡❧❧ ❛ ♥ ❞ ♦ ♥❧ ② ♣ ♦ ✐ ✐ ✈ ❡ ✉ ♥✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡
❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P 3 ⟩ ✐ ♥ ❤ ❡ ❜✐ ♥ ❛ ② ❲✲ ✉ ❝ ✉ ❡ ✿

{ R ot m Φ } r =














✳ ✳ ✳

+ c o s m φ j − si n m φ j

+ si n m φ j + c o s φ j

✳ ✳ ✳

✶

✳ ✳ ✳














=

= e x p














✳ ✳ ✳

0 − m φ j

+ m φ j 0

✳ ✳ ✳

✵

✳ ✳ ✳














,

{ R ot m Φ } c =














✳ ✳ ✳

+ c o s m φ j − i si n m φ j

− i si n m φ j + c o s φ j

✳ ✳ ✳

✶

✳ ✳ ✳














=

= e x p














✳ ✳ ✳

0 − i m φj

− i m φj 0

✳ ✳ ✳

✵

✳ ✳ ✳














.

❚ ❤ ❡ ✈ ❛❧ ✉ ❡ m = 1 / 2 ❣✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❛ ❡ ♦ ♦ ✭ ✷ ✺ ✶✮ ♦❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✳



✺✳ ✶ ✵ ❉ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✾ ✶

✺✳ ✶ ✵ ❉ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡

❙✐ ♠✐❧ ❛ ❧ ② ✭ ✷ ✹ ✾✮ ❛ ♥ ❞ ❞ ✉ ❡ ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ②✱ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ♦ ❜❧✐ ✉ ❡
❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❢ ♦ ❛ ♣ ❛✐ ♦❢ ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ ✭ ♣❧ ❛ ♥ ❛ ✮ ❛ ✐ ♥ ✭ ✷ ✶ ✶✮ ✕✭ ✷ ✶ ✹✮ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛ ♥ ❣ ❡ ♥ ✲
❡ ❝ ❛ ♥ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✕ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♦ ♠ ❡ ✐ ❡ ♥ ♦

❛ ♥ ❣❧ ❡✱ ❛ ❡ ① ❛ ♠ ♣❧ ❡✱ ❢ ♦ ♣❧ ❛ ♥ ❛ ⟨i m B ⟩✱ ⟨i m B ′⟩ ✭⟨k e r B ⟩✱ ⟨k e r B ′⟩✮✿

R e f { B ′} R e f { B } D e f α B







✳ ✳ ✳

+ s e c φ j − t a n φ j

+ t a n φ j − s e c φ j

✳ ✳ ✳













✳ ✳ ✳

+ s e c φ j + t a n φ j

− t a n φ j − s e c φ j

✳ ✳ ✳





 =







✳ ✳ ✳

+ s e c α j + t a n α j

+ t a n α j + s e c α j

✳ ✳ ✳





 .

✭✐✳ ❡✳✱ α B ≠ 2 Φ B ). ◆ ♦ ❡✱ ❤ ❛ α B ❛ ♥ ❞ Φ ✐ ♥ D e f Φ ❛ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✳
✭ ❙ ❡ ❡ ✐ ❡ ① ❛ ❝ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ❝ ✳ ✻✳ ✷✳✮
❘ ✉❧ ❡ ✺ ✳ ❉ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ D e f Φ 1 2 ❛ ♥ ❞ D e f Φ 3 4 ♦ ♥❧ ② ❛ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②
❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❛ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✱ ❜ ✉ ❤ ❡✐ ❛ ♥ ❣❧ ❡ ✲ ❛ ❣ ✉ ♠ ❡ ♥ ❞ ♦ ♥ ♦ ❢ ♦ ♠ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠✳
❚ ❤ ❡ ②✱ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ D e f (± Φ) ✱ ♣ ❡ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ± Φ ✿

R e f { B ′} · R e f { B } = ( s e c Φ̃ B + i t a n Φ̃ B ) · ( s e c Φ̃ B − i t a n Φ̃ B ) =

= s e c 2 Φ̃ B + t a n 2 Φ̃ B + 2 i t a n Φ̃ B · s e c Φ̃ B = s e c 2 Φ B + t a n 2 Φ B + 2 t a n Φ B · s e c Φ B =

= s e c α B + t a n α B = D e f α B = D e f ′α B , ( 2 8 8)

R e f { B } · R e f { B ′} = s e c α B − t a n α B = D e f − 1 α B = D e f (− α B ). ( 2 8 9)

◆ ♦ ❛ ✐ ♦ ♥ D e f ✐ ✉ ❡ ❞ ❢ ♦ ❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛ ♠ ♦ ✐ ✈ ❡✲ ② ♣ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡✳
❋ ♦ ❤ ❡ ♠ ❘ ✉❧ ❡ ✷ ✭ ❡ ❝ ✳ ✺✳ ✼✮ ❞ ♦ ❡ ♥ ♦ ✇ ♦ ❦ ❡ ♥ ✐ ❡❧ ②✱ ❜ ✉ ❘ ✉❧ ❡ ✹ ✭ ❡ ❝ ✳ ✺✳ ✽✮ ✇ ♦ ❦ ❡ ♥ ✐ ❡❧ ②
❛ ♦ ♥ ❡✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥✳ D e f Φ 1 2 ✐ ❜ ❛ ❡ ❞ ♦ ♥ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❡ ❝ ❛ ♥ ✳ ❚ ❤✐ ❜✐ ♥ ❛ ② ❡ ♥ ♦

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ① ❡ ❝ ✉ ❡ ❞ ❛❧ ♦ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ✭ ❋✐ ❣ ✉ ❡ ✷✮ ✇✐ ❤
❡ ♣ ❡ ❝ ♦ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ⟨ E n ⟩✳ ❍ ❡ ♥ ❝ ❡✱ ❢ ♦ ✐ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡

♦❢ ❜✐ ♥ ❛ ✐ ② ✇ ♦ ❦ ✱ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❡ ♣ ❡ ❡ ♥ ✐ ♠ ❛ ✐ ① ✐ ♥ W ✲❢ ♦ ♠ ❛ ❛ ❜ ♦ ✈ ❡✳ ❚ ❤ ❡ ❡ ♥ ♦ ❡ ❝ ❛ ♥
❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✇ ❡ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ❡ ❝ ✳ ✺✳ ✽✳ ◆ ♦ ✇ ✇ ❡ ♠ ❛ ② ❣✐ ✈ ❡ ❤ ❡✐ ✉✐ ❡ ♥ ❛ ✉ ❛❧
❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✐ ♠✐❧ ❛ ❧ ② ♦ ✭ ✷ ✻ ✵✮ ❛ ♥ ❞ ✭ ✷ ✻ ✶✮✿

s e c Φ = ( D e f Φ + D e f − 1 Φ) / 2 = [ D e f Φ + D e f (− Φ)] / 2 , ( 2 9 0)

t a n Φ = ( D e f Φ − D e f − 1 Φ) / 2 = [ D e f Φ − D e f (− Φ)] / 2 . ( 2 9 1)

❚ ❤ ❡ ❡ ♥ ♦ ❝ ♦ ❡ ❝ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ❛ ❡ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♦ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✳
❈ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛❧ ♦ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

❜ ❛ ❡ ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✭− π / 2 < φ j < π / 2 ✮ ✇✐ ❤ 2 × 2 ✲ ❝ ❡❧❧ ❛ ♥ ❞ ♣ ♦ ✐ ✐ ✈ ❡ ❜❧ ♦ ❝ ❦ + I
❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P 3 ⟩ ✐ ♥ ❤ ❡ ❜✐ ♥ ❛ ② ❲✲ ✉ ❝ ✉ ❡✿

D e f Φ = D e f ′Φ = s e c Φ + t a n Φ =












✳ ✳ ✳

s e c φ j t a n φ j

t a n φ j s e c φ j

✳ ✳ ✳

✶

✳ ✳ ✳












, ( 2 9 2)

D e f − 1 Φ = D e f (− Φ) = s e c Φ − t a n Φ . ( 2 9 3)



✾ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❚ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ❢ ♦ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛ ♣ ❡ ✉ ❞ ♦✲
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ iΦ ✐ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛ ❡
❡ ❛❧✐ ③ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✼ ✼✮ ✕✭ ✷ ✽ ✻✮✳ ❚ ❤ ❡ ② ❛ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

{ R ot Φ } c = c o s Φ + { − i si n Φ } c =














✳ ✳ ✳

c o s h ( − i φ) j + si n h ( − i φ) j

+ si n h ( − i φ) j c o s h ( − i φ) j

✳ ✳ ✳

✶

✳ ✳ ✳














=

= c o s h( − iΦ) c + si n h( − iΦ) c , ( 2 9 4)

{ R ot Φ } − 1
c = { R ot (− Φ) } c = c o s Φ + { i si n Φ } c = c o s h( − iΦ) c − si n h( − iΦ) c ; ( 2 9 5)

{ D e f Φ } c = s e c Φ + { t a n Φ } c =














✳ ✳ ✳

❡ ❝ ❤ ( − i φ) j − t a n h ( − i φ) j
+ t a n h ( − i φ) j ❡ ❝ ❤ ( − i φ) j

✳ ✳ ✳

✶

✳ ✳ ✳














=

= ❡ ❝ ❤ (− iΦ) c + t a n h( − iΦ) c , ( 2 9 6)

{ D e f Φ } − 1
c = { D e f (− Φ) } c = s e c Φ − { t a n Φ } c = ❡ ❝ ❤ (− iΦ) c − t a n h( − iΦ) c . ( 2 9 7)

❋ ♦ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ✱ ❤ ❡✐ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ❛ ✇ ❡❧❧ ❛ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥
♦❢ ❤ ❡✐ ❜✐ ♥ ❛ ② ❝ ❡❧❧ ❛ ❡ ❡ ✉ ❛❧ ♦ ✶✳ ❙ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ② ♠ ♠ ❡ ✐ ❝ ❛ ♥ ❞
♣ ♦ ✐ ✐ ✈ ❡ ❞ ❡ ✜ ♥✐ ❡✳ ❘ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡✐ 2 × 2 ✲ ❝ ❡❧❧ ✭ ♦ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ✮ ❛ ❛ ♥ ❣❧ ❡
φ j = ± π / 4 ❛ ♥ ❢ ♦ ♠ ❤ ❡ ❡ ❝ ❡❧❧ ✐ ♥ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦ ♥ ❡ ✳ ❚ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧
♠ ❛ ✐ ① ❝ ❡❧❧ ❛ ❡ ♣ ❛✐ µ 2 j = s e c φ j + t a n φ j > 0 ✱ µ 2 j + 1 = s e c φ j − t a n φ j = µ − 1

2 j > 0 ✱ ❛ ♥ ❞
❤ ❡ ❡ ♥ ♦ ♥ ❡ ❝ ❡ ✐ ② ✐ ♥ ❤ ❡ ✈ ❛❧ ✉ ❡ µ k = + 1 ✐ ♥ ✐ ❞ ❡ ❤ ❡ ♠ ❛ ✐ ① ✉ ♥✐ ② ❜❧ ♦ ❝ ❦ ⟨ P 3 ⟩✳

■ ♥ ♦ ❞ ❡ ♦ ❝❧ ❛ ✐❢ ② ❤ ❡ ❡ ♥ ❡ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ✇ ❡ ❡ ♣ ❡ ❡ ♥ ✐ ✐ ♥ ❤ ❡
♥ ❡ ✇ ❜ ❛ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❛ ❡ ❞ ❜ ② ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ❛ ❝ ❤ ❝ ❡❧❧ ♦❢ ❲✲❢ ♦ ♠ ❛ ❛ ♥ ❣❧ ❡
φ j = ± π / 4 ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❡ ① ♣ ♦ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ♦❢ ♦ ♠ ❡ ❝ ❡❧❧ ❛ ❛ ♥ ❣❧ ❡ φ j = + π / 4 ✳

◆ ❛ ♠ ❡❧ ②✱ ♦ ♥ ❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧ ✱ ✇ ❡ ❤ ❛ ✈ ❡✿


 s e c φ j t a n φ j

t a n φ j s e c φ j



 =

=



 c o s π / 4 − si n π / 4
si n π / 4 c o s π / 4







 s e c φ j + t a n φ j 0
0 s e c φ j − t a n φ j







 c o s π / 4 si n π / 4
− si n π / 4 c o s π / 4



 .

◆ ♦ ✇ ✐ ✐ ❡ ❡ ♥ ❤ ❛ ❤ ❡ ♠ ♦ ❞ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✷ ✾ ✷✮ ♦ ♥ ❤ ❡
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ❝ ♦ ♥ ✐ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ✐ ♥✿

✕ ❡ ① ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ❛ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❜ ② ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ µ = s e c φ + t a n φ > 0 ✱
✕ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ❛ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❜ ② ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ µ − 1 = s e c φ − t a n φ > 0 ✳



✺✳ ✶ ✵ ❉ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✾ ✸

❙✐ ♠✐❧ ❛ ❧ ② ♦ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡ ✭ ✶ ✹ ✾✮ ❢ ♦ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
❜✐ ♥ ❛ ② ✉ ♥✐ ✉ ❡ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ❛ ❜✐ ❛ ② ❡ ❛❧ ♣ ♦ ✐ ✐ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ❜ ② 2 × 2 ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧
♠ ❛ ✐ ① ✐ ♥ ❡ ♠ ♦❢ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✭− π / 2 < φ < π / 2 ✮ ❤ ♦❧ ❞ ✇✐ ❤ ✇ ♦ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡✿

µ = s e c φ + t a n φ > 0 , µ− 1 = s e c φ − t a n φ > 0 . ( 2 9 8)

❋ ♦ ♠ ❤ ❡ ❡ ✇ ❡ ❤ ❛ ✈ ❡ s e c φ = ( µ + µ − 1 )/ 2 , t a n φ = ( µ − µ − 1 )/ 2 ✳ ◆ ✉ ♠ ❜ ❡ ✭ ✷ ✾ ✽✮ ❛ ❡
❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ♥ ❡ e x p ( + γ )✱ e x p ( − γ )✱ ✇ ❤ ❛ ✇✐❧❧ ❜ ❡ ❝❧ ❡ ❛ ✐ ♥ ♥ ❡ ① ❝ ❤ ❛ ♣ ❡ ✳

❖ ♥ ❡ ♠ ♦ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❛ ❜✐ ♥ ❛ ② ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ♣ ❡ ❝ ❡ ❞ ♦ ♦ ❝ ❛❧❧ ❡ ❞ ❝ ♦ ❜ ❛ ❡ ✳
❚ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❙ ❚ ❘✲ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❈ ♦ ♥ ✐ ❞ ❡ ✇ ♦ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ i ❛ ♥ ❞ Ẽ j ❛ ♥ ❞ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥

Ẽ i = R ot (− Φ i j ) Ẽ j ✳ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❛ ✈ ❡ ❝ ♦ a ✐ ♥ ❤ ❡ ✇ ♦ ❜ ❛ ❡ Ẽ j ❛ ♥ ❞ Ẽ i ❛ ❡
❡❧ ❛ ❡ ❞ ❛ ❛ ♣ ❛ ✐ ✈ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❜ ② ❤ ❡ ❛ ♥ ❣❧ ❡ + Φ i j ✿

a ( i ) = R ot Φ i j a
( j ) =

=









✳✳✳

c o s φ t − si n φ t

si n φ t c o s φ t

✳✳✳


















✳✳✳

x
( j )
1

x
( j )
2
✳✳✳










=










✳✳✳

c o s φ t x
( j )
1 − si n φ t x

( j )
2

si n φ t x
( j )
1 + c o s φ t x

( j )
2

✳✳✳










=










✳✳✳

x
( i )
1

x
( i )
2
✳✳✳










.

■ ♥ 2 × 2 ✲ ❝ ❡❧❧ ✱ ❤ ❡ ❜ ❛ ❡ Ẽ i ✐ ❤ ❡ ❡ ✉❧ ♦❢ ♦ ❛ ✐ ♥ ❣ Ẽ j ❛ ❤ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❛ ♥ ❣❧ ❡ + φ t ✳

■ ♥ ♦ ❞ ✉ ❝ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ i, j ✇✐ ❤ ♠✐ ① ❡ ❞ ❛ ① ❡ ⟨x
( i )
1 , x

( j )
2 ⟩ ❛ ♥ ❞ Ẽ j, i ✇✐ ❤ ♠✐ ① ❡ ❞ ❛ ① ❡ ⟨x

( j )
1 , x

( i )
2 ⟩✳

❚ ❤ ❡ ❡ ❜ ♦ ❤ ❜ ❛ ❡ ❛ ❡ ❡❧ ❛ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✿

Ẽ i, j = D e f (− Φ i j ) Ẽ j, i . ( 2 9 9)

■ ♥ t✲ ❤ ❝ ❡❧❧ ✱ ♦ ❝ ❛❧❧ ❡ ❞ ❝ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❛ ✈ ❡ ❝ ♦ a ✐ ♥ ❤ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ i, j ❛ ♥ ❞ Ẽ j, i ❛ ❡
❡❧ ❛ ❡ ❞ ❛ ❛ ♣ ❛ ✐ ✈ ❡ ❝ ♦ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❜ ② ❤ ❡ ❛ ♥ ❣❧ ❡ + Φ i j ✿

a ( i, j ) = D e f ( + Φ i j )a
( j, i ) =

=









✳✳✳

s e c φ t t a n φ t

t a n φ t s e c φ t

✳✳✳


















✳✳✳

x
( j, i )
1

x
( i, j )
2
✳✳✳










=










✳✳✳

x
( i, j )
1

x
( j, i )
2
✳✳✳










. ( 3 0 0) .

❚ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ✈ ❡ ❝ ♦ a ( i, j ) ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❤ ❡ ❡ ❜ ② ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✇✐ ❤
❤ ❡ ✉ ❡ ♦❢ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✲❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❛
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ✭ ❡ ❡ ❡ ❝ ✳ ✺✳ ✼✮✳

▼ ♦ ✇✐ ❞ ❡❧ ②✱ ❤ ❡ ✉ ❡❢ ✉❧ ♥ ❡ ♦❢ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❡ ♥ ♦ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♠ ❛ ♥✐❢ ❡ ❡ ❞ ✐ ♥
♦✲ ❝ ❛❧❧ ❡ ❞ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ Ẽ 1 ✱ ✇ ❤ ❡ ❡ ❤ ❡ ② ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡✐ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ✇ ❤✐ ❝ ❤

❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ♦ ♥ ❡✲ ❡ ♣ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✇ ❤ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦ ♣ ❛ ❝ ❡ ♠ ❡ ✐ ❝ ✐ ❝ ❤ ❛ ♥ ❣ ❡ ❞✱ ✇ ❤✐ ❝ ❤
❛ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ♠ ❛ ✐ ① ❧ ❡ ✈ ❡❧ ❡ ♠ ❜ ♦ ❞✐ ❡ ❤ ❡ ♠ ❛✐ ♥ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤
✐ ♥ ♦ ♠ ❡ ♦ ✉ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✇✐ ❤ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❙ ❚ ❘✳ ❙ ❡ ❡ ❛ ❜ ♦ ✉ ❧ ❛ ✐ ♥
❞ ❡ ❛✐❧ ✐ ♥ ♥ ❡ ① ❈ ❤✳ ✻ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ✳



✾ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

✺✳ ✶ ✶ ❚ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦ ❥ ❡ ❝ ♦

■ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❤ ❡ ❡ ❡ ①✐ ❛ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ♣❧ ❛✲
♥ ❛ ❛ ♥ ❞ ❛ ② ♠ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ♦ ♦❢ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❦✳ ❚ ❤ ❡ ❡ ❡ ①✐ ❛ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡
❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❛ ❛ ♥ ❞ ✐ ♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦ ♦✳ ❆ ♥ ② ♣❧ ❛ ♥ ❛ ♠ ❛ ② ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❡ ❛ ❝ ❤
♦ ❤ ❡ ♦ ♥ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❦ ✇✐ ❤ ❡ ♥ ♦ ♦ ❛ ✐ ♦ ♥ ❛ ✇ ❡❧❧ ❛ ✇✐ ❤ ❡ ♥ ♦ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✭ ♠✐ ❞✲
❡ ✢ ❡ ❝ ♦ ❣✐ ✈ ❡ ♦ ♥❧ ② ❤ ❡ ✐ ♥ ❣❧ ❡ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ Φ ✦✮✳ ❋ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✉ ❝ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡

❞ ❡ ✐ ✈ ❡ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦❢ ✭ ✷ ✺ ✻✮✱ ✭ ✷ ✷ ✻✮✱ ✭ ✶ ✼ ✻✮ ❛ ♥ ❞ ✭ ✶ ✼ ✼✮ ♦ ✇✐ ❤ ❞✐ ❡ ❝ ❛ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡
♦❢ ❜✐ ♥ ❛ ✐ ②✳

− − − →← − − −
A 2 A ′

2 = R ot Φ 1 2 ·
− − − →← − − −
A 1 A ′

1 · R ot ′ Φ 1 2 = R e f { c o s Φ̃ 1 2 } ⊖ ·
− − − →← − − −
A 1 A ′

1 · R e f { c o s Φ̃ 1 2 } ⊖ , ( 3 0 1)

− − →← − −
B ′B = R ot Φ B ·

− − →← − −
B B ′ · R ot ′ Φ B = R e f { c o s Φ̃ B } ⊖ ·

− − →← − −
B B ′ · R e f { c o s Φ̃ B } ⊖ . ( 3 0 2)

❚ ❤ ❡ ❡ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ✷✲ ✈ ❛❧ ❡ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♥ ♦ ✐ ♥ ✐ ❞ ❡ ♦❢
❤ ❡ ② ♠ ❜ ♦❧✐ ❝ ♦ ❝ ❛ ❤ ❡ ❞ ♦ ♥ ✭ ❋✐ ❣ ✉ ❡ ✶✮✳ ❯ ❡ ❤ ❡ ♦ ❝ ❛ ❤ ❡ ❞ ♦ ♥ ❢ ♦ ✐❧❧ ✉ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ P Q

❣ ❡ ♥ ❡ ❛ ❡ ✐ ♦ ❝ ❡❧ ❡ ✐ ❛ ♥ ❣❧ ❡ P Z Q ❛ ♥ ❞ P I Q ✱ ✇ ❤ ❡ ❡ ∠ P Z Q ≡ ∠ P I Q ≡ Φ B ✳
▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❤ ❡ ❡ ❡ ①✐ ❛ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❞ ✉ ❡ ♦ ✭ ✷ ✶ ✼✮ ✕

✭ ✷ ✷ ✵✮ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♣ ❛✐ ♦❢ ❡ ✉✐ ❛ ♥ ❦ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩✱ ⟨i m A2 ⟩ ✭ ❤ ❡ ♥ ✇ ❡ ❤ ❛ ✈ ❡

k (A 1 A ′
2 , r) = d et (A ′

1 A 2 ) ≠ 0 ✮ ❛ ♥ ❞ ❛ ♣ ❛✐ ♦❢ ❤ ❡ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦
←−
B ✱

←−
B ′ ✭ ❜ ❡ ❝ ❛ ✉ ❡

✐ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✭ ✷ ✶ ✸✮ B = A 1 A ′
2 ✮✳ ❚ ❤ ❡ ♥

←−
B ❛ ♥ ❞

←−
B ′ ✭

−→
B ❛ ♥ ❞

−→
B ′✮ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡

✇✐ ❤ ❡ ♥ ♦ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ✇ ❡❧❧ ❛ ✇✐ ❤ ❡ ♥ ♦ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✳ ❆ ♥ ❛❧ ♦ ❣ ♦ ✉ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✉ ❝ ❤
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ❛ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✵ ✶✮✱ ✭ ✸ ✵ ✷✮✮ ♠ ❛ ② ❜ ❡ ❞ ❡ ✐ ✈ ❡ ❞ ♦ ♦ ✇✐ ❤ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ②✳

−→←−
B ′ = D e f Φ B ·

−→←−
B · D e f (− Φ B ) = R e f { c o s Φ̃ B } ⊖ ·

−→←−
B · R e f { c o s Φ̃ B } ⊖ . ( 3 0 3)

✭ ❚ ❤ ❡ ❡ ♥ ♦ ♥✲ ✐ ♠✐❧ ❛ ✐ ② ❛ ♥ ❞ ✐ ♠✐❧ ❛ ✐ ② ✇✐ ❤ ✶ ❛ ♥ ❞ ✷ ♥ ❞ ♣ ❛ ♦❢ ✭ ✸ ✵ ✷✮ ❛ ❡ ✉✐ ❡ ❧ ♦ ❣✐ ❝ ❛❧✳✮
❋ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ✐ ♠✐❧ ❛ ♦ ♦ ❛ ✐ ♦ ♥ ❛❧ ♣ ♦ ♦ ② ♣ ❡ ✭ ✷ ✺ ✺✮ ❛ ♥ ❞ ✭ ✷ ✺ ✻✮✿

R e f { B ′} = D e f Φ B · R e f { B } · D e f (− Φ B ) =

= R e f { c o s Φ̃ B } ⊖ · R e f { B } · R e f { c o s Φ̃ B } ⊖ , ( 3 0 4)

R e f { c o s Φ̃ B } ⊖ = D e f Φ B · R e f { B } = D e f (− Φ B ) · R e f { B ′} . ( 3 0 5)

■❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ❛ ✐ ① B ✐ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡✱ ❤ ❡ ♥✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❢ ♦ ♠ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽ ✻✮✲✭ ✶ ✽ ✾✮ ❛ ♥ ❞
❡❧ ❛ ✐ ♦ ♥ c o s Φ̃ B · s e c Φ̃ B = I ♦ ♥ ❡ ♠ ❛ ② ❣ ❡ ❤ ❡ ♠ ✉ ✉ ❛❧ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✿






− − →← − −
B ′B
−→←−
B ′





= c o s Φ̃ B ·






− − →← − −
B B ′

−→←−
B





· s e c Φ̃ B = s e c Φ̃ B ·






− − →← − −
B B ′

−→←−
B





· c o s Φ̃ B . ( 3 0 6)

❚ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ♠ ❛ ② ❜ ❡ ❝ ❤ ❡ ❝ ❦ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❚ ❛ ❜❧ ❡ ♦❢ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦
✭ ✶ ✽ ✺✮ ✐ ♥ ❡ ❝ ✳ ✺✳ ✷✳ ♦ ♦✳ ❋ ♦ ♠ ✉❧ ❛ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ✉ ♥ ❞
❜ ② ❞✐ ✛ ❡ ❡ ♥ ♠ ❛ ♥ ♥ ❡ ✱ ❜ ✉ ❤ ❡ ❡ ✉❧ ❛ ❡ ❤ ❡ ❛ ♠ ❡ ✳ ❊ ① ♣ ❡ ❛❧❧ ❤ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ❡ ♠
♦❢ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♣ ❛✐ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✼ ✻✮ ✕✭ ✶ ✼ ✾✮✿

← − − −
A 1 A ′

1 = ( I + c o s Φ̃ − si n Φ̃ ) / 2 =
← − −
B B ′,

− − − →
A 1 A ′

1 = ( I − c o s Φ̃ + si n Φ̃ ) / 2 =
− − →
B B ′,

← − − −
A 2 A ′

2 = ( I + c o s Φ̃ + si n Φ̃ ) / 2 =
← − −
B ′B,

− − − →
A 2 A ′

2 = ( I − c o s Φ̃ − si n Φ̃ ) / 2 =
− − →
B ′B,






( 3 0 7)



✺✳ ✶ ✶ ❚ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦ ❥ ❡ ❝ ♦ ✾ ✺

←−
B = ( I + s e c Φ̃ − i t g Φ̃ ) / 2 =

← − − −
A 1 A ′

2 ,
−→
B = ( I − s e c Φ̃ + i t g Φ̃ ) / 2 =

− − − →
A 1 A ′

2 ,
←−
B ′ = ( I + s e c Φ̃ + i t g Φ̃ ) / 2 =

← − − −
A 2 A ′

1 ,
−→
B ′ = ( I − s e c Φ̃ − i t g Φ̃ ) / 2 =

− − − →
A 2 A ′

1 .






( 3 0 8)

❚ ❤ ❡ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ② ✐ ✈ ❛❧✐ ❞ ❢ ♦ ♣ ♦❥ ❡ ❝ ♦ ♦ ♦✳ ❚ ❤ ❡ ❡
❡ ①✐ ❛ ❜✐❥ ❡ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♦❢ ❡✐ ❣ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♦❢
② ♠ ♠ ❡ ✐ ❝ ✐ ❞ ❡ ♠ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡ ✐ ③ ❡ ❛ ♥ ❞ ❛ ♥ ❦✳ ■ ✛ ❤ ❡ ♠ ❛ ✐ ① B ✐ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡✱

❤ ❡ ♥ d et c o s Φ̃ ≠ 0 ✱ ❛ ♥ ❞ ❤ ❡ ❡ ❡ ①✐ ❛ ❜✐❥ ❡ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣ ❛✐ ⟨
− − →← − −
B B ′,

− − →← − −
B ′B ⟩ ❛ ♥ ❞ ⟨

−→←−
B ,

−→←−
B ′⟩✳

❘ ❡ ♣ ❡ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ W ✲❢ ♦ ♠ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✸ ✵ ✼✮✳ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢
❜✐ ♥ ❛ ✐ ② ❡ ♥ ❛ ❜❧ ❡ ♦ ♥ ❡ ♦ ❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ D ✲❢ ♦ ♠ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱

❝ ♦ ♥ ✐ ❞ ❡ ❤✐ ❢ ♦ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦
← − −
B B ′✳ ■ ♥ i✲ ❝ ❡❧❧ ♦❢ ♠ ❛ ✐ ❝ ❡ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

R ot Φ B / 2
← − −
B B ′ R ot ′Φ B / 2







✳ ✳ ✳

c o s φ / 2 − si n φ / 2
si n φ / 2 c o s φ / 2

✳ ✳ ✳







1

2







✳ ✳ ✳

1 + c o s φ − si n φ
− si n φ 1 − c o s φ

✳ ✳ ✳













✳ ✳ ✳

c o s φ / 2 si n φ / 2
− si n φ / 2 c o s φ / 2

✳ ✳ ✳





 =

D (
← − −
B B ′)

=








✳ ✳ ✳

1 0
0 0

✳ ✳ ✳








, ✐✳ ❡✳✱ V − 1
c ol ·

− − →← − −
B B ′ · V c ol = D (

− − →← − −
B B ′)✳

❚ ❤✐ ♠ ❛ ✐ ① ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜ ❛ ❡ Ẽ ❛
← − −
B B ′✱ ❜ ✉ ✐ ♥ D ✲❢ ♦ ♠ ❤ ❡ ②

✐ ❡ ① ♣ ❡ ❡ ❞ ❛ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡✿

Ẽ D = V c ol · Ẽ = R ot (− Φ B / 2) · Ẽ = R ot (− Φ B / 2) · R ′
W Ẽ 1 = { R ot (− Φ B / 2) } , ( 3 0 9)

✭ ❤ ❡ ❡ R W · Ẽ = Ẽ 1 = { I } ✐ ❤ ❡ ❜ ❛ ❡ ♦❢ W ✲❢ ♦ ♠ ✮✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ✲ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ❛ ♠ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦
❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m B ⟩ ❛ ♥ ❞ ⟨k e r B ⟩✿

b i I
= R W ·













✳✳✳
0

+ c o s φ i / 2
− si n φ i / 2

0
✳✳✳













, d i I
= R W ·













✳✳✳
0

+ si n φ i / 2
+ c o s φ i / 2

0
✳✳✳













.

❇ ② ❛ ♥ ❛❧ ♦ ❣ ②✱ ♦ ♥ ❡ ✜ ♥ ❞ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ❢ ♦ ❣ ❡ ✐ ♥ ❣ ❤ ❡ ❜ ❛ ❡ ❢ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦
← − −
B ′B ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠✱ ✐✳ ❡✳✱ ❢ ♦ D (

− − →← − −
B ′B ) = V − 1

c ol ·
− − →← − −
B ′B · V c ol ✳ ❚ ❤✐ ❜ ❛ ❡ ✐

Ẽ D = V c ol · {Ẽ } = R ot ( + Φ B / 2) · R W { Ẽ } = R W · {R ′
W · R ot ( + Φ B / 2) · R W } { Ẽ } . ( 3 1 0)



✾ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ✲ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ♦ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ①✱ ❣ ♦ ❡ ♥ ❜ ② ✭ ✸ ✶ ✵✮✱
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m B ′⟩ ❛ ♥ ❞ ⟨k e r B ′⟩✿

b i I I
= R W ·













✳✳✳
0

+ c o s φ i / 2
+ si n φ i / 2

0
✳✳✳













, d i I I
= R W ·













✳✳✳
0

− si n φ i / 2
+ c o s φ i / 2

0
✳✳✳













.

❚ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ D ✲❢ ♦ ♠ ♦❢ ♠ ✉ ✉ ❛❧ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✇✐❧❧ ❜ ❡
❞ ❡ ✐ ✈ ❡ ❞ ✐ ♥ ❈ ❤ ❛ ♣ ❡ ✻ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ②✳ ❍ ❡ ❡✱ ✇ ❡ ♣ ❡ ❡ ♥ ♦ ♥❧ ②
♣ ❡❧✐ ♠✐ ♥ ❛ ② ✇ ♦ ❡ ① ♣ ❡ ✐ ♦ ♥ ✐ ♥ ❡ ♠ ♦❢ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♦ ♦ ♦❢ ❤ ❡ ❛ ♠ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✱
❤ ♦ ✉ ❣ ❤ ❤ ❡ ② ❤ ❛ ✈ ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡✿

{ R ′
W · D e f Φ B } ·

−→←−
B · { D e f (− Φ B )} · R W } = D (

−→←−
B ), ( 3 1 1)

{ R ′
W · D e f (− Φ B )} ·

−→←−
B ′ · { D e f Φ B } · R W } = D (

−→←−
B ′). ( 3 1 2)

❚ ❤ ✉ ✇ ❡ ❝ ❛ ♥ ❡ ❡ ♠ ✉ ❝ ❤ ❝ ♦ ♠ ♠ ♦ ♥ ✐ ♥ ✈ ❛ ✐ ♦ ✉ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ✉ ✉ ❛❧ ❡✐ ❣ ❡ ♥✲
♣ ♦❥ ❡ ❝ ♦ ❛ ♥ ❞ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❢ ♦ ♠ ♦ ♥ ❡ ✐ ♥ ♦ ❛ ♥ ♦ ❤ ❡ ✇✐ ❤ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞
❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✳ ❚ ❤✐ ✐ ✉ ✉ ❛❧❧ ② ♦ ❜ ✈✐ ♦ ✉ ❧ ②✱ ✇ ❤ ❡ ♥ ❤ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞
✐ ♥ ❤ ❡✐ ❛ ♠ ❡ ❜ ❛ ❡ ♦❢ W ✲❢ ♦ ♠ ✳ ❲ ❤ ❛ ✬ ♠ ♦ ❡✱ ✐ ♥ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ♦❢ ❤ ❡ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✳ ❙ ♦✱ ❢ ♦ ♠ ✉ ✉ ❛❧ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡✐ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✳

✺✳ ✶ ✷ ❙ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ①✐

❈ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ❡ ♦❢ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♦ ✐ ❡ ♥ ❡ ❞ ❛❧ ♦ ♥ ❣ ❢ ❛ ♠ ❡ ❛ ①✐
−→y ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ✇✐ ❤ ✐ ♠ ♣❧ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ♦❢ ✐ ♥ ❞ ❡ ① q = 1
✭ ❡ ❡ ❛ ❜ ♦ ✉ ❣ ❡ ♥ ❡ ❛❧ ⟨ Q n + q ⟩ ✐ ♥ ❡ ❝ ✳ ✺✳ ✼✮✳ ❚ ❤ ❡ ② ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❜ ② ♣ ❡ ❝✐ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot Φ ✳
❚ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ❢ ♦ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ✲ ♦ ❛ ✐ ♦ ♥
✐ ♥ ♦ ✇ ♥ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ✉ ♥✐ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ 2 × 2 ✲ ❝ ❡❧❧ ✇✐ ❤ ♦ ♥ ❡ ❡✐ ❣ ❡ ♥ ❝ ❛❧ ❛
♠ ♦ ✐ ✈ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ φ ❛ ♥ ❞ ❤ ❡ ✉ ♥✐ ✉ ❡ ♦ ❛ ✐ ♦ ♥✬ ❢ ❛ ♠ ❡ ❛ ①✐ ✳ ❙ ✉ ❝ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ①
❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡ ❝ ❛❧❧ ❡ ❞ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ✳ ■ ♥✐ ✐ ❛❧❧ ② ✇ ❡ ❝ ♦ ♥ ❡ ✈ ❡ ❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❛ ♥ ❣❧ ❡ φ ✳

{ r ot (± Φ) } 3 × 3 = c o s Φ ± i si n Φ = c o s( ± Φ) + i si n( ± Φ)

1 − ( 1 − c o s φ ) c o s 2 α 1 − ( 1 − c o s φ ) c o s α 1 c o s α 2 ∓ si n φ c o s α 1

− ( 1 − c o s φ ) c o s α 1 c o s α 2 1 − ( 1 − c o s φ ) c o s 2 α 2 ∓ si n φ c o s α 2

± si n φ c o s α 1 ± si n φ c o s α 2 c o s φ
, ( 3 1 3)

{ r ot (± Φ) } ( n + 1 ) × ( n + 1 )

I n × n − ( 1 − c o s φ ) · e α e ′
α ∓ si n φ · e α

± si n φ · e ′
α c o s φ

, (e α e ′
α =

←− −−
e α e ′

α ). ( 3 1 4)

❚ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ❣ ❤ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 u

♦❢ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ E ✲❢ ♦ ♠ ✭ ✸ ✶ ✸✮✱ ✭ ✸ ✶ ✹✮✳ ❚ ❤ ❡ ♦ ✐ ❡ ♥ ❡ ❞ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ⟨x n + 1 ⟩ ✐ ❤ ❡ ❢ ❛ ♠ ❡ ✭ ♣ ♦❧ ❛ ✮
❛ ①✐ ❢ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ φ ✱ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ♣ ♦ ✐ ✐ ✈ ❡ ❢ ♦ r ot { + Φ } ✱ ❛ ♥ ❞ ❤ ❛ ❤ ❡ ❞✐ ❡ ❝✲
✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ c o s α k ✱ k = 1 , . . . , n ✐ ♥ ❤ ❡ ❜ ❛ ❡ ⟨x 1 , . . . , xn ⟩ ✕ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ✳



✺✳ ✶ ✷ ❙ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ①✐ ✾ ✼

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot Φ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❢ ✉❧❧ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡
❍ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ❛ ♥ ❞ ♦ ✐ ❡ ♥ ❡ ❞ ✐ ♥ ⟨ Q n + 1 ⟩ ✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♠ ❡ ✐ ❝✳ ❆ ♥ ❞ ❤ ❡ ② ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ✉ ❝ ❤ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤✐ ♣ ❛ ❝ ❡✦ ✭ ❙ ❡ ❡ ✐ ♥ ❈ ❤✳ ✽ ❆✮✳ ■ ♥ ✇ ❤ ❛
❢ ♦❧❧ ♦ ✇ ✱ ❤ ❡ ♦ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ♥✐ ✉ ❡ ♦ ❛ ✐ ♦ ♥✬ ❢ ❛ ♠ ❡ ❛ ①✐ ⟨x 3 + 1 ⟩ ✇✐❧❧ ❜ ❡ ✈ ❡ ② ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦
✉ ❛❧ ♦ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❢ ♦ ♠ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ❛ ♥ ❞ ✐ ♥
❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P 3 + 1 ⟩ ✕ ❡ ❡ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳

❆ ✜ ✱ ♣ ♦ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✶ ✸✮✳ ❋✐ ♥ ❞ ❛ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❜ ❛ ❡
⟨x 1 , x2 ⟩ ✐ ♥ ♦ ♥ ❡ ✇ ❛ ♠ ❡ ❜ ❛ ❡ ⟨x ′

1 , x′2 ⟩ ✉ ❝ ❤ ❤ ❛ ❤ ❡ ❛ ①✐ ⟨x ′
1 ⟩✱ e α = ( c o s α 1 , c o s α 2 ) ✭ ✇ ❤ ❡ ❡

c o s 2 α 1 + c o s 2 α 2 = 1 ✮✱ ❛ ♥ ❞ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ⟨x 3 ⟩ ❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ♦ ♣❧ ❛ ♥ ❛ ✳ ❚ ❤✐ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐
❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ① ❛ ❛ ❝ ❡ ❛✐ ♥ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ β 1 2 ✳ ■❢ n = 2 ✱ ❤ ❡ ♥ ✐ ❤ ❛ ❤ ❡ ❝ ❛❧ ❛

❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ α 1 ✱ ❛ ♥ ❞ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❞ ❡ ♠ ❛ ♥ ❞ ❡ ❞ ✐

r ot β 1 2

c o s α 1 − si n α 1 0
+ si n α 1 c o s α 1 0

0 0 1
.

❚ ❤✐ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❡ ① ❡ ❝ ✉ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨x 1 , x2 ⟩ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ α 1 ✳

❋ ✉ ❤ ❡ ✱ ✐ ♥ ❤✐ ♥ ❡ ✇ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❜ ❛ ❡ Ẽ ✇ ❡ ✉ ❡ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧
♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot Φ ✱ ❜ ✉ ✐ ♥ ❤ ❡ 2 × 2 ✲ ❝ ❡❧❧ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨x ′

1 , x3 ⟩✱ ✇✐ ❤ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
❝ ♦ ♥ ❞✐ ✐ ♦ ♥✿ ✐❢ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✐ ⟨x ′

1 ⟩✱ ❤ ❡ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ✐ ❝ ♦ ✉ ♥ ❡ ✲ ❝❧ ♦ ❝ ❦ ✇✐ ❡❀ ✐❢ ❤ ❡
❢ ❛ ♠ ❡ ❛ ①✐ ✐ ⟨x 3 ⟩✱ ❤ ❡ ♥ ❤✐ ❛ ♥ ❣❧ ❡ ✐ ❝❧ ♦ ❝ ❦ ✇✐ ❡✳ ❙ ♦✱ ❤ ❡ ❧ ❛ ❢ ♦ ♠ ♦❢ ❤✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✐

{ r ot (± Φ) }

c o s φ 0 − si n φ
0 1 0

si n φ 0 c o s φ
. ( 3 1 5)

❚ ❤ ❡ ♥ ✇ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ❡ ♠ ❛ ✐ ① ✐ ♥ E ✲❢ ♦ ♠ ❛ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ❜ ❛ ❡ ♦ ❛ ✐ ♦ ♥

{ r ot (± Φ) } 3 × 3 = r ot β 1 2 · {r ot (± Φ) } · r ot β 1 2
′.

❚ ❤ ❡ ❡ ✉❧ ✐ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ✸ ✶ ✸✮ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ⟨x 3 ⟩ ❢ ♦ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦
❛ ♥ ❣❧ ❡ Φ ✐ ♥ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 u ✳

● ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✶ ✹✮ ✐ ✐ ♥❢ ❡ ❡ ❞ ✐ ♠✐❧ ❛ ❧ ②✳  ◆ ♦ ✇ ✜ ♥ ❞ ❛ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
♦❢ ⟨x 1 , . . . , xn ⟩ ✐ ♥ ♦ ⟨x ′

1 , . . . , x′n ⟩ ✉ ❝ ❤ ❤ ❛ ❤ ❡ ❛ ①✐ ⟨x ′
1 ⟩✱ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✈ ❡ ❝ ♦

e α = { c o s α k } ✭
n
k = 1 c o s 2 α k = 1 ✮✱ ❛ ♥ ❞ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ⟨x n + 1 ⟩ ❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ♦ ♣❧ ❛ ♥ ❛ ✳ ❯ ❡

❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✿
β 1 2 ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨x 1 , x2 ⟩✱ β 1 ′ 3 ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨x ′

1 , x3 ⟩✱ . . .✱ β 1 ′ ′ ...′ n ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨x ′′
1 . . .′ , xn ⟩✳

❉ ✉ ❡ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡✿

c o s β 1 2 = c o s α 1 /
√

c o s 2 α 1 + c o s 2 α 2 ,

c o s β 1 ′ 3 =
√

c o s 2 α 1 + c o s 2 α 2 /
√

c o s 2 α 1 + c o s 2 α 2 + c o s 2 α 3 ,
✳✳✳

c o s β 1 ′ ′ ...′ n = c o s 2 α 1 + · · · + c o s 2 α n − 1 = si n α n .








✾ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❆ ◆ ❉ ◗ ❯ ❆ ❙ ■ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❚ ❤ ❡ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ✇✐ ❤ ❤ ❡ ♠ ❛ ✐ ❝ ❡ r ot β 1 2 ✱ r ot β 1 ′ 3 ✱ . . . ✳ ✿

r ot β 1 2 r ot β 1 ′ 3

c o s β 1 2 − si n β 1 2

si n β 1 2 c o s β 1 2
Z

Z ′ I n − 1

,

c o s β 1 ′ 3 0 − si n β 1 ′ 3

0 1 0
si n β 1 ′ 3 0 c o s β 1 ′ 3

Z

Z ′ I n − 2

, . . . .

❚ ❤ ❡ ❡ ✉❧ ✐ ❤ ❡ ❜ ❛ ❡ ♦❢ ❤ ❡ ✐ ♠ ♣❧ ❡ 2 × 2 ✲ ❝ ❡❧❧ ❢ ♦ ♠ ❢ ♦ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ❛ ✐ ♦ ♥ Ẽ = r ot β ·Ẽ 1 ✱
✇ ❤ ❡ ❡ r ot β = r ot β 1 2 · r ot β 1 ′ 3 · · · r ot β 1 ′ ′ ···′ n ✳ ❚ ❤ ❡ ♥ ❝ ♦ ♥ ✉ ❝ ❤ ❡ ✷✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❢ ♦ ♠ ❢ ♦
❤✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨x ′

1 , . . . , x′n , xn + 1 ⟩ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ Ẽ ✿

{ r ot Φ }

c o s φ 0 ′ − si n φ
0 I n − 1 0

si n φ 0 ′ c o s φ
. ( 3 1 6)

❋ ✉ ❤ ❡ ✇ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ❡ ♠ ❛ ✐ ① ✐ ♥ E ✲❢ ♦ ♠ ❛ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ❜ ❛ ❡ ♦ ❛ ✐ ♦ ♥

{ r ot Φ } ( n + 1 ) × ( n + 1 ) = r ot β · {r ot Φ } c a n · r ot ′ β.

❚ ❤ ❡ ❡ ✉❧ ✐ ♦ ❛ ✐ ♦ ♥ ❛❧ ❡ ♥ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ✸ ✶ ✹✮ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ⟨x n + 1 ⟩ ❢ ♦ ❤ ❡ ♠ ♦ ✐ ✈ ❡
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ ✐ ♥ (n + 1) ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 u ♦❢ ⟨ Q n + 1 ⟩ ✇✐ ❤ ♥ ❛ ✉ ❛❧❧ ②

❛ ♣ ♣ ❡ ❛ ✐ ♥ ❣ ✭ ❤ ❛ ♥ ❦ ♦ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✮ ❡✐ ❣ ❡ ♥ ❜✐ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ✕ ♣ ✐ ♠ ❛ ② ❛ ♥ ❞ ♠ ✉ ✉ ❛❧✱ ❛ ✐ ❣ ♥
❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ∓ φ i ♦ ± φ i ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦❢ ❤ ❡ ❝ ❤ ♦ ♦ ❡ ♦❢ ❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ♦ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❛ ♥ ❣❧ ❡✬ ② ♣ ❡ ✦

■ ♥ ⟨ Q n + 1 ⟩ ≡ ⟨ E n ⟩ ⊞ −→y ✱ ❞ ✉ ❡ ♦ ✉ ❝ ✉ ❡ ♦❢ ✭ ✸ ✶ ✸ ✮✱ ✭ ✸ ✶ ✹ ✮ ✱ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot ( + Φ)
♦ ❛ ❡ ❛ ❛ ❞ ♦ ♣ ❡ ❞ ❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ♣ ✐ ♠ ❛ ② ❛ ♥ ❣❧ ❡ + φ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ −→y

❢ ♦ ♠ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨ E n ⟩✳ ❚ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot (− Φ) ♦ ❛ ❡ ✐ ♥ ❝ ♦ ♥ ❛ ② ❞✐ ❡ ❝ ✐ ♦ ♥✳
❚ ❤ ❡ ❡ ✉ ❝ ✉ ❡ ❡ ① ♣❧ ❛✐ ♥✿ ✇ ❤ ② r ot (± Φ) ✐ ♥ ❡ ❛❧✐ ③ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ± Φ ✕ ✐ ♠✐❧ ❛ ♦ ❛ ❝ ✐ ♥ ❣ ❙✲ ❛ ♠✦
❲❡ ❡ ❡ ❤ ❛ ❞ ✉ ❡ ♦ ❘ ✉❧ ❡ ✹ ✇✐ ❤ ✭ ✷ ✻ ✼✮✱ ❛❢ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ r ot Φ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ Φ ❜ ② ✐
❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ Ξ = Π / 2 − Φ ✱ ❤ ❡ ♥ ❡ ✇ ❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot Φ ❣✐ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ❛ ✐ ♦ ♥ ❛ Ξ ✿

r ot Ξ ( ξ ∈ [ +π / 2; 0])  = r ot Φ ( φ ∈ [ 0; +π / 2])

c o s ξ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ − si n ξ · e α · · · si n φ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ − c o s φ · e α

+ si n ξ · e ′
α c o s ξ · · · + c o s φ · e ′

α si n φ
. ( 3 1 7)

❲❡ ✇✐❧❧ ❞✐ ✐ ♥ ❣ ✉✐ ❤ ❤ ❡ ✇ ♦ ❦✐ ♥ ❞ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ✿ ❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ φ ✱ ♠ ❡ ❛ ✉ ❡ ❞ ♦ ✛ ❤ ❡
❢ ❛ ♠ ❡ ❛ ①✐ −→y ❛ ❝ ♦ ♦ ✐ ❡ ♥ ❡ ❞ ♦ ♥ ❡ ✱ ❛ ♥ ❞ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ξ ✱ ♠ ❡ ❛ ✉ ❡ ❞ ♦ ✛ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡
⟨ E n ⟩ ❛ ❝ ♦ ✉ ♥ ❡ ♦ ✐ ❡ ♥ ❡ ❞ ♦ ♥ ❡ ✭ ❜ ♦ ❤ ♥ ❛ ♠ ❡ ❞ ❤ ❡ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ −→y ✮✳ ❖ ❜ ✈✐ ♦ ✉ ❧ ②✱
φ ❛ ♥ ❞ ξ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✐ ✛ φ + ξ = π / 2 ✭❢ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ✛ Φ + Ξ = Π / 2 ✮✳
❚ ❤ ❡ ❛ ♥ ❣❧ ❡ φ ✐ ♥ r ot Φ ❛ ♥ ❞ ✐ ♥ r ot Φ ✱ ❡ ❡ ♠✐ ♥ ❣ ❛ ❤ ❡ ❛ ♠ ❡✱ ❛ ❡ ❞✐ ✐ ♥ ❣ ✉✐ ❤ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②✳
■ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot Φ ❛ ♥ ❞ r ot Φ ✕ ❜ ♦ ❤ ✇✐ ❤ ❤ ❡✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❛ ❞ ❛ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥

r ot Φ · r ot (− Φ) = si n 2 Φ + c o s 2 Φ = I = c o s 2 Ξ + si n 2 Ξ = r ot Ξ · r ot (− Ξ) , ( 3 1 8)

✉ ❝ ❤ ❛ ♥ ❣❧ ❡ φ ♣❧ ❛ ② ♦❧ ❡ ✐ ♥ ✭ ✸ ✶ ✼✮ ❡✐ ❤ ❡ ❛ ❛ ❞❥ ❛ ❝ ❡ ♥ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ♦ ❛ ❛ ❞❥ ❛ ❝ ❡ ♥
♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨ E n ⟩✳ ❍ ❡ ♥ ❝ ❡✱ ❜ ♦ ❤ ✈ ❛ ✐ ❛ ♥ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❛❧ ♦ ✐ ♥
❤ ❡ ❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ⟨ E 2 ⟩ ♦ −→y ✱ ❜ ✉ ❛ ξ ✳ ❚ ❤✐ ✇✐❧❧ ♠ ❛ ♥✐❢ ❡ ✐ ❡❧❢ ♠ ✉ ❝ ❤

♠ ♦ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦ ❤ ❡ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❈ ❤ ✳ ✻✱ ✽ ❆ ❛ ♥ ❞ ✶ ✵ ❆✳ ■ ♥ ✉ ❛ ✐✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ Π / 2 ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ −→y ❛ ♥ ❞ ⟨ E n ⟩✳ ❙ ❡ ❡ ❢ ✉ ❤ ❡ ✐ ♥ ❈ ❤✳ ✽ ❆✦



✺✳ ✶ ✷ ❙ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ①✐ ✾ ✾

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✜ ♥ ❛❧❧ ② ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❜ ✐ ❡ ✢ ② ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝✲
✐ ♦ ♥ d e f Φ ✭ ✷ ✾ ✷✮✱ ❜ ✉ ❛❧ ♦ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ①✐ ✱ ✐ ♠✐❧ ❛ ✭ ✷ ✶ ✸✮✱ ✭ ✷ ✶ ✹✮✳ ❚ ❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡

✇✐ ❤ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ❢ ♦ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❛ ✈ ❡ ❝ ♦ ✱ ❛ ❛✐ ❣ ❤
❧✐ ♥ ❡✱ ❛ ♥ ❞ ❛ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ✐ ♥ ❛ ♥ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❤ ❛ ✈ ❡ ♦ ♦ ❤ ❡ ✉ ♥✐ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ 2 × 2 ✲ ❝ ❡❧❧✳
◆ ♦ ❛ ✐ ♦ ♥ d e f Φ ✐ ✉ ❡ ❞ ❢ ♦ ❤ ❡ ♠ ❛ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❝ ❛ ❡ ♦❢ D e f Φ ✳ ❊❧ ❡ ♠ ❡ ♥ ❛ ② ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥
❤ ❛ ✈ ❡ ❛❧ ♦ ♦ ♥ ❡ ❡✐ ❣ ❡ ♥ ❝ ❛❧ ❛ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ φ ❛ ♥ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ② ❤ ❡ ❛ ♠ ❡ ✉ ♥✐ ✉ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥
❢ ❛ ♠ ❡ ❛ ①✐ ✳ ❚ ❤ ❡ ♠ ♦ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ✐❢ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✐ ⟨x n + 1 ⟩ ✐ ♥ ⟨ Q n + 1 ⟩✳ ❚ ❤ ❡ ♥ ❤ ❡
♠ ❛ ✐ ❝ ❡ ✐ ♥ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 u = { I } ❤ ❛ ✈ ❡ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ✐ ♥ E ✲❢ ♦ ♠✿

{ d e f (± Φ) } 3 × 3 = s e c Φ + t a n Φ

1 + ( s e c φ − 1) c o s 2 α 1 ( s e c φ − 1) c o s α 1 c o s α 2 ± t a n φ · c o s α 1

( s e c φ − 1) c o s α 1 c o s α 2 1 + ( s e c φ − 1) c o s 2 α 2 ± t a n φ · c o s α 2

± t a n φ · c o s α 1 ± t a n φ · c o s α 2 s e c φ
, ( 3 1 9)

{ d e f (± Φ) } ( n + 1 ) × ( n + 1 )

I n × n + ( s e c φ − 1) · e α e ′
α ± t a n φ · e α

± t a n φ · e ′
α s e c φ

, (e α e ′
α =

←− −−
e α e ′

α ) . ( 3 2 0)

❚ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞✱ ❛ ✉ ✉ ❛❧❧ ②✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡
✐ ❣ ❤ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 u ✳ ❚ ❤ ❡ ♦ ✐ ❡ ♥ ❡ ❞ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ⟨x n + 1 ⟩ ✐ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ φ

♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ❤✐ ❛ ♥ ❣❧ ❡ ✐ ♣ ♦ ✐ ✐ ✈ ❡ ❢ ♦ d e f + Φ ❛ ♥ ❞ ❤ ❛ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡
c o s α k ✱ k = 1 , . . . , n✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ ⟨x 1 , . . . , xn ⟩ ❛ ♦❢ ⟨x n + 1 ⟩ ♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ✳
❚ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ E ✲❢ ♦ ♠ ✭ ✸ ✶ ✾✮✱ ✭ ✸ ✷ ✵✮ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ❜ ② ✐ ♠✐❧ ❛ ✇ ❛ ② ✇✐ ❤ ❤ ❡✐ ✉ ❛ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳

◆ ♦ ❡✱ ❤ ❛ { I ± } = − { I ∓ } ✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ✭q = 1 ✮ ❛
✐ ♥✐ ✐ ❛❧❧ ② ♥ ♦ ❛ ① ❡ ✲ ♦ ✐ ❡ ♥ ❡ ❞ ❛ ♥ ❞ ❤ ❛ ✈✐ ♥ ❣ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ = { e k } = R W Ẽ 1

✇✐ ❤ ❤ ❡ ❡❧ ❡ ❝ ❡ ❞ ❧ ❛ ♦ ❞✐ ♥ ❛ ❡ e n + 1 ✱ ✐ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♠ ❛ ② ❜ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

{
√

I } S = R ′
W { I ± } R ′

W =
← − − − − − −
e n + 1 e ′

n + 1 −
− − − − − − →
e n + 1 e ′

n + 1 = 2 · e n + 1 e ′
n + 1 − I, ( 3 2 1)

✇ ❤ ❡ ❡ e n + 1 ✐ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ⟨x n + 1 ⟩ ❛ ♥ ❞ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ✬ ♠✐ ♦
✕ ❡ ❡ ✭ ✶ ✼ ✻✮✱ ❛ ♥ ❞ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❡ ✇ ❡ ❤ ❛ ✈ ❡✿ {

√
I } S = r e f { e n + 1 e ′

n + 1 } ✳ ✭■ ♥ ❤ ❡ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧
❝ ❛ ❡✱ n × q ✉ ❛ ✐✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ① R q ❢ ♦ ♠ ✭ ✶ ✷ ✾✮ ✐ ♥ ❈ ❤✳ ✸ ✐ ♥ ❡ ❛ ❞ ♦❢ e n + 1 ♠ ❛ ② ❜ ❡ ✉ ❡ ❞✳✮

❚ ❤ ✉ ❤✐ ❝ ❤ ❛ ♣ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❝ ♦ ♠ ♣❧ ❡ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ♦❢ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ✐
❛ ✣ ♥ ❡✱ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ✐ ♦ ♥ ✱ ✇ ❤✐ ❝ ❤ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❛ ♥ ❞ ❛ ❝ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ♣ ❛ ❝ ❡ ✳
▲ ❛ ❡ ✇ ♦ ♣ ❛ ❝ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✳ ■ ♥ ❞✐ ✛ ❡ ❡ ♥ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱
❤ ❡✐ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♠ ❛ ② ❜ ❡ ❣✐ ✈ ❡ ♥ ❡✐ ❤ ❡ ❜ ② ❤ ❡ ✐ ♠ ♣❧ ❡ ✐ ❣ ♥✲ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ✉ ♥✐ ② ❢ ♦ ♠ { I ± }

✭q ≤ n ✮ ❛ ♥ ❞ { I ∓ } ✭n < q ✮ ♦ ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ {
√

I } S = { R W I ± R ′
W } ✳ ❋ ✉ ❤ ❡ ✭✦✮ ♥ ✉ ♠ ❜ ❡

q ✐ ❛ ♥ ✐ ♥ ❞ ❡ ① ♦❢ ❛ ♥ ② ✐ ♠✐❧ ❛ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❛ ❛ ✉ ❛ ♥ ✐ ② ♦❢ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✱ ❤ ❡ ❡ − 1 ✱ ♦❢
❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❛ ❣✐ ✈ ❡ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✕ ❡ ❡ ✐ ♥ ❈ ❤ ✳ ✻✱ ✶ ✵ ✕ ✶ ✷ ❛ ♥ ❞ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳ ❆ ❜ ♦ ✈ ❡
✐ ✐ q = 1 ✳ ■ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ✐ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉
❣ ♦ ✉ ♣ ♦❢ ♦ ✇ ♥ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ❡ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥
❛ ♥ ❞ ❤ ❡ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✱ ❛ ♥ ❞✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ❡ ♦❢ ♦ ✇ ♥
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ❡ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞
❤ ❡ ❡ ♦❢ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✳ ❚ ❤✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❣ ♦ ✉ ♣ ♦❢ ❤ ❡

❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ✇ ♥ ♦ ❛ ✐ ♦ ♥ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❤ ❡ ❢ ✉❧❧ ❡ ♦❢ ❤ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ✇ ♥ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠
❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❣ ♦ ✉ ♣ ♦❢ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ❣✐ ✈ ❡ ♥ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ❙ ♦✱ ❤ ❡
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ✐ ♥ ❞ ❡ ① q ✇✐ ❤ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ❛ ❡ ♠ ❛✐ ♥ ❛ ✐ ❜ ✉ ❡ ♦❢ ❛ ♥ ②
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ✇ ❤ ❡ ♥ q = 0 ✱

❛ ♥ ❞ ❤ ❡ ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ✇ ❤ ❡ ♥ n = 0 ✱ ❛ ❡ ✇ ♦ ❡ ① ❡ ♠ ❡ ❝ ❛ ❡ ♦❢ ❤ ❡
❣ ❡ ♥ ❡ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ✉ ♥✐ ② { + I } ❛ ♥ ❞ ❛ ♥ ✐ ✉ ♥✐ ② { − I } ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳



❈ ❤ ❛ ♣ ❡ ✻

❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦ ❛ ♥ ❞ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②

✻✳ ✶ ❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✱ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❡ ✢ ❡ ❝ ♦

❛ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ R c ✭ ✷ ✼ ✶✮ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ Φ ❣✐ ✈ ❡ ✐ ♥ ✭ ✷ ✼ ✷✮ ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡
{ − iΦ } c ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ c ✇✐ ❤ ✐ ❡ ✉ ❞ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②
❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ✳ ❛ ✐ ♥ ⟨ Q n + q ⟩✦ ❚ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝ ✐ ❛❧ ✇ ❛ ② ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✿

x ′x = ( R c z 0 1 ) ′ · (R c z 0 1 ) = [(
√

I ± )z 0 1 ]′ · [(
√

I ± )z 0 1 ] = z ′
0 1 {

√
I ± } 2 z 0 1 = z ′

0 1 { I ± } z 0 1 ,

✇ ❤ ❡ ❡ z 0 1 = R − 1
c · x ✐ ♥ Ẽ 0 1 = R c · Ẽ 1 ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷ ✼ ✶✮❀ Ẽ 1 = { I } ✳ ❚ ❤ ✉ ✐ ♥ ⟨ P n + q ⟩ c ✇ ❡

❤ ❛ ✈ ❡ { I ± } = R ′
c · R c = R 2

c = {
√

I ± } 2
D ❛ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦ ♦ ✳ ❲✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧

❜ ❛ ❡ Ẽ 1 ❤ ❡ ❧ ❛ ❡ ♠ ❛ ② ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦ ♠ { R W · I ± · R ′
W } = {

√
I } S ✳ ❍ ❡ ♥ ❝ ❡✱ ✐ ♥ ⟨ P n + q ⟩ c ❡ ✢ ❡ ❝ ♦

❡ ♥ ♦ ❛ ♥ ❞ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✦ ■ ♠ ♣ ♦ ❛ ♥ ❝ ❡ ♦❢ ❤✐ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
❝ ♦ ♥ ✐ ✐ ♥ ✐ ♠ ♣❧ ❡ ❛ ♥ ✐ ✐ ♦ ♥ ♦ ✛ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ♣ ❡ ✉ ❞ ♦ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ✭ ✷ ✼ ✼✮✱ ✭ ✷ ✼ ✽✮ ✐ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✳
❚ ❤ ✉ ✱ ❢ ♦ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✱ ❤✐ ✐ ❡ ❛❧✐ ③ ❡ ❞ ❜ ② ✇ ♦ ✇ ❛ ② ✇✐ ❤ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✸ ✹ ✶✮✿

Φ ↔ − iΦ ↔ Γ ,  φj ↔ − i φj ↔ γ j , (x i n Ẽ 1 ↔ z 0 1 i n Ẽ 0 1 ↔ u i n Ẽ 1 ), ( 3 2 2)

Γ ↔ + iΓ ↔ Φ , γj ↔ i γj ↔ φ j , (u i n Ẽ 1 ↔ z 0 2 i n Ẽ 0 2 ↔ x i n Ẽ 1 ). ( 3 2 3)

❚ ❤✐ ❛ ♥ ✐ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ♥ ❞ ❡ ❛❧ ❛ ♥ ❣❧ ❡ ✐ ❝ ❛❧❧ ❡ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ♦❢
❛ ❜ ❛ ❝ ② ♣ ❡ ✇✐ ❤ ♣ ❡ ❡ ✈✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✉ ❝ ✉ ❡ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳ ❆ ♣ ♣❧ ②✐ ♥ ❣ ❛ ❜ ❛ ❝
❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✷✮ ♦ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✼ ✼✮ ✕✭ ✷ ✽ ✻✮✱ ✭ ✷ ✾ ✹✮ ✕✭ ✷ ✾ ✼✮✱ ♦ ♥ ❡ ♦ ❜ ❛✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❛ ♥ ❣❧ ❡ ✱

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ✐ ♥ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❜✐ ♥ ❛ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩
✇✐ ❤ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ {

√
I } S ✱ ❛❧ ♦ ✐ ♥ ❤ ❡✐ W ✲❢ ♦ ♠ ✱ ✇✐ ❤ ♣ ❛✐ ❡ ❞ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ± γ j

✕ ✐ ♥ ❤ ❡✐ D ✲❢ ♦ ♠ ✱ ✐ ♥ ❤ ❡ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ♦❢ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ Ẽ 1 = R W · Ẽ ✭ ❛ ✐ ♥ ❈ ❤✳ ✺✮✿






. . .
c o s h γ j si n h γ j

si n h γ j c o s h γ j

. . .




 = c o s h Γ + si n h Γ = R ot h Γ = R ot h ′ Γ = e x p Γ , ( 3 2 4)

R ot h (− Γ) = c o s h Γ − si n h Γ = R ot h − 1 Γ = e x p( − Γ) . ( 3 2 5)

⇒ R ot h ( + Γ) · R ot h (− Γ) = e x p ( + Γ) · e x p( − Γ) = c o s h 2 Γ − si n h 2 Γ = I.

■ ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ Γ ♦ − Γ ❛ ♥ ❞ ✐ ❡ ♥ ♦ ■ ♥ ✈ ❛ ✐ ❛ ♥ ✳






. . .
❡ ❝ ❤ γ j − t a n h γ j

+ t a n h γ j ❡ ❝ ❤ γ j

. . .




 = ❡ ❝ ❤ Γ + i t a n h Γ = D e f h ( + Γ) , ( 3 2 6)

D e f h (− Γ) = ❡ ❝ ❤ Γ − i t a n h Γ = D e f h − 1 Γ = D e f h ′ Γ . ( 3 2 7)

⇒ D e f h ( + Γ) · D e f h (− Γ) = D e f h Γ · D e f h ′ Γ = ❡ ❝ ❤ 2 Γ + t a n h 2 Γ = I.

■ ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❡ ♥ ♦ ✉ ❛ ✐✲■ ♥ ✈ ❛ ✐ ❛ ♥ ✳



✻✳ ✷ ❈ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✶ ✵ ✶






. . .
c o s h γ j ± si n h γ j

∓ si n h γ j − c o s h γ j

. . .




 = c o s h Γ̃ ∓ si n h Γ̃ → ( 3 3 9) , ( 3 4 0) , ( 3 2 8)






. . .
❡ ❝ ❤ γ j ∓ t a n h γ j

∓ t a n h γ j − ❡ ❝ ❤ γ j

. . .




 = ❡ ❝ ❤ Γ̃ ∓ t a n h Γ̃ → ( 3 3 7) , ( 3 3 8) . ( 3 2 9)

c o s h 2 Γ̃ − si n h 2 Γ̃ = I, ❡ ❝ ❤ 2 Γ̃ + t a n h 2 Γ̃ = I

❚ ❤ ❡ ② ❛ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ❡ ✢ ❡ ❝ ♦ ✇✐ ❤ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ Γ̃ ❛ ♥ ❞
❤ ❡✐ ■ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲■ ♥ ✈ ❛ ✐ ❛ ♥ ✳

■ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✭ ✷ ✺ ✸✮ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❜ ② ❢ ♦ ♠
♦ ❛ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ♥ ♦ ♥✲ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ✐ ❡ ♥ ❡ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✿

R e f { c o s h Γ̃ } ⊖ = {
√

I } S = { R W · I ± · R ′
W } , (τ = τ m a x = q ). ( 3 3 0)

❆ ♣ ♣❧ ② ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ② ❛ ♥ ❞ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✭ ✷ ✼ ✶✮ ❛ ♥ ❞ ✭ ✸ ✷ ✹✮✱ ❤ ❡ ❡ ✉❧ ❛ ❡ ❤ ❡
❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♦ ♥ ✐ ♠✐❧ ❛ ♦ ✭ ✷ ✺ ✼✮ ❢ ♦ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥
R ot Θ ❛ ♥ ❞ ❢ ♦ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛

R ot h Γ · {
√

I } S · R ot h Γ = {
√

I } S .

❋ ✉ ❤ ❡ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♣ ❛ ✐ ✈ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ R − 1
c ❝ ♦ ♥ ✈ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞

❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ♣ ❡ ✉ ❞ ♦✲ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✳ ❆ ♥ ❣❧ ❡ { iΓ } c ❤ ❛ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ♦ ♠✳ ❡ ✉ ❞ ♦✲ ♣ ❤ ❡ ✐ ❝ ❛❧
✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ❡ ❛❧✐ ③ ❛ ❜❧ ❡ ✐ ♥ ✐ ♦ ♠ ❡ ✐ ❝ ♦ ♦ ✐ ❣✐ ♥ ❛❧ ⟨ P n + q ⟩ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡

⟨ Q n + q ⟩ c ✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝ ✐ ❛❧ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ✐ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✿

u ′ · {I ± } · u = ( R c u ) ′(R c u ) = z ′
0 2 · z 0 2 .

❙ ✉ ❝ ❤ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩ c ✐ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ✐ ♦ ♠ ♦ ♣ ❤✐ ♠ ♦❢ ❤ ❡ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❜ ②
▼✐ ♥ ❦ ♦ ✇ ❦✐✳ ■ ✇ ❛ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❍✳ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✸❪ ❛ ❤ ❡ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❡❧ ♦❢ ❛
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❣ ♦ ✉ ♣ ❝ ❛❧❧ ❡ ❞ ♦ ❛❧ ♦ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡✳

❆ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✸✮ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ♣ ❡ ✉ ❞ ♦✲ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❤ ❡✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❣✐ ✈ ❡ ✜ ♥ ❛❧❧ ②
❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ♦ ✐ ♦ ♥ ✐ ♥ ♦ ✉ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩✳ ❚ ❤ ❡ ✇ ❤ ♦❧ ❡ ❝❧ ♦ ❡ ❞

❝ ② ❝❧ ❡ ✭ ✸ ✷ ✷ ✮ ✕ ✭ ✸ ✷ ✸ ✮ ✇✐ ❤ ❛ ❜ ❛ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✐ ❞ ❡ ❝ ✐ ❜ ❡ ❞✳

❚ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✻ ✾✮ ❛ ♥ ❞ ✭ ✷ ✼ ✵✮ ❝ ♦ ♥ ♥ ❡ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞
♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❤ ❡✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡ ✐ ♥ ❡ ♠ ♦❢ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✿

− iΓ̃ 1 2 · R e f { c o s h Γ̃ 1 2 } ⊖ = Γ 1 2 = R e f { c o s h Γ̃ 1 2 } ⊖ · iΓ̃ 1 2 , ( { Γ̃ 1 2 } 2 = { Γ 1 2 } 2 ).

✻✳ ✷ ❈ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡

❆ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✐ ♥ ✭ ✸ ✷ ✷✮✱ ✭ ✸ ✷ ✸✮ ❣✐ ✈ ❡ ♥ ♦ ❛ ♥ ② ✉ ❛ ♥ ✐ ❛ ✐ ✈ ❡ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞
♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✉ ❝ ❤ ❡❧ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞

✐❢ ❛ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ♣ ❡ ❝✐ ✜ ❝ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✭ ✉ ♥✐ ✈ ❡ ❛❧✮ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 = { I }
❜ ❡ ✇ ❡ ❡ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ✲ ❛ ♥ ❣❧ ❡ ✐ ✜ ① ❡ ❞✳ ❙ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✱ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤✐ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✐ ♥ ❛❧❧ ❡✐ ❣ ❡ ♥ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲
♣❧ ❛ ♥ ❡ ✐ ♥ Ẽ 1 ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❝❧ ❡ ❛ ❧ ② ❛ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞✐ ❛ ❣ ❛ ♠ ✭ ❋✐ ❣ ✉ ❡ ✸✮✳



✶ ✵ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❆ ◆ ❉ ❙ ❈ ❆ ▲ ❆ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

Fi g u r e 3 . ❚ ❤ ❡ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❉✐ ❛ ❣ ❛ ♠ ♦ ♥ ❤ ❡ ❜ ❛ ❡ ♦❢ ✉ ♥✐ ② ❝✐ ❝❧ ❡ ❛ ♥ ❞ ✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛
✇✐ ❤ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✐ ♥ ❛ ♥ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ✕ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦❢ ❛ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✇✐ ❤
❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ❣ ❤ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳ ✭ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ φ ✐ ♣ ❤ ❡ ✐ ❝ ❛❧✱ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✳✮

❍ ❡ ❡ ✇ ❡ ✉ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♥ ♦ ❛ ✐ ♦ ♥ ✿
■✱ ■■✱ ■■■✱ ■ ❱ ❛ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ❞ ❛ ♥ ♦❢ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ✭■✱
■■■ ❛ ♥ ❞ ■■✱ ■ ❱✮ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❜ ② ❤ ❡ ✇ ♦ ❛ ② ♠ ♣ ♦ ✐ ❝ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✳
◦
γ ❛ ♥ ❞

◦ ◦
γ ❛ ❡ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❛❧ ♦ ♥ ❣

❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡✱ ❤ ❡ ② ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ■ ❛ ♥ ❞ ■■■✳
φ (γ ) ❛ ♥ ❞ γ (φ ) ❛ ❡ ❤ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ♣ ❡ ❝✐ ✜ ❝ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ②✱ ❤ ❡ ②
❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ■■❀ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ❢ ♦ ❝ ✉ ✇ ❡ ❞ ❡ ✜ ♥ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ❛ ♥ ❣❧ ❡ ω = γ F = γ (π / 4) ≈ 0 .8 8 1 ❛ ❞✳
φ R (γ ) ❛ ♥ ❞ γ R (φ ) ❛ ❡ ❤ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❣ ❡ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ②✱ ❤ ❡ ② ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ■■■✳
❇ ❡ ✐ ❞ ❡ ✱ ❜✐ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ✉ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ✇✐ ❤
❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❡ ✇ ♦ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✱ ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ❤ ❡ ❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ♣ ❛ ♦❢ ■ ❱✱ ❛ ♥ ❞ ✐ ♥ ❡ ❝ ✳ ✻✳ ✹✳

❚ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❛ ♥ ❣ ❡ ♦❢ ❝ ❡ ❛✐ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ✇ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ υ ❛ ♥ ❞ ♦❢ ✇ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ φ ❛ ♥ ❞ ξ = π / 2 − φ (γ ) ❛❧❧ ♦ ✇ ✉ ♦
❞ ❡ ✜ ♥ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ✭ ♦ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ✮ ❛ ♥ ❞ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ✭ ♦ ✐ ♥ ❡✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✮ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✱
❜ ✉ ❝ ♦ ❡ ❝ ❧ ② ♦ ♥❧ ② ✐ ♥ ❤ ❡ ♦ ❝ ❛❧❧ ❡ ❞ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✱ ✉ ✉ ❛❧❧ ② ✐ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ✿

si n h( γ, υ ) ≡ t a n( φ, ξ ), t a n h( γ, υ ) ≡ si n( φ, ξ ) [ γ (φ ) ⇔ φ (γ ), υ(ξ ) ⇔ ξ (υ )]. ( 3 3 1 − I )

si n h( γ, υ ) ≡ c ot( ξ, φ ) t a n h( γ, υ ) ≡ c o s( ξ, φ ) [ γ (ξ ) ⇔ ξ (γ )], υ(φ ) ⇔ φ (υ )]. ( 3 3 1 − I I )

✭ ❙ ❡ ❡ ♠ ♦ ❡ ✐ ❝ ❛ ♥ ❞ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ❥ ✉ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❜ ❡❧ ♦ ✇ ✐ ♥ ❡ ❝ ✳ ✻✳ ✹✳✮
❚ ❤ ❡ ♥✱ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ✭ ✸ ✸ ✶ ❆✮✱ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ♥ ❣❧ ❡ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛❧✐ ✐ ❡ ✿

γ = γ (φ ) = ❛ ❛ ♥ ❤ ( si n φ ) = ❛ ✐ ♥ ❤(t a n φ ) = l n( s e c φ + t a n φ ),

φ = φ (γ ) = ar ct a n( si n h γ ) = ar c si n(t a n h γ ) = − i l n( ❡ ❝ ❤ γ + i t a n h γ ).



✻✳ ✷ ❈ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✶ ✵ ✸

❋ ✉ ♥ ❝ ✐ ♦ ♥ γ (φ ) ✭ ▲ ❛ ♠ ❜ ❡ ✐ ❛ ♥✮ ❛ ✐ ♥ ✭ ✸ ✸ ✶✲■✮ ✇ ❛ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❏ ♦ ❤ ❛ ♥ ♥ ▲ ❛ ♠ ❜ ❡ ✐ ♥ ✶ ✼ ✻ ✵ ❬ ✸ ✻❪✳
■ ♥ ✶ ✽ ✸ ✵ ❈ ❤ ✐ ♦ ♣ ❤ ● ✉ ❞ ❡ ♠ ❛ ♥ ♥ ❛ ❞ ❞ ❡ ❞ ♦ ✐ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ γ (φ ) ✭ ● ✉ ❞ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥✮ ❬ ✺ ✶❪✳
❇ ❡ ✐ ❞ ❡ ✱ ❛ ❋✐ ❣ ✉ ❡ ✸✱ ✐ ♥ ❛ ♥ ✐❧❧ ✉ ❛ ✐ ✈ ❡ ❡ ♥ ❡✱ ✇ ❡ ❤ ♦ ✇ ♦ ♥❧ ② ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶✮ ❜ ❡ ✇ ❡ ❡ ♥
❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ♥ ❞ ❤ ❡ ❡ ♠✐✲ ❝✐ ❝❧ ❡ ✇✐ ❤ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✐ ♥
❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ✐ ♥ ❡ ✈ ❛❧ ♦ ❡ ❝ ♦ ✇✐ ❤ R = 1 ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ③ ❡ ♦ ♣ ♦✐ ♥ C ✳

❋ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ✉ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ✇ ❡ ❛ ❞ ❞ ❡ ❞ ❡❧ ❡ ✐ ♥ ✭ ✸ ✸ ✶✲■■✮ ✇ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢
❤ ❡ ② ♣ ❡ ✕ ❞✐ ❡ ❝ γ (ξ ) ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ξ (γ )✳ ❙ ♦✱ ❤ ❡ ❧ ❛ ❡ ❣✐ ✈ ❡ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ♦❢

▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ξ = π / 2 − φ (γ ) ❛ ♦ ♥ ❡✲ ❡ ♣ ✐ ♥ Ẽ 1 ❛ ♥ ❞ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ②✳ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❢ ♦ ✉ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❢ ♦ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❛❧ ♦ ❣✐ ❡ ✱ ❡ ♠ ♣ ❤ ❛ ✐ ③ ❡ ❤ ❡ ❢ ❛ ❝ ✱ ❤ ❛ ✐ ♥ ● ❡ ♦ ♠ ❡ ②✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❤ ❡ ② ❝ ❛ ♥
❜ ❡ ✉ ❡ ❞ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ♦ ✇✐ ❞ ❡❧ ② Ẽ 1 u = { r ot θ · {I } ❛ ♥ ❞ ❢ ♦ ♠ ③ ❡ ♦ ♣ ♦✐ ♥ ❖✦

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ♦ ✉ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❉✐ ❛ ❣ ❛ ♠ ❛ ❋✐ ❣ ✉ ❡ ✸✱ ❤ ❡ ♠ ❛✐ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡
❛ ❡ ✐ ♥ [− π / 2; + π / 2] ✱ ❛ ✐ ♥ ❈ ❤✳ ✺✳ ❋ ♦ ❤✐ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❤ ❡✐ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❛ ❡
♥ ♦ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡✱ ❤ ✉ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✸ ✶✮ ♠ ❛ ② ❜ ❡ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ❜ ② ✇ ♦ ❛ ♥ ❛❧ ♦ ❣ ✿

❡ ❝ ❤ γ ≡ c o s φ ≥ 0 , c o s h γ ≡ s e c φ ≥ 0 . ( 3 3 2 − I )

c o s h γ ≡ c s c ξ ≥ 0 , ❡ ❝ ❤ γ ≡ si n ξ ≥ 0 ; ( 3 3 2 − I I )

d γ (φ ) = s e c φ d φ = c o s h γ d φ, d φ (γ ) = ❡ ❝ ❤ γ d γ = c o s φ d γ ; (d ξ = − d φ ). ( 3 3 2 − I I I )

❉✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✇✐❧❧ ❜ ❡ ✉ ❡❢ ✉❧ ✐ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡ Ẽ m ✕ ❡ ❡ ♠ ♦ ❡ ❢ ✉ ❤ ❡ ✳
❚ ❤ ❡ ❛ ♥ ❣ ❡ [− π / 2; + π / 2] ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✐ ✉ ✣ ❝✐ ❡ ♥ ❢ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥

✭ ♦ ❛ ✐ ♦ ♥ ✱ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✮ ♦❢ ❧✐ ♥ ❡ ♦ ❛ ♥ ❞ ❜✐ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✳ ■ ❞ ❡ ♥ ✐ ✐ ❡ ✭ ✸ ✸ ✶✮ ❣ ❡ ♥ ❡ ❛ ❡ ♣ ❡ ❝✐ ✜ ❝
✐ ♥ ❡ ✕ ❛ ♥ ❣ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✱ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ❢ ♦ ♠ ✉ ✉ ❛❧❧ ② ✐ ♥ Ẽ 1 ✿

si n Φ ≡ t a n h Γ , t a n Φ ≡ si n h Γ ,
c o s Φ ≡ ❡ ❝ ❤ Γ , s e c Φ ≡ c o s h Γ ,

± φ j ∈ [− π / 2; + π / 2] , ± γ j ∈ (− ∞ ; +∞ ). ( 3 3 3)

▼ ♦ ❣ ❡ ♥ ❡ ❛❧❧ ② ❝ ♦ ✈ ❛ ✐ ❛ ♥ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✐ ❡ ① ♣ ❡ ❡ ❞ ✉ ✐ ♥ ❣ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦
♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✐ ♥ ✇ ♦ ❞✐ ❡ ❝ ✐ ♦ ♥
✭ ✇✐ ❤ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ✐ ♥ 2 × 2 ✲ ❝ ❡❧❧ ❢ ♦ ❜✐ ♥ ❛ ② ♣ ✐ ♠ ❛ ② ❛ ♥ ❞ ♠ ✉ ✉ ❛❧ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ✮ ❛ ❢ ♦❧❧ ♦ ✇ ✿

R ot h Γ ≡ D e f Φ ( ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ) ( 3 3 4 − I )

R ot h Γ =










✳ ✳ ✳

c o s h γ j si n h γ j

si n h γ j c o s h γ j

✳ ✳ ✳










≡










✳ ✳ ✳

s e c φ j t a n φ j

t a n φ j s e c φ j

✳ ✳ ✳










= D e f Φ ( Γ ) ,

D e f h Γ ≡ R ot Φ ( ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ) ( 3 3 4 − I I )

D e f h Γ =










✳ ✳ ✳

❡ ❝ ❤ γ j − t a n h γ j

+ t a n h γ j ❡ ❝ ❤ γ j

✳ ✳ ✳










≡










✳ ✳ ✳

c o s φ j − si n φ j

+ si n φ j c o s φ j

✳ ✳ ✳










= R ot Φ ( Γ ) .

❆ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✹✮ ✐ ♥❢ ❡ ❤ ❡ ❘ ✉❧ ❡ ✺ ❢ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❡ ❝ ✳ ✺✳ ✶ ✵✳ ❋ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧
❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✸ ✸ ✶✲■✮✿

Γ( Φ) = l n D e f Φ = l n( s e c Φ + t a n Φ) , iΦ( Γ) = l n D e f h Γ = l n( ❡ ❝ ❤ Γ + i t a n h Γ) .

❈ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ❛ ❡ ❡ ❛❧✐ ❡ ❞ ❜ ② ❡ ♣❧ ❛ ❝✐ ♥ ❣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ❜ ② ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♥ ❡✳



✶ ✵ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❆ ◆ ❉ ❙ ❈ ❆ ▲ ❆ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

▼ ♦ ❣ ❡ ♥ ❡ ❛❧❧ ② ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✐ ❡ ① ♣ ❡ ❡ ❞ ✉ ✐ ♥ ❣ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❡ ♥ ♦ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♦ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✐ ♥ ✇ ♦ ❞✐ ❡ ❝ ✐ ♦ ♥ ✿

R ot h Γ ≡ D e f Ξ ( ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ) ( 3 3 5 − I )

R ot h Γ =










✳ ✳ ✳

c o s h γ j si n h γ j

si n h γ j c o s h γ j

✳ ✳ ✳










≡










✳ ✳ ✳

c s c ξ j c o t ξ j

c o t ξ j c s c ξ j

✳ ✳ ✳










= D e f Ξ ( Γ ) ,

D e f h Γ ≡ R ot Ξ ( Γ ) ( ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ) ( 3 3 5 − I I )

D e f h Γ =










✳ ✳ ✳

❡ ❝ ❤ γ j − t a n h γ j

+ t a n h γ j ❡ ❝ ❤ γ j

✳ ✳ ✳










≡










✳ ✳ ✳

si n ξ j − c o s ξ j

+ c o s ξ j c o s ξ j

✳ ✳ ✳










= R ot Ξ ( Γ ) .

❘ ✉❧ ❡ ✶❀ ✷✱ ✸ ✭ ❡ ❝ ✳ ✺✳ ✸❀ ✺✳ ✼ ✮ ❛ ② ✈ ❛❧✐ ❞ ❛❧ ♦ ❢ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧
♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ✳ ❘ ✉❧ ❡ ✸ ✐ ❢ ♦ ✉ ♥ ❞ ❛ ✐ ♦ ♥ ❢ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♥
❤ ❡ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✕ ❡ ❡ ❡ ❝ ✳ ✻✳ ✸✳ ❍ ❡ ❡ ❘ ✉❧ ❡ ✸ ❤ ♦❧ ❞ ❢ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥

❛ ♥ ❞ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱

m

j = 1

( s e c φ j ± t a n φ j ) h j ≡

m

j = 1

( c o s h γ j ± si n h γ j ) h j = e x p




m

j = 1

± h j γ j



 = ( 3 3 6 )

= e x p γ = c o s h γ + si n h γ ≡ s e c φ + t a n φ,  φ ∈ [− π / 2; + π / 2] , ✭ ❡ ❡ ❡ ❝ ✳ ✺✳ ✶ ✵ ✮.

■❢ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✭ ✸ ✸ ✵ ✮ ❢ ♦ Γ B ✐ ✉ ❡ ❞ ❛ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✱ ❤ ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ✢ ❡ ❝ ♦ ✭ ✸ ✷ ✽ ✮✱ ✭ ✸ ✷ ✾ ✮ ❛ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✭ ✶ ✼ ✽ ✮✱ ✭ ✶ ✼ ✾ ✮ ❛ ♥ ❞ ✭ ✷ ✶ ✶ ✮✱ ✭ ✷ ✶ ✷ ✮✿

R e f { B B ′ } = ❡ ❝ ❤ Γ̃ B − t a n h Γ̃ B , R e f { B ′ B } = ❡ ❝ ❤ Γ̃ B + t a n h Γ̃ B ; ( 3 3 7 ) , ( 3 3 8 )

R e f { B } = c o s h Γ̃ B − i si n h Γ̃ B , R e f { B ′ } = c o s h Γ̃ B + i si n h Γ̃ B . ( 3 3 9 ) , ( 3 4 0 )

❙ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ♦❢ ❤ ❡ ✇ ♦ ② ♣ ❡ ✕ ❛ ❜ ❛ ❝ ✐ ♥ Ẽ ❛ ♥ ❞ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ♣ ❡ ❝✐ ✜ ❝ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❣ ❡ ♥ ❡ ❛ ❡
❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ◗ ✉ ❛ ✲ ❈✐ ❝❧ ❡ ♦❢ ♠ ♦ ✐ ✈ ❡ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✕ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✿

R ot ( iΓ ) ≡ D e f h ( − iΦ ) ⇔ R ot h Γ ≡ D e f Φ
⇕ ⇕

R ot Φ ≡ D e f h Γ ⇔ R ot h ( − iΦ ) ≡ D e f ( iΓ ) .
( 3 4 1 )

❚ ❤ ❡ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ❣ ❡ ♥ ❡ ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ♦❢ ❛ ✣ ♥ ❡ ♣ ♦❥ ❡ ❝ ♦ ✱ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐✲
❝ ❡ ✱ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❜ ❡❢ ♦ ❡✱ ✐❢ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ❢ ♦ Γ B ✐ ✉ ❡ ❞ ❛ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳ ❚ ❤ ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❡❧ ❛ ✐ ♦ ♥ ❛ ❡ ✐ ♠✐❧ ❛ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✭ ✷ ✹ ✾ ✮✿

R e f { B ′ } · R e f { B } = ( c o s h Γ̃ B + si n h Γ̃ B ) ( c o s h Γ̃ B − si n Γ̃ B ) = R ot h 2 Γ B . ( 3 4 2 )

❚ ❤✐ ♠ ❡ ❛ ♥ ❤ ❡ ❡ ❤ ❛ ❡ ✢ ❡ ❝ ✐ ♦ ♥ { (
√

I ) ′
h (

√
I ) h } ✱ ✇ ❤ ❡ ❡ (

√
I ) h ≠ (

√
I ) ′

h ✕ ❤ ❡ ♣ ✐ ♠ ❡ ♥ ♦ ♥✲ ② ♠ ♠ ❡ ✐ ❝ ✉ ❛ ❡
♦ ♦ ✱ ✐ ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♠✐❧ ❛ ♦ ✭ ✷ ✺ ✶ ✮✳ ❍ ❡ ♥ ❝ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① R ot h Γ B ✐ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ❡ ♦ ♦ ♦❢ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ✐ ♥ ✉ ❛ ❡ ❜ ❛ ❝ ❦ ❡ ✐ ♠✐❧ ❛ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✐ ♥ ✭ ✷ ✺ ✶ ✮❀ ❜ ✉ ✐ ♥
❤✐ ❝ ❛ ❡ ✐ ✐ ❛❧ ♦ ❛ ♥ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♦ ♦ ✿

R ot h Γ B = [ ( ± R e f { B } ) ′ · ( ± R e f { B } )]
1 / 2
S = [ R ot h 2 Γ B ]

1 / 2
S . ( 3 4 3 )

■❢ a 1 , a 2 ❛ ❡ ❤ ❡ ♥ ♦ ♥✲ ♦ ✐ ❡ ♥ ❡ ❞ ✈ ❡ ❝ ♦ ♦ ♣❧ ❛ ♥ ❛ i m a 1 , i m a 2 ♦❢ ❛ ♥ ❦ ✶ ❛ ♥ ❞ a 1 a 2 ≠ 0 ✱ ❤ ❡ ♥ ❤ ❡ ② ♠ ❛ ②
❛❧ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ❛ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❛ ✐ ① ✇✐ ❤ τ = 1 ✿

R ot h Γ 1 2 = ( I − 2
←− −−
a 2 a ′

1 ) ( I − 2
←− −−
a 1 a ′

2 )
1 / 2

= ( 3 4 4 )

= I − 2
a 1 a ′

2

a ′
2 a 1

+
a 2 a ′

1

a ′
1 a 2

+ 4 c o s h 2 γ 1 2 ·
a 2 a ′

2

a ′
2 a 2

1 / 2

,

✇ ❤ ❡ ❡✿
←− −−
a 2 a ′

1 =
a 2 a ′

1

a ′
1 a 2

,
←− −−
a 1 a ′

2 =
a 1 a ′

2

a ′
2 a 1

.

✭■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ a 1 = e 1 , a 2 = e 2 , → e ′
2 e 1 = e ′

1 e 2 = c o s φ 1 2 ≡ ❡ ❝ ❤ γ 1 2 , e 2 e ′
1 =

←− −−
e 2 e ′

1 ✳ ✮



✻✳ ✷ ❈ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✶ ✵ ✺

❘ ❡ ❝ ❛❧❧✱ ❤ ❛ {
←− −−
a 2 a ′

1 } ✐ ❛ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ⟨ i m a 2 ⟩ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ k e r a ′
1 ⟩ ≡ ⟨ i m a 1 ⟩ ⊥ ✳

❚ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ α B ✐ ♥ ✭ ✷ ✽ ✽ ✮ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✉ ❛ ♥ ✐ ❛ ✐ ✈ ❡❧ ② ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✸ ✸ ✶ ✮ ❛ ♥ ❞ ✭ ✸ ✷ ✹ ✮✿

D e f α B ≡ R ot h 2 Γ B ⇒ α B = a r c t a n ( si n h 2 γ B ) .

❚ ❤✐ ❡❧ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♠ ❡ ♥ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ♠ ♦ ✐ ✈ ❡
❛ ♥ ❣❧ ❡ ✕ ❡✐ ❤ ❡ ♦ ➹ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ✉ ❛ ❝✐ ❝❧ ❡ ✭ ✸ ✹ ✶ ✮✦

❚ ❤ ❡ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ✉ ❡ ① ♣ ❡ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✿

R e f { c o s Φ̃ } ⊖ = R e f { s e c Φ̃ } ⊖ ≡ R e f { c o s h Γ̃ } ⊖ = R e f { s e c h Γ̃ } ⊖ . ( 3 4 5 )

❘✐ ❣ ❤ ♠ ✉❧ ✐ ♣❧ ② ❤ ❡ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ✉ ❛ ❝✐ ❝❧ ❡ ✭ ✸ ✹ ✶ ✮ ❜ ② ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ✐ ♠✐❧ ❛ ✉ ❛ ❝✐ ❝❧ ❡
❢ ♦ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ✳ ❘ ❡ ♣ ❡ ❛ ❤✐ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦ ♥ ❝ ❡ ♠ ♦ ❡ ❛ ♥ ❞ ✇ ❡ ❡ ✉ ♥ ♦ ❤ ❡✐ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ♦ ✐ ✈ ❡ ② ♣ ❡✳ ❉ ❡ ✜ ♥✐ ✐ ♦ ♥
♦❢ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ Γ̃ B ❛ ♥ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢
✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶ ✮✱ ✐❢ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✭ ✸ ✹ ✺ ✮ ❢ ♦ Γ B ✐ ✉ ❡ ❞ ❛ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♠ ❡ ✐ ❝
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳

❆ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✺ ✺ ✮✱ ✭ ✷ ✺ ✻ ✮ ❛ ♥ ❞ ✭ ✸ ✵ ✸ ✮ ❣✐ ✈ ❡ ❤ ❡ ✐ ♠✐❧ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ❞ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✿

R e f { B ′ } = R ot h ( + Γ B ) · R e f { B } · R ot h ( − Γ B );

R e f { B ′ } = R e f { c o s h Γ̃ B } ⊖ · R e f { B } · R e f { c o s Γ̃ B } ⊖ ,

R e f { B } = R e f { c o s h Γ̃ B } ⊖ · R e f { B ′ } · R e f { c o s Γ̃ B } ⊖ ;
−→←−
B ′ = R ot h ( + Γ B ) ·

−→←−
B · R ot h ( − Γ B ) = R e f { c o s h Γ̃ B } ⊖ ·

−→←−
B · R e f { c o s Γ̃ B } ⊖ .






( 3 4 6 )

❆ ❞ ❞ ♦ ❤ ❡ ♠ ❤ ❡ ❡ ⟨ T B ⟩ ≡ ⟨ R ot h Γ B · R ot Θ B ⟩ ♦❢ ♠ ♦ ❞ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ♣ ❡ ❢ ♦ ♠✐ ♥ ❣ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✭ ✸ ✹ ✻ ✮✳
❍ ❡ ❡ ❤ ❡ ♠ ❛ ✐ ① R ot h Γ B ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✭ ✸ ✹ ✸ ✮ ❤ ❛ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥
❛ ♠ ♦ ♥ ❣ ❛❧❧ ♠ ❛ ✐ ❝ ❡ ♦❢ ⟨ T B ⟩ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ❡ ♥ ❛ ❜❧ ❡ ♦ ♥ ❡ ♦ ❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡
❢ ♦ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ❛ ✣ ♥ ❡ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ❉✲❢ ♦ ♠ ✱ ✐✳ ❡✳✱ ❞ ❡ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❢ ✉ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ✭ ✸ ✶ ✶ ✮✱ ✭ ✸ ✶ ✷ ✮✿

R ′
W · R ot h ( + Γ B / 2 ) ·

−→←−
B · R ot h ( − Γ B / 2 ) · R W = D {

−→←−
B } ,

R ′
W · R ot h ( − Γ B / 2 ) ·

−→←−
B ′ · R ot h ( + Γ B / 2 ) · R W = D {

−→←−
B ′ } .





( 3 4 7 )

✯ ✯ ✯

❆ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ② ✕ ❡ ❡ ✭ ✷ ✺ ✼✮✱ ✭ ✷ ✺ ✽✮ ✐ ♥ ❡ ❝ ✳ ✺✳ ✼✱ ✐ ♥ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ♦ ♥❧ ② ❤ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ✇ ♦ ② ♣ ❡ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ✲
❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❡ ✉ ❡ ❞✳ ■ ♥ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ✈ ❡ ✐ ♦ ♥✱ ❤ ❡ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ✐ ❢ ② ❡❧ ❛ ✐ ♦ ♥ ✿

R ot h { ± Γ 1 2 } · R e f { c o s h Γ̃ } ⊖ · R ot h { ± Γ 1 2 } = R e f { c o s h Γ̃ } ⊖ ,

R ot ′ { ± Θ 1 2 } · R e f { c o s h Γ̃ } ⊖ · R ot { ± Θ 1 2 } = R e f { c o s h Γ̃ } ⊖ .
( 3 4 8)

❋ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ✐ ♦ ♥✱ ✇ ❡ ✉ ❡ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦❢ ✭ ✷ ✺ ✻✮ ✐ ♥ ✭ ✸ ✺ ✻✮ ✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ✐ ♥ ❛ ♥ ❣ ✉❧ ❛
✈ ❛ ✐ ❛ ♥ ❢ ♦ ♠ ✭ ✷ ✶ ✶✱ ✷ ✶ ✷✮ ❛ ♥ ❞ ❛ ❞ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠ ♦ ♥ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ✢ ❡ ❝ ♦ ❀ ❛ ♥ ❞ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡
❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ✇ ♦ ② ♣ ❡ ✱ ✇ ❤✐ ❝ ❤ ❛❧❧ ❛ ✐ ❢ ② ❡❧ ❛ ✐ ♦ ♥ ✿

R e f ⊠ { ∓ Γ̃ 1 2 } } · R e f { c o s h Γ̃ } ⊖ · R e f ⊠ { ± Γ̃ 1 2 } } = R e f { c o s h Γ̃ } ⊖ ,

R e f ⊠ { ± Θ̃ 1 2 } · R e f { c o s h Γ̃ } ⊖ · R e f ⊠ { ± Θ̃ 1 2 } = R e f { c o s h Γ̃ } ⊖ .
( 3 4 9)

❚ ❛ ♥ ❢ ❡ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ✲ ❡ ♥ ♦ R e f { c o s h Γ̃ } ⊖ ✱ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ✢ ❡ ❝ ♦ ✐ ❛ ♥ ✲
❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ✐ ♠ ✉ ✉ ❛❧ ♦ ♥ ❡ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♥ ❣❀ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ❡ ✢ ❡ ❝ ♦ ✐ ❛ ♥ ❢ ❡ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❜ ♦ ❤
✉ ♥✐ ② ♣ ❛ ♦❢ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✇✐ ❤ ♦ ✉ ❝ ❤ ❛ ♥ ❣ ❡ ❛ ♥ ❞ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♥ ❣ ♦ ♦✦

❘ ❡❧ ❛ ✐ ♦ ♥ ✭ ✸ ✹ ✽✱ ✸ ✹ ✾✮ ❛ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦❢ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ✭ ✷ ✺ ✼✱ ✷ ✺ ✽✮✳
❚ ❤ ❡ ② ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩✱ ✐ ❣ ❡ ♦ ♠ ❡ ② ❛ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇✐ ❤
❤ ❡ ❣✐ ✈ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ②✱ ❛ ✇ ❡❧❧ ❛ ❢ ♦ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ② ♣ ❡ ♦❢
❤ ❡ ✇ ♦ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✇✐ ❤ ❛ ♥ ✐ ♥ ❞ ❡ ① q ✳ ❚ ❤ ❡ ❧ ❛ ❡ ❛ q = 1 ❛ ❡ ✇ ♦

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦ ♥ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ✳
❚ ❤ ❡ ❡ ✇ ♦ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥ ✇ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ♦❢ ❤ ❡ ❛ ❞✐ ✉ ✲
♣ ❛ ❛ ♠ ❡ ❡ R ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ✇✐ ❤ ❛ ❡ ❡ ✢ ❡ ❝ ♦ ♠ ❡ ✐ ❝
❡ ♥ ♦ ✳ ❲❡ ✇✐❧❧ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❤✐ ♦ ♣✐ ❝ ✐ ♥ ❈ ❤ ✳ ✶ ✶✱ ✶ ✷✱ ✻ ❆✱ ✼ ❆ ❛ ♥ ❞ ✶ ✵ ❆ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♥ ♦ ❛ ♥ ❞

❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ✉ ❝ ❤ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❧ ❛ ✇ ♦❢ ❤ ❡✐ ✉ ♠ ♠ ❛ ✐ ♦ ♥✳



✶ ✵ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❆ ◆ ❉ ❙ ❈ ❆ ▲ ❆ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

✻✳ ✸ ❘ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ♥ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥

❆ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ❛ ✐ ❝ ❡ ♦❢ ❤ ❡ ✇ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ✈ ❡ ② ♣ ❡ ❛ ♥ ❞
❡ ✢ ❡ ❝ ✐ ✈ ❡ ♦ ♥ ❡ ✐ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♥ ❡ ❡ ❞ ✐ ♥ ❝ ♦ ❡ ❝ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❥ ✉ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣

❛ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ❡ ✢ ❡ ❝ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✱ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
❛ ♥ ❞ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❜ ❛ ❡ ✳ ❋✐ ① ❛ ♥ ✐ ♥✐ ✐ ❛❧ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ✭ ❛ ✣ ♥ ❡✮ ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ✉ ♥✐ ②
❜ ❛ ❡ Ẽ 1 = { I } ✳ ❚ ❤ ❡ ♥ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ✐ ♥ ❤✐ ♣ ❛ ❝ ❡ ❜ ② ✉✐ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✇ ❛ ② ❤ ❡ ❡ ✢ ❡ ❝ ♦
❡ ♥ ♦ ❢ ♦ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ✐ ♥ ✐ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ❛ {

√
I } S ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✺✳ ✼✮✳ ■ ♥ ❤✐ ✐ ♥✐ ✐ ❛❧ ❜ ❛ ❡✱

✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ♥ ♦ ♥✲ ❝ ♦ ❛ ①✐ ❛❧ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ❛ ♥ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❡ ♥ ♦ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ② ♣ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ❡❢ ♦ ❡ ✐ ♥ ✭ ✷ ✺ ✼✮ ❛ ♥ ❞ ✭ ✸ ✹ ✽✮✿

✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩ ≡ ⟨ E n ⟩ ⊞ ⟨ E q ⟩ ≡ C O N S T ✱ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ⟨R ot Φ ⟩

R ot Φ · {
√

I } S · R ot Φ = {
√

I } S = R ot (− Φ) · {
√

I } S · R ot (− Φ);

✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ≡ ⟨ E n ⟩ ⊠ ⟨ E q ⟩ ≡ C O N S T ✱ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ⟨R ot h Γ ⟩

R ot h Γ · {
√

I } S · R ot h Γ = {
√

I } S = R ot h (− Γ) · {
√

I } S · R ot h (− Γ);

✐ ♥ ❜ ♦ ❤ ♣ ❛ ❝ ❡ ✱ ❝ ♦ ♠ ♠ ♦ ♥ ❣ ♦ ✉ ♣ ♦❢ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ⟨R ot Θ ⟩

R ot ′ Θ · {
√

I } S · R ot Θ = {
√

I } S = R ot Θ · {
√

I } S · R ot ′ Θ .

❚ ❤ ❡ ♥ ❡ ✇ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩ ✭ ❡ ❡ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❡ ❝ ✳ ✺✳ ✼✮ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ②
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❤ ❡ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ {

√
I } S ✳ ❚ ❤ ❡ ② ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❢ ♦ ♠✐ ♥ ❣ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♠ ♣❧ ❡ ❡ ❣ ♦ ✉ ♣ ♦❢ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ✿

Ẽ 2 = R ot Φ · R ot Θ · Ẽ 1 o r Ẽ 3 = R ot Θ · R ot Φ · Ẽ 1 . ( 3 5 0)

Ẽ 1 ✱ Ẽ 2 ✱ Ẽ 3 ❛ ❡ ❝ ❛❧❧ ❡ ❞ ♦ ❛ ✐ ♦ ♥ ❛❧❧ ② ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✳ ❚ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ❤ ❡ ❡ ♦
❤ ❡ ✐ ❣ ❤ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✉ ❝ ❤ ❛ ✭ ✸ ✺ ✵✮✳

❚ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ✭ ❡ ❡ ✐ ♥ ❈ ❤ ✳ ✶ ✵ ❛ ♥ ❞ ✶ ✶✮
✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ✇✐ ❤ ❤ ❡ ❡ ❡ ✢ ❡ ❝ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦
{
√

I } S ✳ ❚ ❤ ❡ ② ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❢ ♦ ♠✐ ♥ ❣ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❣ ♦ ✉ ♣
♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ✿

Ẽ 2 = R ot h Γ · R ot Θ · Ẽ 1 o r Ẽ 3 = R ot Θ · R ot h Γ · Ẽ 1 . ( 3 5 1)

Ẽ 1 ✱ Ẽ 2 ✱ Ẽ 3 ❛ ❡ ❝ ❛❧❧ ❡ ❞ ♦ ❛ ✐ ♦ ♥ ❛❧❧ ② ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✳ ❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ❤ ❡ ❡ ♦
❤ ❡ ✐ ❣ ❤ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✉ ❝ ❤ ❛ ✭ ✸ ✺ ✶✮✳

■ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ✐ ❣ ❤ ♦✲ ❝ ❛❧❧ ❡ ❞ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✿

⟨ Ẽ I u ⟩ ≡ ⟨ R ot Θ · Ẽ 1 ⟩ ( Ẽ ′
I u Ẽ i u = I, Ẽ ′

I u {
√

I } S Ẽ I u = {
√

I } S , d et Ẽ I u = + 1) . ( 3 5 2)

❚ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ⟨R ot Θ ⟩ ❢ ♦ ♠ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✉ ❜ ❣ ♦ ✉ ♣ ✱ ✇ ❤ ❛ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢
❤ ❡ ❡ ◗ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣ ✱ ❜ ✉ ♦ ♥❧ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ⟨ Ẽ I u ⟩✦

❆ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❛ ♥ ❞ ❛ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❢ ♦ ♠ ✇ ♦ ❦✐ ♥ ❞ ✭ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦
❤ ② ♣ ❡ ❜ ♦❧✐ ❝✮ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ♣ ❛ ❝ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ✇✐ ❤ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥
❢ ♦ ♠ ❤ ❡✐ ✇ ♦ ❦✐ ♥ ❞ ✭ ❡✐ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✮❀ ❛ ♥ ❞ ✈✐ ❝ ❡ ✈ ❡ ❛✦ ❚ ❤ ❡ ✇ ♦
❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♦❢ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ✇ ♦ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✭ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✮ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ✉ ❜ ❡ ♦❢ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✱ ✇ ❤✐ ❝ ❤ ✐ ♣ ✉❧ ❛ ❡ ❤ ❡ ♣ ❛ ❝ ❡ ✐ ♦ ♦ ♣ ② ❛ ♥ ❞ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ②✦



✻✳ ✸ ❘ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ♥ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✶ ✵ ✼

❘ ❡ ❝ ❛❧❧ ✭✦✮✱ ❤ ❛ q ✐ ❛ ✉ ❛ ♥ ✐ ② ♦❢ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✉ ♥✐ ② ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❛ ♥ ②
❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✇✐ ❤ ✉ ❝ ❤ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✕ ❡ ❡ ✐ ♥ ❈ ❤ ✳ ✶ ✵ ✕ ✶ ✷ ❛ ♥ ❞ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳

❚ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✐ ❤ ❡ ✐ ♠ ♣❧ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ❜ ② ✐ ❢ ♦ ♠✳ ❯ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡
❡ ♥ ❛ ❜❧ ❡ ♦ ♥ ❡ ♦ ❥ ♦✐ ♥ ❧ ② ❡ ❛❧✐ ③ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ♦ ♥ ❤ ❡
❜ ❛ ✐ ♦❢ ❝ ♦ ♥ ❝ ❡ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ②✱ ❜ ✉ ♦ ♥❧ ② ✇✐ ❤ ♦ ♥ ❡✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✳ ◆ ♦ ❡✱ ✐ ♥
♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❛ ✐ ♥ ❙ ❚ ❘ ✭ ♣ ❡ ❝✐ ❛❧ ❤ ❡ ♦ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ②✮ ♣ ❤ ② ✐ ❝ ❛❧ ♦ ♥ ❡✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝
♦ ❡❧ ❛ ✐ ✈ ❡❧ ② ✜ ① ❡ ❞ ❖ ❜ ❡ ✈ ❡ ❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✳

❈ ♦ ♥ ✐ ❞ ❡ ❤ ♦ ✇ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❛ ❝ ♦ ♥ ♠ ❛ ✐ ❝ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ❜ ♦ ❤ ♣ ❛ ❝ ❡ ✳
▲ ❡ B ❜ ❡ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ①✱ ✉ ❡ ❞ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❛ ♥ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡ ⟨ A n ⟩✳ ■ ♥ ♦ ❞ ✉ ❝ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡
❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❛ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① B ✐ ♥ ✇ ♦ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

✈ ❛ ✐ ❛ ♥ ✭ ✇✐ ❤ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ♠ ❡ ✐ ❝ ❢ ♦ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ✮✿

{
√

I } S = R e f { c o s Φ̃ B } ⊖ ≡ R e f { c o s h Γ̃ B } ⊖ . ( 3 5 3)

❲❡ ❣ ♦ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳ ❍ ❡ ❡ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ② ✐ ✉ ❡ ♦ ♥❧ ② ✐ ♥ ⟨ Ẽ I u ⟩✳

■ ♥ ❤ ❡ ✜ ❝ ❛ ❡✱ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ♦
← − −
B B ′ ❛ ♥ ❞

− − →
B B ′ ❛ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ❛ ❝ ❤

♦ ❛ ♥ ♦ ❤ ❡ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❛ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I + } ✱ ✐✳ ❡✳✱ ❡ ✢ ❡ ❝ ♦
❡ ♥ ♦ ✭ ✸ ✺ ✸✮ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ✳

■ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❝ ❛ ❡✱ ❤ ❡ ♥ ♦ ♥✲ ② ♠ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ♦
←−
B ❛ ♥ ❞

−→
B ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧

❡ ❛ ❝ ❤ ♦ ❛ ♥ ♦ ❤ ❡ ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦
✭ ✸ ✺ ✸✮✳ ❚ ❤✐ ❢ ❛ ❝ ❢ ♦❧❧ ♦ ✇ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❧ ❛ ❢ ♦ ♠ ✉❧ ❛ ✐ ♥ ✭ ✸ ✹ ✻✮✿

(
←−
B ) ′R e f { c o s h Γ̃ B } ⊖ −→

B = R e f { c o s h Γ̃ B } ⊖ ·
←−
B ·

−→
B = Z.

❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ B − ✭ ❡ ❝ ✳ ✷✳ ✶✮ ✐ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ✇✐ ❤
❡ ♣ ❡ ❝ ♦ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✭ ✸ ✺ ✸✮ ✐❢ B ✐ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡✳ ❆❧ ♦✱ ✐ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ❞✐ ❡ ❝ ✉ ♠ ⟨i m B ⟩ ⊕

⟨k e r B ⟩ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳ ❚ ❤ ❡ ♥ ❢ ♦ ♥ ♦ ♥✲ ② ♠ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ♦
←−
B ❛ ♥ ❞

−→
B ✱ ❤ ❡✐

❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✵ ❛ ♥ ❞ ✶ ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ♦✳

❊ ✉✐ ❛ ♥ ❦ ♣ ♦❥ ❡ ❝ ♦
←−
B ❛ ♥ ❞

←−
B ′ ❛ ✇ ❡❧❧ ❛

−→
B ❛ ♥ ❞

−→
B ′ ❛ ♥ ❞ ❤ ❡✐ ♣❧ ❛ ♥ ❛ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦

❡ ❛ ❝ ❤ ♦ ❤ ❡ ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✸ ✹ ✻✮ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✷✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦

❛ ♥ ❞ ❡ ♥ ♦ ♦ ❜❥ ❡ ❝ ✳ ♦❥ ❡ ❝ ♦
←−
B ❛ ♥ ❞

−→
B ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ♣ ♦❥ ❡ ❝ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②

✐ ♥ ♦ ⟨i m B ⟩ ❛ ♥ ❞ ⟨k e r B ⟩✳ ♦❥ ❡ ❝ ✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽ ✻✮ ✕✭ ✶ ✾ ✼✮ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞✳ ■ ♥ ❤ ❡ ② ♠ ❜ ♦❧✐ ❝
♦ ❝ ❛ ❤ ❡ ❞ ♦ ♥ ✭ ❋✐ ❣ ✉ ❡ ✶✮ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ R S ❣ ❡ ♥ ❡ ❛ ❡ ✇ ♦ ♣ ❡ ✉ ❞ ♦✲✐ ♦ ❝ ❡❧ ❡ ✐ ❛ ♥ ❣❧ ❡ R Z S ❛ ♥ ❞
R I S ✇✐ ❤ ❡ ✉ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ∠ R Z S ≡ ∠ R I S ≡ Γ B ✳ ❚ ❤ ❡ ❡ ❢ ❛ ❝ ❛ ❡ ❡ ♣ ♦ ♥ ❡ ♦ ❤ ❡
✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✭ ✸ ✺ ✸✮ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠✳

❆ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦❢ ▼ ♦✐ ✈ ❡ ❛ ♥ ❞ ❊ ✉❧ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
❢ ♦ ♠ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❡ ♥ ♦ ✐ ♥ ❝ ❡❧❧✲❢ ♦ ♠ ✕ ❡ ❡ ✐ ♥ ✭ ✷ ✽ ✼✮✿

R ot h { m Γ } = c o s h { m Γ } + si n h { m Γ) = R ot h m Γ =

= e x p { m Γ } → { m Γ } = l n R ot h { m Γ } → Γ = l n R ot h Γ .

{ R ot h m Γ } =













✳ ✳ ✳

c o s h m γ j si n h m γ j

si n h m γ j c o s h γ j

✳ ✳ ✳

✶

✳ ✳ ✳













= e x p













✳ ✳ ✳

0 m γ j

m γ j 0

✳ ✳ ✳

✵

✳ ✳ ✳













,

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ m = 1 / 2 ❣✐ ✈ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❛ ❡ ♦ ♦ ✭ ✸ ✹ ✸✮
♦❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✳



✶ ✵ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❆ ◆ ❉ ❙ ❈ ❆ ▲ ❆ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ①✱ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡✱ ❛ ❡ ❤ ❡ ❛ ♠ ❡ ❛ ♦❢ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧
❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✳ ❚ ❤✐ ♠ ❛ ✐ ① ✐ ② ♠ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ♦ ✐ ✐ ✈ ❡ ❞ ❡ ✜ ♥✐ ❡✱ ✐ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡

µ 2 j = c o s h γ j + si n h γ j > 0 ✱ µ 2 j + 1 = µ − 1
2 j = c o s h γ j − si n h γ j > 0 ✱ ❛ ♥ ❞ ❛❧ ♦ ♠ ❛ ② ❜ ❡ ✐ ♥

❛ ❞ ❞✐ ✐ ♦ ♥ µ k = + 1 ✳
❆ ♥ ② ♣ ❛✐ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ♥ ✉ ♠ ❜ ❡ x ❛ ♥ ❞ x − 1 ♠ ❛ ② ❜ ❡ ✉ ♥✐ ✉ ❡❧ ② ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❛ ❝ ❛❧ ❛

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛ ❛ 2 × 2 ✲ ♠ ❛ ✐ ① ✭ ❡ ❡ ❡ ❝ ✳ ✺✳ ✶ ✵✮✳

■ ♥ ♦ ❞ ❡ ♦ ❡ ❛ ❜❧✐ ❤ ❝ ♦ ♠ ♣ ❛ ✐ ❜✐❧✐ ② ♦❢ ❝ ❡ ❛✐ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♦ ♠ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✇✐ ❤
❤ ❡ ♣ ❛ ❝ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ♥ ❜ ♦ ❤ ❦✐ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ✉ ❛ ❞ ❛ ✐ ❝

♠ ❡ ✐ ❝ ✱ ♦ ♥ ❡ ♠ ❛ ② ✉ ❡ ❤ ❡ ❞ ❡ ✜ ♥✐ ♥ ❣ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✺ ✼✮✱ ✭ ✷ ✺ ✽✮ ❛ ♥ ❞ ✭ ✸ ✹ ✽✮✱ ✭ ✸ ✹ ✾✮ ❛ ❝ ✐ ❡ ✐ ♦ ♥ ✳

✻✳ ✹ ❙ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ♠ ❛✐ ♥ ❡❧ ❛ ✐ ♦ ♥

❆ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ♣ ♦ ❞ ✉ ❝ ❡ ❛ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ✐ ❡ ♥ ❡ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
⟨ P n + q ⟩✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡ ❛ ♥ ❞ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ✐ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✳
❘ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① R ot h Γ ❛ ❛ ❧ ❡ ✈ ❡❧ ♦❢ ❤ ❡ j ✲ ❤ 2 × 2 ❝ ❡❧❧ ✐ ♥ W ✲❢ ♦ ♠
✭ ✸ ✷ ✹✮ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ Ẽ 1 = { I } ✱ ✇ ❤ ❡ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❡ ❛❧✐ ③ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡
❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ♦❢ ❝ ♦ ✉ ♣❧ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ✭ ❋✐ ❣ ✉ ❡ ✸✮✳ ■ ♥ ❤ ❡ j ✲ ❤ ❡✐ ❣ ❡ ♥ ♣ ❡ ✉ ❞ ♦✲
♣❧ ❛ ♥ ❡✱ ✇ ♦ ❛ ① ❡ ✕ ♦ ❞✐ ♥ ❛ ❡ ❛ ♥ ❞ ❛ ❜ ❝✐ ❛ ❛ ❡ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ u ❛ ♥ ❞ v ❢ ♦ ❤ ❡ D ✲❢ ♦ ♠ ♦❢
c o s h Γ ✭ ✇✐ ❤ ± c o s h γ ✮ ❛ ♥ ❞ { I ± } ✭ ✇✐ ❤ ± 1 ✮❀ ✇ ♦ ❛ ② ♠ ♣ ♦ ❡ ♦❢ ❤ ❡ ✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✇✐ ❤
❡ ♣ ❡ ❝ ♦ ❛ ♥ ② ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜ ❛ ❡ Ẽ ❛ ❡ ❤ ❡ ♠ ❛✐ ♥ ❛ ♥ ❞ ❧ ❛ ❡ ❛❧ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✕ ❧✐ ♥ ❡ ✇✐ ❤

③ ❡ ♦ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❡ ✇ ♦ ❛ ② ♠ ♣ ♦ ❡ ❢ ♦ ❛❧❧ ✐ ♠✐❧ ❛ ✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ❛ ❡
✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ❛ ❡✳ ■❢ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥
n ✐ ❣ ❡ ❛ ❡ ❤ ❛ ♥ ✷✱ ❤ ❡ ♥ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❞✐ ✈✐ ❞✐ ♥ ❣ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✳
❆ q = 1 ✱ n > 2 ✱ ✐ ✐ ❛ ♥ ❛ ② ♠ ♣ ♦ ✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❢ ♦ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ■■
✭ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ♦❢ ❛ ❞✐✐ R = ± 1 ❛ ♥ ❞ R = ± i✮ ✕ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❈ ❤✳ ✶ ✷✳ ■❢ ❤ ❡ j ✲ ❤ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡
❝ ✉ ✉ ❝ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱ ❤ ❡ ♥✱ ♦ ♥ ✐ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❤ ❡ ♦ ❛ ✐ ♦ ♥ { R ot h Γ } 2 × 2 ✐ ♣ ❡ ❢ ♦ ♠ ❡ ❞
❛❧ ♦ ♥ ❣ ❤ ❡ ✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛✳ ■ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ❞ ❛ ♥ ✱ ♣ ♦ ✐ ✐ ✈ ❡ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ γ j ✐ ♠ ❡ ❛ ✉ ❡ ❞ ♦ ✛
❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ①✐ ✐❧❧ ❛ ♥ ♦ ❤ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ♥ ❡ ❛ ❡ ♠ ❛✐ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥

❞✐ ❛ ❣ ♦ ♥ ❛❧✱ ❛ ♥ ❞ ✈✐ ❝ ❡ ✈ ❡ ❛ ✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❛ ♥ ❣❧ ❡ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ✈✐ ✉ ❛❧❧ ② ♠ ♦ ❡✱ ❤ ❛ ♥ π / 4 ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧
❜ ❛ ❡ Ẽ 1 ❛ ❋✐ ❣ ✉ ❡ ✸✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ❢ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ❛❧ ❛ ❛ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱
✇ ❡ ❛ ❞ ♦ ♣ ❤ ❛ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ γ j ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ υ j ❛ ❡ ♠ ❡ ❛ ✉ ❡ ❞ ♦ ✛ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ✐ ❞ ❡
♦❢ γ j ✐❧❧ ❤✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧✳ ❚ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ❞ ♦ ♥ ❡ ❛ ❢ ♦ ♥ ❈ ♦ ✈ ❡ ♦❢ ♦ ✉ ❜ ♦ ♦ ❦✳
❚ ❤ ❡ ♥ ✈✐ ✉ ❛❧❧ ② ❤ ❡✐ ✉ ♠ ✐ ❡ ✉ ❛❧ π / 4 ❛ ♥ ❞ ❧ ❛ ✐ ✐ ❣ ❤ ✦ ❙ ❡ ❡ ❤✐ ❢ ✉ ❤ ❡ ♠ ♦ ❡ ❛ ♥ ❞ ✐ ♥ ❞ ❡ ❛✐❧✳

❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ✐ ♥ ♦ ❡ ❞ ❢ ✉ ❤ ❡ ❛ λ ✇✐ ❤ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ❛ ✉ ❡ γ ✳
❚ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ l ♦❢ ❤ ❡ ❛ ❝ ✐ ♦ ❜ ✈✐ ♦ ✉ ❧ ② ❣ ❡ ❛ ❡ ✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ λ ✿

λ = R

γ 2

γ 1

(d si n h γ ) 2 − (d c o s h γ ) 2 = R (γ 2 − γ 1 ) < R

γ 2

γ 1

(d si n h γ ) 2 + ( d c o s h γ ) 2 .

❚ ❤ ❡ ❛ ❡ ❛ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ❝ ♦ ✐ S = R 2 (γ 2 − γ 1 )/ 2 ✳ ■ ♥ ❤ ❡ ❡ ❢ ♦ ✉ ✉ ❛ ❞ ❛ ♥ ❤ ❡ ❛ ❞✐ ✉ ✲
✈ ❡ ❝ ♦ ♦❢ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ ± R ♦ ± i R ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❣ ❡ ♥
❛ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ❛ ♥ ❣ ❡ ♥ ❝ ② ✐ ♥ ❛ ♥ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜ ❛ ❡ Ẽ ❛ ♥ ❞ d λ = R d γ ✳ ❚ ❤ ❡ ❡ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❛ ♥✲
❣ ❡ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ❧ ♦ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ✳ ❚ ❤ ❡ ❢ ♦ ❝ ✉ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ω ≈ 0 .8 8 1 r a d ✿

si n h ω = 1 , c o s h ω =
√

2 , t a n h ω =
√

2 / 2 , c ot h ω =
√

2 . ( 3 5 4)

❇ ② ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ②✱ φ (ω ) = π / 4 , γ(π / 4) = ω ✳ ❚ ❤ ✉ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ω ✐ ❤ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦ ❤ ❡ ♥ ✉ ♠ ❜ ❡ π / 4 ✳ ❲❡ ❤ ❛❧❧ ♦❢ ❡ ♥ ✉ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ ω ✐ ♥ ❤ ❡
❡ ✉ ❡❧✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ si n( π / 4 ± i ω) = 1 ± (

√
2 / 2) i; c o s(π / 4 ± i ω) = 1 ∓ (

√
2 / 2) i.



✻✳ ✹ ❙ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ♠ ❛✐ ♥ ❡❧ ❛ ✐ ♦ ♥ ✶ ✵ ✾

❚ ❤ ❡ ❡ ❡ ①✐ ✐ ♥ ✜ ♥✐ ❡❧ ② ♠ ❛ ♥ ② ❦✐ ♥ ❞ ♦❢ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✳ ▲ ❡ ✉ ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♠ ❡ ♦❢ ❤ ❡ ♠✳
■ ♥ ♦ ❞ ✉ ❝ ❡ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❣ ❡ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ❢ ♦ ❤ ❡ ✈✐ ✉ ❛❧ ❛ ♥ ❣❧ ❡ φ r ✭ ♦ φ R ✮ ❛❧ ♦ ✇✐ ❤ ❡ ♣ ❡ ❝
♦ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✭✐✳ ❡✳✱ ❛ γ 0 = 0) ✇✐ ❤ ❤✐ ✐ ♠ ♠ ❡ ✐ ❝ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✸✱ ✉ ❛ ❞ ❛ ♥ ■■■✮✿

t a n φ r ≡ t a n h γ → φ r = φ r (γ ) = ar ct a n(t a n h γ ), (− π / 4 ≤ φ r ≤ + π / 4) . ( 3 5 5)

❚ ❤✐ ❛ ♥ ❣❧ ❡✲ ❛ ♥ ❛❧ ♦ ❣ φ r ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ❡ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ r ✳ ❚ ❤ ❛ ✐
✇ ❤ ② ❤ ❡ ❛ ♥ ❣❧ ❡ φ r (γ ) ✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❡ ✈✐ ✉ ❛❧ ✳ ❚ ❤ ✉ ✱ ❤✐ ✈✐ ✉ ❛❧ ❛ ♥ ❣❧ ❡ φ r ♠ ❛ ② ❜ ❡ ✐ ✉ ❡ ❞ ❢ ♦
❞ ❡ ❝ ✐ ♣ ✐ ✈✐ ② ✐ ♥ ❙ ❚ ❘ ✭ ❡ ❡ ❈ ❤✳ ✶ ❆✮✱ ✇ ❤ ❛ ✐ ✉ ❡❢ ✉❧ ♦ ♥❧ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳

❚ ❤✐ ♠ ❛ ♣ ♣✐ ♥ ❣ ❧ ❡ ❛ ❞ ♦ ♦ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✿

si n φ r ≡ si n h γ /
√

c o s h 2 γ, c o s φ r ≡ c o s h γ /
√

c o s h 2 γ,
si n h γ ≡ si n φ r /

√
c o s 2 φ r , c o s h γ ≡ c o s φ r /

√
c o s h 2 φ r .

( 3 5 6 )

φ r ( γ ) < φ ( γ ) < γ < γ r . ( ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ φ r ( ω ) ≈ 3 5 ◦ , γr ( π / 4 ) = ∞ .)

● ❡ ♥ ❡ ❛❧❧ ②✱ ✉ ❝ ❤ ✈✐ ✉ ❛❧❧ ② ♦ ❜ ✈✐ ♦ ✉ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✭✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡
❢ ♦ ❛ ♥ ❣❧ ❡ ξ ❛ ♥ ❞ υ ✮ ❛ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ❡✐ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ✐ ♥ ✈ ❛ ✐ ♦ ✉ ❛ ♥ ❣ ✉❧ ❛ ✐ ♥ ❡ ✈ ❛❧ ✐ ♠✐❧ ❛ ♦

t a n( k 1 φ / 2) ≡ t a n h( k 2 γ / 2) ⇔
si n( k 1 φ ) = t a n h( k 2 γ ), t a n( k 1 φ ) = si n h( k 2 γ ),
c o s( k 1 φ ) = ❡ ❝ ❤ (k 2 γ ), s e c ( k 1 φ ) = c o s h( k 2 γ ),

( 3 5 7)

✇ ❤ ❡ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ♥ ❡ ✈ ❛❧ ✐ ❧✐ ♠✐ ❡ ❞✿ − π / 4 ≤ k 1 φ / 2 ≤ π / 4 . ❚ ❤ ❡ ❡ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ✿
✶✮ k 1 = k 2 = 1 ✭ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✭ ✸ ✸ ✶✲■✮ ✇✐ ❤ ▲ ❛ ♠ ❜ ❡ ✐ ❛ ♥ ❛ ♥ ❞ ● ✉ ❞ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✮✱
✷✮ k 1 = k 2 = 2 ✭ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♠ ❛✐ ♥ ✈✐ ✉ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✺ ✺✮✮ ❛❧ ♦ ✐ ♥ Ẽ 1 ✳

❚ ❤ ❡ ❥ ♦✐ ♥ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ✭ ✷ ✮ ❛ ♥ ❞ ✭ ✶ ✮ ❣✐ ✈ ❡ ♣ ✉ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✭ ✉ ✐ ♥ ❣ ❛ ❝ ♦ ♠ ♣ ❛ ❛ ♥ ❞ ❛ ✉❧ ❡ ✦ ✮ ❞ ✉ ♣❧✐ ❝ ❛ ✐ ♦ ♥
❛ ♥ ❞ ❜✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❜ ❡ ❝ ❛ ✉ ❡ ✇ ❡ ❞ ♦ ♥✬ ❤ ❛ ✈ ❡ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ♠ ♣ ❛
✭ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✸ ✮✳ ❯ ♥ ❞ ❡ ❤ ❡✐ ❥ ♦✐ ♥ ❛ ❝ ✐ ♥ ❣✱ ✇✐ ❤ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❞ ✉ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ φ r ❛ ♥ ❞ ❜✐ ❡ ❝ ✐ ♦ ♥ ♦❢ φ ✱ ✇ ❡ ❣ ❡ ✿

( a ) γ → φ r ( γ ) → 2 φ → t a n 2 φ = 2 t a n φ / ( 1 − t a n 2 φ ) ≡ 2 t a n h γ / ( 1 − t a n h 2 γ ) = si n h 2 γ ;

( b ) γ → φ ( γ ) → φ / 2 → t a n φ / 2 = si n φ / ( 1 + c o s φ ) ≡ t a n h γ / ( 1 + ❡ ❝ ❤ γ ) = t a n h γ / 2 .





( 3 5 8 )

⇒ | φ R ( γ ) | < |φ ( γ ) | < |2 φ R ( γ ) |.

■ ♥ ❞ ❡ ❡ ❞ ❢ ♦ ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ②✱ ✐❢ c o s φ ≡ ❡ ❝ ❤ γ ❛ ♥ ❞ c o s ( 2 φ R ) ≡ ❡ ❝ ❤ ( 2 γ ) ✱ ❤ ❡ ♥ c o s φ > c o s ( 2 φ R ) ❀ ❜ ✉ ✐❢

t a n φ ≡ si n h γ ❛ ♥ ❞ t a n φ R ≡ t a n h γ ✱ ❤ ❡ ♥ | t a n φ | > | t a n φ R |✳

■ ♥ ✶ ✼ ✻ ✸✱ ❏✳ ▲ ❛ ♠ ❜ ❡ ✱ ✉ ✐ ♥ ❣ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ♦❢ ❤✐ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❤ ❡ ❡ ✇✐ ❤
❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ❤ ❡ ❡✱ ❡ ✈ ❡ ❛❧ ❡ ❞ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✐

✇✐ ❤ ✐ ❛ ❡ ❛ ❛ ♥ ❞ ❛ ❞✐ ✉ ♦❢ ❤✐ ♣ ❤ ❡ ❡ ❬ ✸ ✸❪✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❤ ❡ ❚ ❤✳ ❍ ❛ ✐ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠
✶ ✻ ✵ ✸ ❢ ♦ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ♦❢ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡✳ ● ❡ ❛ ❝ ❡ ❛ ♦ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ❛ ❛ ❤ ♦❧✐ ✐ ❝ ❛ ①✐ ♦ ♠ ❛ ✐ ❝ ② ❡ ♠✱ ◆✳ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ❛ ♥ ❞ ❏✳ ❇ ♦❧ ② ❛✐ ✉ ❡ ❞ ❤ ❡
❛ ❜ ❛ ❝ ❛ ♥ ❞ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②
❢ ♦ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❛❧❧ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ✳

❚ ❤ ✉ ✱ ❢ ♦ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿ Π( a ) = ξ ✱ ✇ ❤ ❡ ❡
❤ ❡ ❧ ❛ ❡ ✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ φ (γ )✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥

❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶✲■■✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ❢ ♦ ♠ ✉❧ ❛ Π( a ) = ar c c o s t a n h γ ❬ ✹ ✵❪✳
■ ✇ ❛ ❜ ② ❤ ❡ ✜ ♠ ❛ ♥ ♥ ❡ ♦❢ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ✐ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥
❛ ♥ ❣❧ ❡ γ ✱ ♥ ❛ ♠ ❡❧ ②✱ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ✜ ♥✐ ❡ ❛ ♥ ❞ ✈✐ ✉ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ♦❢
▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② Π( a ) = ξ ✱ ❜ ✉ ✐ ✐ ❝ ♦ ❡ ❝ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♠ ♣❧ ❡ Ẽ 1 ✳
❈ ♦ ♥ ❛ ②✱ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ γ ❣ ❡ ♥ ❡ ❛ ❡ ❜ ② ❞✐ ❡ ❝ ✇ ❛ ② ✭ ✸ ✸ ✶✲■✮ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ✜ ♥✐ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧
❛ ♥ ❣❧ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠ φ = ar c si n t a n h γ = π − ξ ❛❧ ♦ ✐ ♥ Ẽ 1 ✳

❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❣✐ ✈ ❡ ♥ ✉ ❤ ❡ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ♦ ❢ ♦ ✉ ♥ ❞ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡ ① ❛ ❝ ❛ ♥ ❞
❝ ♦ ❡ ❝ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❛ ♥ ② ♦ ✇ ♥ ❜ ❛ ❡ Ẽ k ❜ ❡ ✇ ❡ ❡ ♥ ♣ ✐ ♥ ❝✐ ♣ ❛❧ γ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② υ ❤ ② ♣ ❡ ✲
❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✐ ♥ [ 1 6] ✕ ❡ ❡ ❢ ✉ ❤ ❡ ✐ ♥ ✭ ✸ ✻ ✵ ■ ❨✱ ❨ ✮ ❛ ♥ ❞ ♦ ♥ ❤ ❡ ❜ ♦ ♦ ❦ ❈ ♦ ✈ ❡ ✳ ❚ ❤ ❡✐ ❜ ♦ ♥ ❞ ✐
✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ υ ✐ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ❝ ♦ ❡ ❝ ❛❧ ♦ ✐ ♥ ❛ ♥ ② ♦ ✇ ♥ ❜ ❛ ❡ Ẽ k ✦



✶ ✶ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❆ ◆ ❉ ❙ ❈ ❆ ▲ ❆ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❚ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶✮ ❣✐ ✈ ❡ ❛❧❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡
A B C ✭ ♣❧ ❛ ♥ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❜ ❡ ❣ ❛ ♥ ✇✐ ❤ ♦❧ ✈✐ ♥ ❣ ❛ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡✦✮✳ ❙ ❡ ❡ ✈✐ ✉ ❛❧❧ ② ❛ ❢ ♦ ♥ ❛ ♥ ❞
❜ ❛ ❝ ❦ ❈ ♦ ✈ ❡ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦✦ ■ ❧ ❡ ❣ a ❛ ♥ ❞ b ❧✐ ❡ ✐ ♥ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ❞ ❛ ♥ ✭ ✉ ♣ ♣ ♦ ❡ a ≤ b ✮✳
❚ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ γ ❛ ❤ ❡ ✈ ❡ ❡ ① A ✐ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ❧ ❡ ❣ a < b ✳ ❉ ❡ ♥ ♦ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲
❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ❛ g ✳ ❚ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✐ g 2 = b 2 − a 2 ✱
❜ ❡ ❝ ❛ ✉ ❡ a ≤ b ✳ ■❢ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✐ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ❞ ❛ ♥ ■ ✭ ❋✐ ❣ ✉ ❡ ✸✮✱ ❤ ❡ ♥ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ A B C
✐ ❡ ① ❡ ✐ ♦ ✱ g ✐ ✧ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✧✱ ✐✳ ❡✳✱ ✐ ♦ ✉ ✐ ❞ ❡ ♦❢ ✇ ♦ ✐ ♦ ♦ ♣✐ ❝✱ ♦ ❧✐ ❣ ❤ ✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❤ ② ✐ ❝ ✱
❞✐ ❛ ❣ ♦ ♥ ❛❧ ✳ ■❢ |a | = |b |✱ ❤ ❡ ♥ γ ✐ ✐ ♥ ✜ ♥✐ ❡✱ g ✐ ✐ ✉ ❛ ❡ ❞ ♦ ♥ ♦ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✇✐ ❤ ③ ❡ ♦ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤✳ ■❢ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✐ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ❞ ❛ ♥ ■■✱ ❤ ❡ ♥ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ✐ ✐ ♥ ❡ ✐ ♦ ✱
g ✐ ✧ ✐ ♠ ❡✲❧✐ ❦ ❡ ✧✱ ✐✳ ❡✳✱ ✐ ✐ ♥ ✐ ❞ ❡ ♦❢ ✇ ♦ ✐ ♦ ♦ ♣✐ ❝ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✳ ❇ ❡❧ ♦ ✇ ❢ ♦ ❞ ❡ ❡ ♠✐ ♥ ❛ ❝ ② ✇ ❡ ❝ ❤ ♦ ♦ ❡
❤ ❡ ❡ ① ❡ ✐ ♦ ✐ ❛ ♥ ❣❧ ❡ A B C ✱ ✐✳ ❡✳✱ ❛ ❜ ❛ ❝ ❦ ❈ ♦ ✈ ❡ ✳ ■ ❧ ❡ ❣ a ❛ ♥ ❞ b ❜ ❡❧ ♦ ♥ ❣ ♦ ❞✐ ✐ ♥ ❝ ❡✐ ❣ ❡ ♥
✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✇✐ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ − 1 ❛ ♥ ❞ + 1 ✳ ■ ♥ ♦ ❞ ❡ ♦ ✐ ♥❢ ❡ ❛❧❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

❢ ♦ ♠ ✉❧ ❛ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ A B C ✱ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❤ ❡
❧ ♦ ❝ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦ ❣ ❡ ❤ ❡ ♦❢ ❛❧❧ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ✐ ❞ ❡ ✇✐ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣ ✱
♣ ❡❧✐ ♠✐ ♥ ❛ ②✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✐ ♥ ❡ ✕ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶✲■✮ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ❛ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡ γ ❛ ❤ ❡ ✈ ❡ ❡ ① A ✐ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ❧ ❡ ❣ a < b ❛ ♥ ❞ ❛ ❞❥ ❛ ❝ ❡ ♥
♦ ❤ ❡ ❧ ❡ ❣ b ✳ ♦ ✐ ✐ ✈ ❡ ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❛ ❡ ♠ ❡ ❛ ✉ ❡ ❞ ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ♠ ❛✐ ♥

✐ ♥ ✈ ❛ ✐ ❛ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦ ✛ ❤ ❡ ❧ ❡ ❣ b = A C ✭✐✳ ❡✳✱ ❈ ❛ ❡ ✐ ❛ ♥ ❛ ①✐ x ✮✳ ❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ❛ ❝ ✉ ❡
❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ υ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ✉ ❝ ♦ ❡ ❝ ❧ ② ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ ❛ ❤ ❡ ✈ ❡ ❡ ① B ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡
♣ ❡ ✉ ❞ ♦✲ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ g = A B ❛ ♥ ❞ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ✐ ♦ ♦ ♣✐ ❝ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♣ ❛ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ✈ ❡ ❡ ① B ✳
■ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ❛ ❡ (π / 4 − φ R ) ❜ ② ✭ ✸ ✺ ✺✮ ❛ ♥ ❞ (π / 2 − φ ) ❜ ② ✭ ✸ ✸ ✶✲■✮✳ ♦ ✐ ✐ ✈ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡
❛ ♥ ❣❧ ❡ υ ❛ ❡ ♠ ❡ ❛ ✉ ❡ ❞ ❛❧ ♦ ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦ ✛ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡✳
■ ❞ ❡ ♥ ✐ ❝ ❛❧❧ ② ❜ ♦ ❤ ❤ ❡ ❡ ❛ ❝ ✉ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣ ❡ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ♦ ❣ ❡ ❤ ❡ ❛ ✐ ✐ ❤ ♦ ✇ ♥ ❛
❋✐ ❣ ✉ ❡ ✹✱ ❈ ❤✳ ✶ ✷✱ ❛ ♥ ❞ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❛ ❋✐ ❣ ✉ ❡ ✶ ❆✱ ❈ ❤✳ ✸ ❆✳

❚ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡ ❛ ♥ ❣❧ ❡ δ = ∞ ✭ ✇✐ ❤ ❛ ♥ ❛❧ ♦ ❣ φ R = π / 4 ✮ ❛ ❡ ❞✐ ♣ ♦ ❡ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥ ❤ ❡
✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❛ ① ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ✐ ♦ ♦ ♣✐ ❝ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✳

❚ ❤ ❡ ❛ ✐❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ ν ✐ ❞✐ ♣ ♦ ❡ ❞ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❧ ❡ ❣ a ❛ ♥ ❞ b ✇✐ ❤✐ ♥ ♦❢ ❜ ♦ ❤
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ❞ ❛ ♥ ■ ❛ ♥ ❞ ■■✳ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ❡ ✉ ❛❧ ♦ ③ ❡ ♦ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❡ ✐ ❝✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐
❝ ♦ ♥ ✐ ❢ ♦ ♠ ✇ ♦ ✐ ♥ ✜ ♥✐ ❡ ❛ ♥ ✐ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ + δ ❛ ♥ ❞ − δ ✭φ R = ± π / 4 ✮ ✭ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡
❛ ♥ ❣❧ ❡ ♠ ❡ ❛ ✉ ❡ ♠ ❡ ♥ ❛ ❡ ♦ ♦ ♥ ❡ ✐ ❞ ❡✱ ✐✳ ❡✳✱ ♦ ✛ b = A C ♦ a = B C ✮✳

❚ ❤ ❡ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❜ ✉ ❡ ❛ ♥ ❣❧ ❡ A B C ❛ ❤ ❡ ✈ ❡ ❡ ① B ✐ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ❧ ❡ ❣ b > a ✳
● ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ✐ ❝ ♦ ♥ ✐ ❢ ♦ ♠ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ✐ ♥ ✐ ❝ ❛ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡ υ ✇✐ ❤ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
✐ ♥ ✜ ♥✐ ❡ ❛ ♥ ❣❧ ❡ δ = + ∞ ✭✐ ✐ ❛ ✐❢ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✉ ♠ υ + δ ✮✳ ❙ ✉ ❝ ❤ ❛ ♥ ♦ ❜ ✉ ❡ ❛ ♥ ❣❧ ❡ ❛ ♣ ♣ ❡ ❛ ♦ ♥
❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❛ ♣ ❤ ✇✐ ❤ ❛ ❝ ♦ ♠ ♣ ❡ ♥ ❛ ♦ ② ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✇ ❡ ❝ ❛ ♥

✉ ❡ ♦ ♥❧ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❢ ♦ ✈✐ ✉ ❛❧✐ ③ ❛ ✐ ♦ ♥✱ ❜ ✉ γ ❛ ♥ ❞ υ ✐ ♥ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❛ ❡ ❛ ❝ ✉ ❡ ❛ ♥ ❞
✉ ❛ ✐✲ ❛ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ✇✐ ❤ ❡ ✉ ❛❧ ✐ ❣ ❤ ✳ ■ ♥ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡✱ ❤ ❡ ② ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❛ ❝ ❤ ♦ ❤ ❡

✉ ♣ ♦ ✐ ♥ ✜ ♥✐ ❡ ❛ ♥ ❣❧ ❡ δ ✳ ■ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱ ♦ ♥ ❤ ❡
▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❞ ✭ ❈ ❤✳ ✶ ✷ ✮✱ ❤ ❡ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❡❧ ❛ ❡
♦ ❤ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✜ ❣ ✉ ❡ ❧ ❡ ❣ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ♦❢ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✦

❲ ❤ ❡ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✐ ❝ ♦ ♥ ✈ ♦❧ ✉ ❡ ❞ ✐ ♥ ♦ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❢ ❛ ❝ ❡✱ ❤ ❡ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❣❧ ❡ ♥ ♦ ✇ ❡ ① ♣ ❡ ❤ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ♦ ♣ ♣ ♦ ✐ ❡ ❧ ❡ ❣ ✐ ♥ ❡ ❛ ❞ ♦❢ ❤ ❡✐ ♣ ❡ ✈✐ ♦ ✉ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❧ ❡ ♥ ❣ ❤ ✱ ❛ ♥ ❞ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ✇✐ ❤ ❤ ❡
❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ♦❢ ▲ ❛ ♠ ❜ ❡ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ❬ ✸ ✻❪✳ ❖ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡
♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❢ ❛ ❝ ❡ ✱ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣✐ ❝ ✉ ❡ ❛ ❡ ❡ ♦ ❡ ❞✦

❚ ❤ ❡ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✸ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❣❧ ❡ ✿ γ ✱ υ ✱ δ = ∞ ✭ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦❢ ♠ ♦ ✐ ♦ ♥✱ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ❛ ② ❛ ♥ ❞ ✐ ♥ ✜ ♥✐ ❡ ✇✐ ❤ ✐ ❣ ❤ ♦ ♥ ❡✮
❛ ♥ ❞ ❤ ❡✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ✿ φ ✱ ξ ✱ d = π / 2 ❀ ❛ ♥ ❞ ❢ ♦ ❤ ❡ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥
♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ❢ ♦ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣ ②✳
❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ❝❧ ❛ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❞✐ ✛ ❡ ❢ ♦ ♠ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✳ ❚ ❤✐ ❡❧ ❛ ❡ ❢ ♦
❛❧❧ ❛ ♥ ❣❧ ❡ ❛ ✇ ❡ ❛ ✇ ❛ ❜ ♦ ✈ ❡✳ ❲❡ ❛ ❞ ❞ ♦ ❤ ❡ ♠ ❤ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ θ ✭ ♦ Θ ✮✳



✻✳ ✹ ❙ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ♠ ❛✐ ♥ ❡❧ ❛ ✐ ♦ ♥ ✶ ✶ ✶

❯ ♥ ❞ ❡ ❤✐ ♠ ❛ ♣ ❤ ❡ ✜ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ①✐ ✭ ✇✐ ❤ ❤ ❡ ❧ ❡ ❣ b ✮ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ♥ ♦ ✇ ❛ ❤ ❡ ✜
❈ ❛ ❡ ✐ ❛ ♥ ❛ ①✐ ❀ ❤ ❡ ♠ ❛✐ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❈ ❛ ❡ ✐ ❛ ♥ ❛ ①✐
✭ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ φ (δ ) = π / 2 ✮✳ ❚ ❤ ❡ ❧ ❡ ❣ a = C B ✐ ♦ ❛ ❡ ❞ ♦ ❤ ❡ ❧ ❡❢ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡
φ (γ ) ✐ ♥ ♦ ❤ ❡ ♥ ❡ ✇ ❧ ❡ ❣ a E = C B ′✱ ✐✳ ❡✳✱ ✉ ♣ ♦ ✐ ❝ ♦ ♥ ❛ ❝ ✇✐ ❤ ❤ ❡ ❝ ❡ ♥ ❛❧ ❝✐ ❝❧ ❡ ♦❢ ❛ ❞✐ ✉
g E = g =

√
b 2 − a 2 ❛ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ❛ ♥ ❣ ❡ ♥ ❝ ② B ′✱ ♥ ♦ ✇ ❛ ❤ ❡ ♥ ❡ ✇ ✈ ❡ ❡ ① ♦❢ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ A B ′C

✐ ♥ ❤ ❡ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡❀ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ g = A B ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ♥ ❡ ✇ ❧ ❡ ❣ A B ′ = g E

✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❧ ❡ ♥ ❣ ❤✳ ◆ ♦ ✇ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ φ (γ ) ❛ ❤ ❡ ✈ ❡ ❡ ① A ✐ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡
♦ ❛ ❡ ❞ ❧ ❡ ❣ a E = a ✱ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ξ (υ ) ❛ ❤ ❡ ✈ ❡ ❡ ① C ✐ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ♥ ❡ ✇ ❧ ❡ ❣

A B ′ = g E = g ✱ ❛ ♥ ❞ ❤ ❡ ♥ ❡ ✇ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ d = π / 2 ✭❢ ♦ ♠ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡ ❛ ♥ ❣❧ ❡ ± δ ✮ ❛ ❤ ❡ ✈ ❡ ❡ ①
B ′ ✐ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ♥ ❡ ✇ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ A C = b E = b ✳ ❚ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥
❤ ❡ ♦ ❡ ♠ ✐ b 2 = g 2 + a 2 ✳ ❆ ♥ ❞ ✇ ❡ ❤ ❛ ✈ ❡ ✇ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✇✐ ❤

❤ ② ♣ ♦ ❡ ♥ ✉ ❡ g ❛ ♥ ❞ ❧ ❡ ❣ a ✳ ◆ ♦ ✇ ✇ ❡ ❝ ❛ ♥ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ✭ ❛ φ ≠ ± π / 2 ✮ ❛ ♥ ❞
❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ❡✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✭ ❛ φ ≠ 0 ✮ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✱ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ✈ ❛ ✐ ♦ ✉ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ❜ ♦ ♥ ❞
♦❢ ✇ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ❡ ✦ ❯ ♥ ❞ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ± } ❢ ♦ ✹ ❛ ♥ ❣❧ ❡ ✇ ❡ ♦ ❜ ❛✐ ♥✿

si n h γ = a / g ≡ t a n φ, t a n ξ = g / a ≡ si n h υ → si n h γ · si n h υ = 1 ,
c o s h γ = b / g ≡ s e c φ, si n ξ = g / b ≡ t a n h υ → c o s h γ · t a n h υ = 1 ,

c o s h γ · t a n h υ = c o s h υ · t a n h γ = 1 = ❡ ❝ ❤ γ · c ot h υ = ❡ ❝ ❤ υ · c ot h γ ;
(γ, υ = 0 ⇔ υ, γ = ± ∞ ) ⇔ (φ, ξ = 0 ⇔ ξ, φ = ± π / 2) .






( 3 5 9)

si n h γ = ❝ ❝ ❤ υ = a / g = t a n φ = c ot ξ, [ si n h(γ, υ ) = ❝ ❝ ❤ (υ, γ )],
c o s h γ = c ot h υ = b / g = s e c φ = c s c ξ, [± c o s h( γ, υ ) = c ot h ( υ, γ )],
t a n h γ = ❡ ❝ ❤ υ = |a |/ |b | = si n φ = c o s ξ, [t a n h(γ, υ ) = ± ❡ ❝ ❤ (υ, γ )];

( si n h γ = si n h υ = 1 ⇔ c o s h ω = c ot h ω =
√

2 ⇔ γ = υ = ω !)






( 3 6 0 − I )

c o s h 2 (γ, υ ) − si n h 2 (γ, υ ) = + 1 = c ot h 2 (υ, γ ) − ❝ ❝ ❤ 2 (υ, γ ) − ✇ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ !

t a n h 2 (γ, υ ) + ❡ ❝ ❤ 2 (γ, υ ) = 1 = ❡ ❝ ❤ 2 (υ, γ ) + t a n h 2 (υ, γ ) − ✇ ♦ ♦ ♥ ❡✲ ❡ ♣ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ !

− 1 < t a n h( γ + υ ) ≡ si n σ < + 1 ⇔ { − ∞ = − δ < γ + υ < + δ = + ∞ } − ❤ ❡ ❚ ❤ ❡ ♦ ❡ ♠✦

❋ ♦ γ, υ ✱ ✇✐ ❤ ✭ ✸ ✺ ✼✮✱ ✈ ❛ ✳ ✭ ✶✮ ❛ ♥ ❞ ± d ξ = ∓ d φ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✉ ❡❢ ✉❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ♣ ❡ ❝✐ ✜ ❝ ❜ ♦ ♥ ❞ ✿

d υ, γ = − d γ, υ / si n h γ, υ ≡ − d φ, ξ / si n φ, ξ = + d ξ, φ / c o s ξ, φ ↔
↔ + γ, + υ = l n c ot h( υ / 2 , γ /2) ≡ l n c ot(ξ / 2 , φ /2) ↔ ( 3 3 1)
↔ − γ, − υ = l n t a n h( υ / 2 , γ /2) ≡ l n t a n(ξ / 2 , φ /2) ↔ ( 3 3 1)

↔ e x p( − γ, − υ ) = t a n h( υ / 2 , γ /2) ≡ t a n( ξ / 2 , φ /2); ( φ, ξ ) ∈ [ 0 ÷ π / 2] .






( 3 6 0 − I I )

❖ ♥ ❡ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✭ ✸ ✻ ✵ ✮ ✐ ❛ ♥ ❛ ✉ ❛❧ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❛ ✐ ♦ ✉
♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✕ ❡ ❡ ❛ ❜ ♦ ✈ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✶ ❆✳ ❚ ❤ ❡
❛ ✐❢ ✈✐ ✉ ❛❧ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ♦❢ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② Π( a ) ❬ ✹ ✵✱ ✹ ✾❪ ✐ ♥ ♦ ❛ ♥ ❛ ♥ ❣❧ ❡ ❛ ❝ ✐ ♥ ❣ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❣ ❡ ♦ ♠ ❡ ②✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ❤ ❛ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ❛ ✉ ❡ ❛ ♥ ❞ ❝ ♦ ❡ ❝ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡
Ẽ 1 u ✱ ♦✱ ✐ ♥ Ẽ 1 ✳ ■ ✐ ❡ ✉ ❛❧ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ξ = Π( a ) ✐ ♥ ✭ ✸ ✸ ✶✲■■✮✳ ■ ♥
▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ❢ ♦ ♠ ✐ ✐ ❣ ♦ ❡ ♥ ❜ ② ❛ ❜ ✐ ❡❢ ✇ ❛ ②✱ ✇✐ ❤ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✻ ✵✲■■✮ ❛ ♥ ❞ ♦ ♥❧ ②
✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✭✐ ♥ ❢ ❛ ❝ ✱ ✐ ♥ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩✮ ❛ ❢ ♦❧❧ ♦ ✇

t a n ξ / 2 ≡ e x p( − γ ) ⇒ ξ ≡ 2 ar ct a n[ e x p( − γ )] ≡ π / 2 − φ ≡ ar c c o s(t a n h γ ) ( 3 6 0 − I I I ).

✭ ❙ ❡ ❡ ✐ ✐ ♥ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ❜ ② ❍✳ ❙✳ ▼✳ ❈ ♦ ① ❡ ❡ ❬ ✹ ✾✱ ♣✳ ✷ ✵ ✽❪ ✇✐ ❤ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ✐ ♥❢ ❡ ✳✮
❋ ♦ ♠ ✭ ✸ ✻ ✵✲■■✮ ✇ ❡ ❣ ❡ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ υ = P (a ) ❝ ♦ ❡ ❝ ✐ ♥ ❛ ♥ ② ❜ ❛ ❡ Ẽ k ✱
✇✐ ❤ ❤ ❡✐ ❡ ① ❛ ❝ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥✿

t a n h υ / 2 = e x p( − γ ) ⇒ υ = 2 ❛ ❛ ♥ ❤ [ e x p(− γ )] ⇔ γ = 2 ❛ ❛ ♥ ❤ [ e x p(− υ )] ( 3 6 0 − I Y ).

si n h γ · si n h υ = 1 ⇔ c o s h 2 γ · c o s h 2 υ = c o s h 2 γ + c o s h 2 υ ( 3 6 0 − Y ).



✶ ✶ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❚ ❊ ◆ ❙ ❖ ❘ ❆ ◆ ❉ ❙ ❈ ❆ ▲ ❆ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

❘ ✉❧ ❡ ✹ ✭ ❡ ❝ ✳ ✺✳ ✽✮ ❛ ② ✈ ❛❧✐ ❞ ❛❧ ♦ ❢ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ✱ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ♥ ❡✲ ❡ ♣
❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ❋ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ❛❢ ❡ ❛ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ✭ ✸ ✷ ✹✮ ♦❢ ❛ ♥ ❣❧ ❡ Γ ❜ ② ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ Υ
✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ❡ ✐ ♥ ✭ ✸ ✻ ✵✮✱ ❤ ❡ ♥ ❡ ✇ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ Γ ❣✐ ✈ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛ Υ ✿

R ot h Υ =










✳ ✳ ✳

c o s h υ i si n h υ i

si n h υ i c o s h υ i

✳ ✳ ✳










= R ot h Γ =










✳ ✳ ✳

c o t h γ i ❝ ❝ ❤ γ i

❝ ❝ ❤ γ i c o t h γ i

✳ ✳ ✳










. ( 3 6 1 )

❆ ♥ ❞ ✇ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❡❧ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❡ ✇ ♦ ② ♣ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ✦

✻✳ ✺ ❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ①✐

❈ ♦ ♥ ✐ ❞ ❡ ♠ ❛ ✐ ❝ ❡ ♦❢ ✉ ❛ ❝✐ ❝❧ ❡ ✭ ✸ ✹ ✶✮✳ ■❢ ❛ ❝ ❡ ❛✐ ♥ ♠ ❛ ✐ ① ✉ ❝ ✉ ❡ ✐ ♥ ❤✐ ✉ ❛ ❝✐ ❝❧ ❡ ✐
❦ ♥ ♦ ✇ ♥✱ ❤ ❡ ♥ ♦ ❤ ❡ ♦ ♥ ❡ ✭ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✮ ♠ ❛ ② ❜ ❡ ✉✐ ❝ ❦❧ ② ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡
♦❢ ❛ ❜ ❛ ❝ ♦ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✭❢ ♦ ❤ ❡ ❧ ❛ ❡ ✱ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥
✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✮✳ ❙ ♦✱ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♥ ❛ ✉ ❛❧ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❛ ✭ ✶ ✼ ❆✲■✮✱ ❢ ♦ ♠ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ ✭ ✸ ✶ ✸✮✱ ✭ ✸ ✶ ✹✮ ♦ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ✸ ✶ ✾✮✱ ✭ ✸ ✷ ✵✮ ♦ ❜ ❛✐ ♥ ❡ ❞ ✐ ♥ ❈ ❤✳ ✺ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ E ✲❢ ♦ ♠ ✱
❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✉ ❝ ✉ ❡ ❢ ♦ ✉ ❝ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ E ✲❢ ♦ ♠ ❢ ♦❧❧ ♦ ✇ ✭ ✇✐ ❤ ❤ ❡✐

✉ ❡❢ ✉❧ ■ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲■ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ✭ ✸ ✻ ✵✮✮✿

{ r ot h (± Γ) } 4 × 4 ( 3 6 2)

1 + ( c o s h γ − 1 ) c o s 2 α 1 ( c o s h γ − 1 ) c o s α 1 c o s α 2 ( c o s h γ − 1 ) c o s α 1 c o s α 3 ± si n h γ c o s α 1

( c o s h γ − 1 ) c o s α 1 c o s α 2 1 + ( c o s h γ − 1 ) c o s 2 α 2 ( c o s h γ − 1 ) c o s α 2 c o s α 3 ± si n h γ c o s α 2

( c o s h γ − 1 ) c o s α 1 c o s α 3 ( c o s h γ − 1 ) c o s α 2 c o s α 3 1 + ( c o s h γ − 1 ) c o s 2 α 3 ± si n h γ c o s α 3

± si n h γ c o s α 1 ± si n h γ c o s α 2 ± si n h γ c o s α 3 c o s h γ

{ r ot h (± Γ) } ( n + 1 ) × ( n + 1 ) ( 3 6 3)

I n × n + ( c o s h γ − 1) · e α e ′
α ± si n h γ · e α

± si n h γ · e ′
α c o s h γ

(e α e ′
α =

←− −−
e α e ′

α ).

❙ ✉ ❝ ❤ ❡ ♥ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛ ± Γ ❛❧ ♦ ✐ ♠✐❧ ❛ ♦ ❛ ❝ ✐ ♥ ❣ ❙✲ ❛ ♠✦

{ d e f h (± Γ) } 4 × 4 ( 3 6 4)

1 + ( ❡ ❝ ❤ γ − 1 ) c o s 2 α 1 ( ❡ ❝ ❤ γ − 1 ) c o s α 1 c o s α 2 ( ❡ ❝ ❤ γ − 1 ) c o s α 1 c o s α 3 ∓ t a n h γ c o s α 1

( ❡ ❝ ❤ γ − 1 ) c o s α 1 c o s α 2 1 + ( ❡ ❝ ❤ γ − 1 ) c o s 2 α 2 ( ❡ ❝ ❤ γ − 1 ) c o s α 2 c o s α 3 ∓ t a n h γ c o s α 2

( ❡ ❝ ❤ γ − 1 ) c o s α 1 c o s α 3 ( ❡ ❝ ❤ γ − 1 ) c o s α 2 c o s α 3 1 + ( ❡ ❝ ❤ γ − 1 ) c o s 2 α 3 ∓ t a n h γ c o s α 3

± t a n h γ c o s α 1 ± t a n h γ c o s α 2 ± t a n h γ c o s α 3 ❡ ❝ ❤ γ

{ d e f h (± Γ) } ( n + 1 ) × ( n + 1 ) ( 3 6 5)

I n × n + ( ❡ ❝ ❤ γ − 1) · e α e ′
α ∓ t a n h γ · e α

± t a n h γ · e ′
α ❡ ❝ ❤ γ

(e α e ′
α =

←− −−
e α e ′

α ).

■ ♥ ❞✐ ❝ ❛ ❡ ❞ 4 × 4 E ✲❢ ♦ ♠ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✹✮ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ① ❡ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✸ ✶ ✸✮✱
✭ ✸ ✶ ✾✮ ♠ ❛ ② ❜ ❡ ❛❧ ♦ ✐ ♥❢ ❡ ❡ ❞ ❞✐ ❡ ❝ ❧ ② ❢ ♦ ♠ ❤ ❡✐ ♦ ✐ ❣✐ ♥ ❛❧ 2 × 2 ✲ ❝ ❡❧❧ ✭ ✸ ✷ ✹✮✱ ✭ ✸ ✷ ✻✮ ❛ ❤ ❡ ❛ ♠ ❡
❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✷ ✺ ✾✮✱ ✭ ✷ ✾ ✷✮ ✇✐ ❤ ❤ ❡ ❝ ❤ ❡ ♠ ❡ ✐ ♠✐❧ ❛ ♦ ✭ ✸ ✶ ✺✮✱ ✭ ✸ ✶ ✻✮✳

❆ ♥ ✐ ♥ ✈ ❡ ✐ ♦ ♥ ♦❢ E ✲❢ ♦ ♠ ✭ ✸ ✻ ✸✮✱ ✭ ✸ ✻ ✺✮ ♦❢ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡
❝ ♦ ♥ ✐ ✐ ♥ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ♣❧ ❡ ❡ ✢ ❡ ❝ ✐ ✈ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✿ e α → (− e α ) ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❤ ❡ ❡ ♦
♦ ❛ ✐ ♦ ♥ r ot Π · e α = − e α ❛ ♥ ❞ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧ Γ → (− Γ) ✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧

❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❛ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ r ot Θ · Ẽ 1 = Ẽ 1 u ❧ ❡ ❛ ❞ ♦ ♥❧ ② ♦ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡
✉ ♥✐ ② ✈ ❡ ❝ ♦ ✿ r ot ′ Θ n × n · e α = r ot (− Θ n × n ) · e α = e α ′ ✇✐ ❤✐ ♥ ❤ ❡ ❛ ♠ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡✳



❈ ❤ ❛ ♣ ❡ ✼

❚ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡
❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ❛ ♥ ❞ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ②

✼✳ ✶ ❈ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡

❚ ✇ ♦ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ P 1 P 2 = P 2 P 1 = Z ❛ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡
✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ②✿ P 1 P 2 = + P 2 P 1 = − P 2 P 1 = Z ✳ ❇ ② ❤ ❡ ❡ ❛ ♦ ♥✱ ❤ ❡ ② ❛❧ ✇ ❛ ② ❛ ❡ ✐ ♥ ❣ ✉❧ ❛ ✿

r 1 + r 2 ≤ n ✳ ❉ ✉ ❡ ♦ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ②✱ ❤ ❡ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ P 1 , P2 ❛ ♣ ✐ ♠ ❡ ♦ ♥ ❡ ♠ ❛ ②
❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞ ❛❧ ♦ ✐ ♥ ♦ ❤ ❡✐ ❉✲❢ ♦ ♠ D 1 , D2 ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡✱ ✇ ❤ ❡ ❡ D 1 D 2 = Z ✳
❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ✉ ❝ ❤ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ P 1 P 2 ♠ ❛ ② ❜ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦✐ ♥ ♦❢
✈✐ ❡ ✇ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ♥❧ ② ❢ ♦ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ✭ ❤ ❡ ② ❤ ❛ ✈ ❡ ♥ ♦ ✉ ❝ ❤ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜❧ ♦ ❝ ❦ ✦✮✳

❈ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ P 1 ❛ ♥ ❞ P 2 ❛ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧✐ ③ ❡ ❞ ❛❧ ✇ ❛ ② ✐ ♥ ♦ ♠ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡✿

D (P 1 ) D (P 2 )









✳✳✳

a j

a k

✳✳✳









,









✳✳✳

b j

b k

✳✳✳









, D(P ) = V − 1
c ol P V c ol .

■ ♥ ❞ ❡ ❡ ❞✱ ✐❢ u ✐ ❛ ♥ ② ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① P 1 ✇✐ ❤ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ µ ✱ ✐✳ ❡✳✱ P 1 · u = µ · u ✱
❤ ❡ ♥ ❤ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ❤ ❡ ♠ ❛ ✐ ❝ ❡ P 1 ❛ ♥ ❞ P 2 ✐ ♠ ♣❧✐ ❡ ❤ ❡ ❡ ✉ ❛❧✐ ✐ ❡ ✿

P 1 P 2 · u = P 2 P 1 · u = P 2 · (µ · u ) = µ · (P 2 · u ) → P 2 · u = ν · u .

❋ ♦ ♠ ✇ ❤ ❡ ❡ ❤ ❡ ❛ ♠ ❡ ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ u ♦❢ P 1 ❡❧ ❛ ❡ ♦ P 2 ♦ ♦✳ ❋ ✉ ❤ ❡ ✱ ✇ ❡ ♠ ✉ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❤✐
♣ ♦ ❝ ❡ ♦ ♥ ♦ ❤ ❡ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ❛ ❤ ❡ ❞✐ ❡ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦ u 1 , u 2 , ..., u ( n − 1 ) ✳
❚ ❤✐ ♣ ♦ ♣ ❡ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❛ ❡ ♦❢ ❝ ♦ ♠ ♠ ♦ ♥ k ❛ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ P 1 ✱ P 2

✭ ❡ ❡ ❤ ❡ ♠ ✐ ♥ ❡ ❝ ✳ ✷✳ ✷✮ ✇✐ ❤ ❤ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① P = P 1 P 2 ❛ µ k · ν k ✱ ✇ ❤✐ ❝ ❤
✉ ♥✐ ✉ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ♦❢ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡ ♦❢ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ❢ ♦ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ P 1 ❛ ♥ ❞ P 2 ✳
❈ ♦ ♥ ❛ ②✱ ✐❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡ ✐ ③ ❡ P 1 ❛ ♥ ❞ P 2 ✐ ♥ ♦ ♠ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ✐ ❤ ❛ ✈ ❡ ❤ ❡✐
❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✱ ❤ ❡ ♥ ❤ ❡ ② ❛ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ✐ ❛ ♥ ❞✱ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ✐ ♦ ♦✳

❚ ❤✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✉ ❝ ✉ ❡ ✐ ♥ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡ ✇✐ ❤ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡
✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❛✐ ❜✐ ♥ ❛ ② (j, k )✲ ❤ ❝ ❡❧❧ ✱ ❤ ❛
❛ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡✱ ✐ ♥ ❤ ❡✐ ❛ ✣ ♥ ❡ ❤ ❡ ❡ ❲✲❢ ♦ ♠ ✿

W 1 W 2 W 3









✳✳✳

± c 0
0 ∓ c

✳✳✳









,









✳✳✳

0 ∓ d
± d − 1 0

✳✳✳









,









✳✳✳

0 ± i d
± i d− 1 0

✳✳✳









.

❚ ❤ ❡ ✜ ♠ ❛ ✐ ① ✐ ✐ ♠✐❧ ❛ ♦ ❛ ✣ ♥ ❡ ❡ ✢ ❡ ❝ ✐ ♦ ♥✱ ✐ ♠ ❡ ❡❧ ② ❝ ❤ ❛ ♥ ❣ ❡ ♣ ❛✐ ❧ ② ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ✱ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ✇✐ ❤ ❤ ❡✐ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❞ ❤✐ ❞ ♠ ❛ ✐ ❝ ❡ ❛ ❡
✐ ♠✐❧ ❛ ♦ ♦ ❛ ✐ ♦ ♥ ✱ ❤ ❡ ② ♣ ❡ ♠ ✉ ❡ ♣ ❛✐ ❧ ② ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❛ ✇ ❡❧❧ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡

✭ ✇✐ ❤ ❤ ❡✐ ❝ ♦ ♠ ♣ ❡ ✐ ♦ ♥✲ ❡ ❝ ❤✐ ♥ ❣✮✳



✶ ✶ ✹
❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ■ ❈ ■ ◆ ❚ ❊ ❘ ❘ ❊ ❚ ❆ ❚ ■ ❖ ◆ ❖ ❋ ❘ ■ ▼ ❊

▼ ❆ ❚ ❘ ■ ❈ ❊ ❙ ❈ ❖ ▼ ▼ ❯ ❚ ❆ ❚ ■ ❱ ■ ❚ ❨ ❆ ◆ ❉ ❆ ◆ ❚ ■ ❈ ❖ ▼ ▼ ❯ ❚ ❆ ❚ ■ ❱ ■ ❚ ❨

❆❧❧ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ✉ ❝ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❤ ❡ ❡ ② ♣ ❡ ❢ ♦ ♠ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♦❢
♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❉✲❢ ♦ ♠ ❣✐ ✈ ❡ ♥ ❛ ❜ ♦ ✈ ❡✳ ❊✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ P 1 ❛ ♥ ❞ P 2

❛ ❡ ✉ ♣ ♣ ♦ ❡ ❞ ♦ ❜ ❡ ❞✐ ✐ ♥ ❝ ✱ ♦ ❤ ❡ ✇✐ ❡ ❤ ❡ ❡ ❤ ♦ ✉❧ ❞ ❜ ❡ ✇✐ ❞ ❡ ♥✱ ✐ ❤ ♦ ✉❧ ❞ ❝ ♦ ♥ ❛✐ ♥ ❜ ❛ ❡ ❝ ❤ ❛ ♥ ❣ ❡
✐ ♥ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢ P 1 ❛ ♥ ❞ P 2 ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❡✐ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✇✐ ❤ ♠ ✉❧ ✐ ♣❧ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✳

❚ ❤ ❡ ❤ ❡ ❡ ❛ ✣ ♥ ❡ ② ♣ ❡ ♦❢ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❣✐ ✈ ❡ ✐ ❡ ♦ ❤ ❡✐ ❛ ❞ ♠✐ ✐ ❜❧ ❡
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ W ✲❢ ♦ ♠ ✐ ♥ ⟨ E n ⟩ ✭✐✳ ❡✳✱ ❛ d = 1 ✮✿

R e f { I ± } R ot (± Π / 2) R ot h (± iΠ / 2)








✳✳✳

± 1 0
0 ∓ 1

✳✳✳









,









✳✳✳

0 ∓ 1
± 1 0

✳✳✳









,









✳✳✳

0 ± i
± i 0

✳✳✳









. ( 3 6 6)

▼ ❛✐ ♥ ❝ ♦ ♦❧❧ ❛ ✐ ❡

✶✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✸ ✻ ✻ ✮✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ R ul e ✐ ✈ ❛❧✐ ❞✿ ❢ ♦ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ✐ ♠ ❡
♠ ❛ ✐ ❝ ❡ P 1 , P2 , . . . ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡ ♦❢ D (P 1 )✱ D (P 2 ), . . . ♠ ❛ ② ❞✐ ✛ ❡ ✐ ♥ ⟨ E n ⟩ ♥ ❛ ♠ ❡❧ ② ❜ ②
❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♠ ♦ ❞ ❛❧ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦ ♦ ❛ ✐ ♦ ♥ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ k ·Π / 2
♦ ❛ ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ k · iΠ / 2 ✱ ✭k = 0 , ± 1 , ± 2 , . . .✮ ✉ ♥ ❞ ❡ ❤ ❡✐ ♠ ♦ ❞ ❛❧

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❜✐ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✳
2 . ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ C o r oll a r y 3 ✐ ♥ ❡ ❝ ✳ ✺✳ ✼✱ ✉ ❝ ❤ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❢ ♦ ❤ ❡

❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ✭ ✐ ♠✐❧ ❛ ♦ ❡ ✢ ❡ ❝ ♦ ✮ ♦ ❤ ❡✐ ❡ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ❞ ♦ ✉ ❜❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧
❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ k · Π ♦ ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ k · iΠ ✱ ✭k = 0 , ± 1 , ± 2 , . . .✮ ✉ ♥ ❞ ❡
❤ ❡✐ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♠ ♦ ♥ ♦ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✭ ❡✐ ❤ ❡ ❢ ♦ ♠ ❤ ❡ ❧ ❡❢ ♦ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ✮✳

✼✳ ✷ ❆ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ♣ ❛✐

■❢ ❛ ♣ ❛✐ ♦❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ P 1 ❛ ♥ ❞ P 2 ❛ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✱ ✐✳ ❡✳✱ P 1 P 2 = − P 2 P 1 ✱ ❤ ❡ ♥

P 2
1 P 2 = P 2 P 2

1 , P1 P 2
2 = P 2

2 P 1 , P 2
1 P 2

2 = P 2
2 P 2

1 .

❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ❤ ❡ ♣ ❛✐ ♦❢ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ P 1 ✱ P 2 ❤ ❛ ✈ ❡ ♥ ♦ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜❧ ♦ ❝ ❦
✭ ❡ ❡ ❡ ❝ ✳ ✼✳ ✶✮✳ ❚ ❤ ✉ ✱ ✐ ♥ ✜ ✱ ✐ ③ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❡ ✈ ❡ ♥ ❛ ♥ ❞✱ ✐ ♥ ❡ ❝ ♦ ♥ ❞✱ ❤ ❡
♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ❤ ❡✐ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ❡ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ②
✭ ❡ ❝ ✳ ✺✳ ✼✮✱ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ W ✲❢ ♦ ♠ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡
Ẽ = V W { Ẽ 1 } ✇✐ ❤ ❤ ❡ ❡ ✉❧ ✿

W (P 1 ) W (P 2 ) W (P i ) = V − 1
W P i V W , i = 1 , 2 .











✳ ✳ ✳

· ·
· ·

· ·
· ·

✳ ✳ ✳











,











✳ ✳ ✳

· ·
· ·

· ·
· ·

✳ ✳ ✳











.

❊ ① ❡ ❝ ✉ ❡ ✉ ❝ ❤ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ V W ♦❢ W (P 1 ) ❛ ♥ ❞ W (P 2 ) ♦ ❣ ❡ ❤ ❡ ✱ ✐ ♥ ♦ ❞ ❡ ♦
❝ ♦ ♥ ✈ ❡ P 1 ✐ ♥ ♦ ✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠✳ ■ ♥ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡✱ P 1 ❛ ♥ ❞ P 2 ❛ ❜ ❡❢ ♦ ❡ ❛ ❡
❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✳



✼✳ ✷ ❆ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ♣ ❛✐ ✶ ✶ ✺

◆ ♦ ✇ ❤ ❡ ♣ ♦ ♣ ❡ ② ✐ ✈ ❛❧✐ ❞ ✐ ✛ ❤ ❡✐ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ j ✲ ❤ 2 × 2 ✲ ❝ ❡❧❧ ❤ ❛ ✈ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧
❢ ♦ ♠ ✭✐ ✐ ♣ ♦ ✈ ❡ ❞ ❜ ② ❤ ❡ ❛ ❝ ✐ ♦ ♥ D (P 1 )P 2 = − P 2 D (P 1 )✿









✳✳✳

+ a 0
0 − a

✳✳✳









,









✳✳✳

0 b 1 2

b 2 1 0
✳✳✳









. ( 3 6 7)

■❢ ❤ ❡ ♠ ❛ ✐ ① P 2 ❛ ❤ ❡ ❤ ❛ ♥ P 1 ✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧✐ ③ ❡ ❞✱ ❤ ❡ ♥ 2 × 2 ✲ ❝ ❡❧❧ ✐ ♥ ❤ ❡ ♥ ❡ ✇ ❜ ❛ ❡ ❛ ❡









✳✳✳

0 a 1 2

a 2 1 0
✳✳✳









,









✳✳✳

+ b 0
0 − b

✳✳✳









. ( 3 6 8)

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ♦ ❤ ❝ ❛ ❡ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿ a =
√

a 1 2 a 2 1 , b =
√

b 1 2 b 2 1 ❛ ❛❧❧ ✐ ♥ ❞✐ ❝ ❡ j ✳
✭ ❚ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✇ ❤ ❡ ♥ ❜ ♦ ❤ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ♠ ❛ ② ❜ ❡ ✐ ♥ ❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✕ ❡ ❡ ❧ ❛ ❡ ✳✮

■ ♥ ❞ ❡ ❡ ❞✱ ❢ ♦ ❤ ❡ ✈ ❛ ✐ ❛ ♥ Π 1 = P 1 · P 2 ✱ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡✿

Π 1 =









✳✳✳

a 1 0
0 a 2

✳✳✳









·









✳✳✳

p 1 1 p 1 2

p 2 1 p 2 2

✳✳✳









=









✳✳✳

a 1 p 1 1 a 1 p 1 2

a 2 p 2 1 a 2 p 2 2

✳✳✳









.

❆ ♥ ❞✱ ❢ ♦ ❤ ❡ ✈ ❛ ✐ ❛ ♥ Π 2 = P 2 · P 1 = − Π 1 ✱ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡✿

Π 2 =









✳✳✳

p 1 1 p 1 2

p 2 1 p 2 2

✳✳✳









·









✳✳✳

a 1 0
0 a 2

✳✳✳









=









✳✳✳

a 1 p 1 1 a 2 p 1 2

a 1 p 2 1 a 2 p 2 2

✳✳✳









.

❲❡ ❣✐ ✈ ❡ P 1 ✐ ♥ ✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠✱ ❛ ♥ ❞ ❤ ❡ ♥ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦ ✜ ♥ ❞ ❤ ❡ ❢ ♦ ♠ ♦❢ P 2 ✳
❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✿ a 1 ≠ 0 , a2 ≠ 0 ✭ ❛ ✇ ❡❧❧ ❛ b 1 ≠ 0 , b2 ≠ 0 ✮✳

❋ ✉ ❤ ❡ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

a 1 p 1 1 = − a 1 p 1 1 , a2 p 2 2 = − a 2 p 2 2 → p 1 1 = p 2 2 = 0 ✱

a 1 p 1 2 = − a 2 p 1 2 , a2 p 2 1 = − a 1 p 2 1 → a 1 = − a 2 = + a ; p 1 2 ≠ 0 , p2 1 ≠ 0 .

❆ ♥ ❛❧ ♦ ❣ ♦ ✉ ❧ ②✱ ❢ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ♦❢ P 2 ❤ ❡ ❡ ❤ ♦❧ ❞✿ b 1 = − b 2 = + b ✳

❆❢ ❡ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ♦❢ a j ✐ ♥ ✭ ✸ ✻ ✼✮✱ ❢ ♦ ✐ ✇ ♦ ❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿
d et P 1 = − a 2 = − a 1 2 · a 2 1 ✳ ❆ ♥ ❛❧ ♦ ❣ ♦ ✉ ❧ ②✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿ d et P 2 = − b 2 = − b 1 2 · b 2 1 ✦

❚ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❝ ♦❧ ✉ ♠ ♥ ♠ ❛ ✐ ① ❝ ♦ ♥ ✈ ❡ ✐ ♥ ❣ ❤ ❡ ❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✐ ♥ ✭ ✸ ✻ ✼✮ ♦ ✭ ✸ ✻ ✽✮ ✐ ♥ ♦
D ✲❢ ♦ ♠ ♠ ❛ ② ❜ ❡ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❡ ✉❧ ✐ ♥ ❡ ❝ ✳ ✷✳ ✷✳



✶ ✶ ✻
❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ■ ❈ ■ ◆ ❚ ❊ ❘ ❘ ❊ ❚ ❆ ❚ ■ ❖ ◆ ❖ ❋ ❘ ■ ▼ ❊

▼ ❆ ❚ ❘ ■ ❈ ❊ ❙ ❈ ❖ ▼ ▼ ❯ ❚ ❆ ❚ ■ ❱ ■ ❚ ❨ ❆ ◆ ❉ ❆ ◆ ❚ ■ ❈ ❖ ▼ ▼ ❯ ❚ ❆ ❚ ■ ❱ ■ ❚ ❨

❚ ❤✐ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❣ ❡ ♥ ❡ ❛❧ ❛ ✣ ♥ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✱
❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❢ ♦ ❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ♦❢ P 2 ✐ ♥ ✭ ✸ ✻ ✼✮ ❛ ✐ j ✲ ❤ 2 × 2 ✲ ❝ ❡❧❧✿

W − 1
c ol · W (P ) · W c ol =

=









√
2

2 +
√

2
2

b 1 2

b 2 1

−
√

2
2

b 2 1

b 1 2

√
2

2















0 b 1 2

b 2 1 0















√
2

2 −
√

2
2

b 1 2

b 2 1

+
√

2
2

b 2 1

b 1 2

√
2

2









=

=







+
√

b 1 b 2 0
0 −

√
b 1 b 2





 =







+ b 0
0 − b





 = D (P ), ( 3 6 9)

W c ol = { R ot π / 4 } a f = W − 1 · {R ot π / 4 } · W, ( 3 7 0)

D (P ) = W − 1
c ol · W (P ) · W c ol = W − 1

c ol · V − 1
W · P · V W · W c ol = V − 1

c ol · P · V c ol . ( 3 7 1)

❍ ❡ ❡ d et { R ot π / 4 } a f = 1 ✱ µ 1 ,2 = c o s π / 4 ± i si n π / 4 ✳ ❋ ♦ ♠ ✉❧ ❛ ✭ ✸ ✼ ✵✮ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ❛ ✣ ♥ ❡ ❜ ❛ ❡ ✳ ■ ♥ ❤ ❡ ❡ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡✱ ❤✐ ♠ ❛ ✐ ① ✐ R ot π / 4 ❀

✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ❜✐ ♥ ❛ ② ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✭ ✷ ✼ ✶✮✱ ✐ ✐ R ot h (− i π /4) ✳ ❇ ❡ ✐ ❞ ❡ ✱ ❞ ✉ ❡ ♦ ✭ ✸ ✻ ✻✮ ✕✭ ✸ ✻ ✽✮✱
❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ W ✲ ✉ ❝ ✉ ❡ ❛ ❡ ♣ ❡ ❡ ✈ ❡ ❞ ✉ ♥ ❞ ❡ ❤ ❡ ❜ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞
❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ❲✲❢ ♦ ♠ ❛ ✐ ♥ ✭ ✸ ✻ ✻✮✱ ✐✳ ❡✳✱ ❛ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✐ ❣ ❤ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✳

❈ ♦ ♥ ✐ ❞ ❡ ♠ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ✇ ❤ ❛ ❛ ❡
❡❧ ❛ ❡ ❞ ♦ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ⟨ E n ⟩✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ a 1 2 = ± a 2 1 , b1 2 = ± b 2 1 ✱ ❛ ♥ ❞ ❤ ❡ ♥

V W = R W ✳ ❙ ✉ ♣ ♣ ♦ ❡ P 1 = M 1 , P2 = M 2 ❛ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡
✭ ♦ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ✕ ❡ ❝ ✳ ✹✳ ✷✮✳ ❚ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❡✐ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ✭S ✮✱
♦ ❦ ❡ ✇✲ ② ♠ ♠ ❡ ✐ ❝ ✭K ✮✳ ❚ ❤ ❡ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✈ ❛ ✐ ❛ ♥ ✭S 1 ❛ ♥ ❞ S 2 ✱ S ❛ ♥ ❞ K ✱ K 1 ❛ ♥ ❞ K 2 ✮
❛ ❡ ❡ ① ♣ ♦ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✸ ✻ ✼✮ ❛ ♥ ❞ ✭ ✸ ✻ ✽✮✳ ❖ ♥ ❡ ❡❧ ❡ ✈ ❛ ✐ ❛ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❝ ❛ ❡ ✇ ❤ ❡ ♥
❤ ❡ ♠ ❛ ✐ ❝ ❡ S ❛ ♥ ❞ K ♠ ❛ ② ❜ ❡ ♦ ❣ ❡ ❤ ❡ ✐ ♥ ❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✳ ✭ ❇ ✉ ✐ ✐ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢
✇ ♦ ✐ ♠ ♣❧ ❡ ✈ ❛ ✐ ❛ ♥ ✳✮ ❆❧❧ ❤ ❡ ❡ ✈ ❛ ✐ ❛ ♥ ❛ ❡✿

❆✮ a 1 2 = a 2 1 = + a, b 1 2 = b 2 1 = + b ❀ P 1 = S 1 , P2 = S 2 ✱ S 1 · S 2 = − S 2 · S 1 ✳ ❚ ❤✐
❝ ♦ ❡ ♣ ♦ ♥ ❞ ✐ ♥ ✭ ✶ ✽ ✸✮ ♦ S 1 = c o s Φ̃ , S2 = si n Φ̃ ✭ a 2 + b 2 = 1 ✱ S 2

1 + S 2
2 = I ✮✳ ❚ ❤ ❡ ♥

V c ol = R W ·








✳ ✳ ✳
√

2 / 2 −
√

2 / 2

+
√

2 / 2
√

2 / 2

✳ ✳ ✳








= R ot π / 4 · R W .

❇✮ a 1 2 = a 2 1 = + a, − b 1 2 = + b 2 1 = + b /i ❀ P 1 = S, P 2 = K ✱ S · K = − K · S ✳ ❚ ❤✐
❝ ♦ ❡ ♣ ♦ ♥ ❞ ✐ ♥ ✭ ✷ ✵ ✾✮ ♦ S = s e c Φ̃ , K = i t a n Φ̃ ✭ a 2 − b 2 = 1 ✱ S 2 − K 2 = I ✮✳ ❚ ❤ ❡ ♥

V c ol = R W ·








✳ ✳ ✳
√

2 / 2 − i
√

2 / 2

− i
√

2 / 2
√

2 / 2

✳ ✳ ✳








= R ot h i π / 4 · R W , ✭ ❡ ❡ ✐ ♥ ❝ ❤ ❡ ♠ ❡ ✭ ✸ ✷ ✷✮✮ .

❲❡ ❤ ❛ ✈ ❡ ✐ ♥ ✭ ✷ ✵ ✹✮ S = c o s Φ̃ , K = i t a n Φ̃ ❀ ❛ ♥ ❞ ❤ ❡ ✉ ♥ ✉ ✉ ❛❧ ♣ ❛✐ S = c o s Φ̃ , K = i si n Φ ✭✐ ♥
❤ ❡ ❧ ❛ ❝ ❛ ❡✿ c o s Φ̃ si n Φ = ( c o s Φ̃ si n Φ) ′ = si n ′ Φ c o s Φ̃ = − si n Φ c o s Φ̃ ✮✳



✼✳ ✷ ❆ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ♣ ❛✐ ✶ ✶ ✼

❈✮ a 1 2 = a 2 1 = + a = i c, − b 1 2 = + b 2 1 = + b /i ❀ K 1 · K 2 = − K 2 · K 1 ❀ − c 2 − b 2 = 1 ✱
− K 2

1 − K 2
2 = I ✳ ❚ ❤✐ ✈ ❛ ✐ ❛ ♥ ✐ ❣✐ ✈ ❡ ♥ ❢ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ♥ ❡ ✳

❉✮ ❇ ❡ ❣✐ ♥ ✇✐ ❤ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ♠ ✭ ❇✮✱ ❤ ❡ ♥ ❛ ♥ ❢ ♦ ♠ ❤ ❡ ❜ ❛ ❡ Ẽ ❢ ♦ ❜ ♦ ❤ ❤ ❡ ♠ ❛ ✐ ❝ ❡
❜ ② R ot π / 4 ✳ ◆ ♦ ✇ ❤ ❡ ♠ ❛ ✐ ① P 1 ❛ ♥ ❞ ❤ ❡ ♠ ❛ ✐ ① P 2 ✭✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ❤✐ ♦ ❛ ✐ ♦ ♥✮ ❤ ❛ ✈ ❡ ✇ ♦
❞✐ ✛ ❡ ❡ ♥ ❝ ♦ ♥ ❛ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❤ ❡ j ✲ ❡ ♥ ✐ ❡ a 1 2 = a 2 1 = + a, , − b 1 2 = + b 2 1 = + b /i ✳
❚ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ✐ ♥ ✭ ✷ ✵ ✹✮ ♦ S = si n Φ̃ , K = i t a n Φ̃ ✭ ♦ S = si n Φ̃ , K = i si n Φ ✮✳ ❚ ❤ ❡
❜ ❛ ❡ ♦❢ ✉ ❝ ❤ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❤ ❡✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ❛ ❡ ❞✐ ✛ ❡ ❡ ❞
❜ ② ❛ ♠ ❛❧ ❣ ❛ ♠ ❛ ❡ ❞ ♦ ❛ ✐ ♦ ♥ R ot h i π / 4 ·R ot π / 4 ♦ R ot π / 4 ·R ot h i π / 4 ✭ ♦ ❜ ② ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠✮✳ ❋ ♦ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❤ ❡ ❡ ❤ ♦❧ ❞ a 1 2 b 2 1 = − a 2 1 b 1 2 ✳

❚ ❤ ❡ ♠ ❛✐ ♥ ❡ ✉❧ ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✳

✶✳ ◆ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ P 1 , P2 ❛ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ✛ ❜ ❛ ❡ ♦❢ ❤ ❡✐ ❉✲❢ ♦ ♠ ❛ ❡
❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ± π / 4 ♦ ✴ ❛ ♥ ❞ ± i π /4 ✳

✷✳ ❙✐ ③ ❡ ♦❢ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ P 1 , P2 ❛ ❡ ❡ ✈ ❡ ♥✳

✸✳ ❆ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ❣ ✉❧ ❛ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ P 1 , P2 ❤ ❛ ✈ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜❧ ♦ ❝ ❦ ✱
✇ ❤ ❛ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞ ✐ ♥ ♦ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❉✲❢ ♦ ♠ ✐ ♥ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ✉ ❜✲ ❜ ❛ ❡ ✳

◆ ♦ ❡✱ ❛ ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❡ ❝ ✳ ✼✳ ✶✱ ❤ ❛ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ± π / 4 ❛ ♥ ❞ ± i π /4 ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡
❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ± ω ♦ ± i ω ✭♥ ♦ ♥ ♣ ❡ ✐ ♦ ❞✐ ❝✮ ✐ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✻✳

✯ ✯ ✯

❋ ✉ ❤ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♠ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❍ ❡ ♠✐ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧
♠ ❛ ✐ ❝ ❡ N 1 , N2 ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ❆✱ ❇✱ ❈✱ ❡ ① ♣ ♦ ❡ ❞ ❛ ❜ ♦ ✈ ❡✳ ❲❡ ❤ ❛ ✈ ❡

b 1 = ρ 1 ( c o s β 1 + i si n β 1 ), b2 = ρ 2 ( c o s β 2 + i si n β 2 ), ρ1 > 0 , ρ2 > 0 , β1 , β2 ∈ [ 0; 2π ],

b = b 1 b 2 =
√

ρ 1 ρ 2 e x p[ i(β 1 + β 2 )/ 2] ,

b 2 / b 1 = ρ 2 / ρ 1 e x p( i β1 2 ), b 1 / b 2 = ρ 1 / ρ 2 e x p( − i β1 2 ), β1 2 = β 2 − β 1 .

❆ ❛ ❜ ♦ ✈ ❡✱ ✈ ❛ ✐ ❛ ♥ b 1 j = ± b 2 j ✱ a 1 j = ± a 2 j ✱ V W = R W ❛ ❡ ♣ ♦ ✐ ❜❧ ❡✳ ❆ ♥ ❞ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧✐ ❝ ❛ ❡ ❞
❝ ❛ ❡ |b 1 j | = |b 2 j | = ρ b , |a 1 j | = |a 2 j | = ρ a ; V W = U W ❛ ❡ ♣ ♦ ✐ ❜❧ ❡ ♦ ♦✳

▲ ❡ P 1 = N 1 ✱ P 2 = N 2 ❜ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ ✳ ❍ ❡ ❡ ❤ ❡ ② ♠ ❛ ②
❜ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ♦ ❦ ❡ ✇✲ ❍ ❡ ♠✐ ❡ ❛ ♥✱ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ❛✐ ✿ H 1 ❛ ♥ ❞
H 2 ✱ H ❛ ♥ ❞ Q ✱ Q 1 ❛ ♥ ❞ Q 2 ✳ ❚ ❤ ❡ ❛ ✣ ♥ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✉ ♥✐ ❛ ② ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① V c ol ✐







✳
✳
✳

√
2

2
−

√
2

2
· e x p ( − i β 1 2 )

+

√
2

2
· e x p ( + i β 1 2 )

√
2

2

✳
✳
✳





 = E x p

− i β1 2

2
· R ot π / 4 · E x p

+ i β1 2

2
, ( 3 7 2)

✭✐ ✐ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ①✱ ❤ ❡ ♥ ♦ ♥ ❡ ✉ ❡ ❞ ❛ ❜ ♦ ✈ ❡✮✱ ✇ ❤ ❡ ❡

E x p ( + i β1 2 / 2) = { R ot ( + β 1 2 / 2) } c = U W ·








✳ ✳ ✳

e x p ( + i β1 2 / 2 ) 0
0 e x p ( − i β1 2 / 2 )

✳ ✳ ✳








· U ∗
W .

❆ ♥ ❞ ✐❢ β 1 2 = β 2 − β 1 = π / 2 ✱ ❤ ❡ ♥ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ✐ R ot h i π / 4 ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ❇✮ ❛ ❜ ♦ ✈ ❡✳
■ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❜✐ ♥ ❛ ② ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✕ ❡ ❡ ✭ ✷ ✽ ✼✮ ✐ ♥ ❡ ❝ ✳ ✺✳ ✾✳



✶ ✶ ✽
❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ■ ❈ ■ ◆ ❚ ❊ ❘ ❘ ❊ ❚ ❆ ❚ ■ ❖ ◆ ❖ ❋ ❘ ■ ▼ ❊

▼ ❆ ❚ ❘ ■ ❈ ❊ ❙ ❈ ❖ ▼ ▼ ❯ ❚ ❆ ❚ ■ ❱ ■ ❚ ❨ ❆ ◆ ❉ ❆ ◆ ❚ ■ ❈ ❖ ▼ ▼ ❯ ❚ ❆ ❚ ■ ❱ ■ ❚ ❨

▼ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧❧ ②✱ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✼ ✷✮ ❡ ① ♣ ❡ ❡ R ot π / 4 ✐ ♥ ❛ ❍ ❡ ♠✐ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜ ❛ ❡ ✇✐ ❤
✐ ♠ ❛ ❣✐ ♥ ❛ ② ❤✐❢ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ i β1 2 ✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✻ ✼✮ ❛ ♥ ❞ ✭ ✸ ✻ ✽✮✿

N 1 N 2









✳ ✳ ✳

+ ρ a e x p[ i( α 1 + α 2 ) / 2] 0
0 − ρ a e x p[ i( α 1 + α 2 ) / 2]

✳ ✳ ✳










,










✳ ✳ ✳

0 ρ b e x p ( i β1 )
ρ b e x p ( i β2 ) 0

✳ ✳ ✳










;

N 1 N 2









✳ ✳ ✳

0 ρ a e x p ( i α1 )
ρ a e x p ( i α2 ) 0

✳ ✳ ✳










,










✳ ✳ ✳

+ ρ a e x p[ i( β 1 + β 2 ) / 2] 0
0 − ρ a e x p[ i( β 1 + β 2 ) / 2]

✳ ✳ ✳










.

❋ ♦ ❤ ❡ ♣ ❛✐ N 1 · N 2 = − N 2 · N 1 ❤ ❡ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ❛ ❛ ❜ ♦ ✈ ❡ ❛ ❡ ♣ ♦ ✐ ❜❧ ❡✳
❆✮ β 1 j + β 2 j = α 1 j + α 2 j = 0 ✳ ❚ ❤ ❡ ♥ N 1 ❛ ♥ ❞ N 2 ❛ ❡ ❤ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥

♠ ❛ ✐ ❝ ❡ P 1 = H 1 ✱ P 2 = H 2 ✳ ■ ♥ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ a 2
j + b 2

j = 1 ✱ ❤ ❡ ♥ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❤ ❡

♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❍ ❡ ♠✐ ❡✐ ③ ❡ ❞ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡✱ ❛ ♥ ❞ H 2
1 + H 2

2 = I ✱ H 1 · H 2 = − H 2 · H 1 ✳
❇✮ β 1 j + β 2 j = π, α 1 j + α 2 j = 0 ✳ ❚ ❤ ❡ ♥ N 1 ❛ ♥ ❞ N 2 ❛ ❡ ❤ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥

❛ ♥ ❞ ❦ ❡ ✇✲ ❍ ❡ ♠✐ ❡ ❛ ♥ ♠ ❛ ✐ ❝ ❡ P 1 = H ✱ P 2 = Q ✳ ■ ♥ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ a 2
j − b 2

j = 1 ✱ ❤ ❡ ♥
❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❍ ❡ ♠✐ ❡✐ ③ ❡ ❞ ❡ ❝ ❛ ♥ ❛ ♥ ❞ ❦ ❡ ✇✲ ❍ ❡ ♠✐ ❡✐ ③ ❡ ❞ ❛ ♥ ❣ ❡ ♥ ✱ ❛ ♥ ❞

H 2 + Q 2 = I ✱ H · Q = − Q · H ✳
❈✮ β 1 j + β 2 j = α 1 j + α 2 j = π ✳ ❚ ❤ ❡ ♥ N 1 ❛ ♥ ❞ N 2 ❛ ❡ ❤ ❡ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❦ ❡ ✇✲ ❍ ❡ ♠✐ ❡ ❛ ♥

♠ ❛ ✐ ❝ ❡ P 1 = Q 1 ✱ P 2 = Q 2 ✳✱ ❛ ♥ ❞ − Q 2
1 − Q 2

2 = I ✳

❚ ❤ ✉ ✱ ❛❧❧ ♠ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ② ♣ ❡ ♦❢ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ② ♣ ❡ ❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞✦

❖❢ ❝ ♦ ✉ ❡✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ C o r oll a r y 3 ✐ ♥ ❡ ❝ ✳ ✺✳ ✼✱ ✉ ❝ ❤ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧
❢ ♦ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ✭ ✐ ♠✐❧ ❛ ♦ ❡ ✢ ❡ ❝ ♦ ✮ ❛❧ ♦ ♦ ❤ ❡✐ ❡ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ❤ ❡
❞ ♦ ✉ ❜❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ k · Π / 2 ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ k · iΠ / 2 ✱
✭ k = 0 , ± 1 , ± 2 , . . .✮ ✉ ♥ ❞ ❡ ❤ ❡✐ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♠ ♦ ♥ ♦ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✭ ❡✐ ❤ ❡ ❢ ♦ ♠
❤ ❡ ❧ ❡❢ ♦ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ✮✳

❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ♥ ❛ ♥ ② ❝ ❛ ❡✱ ❛ ♥ ✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ P 1 ❛ ♥ ❞ P 2 ✐ ✜ ① ❡ ❞ ❛ ❤ ❡
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞✐ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ❡ ① ❛ ❝ ❧ ② ❤ ❛❧❢ ❤ ❛

❢ ♦ ❤ ❡ ❝ ❛ ❡ ♦❢ ❤ ❡✐ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ②✦



❈ ❤ ❛ ♣ ❡ ✽

❚ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ❛ ✇✐ ❤ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡

✽✳ ✶ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉ ♠ ♦❢ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ①

▼ ❛ ✐ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ✱ ❛ ✇ ❡❧❧ ❛ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✱ ❛ ❡ ♣ ✐ ♠ ❡ ✐ ♥✲
❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❛ ✉ ♥✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ✭ ❡ ❡ ❈ ❤✳ ✶ ❛ ♥ ❞ ✷✮✳ ❈ ♦ ♥ ✐ ❞ ❡ ❛ ♥ ✉❧❧ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B
✇✐ ❤ ✐ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ K 2 (B, r ) ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ r ❛ ♥ ❞ ❛ ♥ ❣❧ ❡ Φ̃ B ✳ ❘ ❡ ♣ ❡ ❡ ♥ K 2 (B, r ) ❛ ❛ ♥
❛❧ ❣ ❡ ❜ ❛✐ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ♦ ✈ ❡ ❡✐ ❣ ❡ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ Φ̃ B ✿

K 2 (B, r ) =
r − ν ′

i = 1

−→
S i · K 2 (B, r ) ·

−→
S i +

− →
S m · K 2 (B, r ) ·

− →
S m , ( 3 7 3)

✇ ❤ ❡ ❡
−→
S i =

− − − − − − − − − − − − − − →
c o s 2 Φ̃ B − c o s 2 φ i · I ✐ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ❤ ❡ i✲ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ⟨ P i ⟩ ✕ ❡ ❡ ✭ ✷ ✹ ✵✮✱
− →
S m =

− − − − − − − →
c o s Φ̃ B − I ✐ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡

⟨ P m ⟩ ≡ ⟨ i m B ⟩ ∩ ⟨ i m B ′⟩ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ν ′ ✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✷✮✳ ❍ ❡ ❡ ν ′′ = 0 ❛ ❤ ❡ ♠ ❛ ✐ ① B ✐
♥ ✉❧❧✲ ♣ ✐ ♠ ❡✦ ❚ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ❢ ♦ ♠ ♦ ♦ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠❀

r − ν ′

i = 1

−→
S i +

− →
S m +

−→
S q = I,

✇ ❤ ❡ ❡
−→
S q =

− − − − − − − →
c o s Φ̃ B + I ✐ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P q ⟩ ≡ ⟨ k e r B ⟩ ∩

⟨k e r B ′⟩ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ n − 2 r + ν ′ ✭ ❋✐ ❣ ✉ ❡ ✷✮✳ ❚ ❤ ❡ ❡ ♥ ✐ ❡ ✉ ♠ ♦❢ ❤ ❡ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ 2( r − ν ′) +
ν ′ + ( n − 2 r + ν ′) = n ✐ ❡ ✉ ❛❧ ♦ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ❤ ♦❧ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ■ ♥ ❤ ❡ ❞✐ ❡ ❝ ✉ ♠✱
❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ② ✭ ❡ ❡ ❡ ❝ ✳ ✺✳ ✼✮✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✳ ❚ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
K 2 (B, r ) ✐ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P i ⟩ ✐ ❛ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① ♦❢ ❛ ♥ ❦ ✶ ❛ ♥ ❞ ♦❢ ✐ ③ ❡ 2 × 2 ✱ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
K 2 (B, r ) ✐ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P m ⟩ ✐ ❛ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① ♦❢ ✐ ③ ❡ ν ′ × ν ′✱ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
K 2 (B, r ) ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ P q ⟩ ✐ ❤ ❡ ③ ❡ ♦ (n − 2 r + ν ′) × (n − 2 r + ν ′)✲ ♠ ❛ ✐ ①✳ ❚ ❤ ✉ ✱

K 2 (B, r ) =
r − ν ′

i = 1

⊞ B 2 × 2
i ⊞ d et B ν ′ × ν ′

m · I ν ′ × ν ′

⊞ Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) , ( 3 7 4)

✇ ❤ ❡ ❡ ♠ ❛ ❦ ⊞ ❛ ♥ ❞ ❢ ♦ ❞✐ ❡ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥❀ r − ν ′ ≥ 0 , n − 2 r + ν ′ ≥ 0 ❛ ♥ ❞✱
❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

2 r − n ≤ ν ′ ≤ r. ( 3 7 5)

■❢ B ✐ ❛ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ① ✭ ❡ ❡ ❡ ❝ ✳ ✷✳ ✹✮✱ ❤ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✼ ✹✮ ✐ ❤ ❡ ✐ ♠ ♣❧ ❡ ✿

K 2 (B, r ) = d et B r × r
m · I r × r ⊞ Z ( n − r ) × ( n − r ) .

❲❡ ✉ ❡ ❞ ❡ ♣ ❡ ❝✐ ❛❧ ♥ ♦ ❛ ✐ ♦ ♥ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ✇✐ ❤ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✼ ✹✮✿

B 2 × 2
i ❢ ♦ ❛ 2 × 2 ✲ ♠ ❛ ✐ ① ♦❢ ❛ ♥ ❦ ✶✱ ✐ ❤✐ ❣ ❤ ❡ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷ ✾✮✱ ❤ ❡

♠ ❛ ✐ ① ✐ ❡❧❢✱ ✐ ❤✐ ❣ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ❤ ❡ ❛ ❝ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ①❀

B ν ′ × ν ′

m ❛ ♥ ❞ ❢ ♦ ❛ ν ′ × ν ′✲ ♠ ❛ ✐ ① ♦❢ ❛ ♥ ❦ ν ′✱ ✐ ❤✐ ❣ ❤ ❡ ♠ ❛ ✐ ① ❛ ♥ ❞ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
❛ ❡ d et B ν ′ × ν ′

m · I ν ′ × ν ′

❛ ♥ ❞ d et B ν ′ × ν ′

m ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②

Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) ✐ ❤ ❡ ③ ❡ ♦ ♠ ❛ ✐ ① ♦❢ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ✐ ③ ❡ ♥ ♦ ✐ ♥ ❡ ❡ ❝ ✐ ♥ ❣ ✇✐ ❤ B 2 × 2
i ✳

❚ ❤ ❡ ♦ ❛❧ ✐ ♥ ❣ ✉❧ ❛ ✐ ② ♦❢ B ❛ ♥ ❞ ♦❢ K 2 (B, r ) ✐ (r − ν ′) + ( n − 2 r + ν ′) = n − r ✳



✶ ✷ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ■ ❈ ❙ ❊ ❈ ❚ ❘ ❆ ❲ ■ ❚ ❍ ■ ◆ ❊ ◗ ❯ ❆ ▲ ■ ❚ ■ ❊ ❙

❋ ♦ ♠ ✉❧ ❛ ✭ ✸ ✼ ✹✮ ♠ ❛ ② ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞✱ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✻ ✷✮ ❢ ♦ r = 2 ❛ ♥ ❞ r = n ✱ ✐ ♥ ♦ ❤ ❡

❞✐ ❡ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥ ♦ ❜❧✐ ✉ ❡ ♣ ♦❥ ❡ ❝ ♦
←−
B ✱ ✐ ✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

♣ ❡ ❝ ✉ ♠ ♦❢ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B ✿

←−
B =

K 2 (B, r )

k (B, r )
=

r − ν ′

i = 1

⊞
B 2 × 2

i

t r B 2 × 2
i

⊞ I ν ′ × ν ′

⊞ Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) . ( 3 7 6)

❙✐ ♠✐❧ ❛ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ K 2 (B B ′, r) ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ❛ ♥ ❞

❤ ❡ ❡✐ ❣ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦
← − −
B B ′✱ ❛ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉ ♠ ♦❢ ❛ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡ ♠ ❛ ✐ ① B B ′✱

❛ ❡ ❞ ❡ ✐ ✈ ❡ ❞✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ② ✭ ❡ ❡ ❡ ❝ ✳ ✺✳ ✼✮✿

K 2 (B B ′, r) =
r − ν ′

i = 1

−→
S i · K 2 (B B ′, r) ·

−→
S i +

− →
S m · K 2 (B B ′, r) ·

− →
S m , ( 3 7 7)

K 2 (B B ′, r) =
r − ν ′

i = 1

⊞ B 2 × 2
i (B ′) 2 × 2

i ⊞ d et 2 B ν ′ × ν ′

m · I ν ′ × ν ′

⊞ Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) , ( 3 7 8)

← − −
B B ′ =

K 2 (B B ′, r)

k (B B ′, r)
=

r − ν ′

i = 1

⊞
B 2 × 2

i (B ′) 2 × 2
i

t r [B 2 × 2
i (B ′) 2 × 2

i ]
⊞ I ν ′ × ν ′

⊞ Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) . ( 3 7 9)

◆ ♦ ❡✱ ❤ ❛ ❢ ♦ ❛ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ① B ′✳ ✇ ❡ ✉ ❡ ✐ ♠✐❧ ❛ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡

❝ ♦ ❡ ✣ ❝✐ ❡ ♥ K 2 (B ′B, r ) ❛ ♥ ❞ ❤ ❡ ❡✐ ❣ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦
← − −
B ′B ✳

❋ ♦ ♠ ❞✐ ❡ ❝ ♣ ❡ ❝ ❛ ✭ ✸ ✼ ✹✮✱ ✭ ✸ ✼ ✻✮ ❛ ♥ ❞ ✭ ✸ ✼ ✽✮✱ ✭ ✸ ✼ ✾✮ ✇ ❡ ✐ ♥❢ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡
❤✐ ❣ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ♠ ❛ ✐ ❝ ❡ B ✭ ♦ B ′✮ ❛ ♥ ❞ B B ′ ✭ ♦ B ′B ✮✿

k (B, r ) =

r − ν ′

i = 1

t r B 2 × 2
i d et B ν ′ × ν ′

m =

r − ν ′

i = 1

t r (B ′) 2 × 2
i d et (B ′) ν ′ × ν ′

m = k (B ′, r), ( 3 8 0)

k (B B ′, r) =
r − ν ′

i = 1

t r [B 2 × 2
i · (B ′) 2 × 2

i ]d et 2 B ν ′ × ν ′

m = k (B ′B, r ). ( 3 8 1)

✽✳ ✷ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❈ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ②

❋ ♦ ♥ ✉❧❧✲ ♣ ✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ r a n k { c o s Φ̃ B } = n ✭ν ′′ = 0 ✮✱ ❛ ♥ ❞ ❞ ✉ ❡ ♦ ✭ ✶ ✽ ✻✮✱ ✭ ✶ ✾ ✹✮ ✇ ❡ ❤ ❛ ✈ ❡

← − −
B B ′ =

←−
B ·

←−
B ′ · c o s 2 Φ̃ B = (

←−
B · c o s Φ̃ B ) · (

←−
B · c o s Φ̃ B ) ′. ( 3 8 2)

■ ♥
←−
B ·

←−
B ′ · c o s 2 Φ̃ B ✱ ❡ ♣ ❡ ❡ ♥ ❛❧❧ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❞✐ ❡ ❝ ♣ ❡ ❝ ❛✱ ♦ ❜ ❛✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❡ ✉ ❛❧✲

✐ ✐ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ②✿

0 ≤ c o s 2 φ i =
t r 2 B 2 × 2

i

t r [B 2 × 2
i · (B ′) 2 × 2

i ]
≤ 1 . ( 3 8 3)

❋ ♦ ♠ ✭ ✸ ✽ ✵✮✱ ✭ ✸ ✽ ✶✮✱ ❛ ♥ ❞ ✭ ✸ ✽ ✸✮ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ✐ ♥ ❤ ❡ ♥ ♦ ♠ ❛❧✐ ③ ❡ ❞ ❢ ♦ ♠ ❢ ♦ ❛
✉ ❛ ❡ ♠ ❛ ✐ ① ✭ ✇ ❤ ❡ ❡ φ i ∈ ( 0; π / 2] ✮✱ ✐✳ ❡✳✱ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ✶ ✸ ✽✮✱ ❢ ♦❧❧ ♦ ✇ ✿

0 ≤
r − ν ′

i = 1

c o s 2 φ i = | {B }| 2
c o s = |d et c o s Φ̃ B | =

k 2 (B, r )

k (B B ′, r)
≤ 1 . ( 3 8 4)



✽✳ ✷ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❈ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ✶ ✷ ✶

❍ ❡ ❡ | {B }| c o s ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ♦❢ Φ̃ B ❛ ♥ ❞ Φ B ✳ ■ ❡ ① ❡ ♠ ❛❧ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ❛ ❡✿
| {B }| c o s = 0 ✐❢ B ✐ ❛ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ❡ ❞ ♠ ❛ ✐ ①✱ | {B }| c o s = 1 ✐❢ B ✐ ❛ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ①✳ ■ ♥
❡ ♠ ♦❢ ❤ ❡ ❞✐ ❛ ♥ ❛❧ ❛ ♥ ❞ ❤ ❡ ♠✐ ♥ ♦ ❛ ♥ ♦❢ B ✭ ❡ ❡ ❈ ❤✳ ✸✮ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❛ ♥ ❞ ❤ ❡

❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ♦❢ Φ̃ B ❛ ♥ ❞ Φ B ✭ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❢ ♦ B ✮ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛

0 ≤
| Dl(r )B |

M t(r )B
= | {B }| c o s =

| Dl(r )B |

D l(r )B B ′
≤ 1 .

❈ ♦ ♥ ✐ ❞ ❡ (
←−
B · c o s Φ̃ B ) · (

←−
B · c o s Φ̃ B ) ′ ✐ ♥ ✭ ✸ ✽ ✷✮ ❛ ♥ ❞ ♦ ❜ ❛✐ ♥ ✐ ♠✐❧ ❛ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✐ ♥ ❤ ❡

✐ ❣ ♥ ❢ ♦ ♠ ✭ ✇ ❤ ❡ ❡ φ i ∈ ( 0; π ]✮✿

− 1 ≤ c o s φ i =
t r B 2 × 2

i

t r { B 2 × 2
i · (B ′) 2 × 2

i }
≤ + 1 . ( 3 8 5)

❚ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ | {B }| c o s ✐ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ❜ ② ❤ ❡ ✐ ❣ ♥ ❡ ❞ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ✶ ✸ ✼✮✿

− 1 ≤
r − ν ′

i = 1

c o s φ i = { B } c o s =
k (B, r )

k (B B ′, r)
=

D l(r )B

M t(r )B
=

D l(r )B

D l(r )B B ′
≤ + 1 . ( 3 8 6)

❚ ❤ ❡ ❡ ① ❡ ♠ ❡ ❝ ❛ ❡ ✭ ❛ ✈ ❛❧ ✉ ❡ ± 1 ✮ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ❝ ❡ B ✇✐ ❤ ❤ ❡
♣ ♦ ✐ ✐ ✈ ❡ ♦ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❞✐ ❛ ♥ ❛❧ ✕ ❡ ❡ ✐ ♥ ✭ ✶ ✸ ✽✮✱ ❈ ❤✳ ✸✳ ◆ ♦ ❡ ✭✦✮✱ ❤ ❛ ■ ♥ ❡ ✉ ❛❧✐ ② ✭ ✸ ✽ ✻✮✱ ❛ ♥ ❡ ✇
♦ ♥ ❡✱ ✐ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ♥ ❤ ❡ ■ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ❍ ❡ ♠ ❛ ♥ ♥ ❲❡ ②❧ ❢ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ❛ ♥ ❞ ✐ ♥ ❣ ✉❧ ❛ ♥ ✉ ♠ ❜ ❡
♦❢ n × n ✲ ♠ ❛ ✐ ① B ❬ ✼❪✳ ❇ ♦ ❤ ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♥ ❤ ❡ ✐ ✈✐ ❛❧ ❝ ❛ ❡ ♦❢ ♥ ♦ ♥✲ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① B ✳

❚ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❞✐ ✐ ♥ ❝ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ✐ ♠✐❧ ❛ ♦ ❤ ❛ ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦
✉ ♥ ❞✐ ❡ ❝ ❡ ❞ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❞✐ ❡ ❝ ❡ ❞ ✈ ❡ ❝ ♦ ✭ ♦ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✮✳ ✭ ❇ ✉ ❤ ❡
✐ ♥ ❡ ❞✐ ✐ ♥ ❝ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❣✐ ✈ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛❧❧ ② φ i ∈ [− π / 2; + π / 2] ✕ ❈ ❤✳ ✸✳✮

❈ ♦ ♦❧❧ ❛ ② ✳ ❋ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ B ❛ ♥ ❞ Φ B ✱ ❤ ❡✐ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ φ i

❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ : ❤ ❡ ② ❛ ❡ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♣❧ ❛ ♥ ❛ ♦
❧✐ ♥ ❡ ♦ ✱ ❣✐ ✈ ❡ ♥ ❜ ② ♠ ❛ ✐ ❝ ❡ B 2 × 2

i ❛ ♥ ❞ B ′ 2 × 2
i ♦❢ ❛ ♥ ❦ 1 ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ❛ ♦❢ ❤ ❡ ❡✐ ❣ ❡ ♥

♣ ♦❥ ❡ ❝ ♦
←−
B ❛ ♥ ❞

←−
B ′ ✭ ❡ ❡ ✭ ✶ ✽ ✻✮ ✕✭ ✶ ✽ ✾✮✱ ✭ ✶ ✾ ✵✮✲✭ ✶ ✾ ✸✮ ❛ ♥ ❞ ❋✐ ❣ ✉ ❡ ✶✮✳

| {B }| c o s ✐ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❢ ♦ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨i m B ⟩✱ ⟨i m B ′⟩ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨k e r B ⟩✱
⟨k e r B ′⟩❀ ❜ ✉ { B } c o s ✐ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❢ ♦ ❧✐ ♥ ❡ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② B ❛ ♥ ❞ B ′✳

■❢ ❛ ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ A 1 ✱ A 2 ♦ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩✱
⟨i m A2 ⟩✱ ❤ ❡ ♥ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ φ i ✐ ♥ ❝ ❡❧❧ ❤ ❛ ✈ ❡ ❤ ❡ ✐ ♠✐❧ ❛ ❡ ♥ ❡✳ ❙ ✉ ♣ ♣ ♦ ❡✱ ❢ ♦ B = A 1 A ′

2

❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✷ ✹✮ ❤ ♦❧ ❞ ✱ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❜✐❥ ❡ ❝ ✐ ♦ ♥ ✭ ✷ ✷ ✻✮ ❜ ❡ ✇ ❡ ❡ ♥ ❡✐ ❣ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ❛ ❦ ❡
♣❧ ❛ ❝ ❡✳ ❚ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ❛ ❢ ♦ ❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ❡

K 2 (A A ′, r) =
r − ν ′

i = 1

−→
S i · K 2 (A A ′, r) ·

−→
S i +

− →
S m · K 2 (A A ′, r) ·

− →
S m ≡

≡
r − ν ′

i = 1

⊞ (A A ′) 2 × 2
i ⊞ d et (A A ′) ν ′ × ν ′

· I ν ′ × ν ′

⊞ Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) , ( 3 8 7)

K 2 (A 1 A ′
2 , r) =

r − ν ′

i = 1

−→
S i · K 2 (A 1 A ′

2 , r) ·
−→
S i +

− →
S m · K 2 (A 1 A ′

2 , r) ·
− →
S m ≡

≡
r − ν ′

i = 1

⊞ (A 1 A ′
2 ) 2 × 2

i ⊞ d et (A 1 A ′
2 ) ν ′ × ν ′

· I ν ′ × ν ′

⊞ Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) , ( 3 8 8)

←−−
A A ′ =

K 2 (A A ′, r)

k (A A ′, r)
=

r − ν ′

i = 1

⊞
(A A ′) 2 × 2

i

t r (( A A ′) 2 × 2
i

⊞ I ν ′ × ν ′

⊞ Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) , ( 3 8 9)



✶ ✷ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ■ ❈ ❙ ❊ ❈ ❚ ❘ ❆ ❲ ■ ❚ ❍ ■ ◆ ❊ ◗ ❯ ❆ ▲ ■ ❚ ■ ❊ ❙

← − − −
A 1 A ′

2 =
K 2 (A 1 A ′

2 , r)

k (A 1 A ′
2 , r)

=
r − ν ′

i = 1

⊞
(A 1 A ′

2 ) 2 × 2
i

t r (( A 1 A ′
2 ) 2 × 2

i

⊞ I ν ′ × ν ′

⊞ Z ( n − 2 r + ν ′ ) × ( n − 2 r + ν ′ ) , ( 3 9 0)

k (A A ′, r) =
r − ν ′

i = 1

t r (A A ′) 2 × 2
i d et (A A ′) ν ′ × ν ′

= d et (A ′A ), ( 3 9 1)

k (A 1 A ′
2 , r) =

r − ν ′

i = 1

t r (A 1 A ′
2 ) 2 × 2

i d et (A 1 A ′
2 ) ν ′ × ν ′

= d et (A ′
1 A 2 ). ( 3 9 2)

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✸ ✷✮ ❤ ❡ ❡ ❤ ♦❧ ❞ d et 2 (A 1 A ′
2 ) ν ′ × ν ′

i = d et (A 1 A ′
1 ) ν ′ × ν ′

i · d et (A 2 A ′
2 ) ν ′ × ν ′

i ✳ ❚ ❤ ❡ ♥
❢ ✉ ❤ ❡ ✱ ❢ ♦ ♠ ✭ ✶ ✽ ✻✮✱ ✭ ✶ ✽ ✼✮✱ ✭ ✶ ✾ ✻✮✱ ❛ ♥ ❞ ✭ ✷ ✷ ✻✮ ✇ ❡ ♦ ❜ ❛✐ ♥

← − − −
A 1 A ′

1 ·
← − − −
A 2 A ′

2 =
← − − −
A 1 A ′

2 · c o s 2 Φ̃ 1 2 = (
← − − −
A 1 A ′

2 c o s Φ̃ 1 2 ) · (
← − − −
A 2 A ′

1 · c o s Φ̃ 1 2 ). ( 3 9 3)

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡❧ ②✱ ❜ ② ✭ ✻ ✽✮ ✐ ♥ ✐ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ❢ ♦ n = 2 ✱ ❛ ♥ ❞ ❤ ❡ ♦ ❜ ✈✐ ♦ ✉ ❡❧ ❛ ✐ ♦ ♥
[A ′

2 A 1 ]i = [ A ′
1 A 2 ]i ✱ ❢ ♦ ❤ ❡ ✐✲ ❤ 2 × 2 ✲ ❝ ❡❧❧ ♦❢ ❛ ♥ ❦ ✶ ❤ ❡ ❡ ❤ ♦❧ ❞

(A 1 A ′
2 ) 2 × 2

i · (A 1 A ′
2 ) 2 × 2

i = t r (A 1 A ′
2 ) 2 × 2

i · (A 1 A ′
2 ) 2 × 2

i = ( A 1 A ′
1 ) 2 × 2

i · (A 2 A ′
2 ) 2 × 2

i . ( 3 9 4)

❘ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ✭ ✸ ✾ ✸✮ ❛ ❞✐ ❡ ❝ ♣ ❡ ❝ ❛ ❛ ♥ ❞ ❛ ♣ ♣❧ ② ✭ ✸ ✾ ✹✮ ✐ ♥ ❛❧❧ ❤ ❡ ✐✲ ❤ ❝ ❡❧❧ ✱
♦ ❜ ❛✐ ♥ ❤ ❡ ✐✲ ❤ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡

0 ≤ c o s 2 φ i =
t r 2 (A 1 A ′

2 ) 2 × 2
i

t r (A 1 A ′
1 ) 2 × 2

i t r (A 2 A ′
2 ) 2 × 2

i

≤ 1 , ( 3 9 5)

❛ ♥ ❞ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ A 1 ✱ A 2 ✐ ♥ ❤ ❡ ♥ ♦ ♠ ❛❧✐ ③ ❡ ❞ ❢ ♦ ♠ ✿

0 ≤

r − ν ′

i = 1

c o s 2 φ i = | {A 1 A ′
2 }| 2

c o s = |d et c o s Φ̃ 1 2 | =
D l2 (r )( A 1 A ′

2 )

M t2 (r )A 1 · Mt2 (r )A 2
≤ 1 , ( 3 9 6)

✇ ❤ ❡ ❡ φ i ❛ ❡ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨i m (A 1 A ′
1 ) 2 × 2

i ⟩ ≡ ⟨ i m (A 1 A ′
2 ) 2 × 2

i ⟩ ❛ ♥ ❞
⟨i m (A 2 A ′

2 ) 2 × 2
i ⟩ ≡ ⟨ i m (A 2 A ′

1 ) 2 × 2
i ⟩✳ ❯ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✷ ✹✮ ❤ ❡ ❡ ❤ ♦❧ ❞ ✭ ❡ ❝ ✳ ✸✳ ✸✮✿

0 ≤
r − ν ′

i = 1

c o s 2 φ i = | {A 1 A ′
2 }| 2

c o s = |d et c o s Φ̃ 1 2 | =
d et 2 (A ′

1 A 2 )

d et (A ′
1 A 1 ) · d et (A ′

2 A 2 )
≤ 1 ,

✭❢ ♦ ♥ ♦ ♥✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❧✐ ♥ ❡ ♦ ✿ r a n k { c o s Φ̃ 1 2 } = n ✭ν ′′ = 0 ✮✮✳ ❚ ❤ ❡ ❡ ① ❡ ♠ ❛❧ ❝ ❛ ❡ ❛ ❡
| {A 1 A ′

2 }| c o s = 1 ✐❢ ❤ ❡ ❧✐ ♥ ❡ ♦ ❛ ❡ ❡ ♥ ✐ ❡❧ ② ♣ ❛ ❛❧❧ ❡❧✱ { A 1 A ′
2 } ✐ ♥ ✉❧❧✲ ♥ ♦ ♠ ❛❧❀

| {A 1 A ′
2 }| c o s = 0 ✐❢ ❤ ❡ ❧✐ ♥ ❡ ♦ ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ♠ ❛ ② ❜ ❡ ♣ ❛ ✐ ❛❧❧ ②✱ { A 1 A ′

2 } ✐ ♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ❡ ❞✳
❚ ❤✐ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ✐ ❛ ❞✐ ❡ ❝ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❬ ✷ ✹❪✳
■ ✐ ✐ ♥❢ ❡ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ♦ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ✐ ♥ ❡ ② ♣ ❡ ♦❢ ✇ ♦ ❧✐ ♥ ❡ ♦ ✳

❚ ❤ ❡ ✐ ❣ ♥ ❡ ❞ ❢ ♦ ♠ ♦❢ ❤ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❛ ❡

− 1 ≤ c o s φ i =
t r (A 1 A ′

2 ) 2 × 2
i

t r (A 1 A ′
1 ) 2 × 2

i · t r (A 2 A ′
2 ) 2 × 2

i

≤ + 1 , ( 3 9 7)

− 1 ≤
r − ν ′

i = 1

c o s φ i = { A 1 A ′
2 } c o s =

D l(r )( A 1 A ′
2 )

M t(r )A 1 · Mt(r )A 2
≤ + 1 . ( 3 9 8)

❚ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ❛ ♥ ❞ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ✐ ♥ ✭ ✸ ✽ ✹✮ ❛ ♥ ❞ ✭ ✸ ✾ ✻✮ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✷ ✹✮ ❛ ❡ ❤ ❡ ❛ ♠ ❡
✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ✭ ✶ ✸ ✷✮✳ ✭■❢ r 1 ≠ r 2 ✱ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❢ ♦ ♠ ❛❧❧ ② ✐ ✵✳✮



✽✳ ✸ ❙ ♣ ❡ ❝ ❛❧✲ ❝ ❡❧❧ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✶ ✷ ✸

■ ♥ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ✭ ✸ ✾ ✻✮✱ ❤ ❡ ✈ ❛❧ ✉ ❡ | {A 1 A ′
2 }| c o s ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ♦❢

Φ̃ 1 2 ❛ ♥ ❞ Φ 1 2 ✳ ■ ♥ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ r = 1 ✱ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✾ ✻✮ ✐ ❤ ❡ ♠ ♦ ❞ ✉❧ ❡ ❢ ♦ ♠ ♦❢ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝
❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦ ✇ ♦ ✈ ❡ ❝ ♦ ❬ ✷ ✹❪✳ ❚ ❤ ❡ ❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ② ✐ ✉ ❡ ❞ ✐ ♥ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②
❢ ♦ ♥ ♦ ♠ ❛❧✐ ③✐ ♥ ❣ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✈ ❡ ❝ ♦ ✐ ♥ [ 0; π / 2] ✳ ❚ ❤ ❡ ✐ ❣ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ②
✐ ♠✐❧ ❛ ♦ ✭ ✶ ✹ ✶✮ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✐ ❣ ♥ ❡ ❞ ❝ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❞✐ ❡ ❝ ❡ ❞ ✈ ❡ ❝ ♦ ✐ ♥

[ 0; π ]✳ ■ ✐ ❤ ❡ ❛ ♠ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ✭ ✸ ✾ ✽✮✳ ■ ♥✐ ✐ ❛❧❧ ②✱ ❤ ❡ ❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ② ❤ ❛ ❞ ❤ ❡ ♣ ✉ ❡
❛❧ ❣ ❡ ❜ ❛✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✳ ● ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✸ ✽ ✹✮✱ ✭ ✸ ✽ ✻✮✱ ❛ ♥ ❞ ✭ ✸ ✾ ✻✮✱ ✭ ✸ ✾ ✽✮ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞
❢ ♦ ♠ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦ ♦ ✐❢ ❤ ❡ ② ❛ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❝ ❛❧ ❛ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ♠ ❛ ✐ ❝ ❡ ✳

❋ ♦ ♠ ✭ ✷ ✷ ✾✮✱ ✭ ✷ ✸ ✵✮ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❝ ✐ ❡ ✐ ♦ ♥ ❢ ♦ ❛ ❧ ❡ ❛ ❤ ❡ ♣ ❛ ✐ ❛❧
♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♦❢ ✇ ♦ ❡ ✉✐ ❛ ♥ ❦ n × r ✲❧✐ ♥ ❡ ♦ ✐ ✐ ♥❢ ❡ ❡ ❞✿

d et C 1 2 = d et (A ′
1 A 2 ) = 0 ⇔ { A 1 A ′

2 } c o s = 0 . ( 3 9 9)

❙ ♦✱ ✇ ❡ ❡ ❡ ✭ ♦ ❤ ♦ ❡ ✇ ❤ ♦ ✇✐ ❤ ♦ ❡ ❡ ✐ ✮ ❤ ❛ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❣ ❡ ❜ ❛✐ ❝
❛ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ■ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ❈ ❛ ✉ ❝ ❤ ② ❢ ♦ ❛ ♣ ❛✐ ♦❢ ✈ ❡ ❝ ♦ ♦ ♥ ♦ ❤ ❡ ❛ ❜ ♦ ✈ ❡ ♠ ❛ ✐ ① ❣ ❡ ♦ ♠ ❡ ✐ ❝
♦ ❜❥ ❡ ❝ ✱ ❛ ♥ ❞ ✇ ❤✐ ❝ ❤ ✇ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❛ ♥ ✐ ❝✐ ♣ ❛ ❡ ❞ ✐ ♥ ❈ ❤ ❛ ♣ ❡ ✸✱ ✐ ♥ ♦ ✇ ✐ ❝ ❧ ② ❥ ✉ ✐ ✜ ❡ ❞ ❢ ♦ ✉ ❝ ❤
❣ ❡ ♥ ❡ ❛❧ ♦ ❜❥ ❡ ❝ ✐ ♥ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ✭ ✸ ✽ ✻✮ ❛ ♥ ❞ ✭ ✸ ✾ ✽✮✱ ❤ ❛ ♥ ❦ ♦ ♦ ✉ ❞✐ ❝ ♦ ✈ ❡ ② ❛ ♥ ❞ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉ ♠ ♦❢ ♠ ❛ ✐ ❝ ❡ ✳

❲❡ ❛❧ ♦ ❡ ✈ ❡ ❛❧ ❡ ❞ ❤ ❛ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ✭ ✸ ✽ ✻✮ ✐ ♥ ✐ ❢ ♦ ♠ ✉ ✐ ♥ ❣ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❢ ♦ ❛ ③ ❡ ♦✲
♥ ♦ ♠ ❛❧ ♠ ❛ ✐ ①✱ ✐ ♥ ❢ ❛ ❝ ✱ ♦ ♥❧ ② ✈ ❡ ② ✉ ❝ ❝ ❡ ❢ ✉❧❧ ② ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ■ ♥ ❡ ✉ ❛❧✐ ② ♦❢
❍ ❡ ♠ ❛ ♥ ♥ ❲❡ ②❧ ❬ ✼❪ ❢ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ❛ ♥ ❞ ✐ ♥ ❣ ✉❧ ❛ ♥ ✉ ♠ ❜ ❡ ♦❢ n × n ✲ ♠ ❛ ✐ ① B ❬ ✼❪✱ ❜ ✉ ❛ ❤ ❡ ❛ ♠ ❡
✐ ♠ ❡✱ ✐ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ♥ ✐ ❛ ♥ ❞ ❤ ❛ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ♥ ♦ ♦ ♥❧ ② ♦ ♠ ❛ ✐ ① ❛❧ ❣ ❡ ❜ ❛✱

❜ ✉ ❛❧ ♦ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ❧✐ ♥ ❡ ♦ ✱ ❛ ❛ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ✈ ❡ ❝ ♦ ♦ ✈ ❡ ❝ ♦ ✲ ❝ ♦❧ ✉ ♠ ♥ ✳ ♦❢ ❛
♠ ❛ ✐ ① ✐ ♥ ♦ ✉ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❜ ♦ ❤ ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♥ ❤ ❡ ✐ ✈✐ ❛❧ ❝ ❛ ❡
♦❢ ♥ ♦ ♥✲ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① B ✳

✽✳ ✸ ❙ ♣ ❡ ❝ ❛❧✲ ❝ ❡❧❧ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥

◆ ♦ ✇ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛
❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ ❡❧ ❡ ♠ ❡ ♥ ❛ ② 2 × 2 ✲ ❝ ❡❧❧ ✳ ■ ✇ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ❈ ❤✳ ✺ ❤ ❛ ❤ ❡ ❡✐ ❣ ❡ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣❧ ❛ ♥ ❡

❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ 2 × 2 ✲ ❝ ❡❧❧ ❛ ❡ ❤ ❡ ❛ ♠ ❡ ❢ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✳ ❚ ❤ ❛ ✐
✇ ❤ ② ❢ ♦ ♠ ❤ ❡ ❧ ❡❢ ✐ ❞ ❡ ♦❢ ✭ ✸ ✵ ✶✮ ❛ ♥ ❞ ♣ ❡ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸ ✽ ✾✮ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ❛ ✐ ♦ ♥ ❛❧
❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❡ ✉✐ ❛ ♥ ❦ ♣❧ ❛ ♥ ❛

c o s φ i − si n φ i

+ si n φ i c o s φ i
·

(A 1 A ′
1 ) 2 × 2

i

t r (A 1 A ′
1 ) 2 × 2

i

·
c o s φ i + si n φ i

− si n φ i c o s φ i
=

(A 2 A ′
2 ) 2 × 2

i

t r (A 2 A ′
2 ) 2 × 2

i

.

❋ ✉ ❤ ❡ ✱ ❡ ♣ ❡ ❡ ♥ ❤ ❡ 2 × 2 ✲ ❝ ❡❧❧ [
←−−
A A ′]2 × 2

i ♦❢ ❛ ♥ ❦ ✶ ❢ ♦ ❤ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦
←−−
A A ′ ❛ ❤ ❡

❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ① ❡ ✐ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ♥✐ ② 2 × 1 ✲ ✈ ❡ ❝ ♦ e i ✿

[
←−−
A A ′]2 × 2

i =
(A A ′) 2 × 2

i

t r (A A ′) 2 × 2
i

= e i e
′
i =

←−−
e i e

′
i .

❍ ❡ ❡ ❤ ❡ ✉ ♥✐ ② 2 × 1 ✲ ✈ ❡ ❝ ♦ e i ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ i✲ ❤ ❜ ❛ ✐ ❝ ❧✐ ♥ ❡ ♦❢ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨i m A⟩ ✐ ♥ ❤ ❡ i✲ ❤
❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ✳ ❘ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ❤ ❡ ✇ ♦ ✐ ❞ ❡ ♦❢ ❤✐ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
❜ ❡ ✇ ❡ ❡ ♥ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩ ♦❢ ❛ ♥ ❦ r ❛ ❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ 2 × 2 ✲ ❝ ❡❧❧ ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞
❛ ✇ ♦ ✉ ♥✐ ② ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ✭ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✮✳ ❚ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✇✐ ❤
♦ ❛ ✐ ♦ ♥ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❞ ✉ ❡ ♦ ✭ ✸ ✵ ✶✮✳ ❊ ① ♣ ❡ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ❡ ✈ ❡ ❝ ♦ ❛

e 1 =
c o s φ 1

si n φ 1
, e 2 =

c o s φ 2

si n φ 2
.

❚ ❤ ❡ ♥ ❤ ❡✐ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐

e 2 =
c o s φ 1 2 − si n φ 1 2

+ si n φ 1 2 c o s φ 1 2
· e 1 ,  φ1 2 = φ 2 − φ 1 .



✶ ✷ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ■ ❈ ❙ ❊ ❈ ❚ ❘ ❆ ❲ ■ ❚ ❍ ■ ◆ ❊ ◗ ❯ ❆ ▲ ■ ❚ ■ ❊ ❙

❚ ❤ ❡ ✈ ❡ ❝ ♦ e 1 ❛ ♥ ❞ ❡ ❛ ❝ ❤ ♦❢ ✇ ♦ ✐ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ♦ ❛ ❡ ❞ ❛ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣❧ ❡✳ ❆ ♥ ❞
❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✭ ✶ ✼ ✶✮✱ ❤ ❡ ❡ ♥ ♦ ❝ ♦ ✐ ♥ ❡ ❛ ❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ ❡❧ ❡ ♠ ❡ ♥ ❛ ② 2 × 2 ✲ ❝ ❡❧❧ ✐

[ c o s Φ̃ 1 2 ]2 × 2 =
← − −
e 1 e ′

1 +
← − −
e 2 e ′

2 − I 2 × 2 = e 1 e ′
1 + e 2 e ′

2 − I 2 × 2 .

❚ ❤✐ ✐ ♥✐ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✭ ✶ ✼ ✶✮ ✇✐ ❤ ✭ ✶ ✻ ✺ ✲ ■■✮ ❛ ♥ ❞ ✭ ✶ ✼ ✼✮ ❣✐ ✈ ❡ ❝ ♦ ❡ ❝ ✜ ♥ ❛❧ ❡ ✉❧ ✿

[ c o s Φ̃ 1 2 ]2 × 2 = c o s φ 1 2 ·
+ c o s( φ 1 + φ 2 ) si n( φ 1 + φ 2 )
si n( φ 1 + φ 2 ) − c o s( φ 1 + φ 2 )

= c o s φ 1 2 · { I 2 × 2 } c =

= c o s φ 1 2 · [ c o s (Φ̃ 1 + Φ̃ 2 ) + si n ( Φ̃ 1 + Φ̃ 2 )] = c o s φ 1 2 · R e f ⊞ { +( Φ̃ 1 + Φ̃ 2 )} . ( 4 0 0)

❍ ❡ ❡
c o s( φ 2 − φ 1 ) · c o s( φ 2 + φ 1 ) = c o s 2 φ 2 + c o s 2 φ 1 − 1 ,
c o s( φ 2 − φ 1 ) · si n( φ 2 + φ 1 ) = c o s φ 2 si n φ 2 + c o s φ 1 si n φ 1 .

❈ ♦ ♥ ✐ ❞ ❡ ❛ 2 × 2 ✲ ❝ ❡❧❧ ♦❢ ❤ ❡ ❡ ♥ ♦ ✐ ♥ ❡✳ ❆ ♥ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✭ ✶ ✻ ✸✮ ✐ ✐

[ si n Φ̃ 1 2 ]2 × 2 =
← − −
e 2 e ′

2 −
← − −
e 1 e ′

1 = e 2 e ′
2 − e 1 e ′

1 .

❚ ❤✐ ✐ ♥✐ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✭ ✶ ✻ ✸✮ ✇✐ ❤ ✭ ✶ ✻ ✺ ✲ ■✮ ❛ ♥ ❞ ✭ ✶ ✼ ✻✮ ❣✐ ✈ ❡ ❝ ♦ ❡ ❝ ✜ ♥ ❛❧ ❡ ✉❧ ✿

[ si n Φ̃ 1 2 ]2 × 2 = si n φ 1 2 ·
− si n( φ 1 + φ 2 ) c o s( φ 1 + φ 2 )
c o s( φ 1 + φ 2 )  + si n( φ 1 + φ 2 )

= si n φ 1 2 · { I 2 × 2 } s =

= si n φ 1 2 · [ c o s (Φ̃ 1 + Φ̃ 2 ) − si n ( Φ̃ 1 + Φ̃ 2 )] = si n φ 1 2 · R e f ⊞ { − ( Φ̃ 1 + Φ̃ 2 )} . ( 4 0 1)

❍ ❡ ❡
si n( φ 2 − φ 1 ) · si n( φ 2 + φ 1 ) = si n 2 φ 2 − si n 2 φ 1 ,
si n( φ 2 − φ 1 ) · c o s( φ 2 + φ 1 ) = c o s φ 2 si n φ 2 − c o s φ 1 si n φ 1 .

❈ ♦ ♥ ❞✐ ✐ ♦ ♥ φ 1 + φ 2 = 0 ❛ ♥ ❞ ✐ ❡ ♥ ♦ ❢ ♦ ♠ Φ̃ 1 + Φ̃ 2 = Z̃ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ♦❢
❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡✱ ✐✳ ❡✳✱ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ❢ ♦ ❛ ♥ ❣❧ ❡ Φ̃ ❛ ♥ ❞ Φ ✳ ❯ ♥ ❞ ❡ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥

❛❧❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ✇ ❡❧❧ ❛ ❛❧❧ ❤ ❡✐ ❡✐ ❣ ❡ ♥ ❡ ✢ ❡ ❝ ♦ ❤ ❛ ✈ ❡
❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ✐ ♥ ❈ ❤✳ ✺✳ ❙ ❡ ❝ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❤ ❛ ✈ ❡ ✐ ♠✐❧ ❛
❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ♠✐ ♦ ♦❢ ❤ ❡ ♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ✭ ✷ ✺ ✸✮ ✐ ❤ ❡ ♠✐ ❞✲ ✉ ❜ ♣ ❛ ❡ ♦❢ ❛ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡✱

✐ ✐ ❝❧ ❡ ❛ ❧ ② ❡ ❡ ♥ ✐ ♥ ❤ ❡ 2 × 2 ✲ ❝ ❡❧❧ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❛ ❜ ♦ ✈ ❡✳

✽✳ ✹ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❙✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ②

❚ ❤ ❡ ✐ ♥ ❡ ❛ ✐ ♦ ✭ ✶ ✸ ✺✮ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ✐ ♥ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ❛ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✳ ■ ✐ ♥ ♦ ♥ ③ ❡ ♦ ✐❢
❤ ❡ ✇ ♦ ❧✐ ♥ ❡ ♦ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❧✐ ♥ ❡ ❛ ❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✳ ❋ ♦ ♠ ✭ ✷ ✷ ✼✮✱ ✭ ✷ ✷ ✽✮ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❡ ♥ ❛❧

♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❝ ✐ ❡ ✐ ♦ ♥ ❢ ♦ ❛ ❧ ❡ ❛ ♣ ❛ ✐ ❛❧ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ♦ ❧✐ ♥ ❡ ❛ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ✇ ♦ ❧✐ ♥ ❡ ♦ ♦❢
✐ ③ ❡ n × r 1 ❛ ♥ ❞ n × r 2 ♦ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩ ✐ ❞ ❡ ✐ ✈ ❡ ❞✿

d et G 1 ,2 = d et [(A 1 |A 2 ) ′(A 1 |A 2 )] = 0 ⇔ | { A 1 A ′
2 }| si n = 0 . ( 4 0 2)

❙✐ ♠✐❧ ❛ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦✱ ❤ ❡ ✐ ♥ ❡ ❛ ✐ ♦ ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❞✐ ❡ ❝ ♣ ♦ ❞ ✉ ❝ ♦❢ ✐ ♥ ❡ ❛ ✐ ♦
✭ ✶ ✷ ✹✮ ✐ ♥ ❡ ❛ ❝ ❤ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❧✐ ♥ ❡ ♦ ✐ ♥ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉ ♠✳

■❢ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ❛ ❡ ❧✐ ♥ ❡ ❛ ❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✱ ❤ ❡ ✉ ♣ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♠ ❛ ✐ ① (A 1 |A 2 ) ❤ ❛
❛ ♥ ❦ r 1 + r 2 ≤ n ✳ ■ ❡ ① ❡ ♥ ❛❧ ❤ ♦ ♠ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ B 1 ,2 = [( A 1 |A 2 )( A 1 |A 2 ) ′] ✐ ❛ ② ♠ ♠ ❡ ✐ ❝

♣ ♦ ✐ ✐ ✈ ❡ ✭ ❡ ♠✐✲✮ ❞ ❡ ✜ ♥✐ ❡ n × n ✲ ♠ ❛ ✐ ①✳ ❉ ✉ ❡ ♦ ✭ ✶ ✷ ✵✮ ❛ ♥ ❞ ✭ ✹ ✵ ✷✮ ✇ ❡ ❤ ❛ ✈ ❡

k (B 1 ,2 , r1 + r 2 ) = d et G 1 ,2 ≥ 0 . ( 4 0 3)



✽✳ ✹ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❙✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ✶ ✷ ✺

❚ ❤ ❡ ♥✱ ❜ ② ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ✭ ✶ ✸ ✺✮✱ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ { B 1 ,2 , r1 + r 2 } ✭ ♦
✐ ♥ ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ { G 1 ,2 } ✮ ♦❢ ❤ ❡ ❡ ✇ ♦ ❧✐ ♥ ❡ ♦ ♦❢ ✐ ♥ ❡ ② ♣ ❡ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥

| {A 1 |A 2 }| 2
si n =

M t2 (r 1 + r 2 ){ A 1 |A 2 }

M t2 (r 1 )A 1 · Mt2 (r 2 )A 2
=

k (B 1 ,2 , r1 + r 2 )

k (A 1 A ′
1 , r1 )k (A 2 A ′

2 , r2 )
. ( 4 0 4)

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❞ ✉ ❡ ♦ ✭ ✻ ✷✮✱ ✭ ✶ ✺ ✾✮✱ ❛ ♥ ❞ ✭ ✶ ✻ ✸✮✱ ❢ ♦ ✇ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❧✐ ♥ ❡ ❛ ❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧✐ ♥ ❡ ♦
A 1 ❛ ♥ ❞ A 2 ✭ν ′ = 0 ✮✱ ✐ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ♥ ♦ ♥✲ ③ ❡ ♦ ✈ ❛❧ ✉ ❡ ♦❢ si n Φ̃ 1 2 ✱ ❤ ❡ ❡ ❤ ♦❧ ❞

← − − − −
si n Φ̃ 1 2 =

←−−
B 1 2 =

K 2 (B 1 ,2 , r1 + r 2 )

k (B 1 ,2 , r1 + r 2 )
, (ν ′ = 0 → r a n k { si n Φ̃ 1 2 } = r 1 + r 2 ≤ n ). ( 4 0 5)

❈ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ K 2 (B 1 ,2 , r1 + r 2 ) ❛ ♥ ❞ ❡ ① ♣ ❡ ✐
❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ②✿

K 2 (B 1 ,2 , r1 + r 2 ) =

r 1 − ν ′ ′

i = 1

−→
S i · K 2 (B 1 ,2 , r1 + r 2 ) ·

−→
S i +

−→
S d · K 2 (B 1 ,2 , r1 + r 2 ) ·

−→
S d . ( 4 0 6)

❍ ❡ ❡
−→
S d ✐ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ ♦ ❤ ❡ ❞ ❡❢ ❡ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥

⟨ P d ⟩ ≡ ⟨⟨ i m A2 ∩ k e r A ′
1 ⟩ ∪ ⟨ i m A1 ∩ k e r A ′

2 ⟩⟩ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ (r 2 − r 1 + 2 ν ′′)✳

❚ ❤✐ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛❧ ♦ ❛ ❤ ❡ ❞✐ ❡ ❝ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠

K 2 (B 1 ,2 , r1 + r 2 ) =

r 1 − ν ′ ′

j = 1

⊞ d et [(A 1 |A 2 )( A 1 |A 2 ) ′]2 × 2
j · I 2 × 2

j ⊞ d et (A 1 A ′
1 ) ν ′ ′ × ν ′ ′

· I ν ′ ′ × ν ′ ′

⊞

⊞ d et (A 2 A ′
2 )(r 2 − r 1 + ν ′′) × (r 2 − r 1 + ν ′′) · I (r 2 − r 1 + ν ′′) × (r 2 − r 1 + ν ′′) ⊞

⊞ Z (n − r 1 − r 2 ) × (n − r 1 − r 2 ) , ( 4 0 7)

✇ ❤ ❡ ❡ ✭ ❛ ❤ ❡ ✐❧❧ ✉ ❛ ✐ ♦ ♥ ❡ ❡ ❋✐ ❣ ✉ ❡ ✷✮✿
[(A 1 |A 2 )( A 1 |A 2 ) ′]2 × 2

j ✐ ❤ ❡ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ 2 × 2 ✲ ♠ ❛ ✐ ① ♦❢ ❛ ♥ ❦ ✷✱ ✇ ❤✐ ❝ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ j ✲ ❤
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧✱ ✐ ❤✐ ❣ ❤ ❡ ♠ ❛ ✐ ① ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❜ ② ✭ ✷ ✾✮✱ ❛ ♥ ❞ ❤ ❡ ❤✐ ❣ ❤ ❡ ❝ ❛❧ ❛

❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ✐ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✭ ❤ ❡✐ ✉ ♠ ♠ ❛ ② ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❤ ❡ ❡ ✐ 2( r 1 − ν ′′)❀
(A 1 A ′

1 ) ν ′ ′ × ν ′ ′

❛ ♥ ❞ (A 2 A ′
2 ) ν ′ ′ × ν ′ ′

❛ ❡ ❤ ❡ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❤ ❡ ♣ ❡ ❝ ✉ ♠ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣
♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨i m A1 ∩ k e r A ′

2 ⟩ ❛ ♥ ❞ ⟨i m A2 ∩ k e r A ′
1 ⟩✱ ❤ ❡✐ ❤✐ ❣ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛❧ ♦ ❛ ❡

♣ ❡ ❝✐ ✜ ❡ ❞ ❛ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ❀

Z (n − r 1 − r 2 ) × (n − r 1 − r 2 ) ✐ ❤ ❡ ③ ❡ ♦ ❜❧ ♦ ❝ ❦❀ ✐❢ ν ′ ≠ 0 ✱ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✐ ❡ ❜ ② 2 ν ′✳
■ ♥ ❤ ❡ ❞✐ ❡ ❝ ✉ ♠✱ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ♦ ♥ ♦ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ♦ ♠ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ B 1 ,2 ✐

← − −
B 1 ,2 =

r 1 − ν ′ ′

j = 1

⊞ I 2 × 2
j ⊞

⊞ I (r 2 − r 1 + 2 ν ′′) × (r 2 − r 1 + 2 ν ′′) ⊞ Z (n − r 1 − r 2 ) × (n − r 1 − r 2 ) . ( 4 0 8)

❲✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ②✱ ❢ ♦ ♠ ✭ ✹ ✵ ✼✮✱ ✭ ✹ ✵ ✽✮ ❛ ♥ ❞ ✭ ✸ ✼ ✽✮✱ ✭ ✸ ✼ ✾✮ ✇ ❡ ♠ ❛ ② ✐ ♥❢ ❡
❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤✐ ❣ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ♥ ❞ ❞✐ ❡ ❝ ♣ ♦ ❞ ✉ ❝ ♦ ✈ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
✉ ❜ ♣ ❛ ❝ ❡ ❛ ✐ ♥ ❡ ❝ ✳ ✽✳ ✶✳ ❇ ✉ ❤ ❡ ✇ ♦ ❧ ❛ ❡ ❢ ♦ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ❛ ♥ ❢ ♦ ♠ ✐ ♥ ♦ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉

❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✽ ✼✮ ❛ ♥ ❞ ✭ ✸ ✽ ✾✮✳ ❙ ✉ ♣ ♣ ♦ ❡ ✐ ♥ ❤ ❡ ❡ ✉ ❡❧ r 2 ≥ r 1 ✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✷✮✳ ■❢ ❧✐ ♥ ❡ ♦ ❛ ❡
❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❧✐ ♥ ❡ ❛ ❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✱ ❤ ❡ ♥ r 1 + r 2 ≤ n ❛ ♥ ❞ ν ′ = 0 ✳



✶ ✷ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ■ ❈ ❙ ❊ ❈ ❚ ❘ ❆ ❲ ■ ❚ ❍ ■ ◆ ❊ ◗ ❯ ❆ ▲ ■ ❚ ■ ❊ ❙

❋ ♦ ❤ ❡ i✲ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧✱ ❞ ✉ ❡ ♦ ✭ ✶ ✷ ✹✮ ❤ ❡ ❡ ❤ ♦❧ ❞

0 ≤ si n 2 φ i =
d et [(A 1 |A 2 )( A 1 |A 2 ) ′]2 × 2

i

t r (A 1 A ′
1 ) 2 × 2

i t r (A 2 A ′
2 ) 2 × 2

i

≤ 1 , ( 4 0 9)

✇ ❤ ❡ ❡ φ i ✐ ❤ ❡ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨i m (A 1 A ′
1 ) 2 × 2

i ⟩ ❛ ♥ ❞ ⟨i m (A 2 A ′
2 ) 2 × 2

i ⟩ ♦❢
❛ ♥ ❦ ✶ ✭ ✐ ♠✐❧ ❛ ♦ ♦ ♥ ❡ ✐ ♥ ❝ ♦ ✐ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ✭ ✸ ✾ ✺✮✮✳

❋ ✉ ❤ ❡ ✱ ❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ❤✐ ❣ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ♠ ❛ ✐ ① B 1 ,2 ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✹ ✵ ✼✮ ✕✭ ✹ ✵ ✾✮✳

k (B 1 ,2 , r1 + r 2 ) =

=

r 1 − ν ′ ′

i = 1

d et [(A 1 |A 2 )( A 1 |A 2 ) ′]2 × 2
i · d et (A 1 A ′

1 ) ν ′ ′ × ν ′ ′

i · d et (A 2 A ′
2 )

( r 2 − r 1 + ν ′ ′ ) × ( r 2 − r 1 + ν ′ ′ )
i =

=

r 1 − ν ′ ′

i = 1

{ si n 2 φ i ·t r (A 1 A ′
1 ) 2 × 2

i ·t r (A 2 A ′
2 ) 2 × 2

i } d et (A 1 A ′
1 ) ν ′ ′ × ν ′ ′

d et (A 2 A ′
2 ) ( r 2 − r 1 + ν ′ ′ ) × ( r 2 − r 1 + ν ′ ′ ) =

=

r 1 − ν ′ ′

i = 1

si n 2 φ i · k (A 1 A ′
!, r1 ) · k (A 2 A ′

2 , r2 ) ( 4 1 0)

✭ ❤ ❡ ❡ ν ′′ ✈ ❛❧ ✉ ❡ ♦❢ si n 2 φ i = 1 ✱ ❢ ♦ i > r1 − ν ′′✱ ❛ ❡ ♦ ♠✐ ❡ ❞✳
❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ✐ ♥ ❤ ❡ ♥ ♦ ♠ ❛❧✐ ③ ❡ ❞ ❢ ♦ ♠ ❢ ♦ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ♦❢ ✐ ③ ❡

n × r 1 ❛ ♥ ❞ n × r 2 ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✹ ✵ ✹✮ ❛ ♥ ❞ ✭ ✹ ✶ ✵✮ ✭ ✇ ❤ ❡ ❡ φ i ∈ ( 0; π / 2] ✮✿

0 ≤

r 1 − ν ′ ′

i = 1

si n 2 φ i = | {A 1 |A 2 }| 2
si n =

M t2 (r 1 + r 2 ){ A 1 |A ′
2 }

M t2 (r 1 )A 1 M t2 (r 2 )A 2
=

= | Dl(r 1 + r 2 ) si n Φ̃ 1 2 | ≤ 1 . ( 4 1 1)

■❢ n > 2 ✱ ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❤ ❛ ♦ ♥❧ ② ❤ ❡ ♥ ♦ ♠ ❛❧✐ ③ ❡ ❞ ❢ ♦ ♠✳ ❚ ❤ ❡ ❡ ① ❡ ♠ ❛❧ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ❛ ❡✿
| {A 1 |A 2 }| = 0 ✐❢ ❤ ❡ ❧✐ ♥ ❡ ♦ ❛ ❡ ❛ ❧ ❡ ❛ ♣ ❛ ✐ ❛❧❧ ② ♣ ❛ ❛❧❧ ❡❧✱
| {A 1 |A 2 }| = 1 ✐❢ ❤ ❡ ❧✐ ♥ ❡ ♦ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳
■❢ ❧✐ ♥ ❡ ♦ A 1 , A2 ❛ ❡ ❡ ✉✐ ❛ ♥ ❦✱ ❤ ❡ ♥ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✸ ✾ ✻✮ ❛ ♥ ❞ ✭ ✹ ✶ ✶✮ ♠ ❛ ② ❜ ❡ ✉ ♥✐ ❡ ❞✿

0 ≤ r | {A 1 A 2 }| 2
c o s + r | {A 1 A 2 }| 2

si n ≤ 1 . ( 4 1 2)

❚ ❤✐ ✐ ❞ ❡ ✐ ✈ ❡ ❞ ✇✐ ❤ ❛ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ② ✭ ❡ ❝ ✳ ✶✳ ✷✮ ❢ ♦ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝
❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥ ♦ ✉ ❛ ❡ ❞ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡✱ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ✉ ♠ ♠ ❛ ✐ ♥ ❣
❜ ♦ ❤ ❤ ❡ ❡ ✉❧ ✳ ❚ ❤ ❡ ✐ ❣ ❤ ❡ ✉ ❛❧✐ ② ✐ ♥ ✭ ✹ ✶ ✷✮ ❤ ♦❧ ❞ ✐ ✛ |φ i | = ❝ ♦ ♥ ✱ i = 1 , . . . r✳

■❢ ✇ ♦ ♣❧ ❛ ♥ ❛ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❦ ✶ ✭ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✮ ♦ n − 1 ✭ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ✮✱ ❤ ❡ ♥ ❤ ❡
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ♣❧ ❛ ♥ ❛ ❤ ❛ ❡ ① ❛ ❝ ❧ ② ♦ ♥ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧✱ ✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦
❤ ❡ ✉ ♥✐ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡✳ ❚ ❤ ❡ ♥ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✹ ✶ ✷✮ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ✉ ✉ ❛❧

✐ ❞ ❡ ♥ ✐ ② c o s 2 φ + si n 2 φ = 1 ✳
❈ ♦ ♥ ✐ ❞ ❡ ❛ n × r ✲ ♠ ❛ ✐ ① A ♦❢ ❛ ♥ ❦ r ❛ ♥ ❞ ✐ ❛ ❜✐ ❛ ② ♣ ❛ ✐ ✐ ♦ ♥ ✐ ♥ ♦ j ❝ ♦❧ ✉ ♠ ♥ ❜❧ ♦ ❝ ❦

A = { A 1 |A 2 | . . . |A j } ✳ ❚ ❤✐ ❢ ♦ ♠ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♣ ♦❧ ② ❤ ❡ ❞ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡✱
❤ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❧✐ ♥ ❡ ♦ A 1 , . . . , Aj ✳ ■❢ ❡ ❛ ❝ ❤ ❜❧ ♦ ❝ ❦ ❝ ♦ ♥ ✐ ♦❢

❡ ① ❛ ❝ ❧ ② ♦ ♥ ❡ ❝ ♦❧ ✉ ♠ ♥✱ ❤ ❡ ♥ ❤ ❡ ♣ ♦❧ ② ❤ ❡ ❞ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ r ✲ ❡ ❞ ❣ ❡ ✳ ❆ ♣ ♣❧ ② ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡
✐ ♥ ❡ ✉ ❛❧✐ ② j ✐ ♠ ❡ ❡ ✉ ❡ ♥ ✐ ❛❧❧ ② ♦ ❤✐ ❜❧ ♦ ❝ ❦✲ ♠ ❛ ✐ ① A ✱ ♦ ❜ ❛✐ ♥

M t(r )A ≤ M t(r )A 1 · Mt(r )A 2 · · · Mt(r )A j . ( 4 1 3)

❊ ✉ ❛❧✐ ② ❤ ♦❧ ❞ ✐ ✛ ❤ ❡ ❧✐ ♥ ❡ ♦ ✭ ❤ ❡ ✈ ❡ ❝ ♦ ✮ ❛ ❡ ♠ ✉ ✉ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳ ■ ♥ ❡ ✉ ❛❧✐ ② ✭ ✹ ✶ ✸✮ ✐ ❤ ❡
♠ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❍ ❛ ❞ ❛ ♠ ❛ ❞ ■ ♥ ❡ ✉ ❛❧✐ ② ❬ ✷ ✺❪ ♦❢ ✐ ♥ ❡ ♥ ❛ ✉ ❡✳



❈ ❤ ❛ ♣ ❡ ✾

● ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ✈ ❛ ✐ ❡ ❞ ♦ ❞ ❡ ❢ ♦ ♠ ❛ ✐ ① ♦ ❜ ❥ ❡ ❝

✾✳ ✶ ◗ ✉ ❛ ❞ ❛ ✐ ❝ ❛ ♥ ❞ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧ ♥ ♦ ♠

◆ ♦ ♠ ❢ ♦ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ♠ ❛ ✐ ① ♦ ❜❥ ❡ ❝ ❤ ❛ ✈ ❡ ❛ ✉ ✉ ❛❧❧ ② ♣ ♦ ✐ ✐ ✈ ❡ ♦ ♥ ♦ ♥✲ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✈ ❛❧ ✉ ❡ ✳
❚ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♠ ✉ ❜ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡
♣ ❛ ❝ ❡ ❝ ♦ ♥ ❛✐ ♥✐ ♥ ❣ ❤ ❡ ♦ ❜❥ ❡ ❝ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ Q n + q ⟩ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✿ ❤ ❡ ② ❛ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②

❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ♣ ✉ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✳ ■ ♥ ⟨ E n ⟩ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ❛ ♥ ✉ ♥✐ ②
♠ ❛ ✐ ①✳ ❆ ❜ ♦ ❤ ❤ ❡ ❡ ❜ ❛ ✐ ♣ ❛ ❝ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✺✳ ✼✮✱ ❤ ❡
❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ✱ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ⟨ E n ⟩✱ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ✐ ♥ ⟨ Q n + q ⟩ ♦ ♦✳

❋ ♦ ♦ ❜❥ ❡ ❝ ♦❢ ❛ ♥ ❦ ✶ ✭ ✈ ❡ ❝ ♦ ✮ ✐ ♥ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ⟨ E n ⟩✱ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ♦❢ ❧ ❡ ♥ ❣ ❤
✐ ♥ ❛ ✉ ❛❧❧ ② ✉ ❡ ❞✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❢ ♦ ♦ ❜❥ ❡ ❝ ♦❢ ❛ ♥ ❦ r ❣ ❡ ❛ ❡ ❤ ❛ ♥ ✶✱ ❤ ❡ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ✭✐✳ ❡✳✱
❛ ♥ ♦ ♠ ♦❢ ❤ ❡ ❛ ♠ ❡ ♦ ❞ ❡ ✶ ✐ ♠✐❧ ❛ ❧ ② ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡✮ ✐ ♦ ♥❧ ② ❤ ❡ ✜ ♣ ❡ ❝✐ ❛❧ ♥ ♦ ♠ ❢ ♦ ♠
❤ ❡ ❡ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ t ✭ 1 ≤ t ≤ r ✮✳ ❚ ❤ ❛ ✐ ✇ ❤ ② ❞ ❡ ✜ ♥✐ ♥ ❣ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠

♦❢ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ✭ ✉ ♣ ♦ r ✮ ❢ ♦ ♦ ❜❥ ❡ ❝ ♦❢ ❛ ♥ ❦ r ✐ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ❣ ❡ ❛ ✐ ♥ ❡ ❡ ✳ ■ ♥ ♣ ✐ ♥ ❝✐ ♣❧ ❡✱
❤ ❡ ❡ ❛ ❡ ✇ ♦ ✇ ❛ ② ❢ ♦ ❞ ❡ ✜ ♥✐ ♥ ❣ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ❛ r × n ✲❧✐ ♥ ❡ ♦ A ❛ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝

✭ ♦ ❛ r × n ✲ ♠ ❛ ✐ ① A ❛ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✮✳
❲ ❛ ② ✶ ✳ ❆ ✜ ✱ ❛ ♥ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ♥ ♦ ♠ ♦❢ ❤ ♦ ♠ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ A ′A ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞✱ ✐ ❞ ❡ ♣ ❡ ♥ ❞

♦ ♥ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ σ 2
i > 0 ♦❢ ❤✐ ♠ ❛ ✐ ①✳ ❚ ❤ ❡ ♥ ❤ ❡ ♥ ♦ ♠ ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ❛ ✐ ① A ♠ ❛ ② ❜ ❡

♦ ❜ ❛✐ ♥ ❡ ❞ ❛ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ ❤ ❡ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ♥ ♦ ♠ ❢ ♦ A ′A ✳
❲ ❛ ② ✷ ✳ ❆ ♥ ♦ ♠ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ σ i ♦❢ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ✉ ❛ ❡

♦ ♦
√

A ′A ✳ ❇ ✉ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ❤✐ ✉ ❛ ❡ ♦ ♦ ✐ ❛ ❧ ♦ ♥ ❣ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧✐ ❝ ❛ ❡ ❞ ♣ ♦ ❝ ❡ ✳
✭■❢ A = S ✐ ❛ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ①✱ ❤ ❡ ♥ ❤ ❡ ❡ ✉❧ ♦❢ ❜ ♦ ❤ ✇ ❛ ② ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✳✮
❚ ❤ ✉ ✱ ✐ ♥ ❤ ❡ ❜ ♦ ♦ ❦✱ ✇ ❡ ✉ ❡ ♦ ♥❧ ② ✇ ❛ ② ✶✳ ◆ ♦ ♠ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ✇✐ ❤ ❤✐ ♠ ❡ ❤ ♦ ❞ ❛ ❡ ❝ ❛❧❧ ❡ ❞

✉ ❛ ❞ ❛ ✐ ❝✱ ❛ ❤ ❡ ② ❛ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❡ ♦❢ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ σ 2
i ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ①

❢ ✉ ♥ ❝ ✐ ♦ ♥ c o s Φ̃ ✱ si n Φ̃ ✱ t a n Φ̃ ✱ s e c Φ̃ ❛ ❡ ✐ ❣ ♥✲✐ ♥ ❞ ❡ ✜ ♥✐ ❡✳ ❚ ❤ ❡✐ ♥ ♦ ♥ ③ ❡ ♦ ✉ ❛ ❞ ❛ ✐ ❝ ♥ ♦ ♠ ❞ ❡ ♣ ❡ ♥ ❞
♦ ♥ ✉ ❛ ❡ ❞ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ c o s 2 φ i ✱ si n 2 φ i ✱ t a n 2 φ i ✱ s e c 2 φ i ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ② ❛ ❡ ❤ ❡ ❛ ♠ ❡
❢ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✳ ✭ ❋ ♦ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✱ ❤ ❡
❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ♦ ♠ ✇ ❡ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ♣ ❡ ✈✐ ♦ ✉ ❝ ❤ ❛ ♣ ❡ ✳✮

❈ ♦ ❡ ❝ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ❛ ♥ ❞ ♣ ❛ ✐ ❝ ✉❧ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ♥ ♦ ♠ ✇✐❧❧ ❜ ❡ ❣✐ ✈ ❡ ♥ ✇✐ ❤ ❤ ❡ ✉ ❡
♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✐ ♠✐❧ ❛ ♦ ✭ ✶ ✷ ✻✮✱ ✭ ✶ ✷ ✼✮ ✐ ♥ ❡ ❝ ✳ ✸✳ ✶ ❛ ♥ ❞ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦❢
♠ ❡ ❛ ♥ ✱ ♠ ♦ ❡ ♣ ❡ ❝✐ ❡❧ ②✱ ✐ ❝ ❤ ❛✐ ♥ ✭ ✶ ✶✮ ❢ ♦ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ♠ ❡ ❛ ♥ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ❱✐ ✁❡ ❡
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✭ ❡ ❝ ✳ ✶✳ ✷✮✳ ❖ ✉ ❛ ♥ ❛❧ ② ✐ ♦❢ ✭ ✶ ✷ ✻✮✱ ✭ ✶ ✷ ✼✮ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ✸✳ ✶ ❣ ❛ ✈ ❡ ❝❧ ❡ ❛ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❱✐ ✁❡ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ♠ ❛ ✐ ❝ ❡ ❤ ♦ ♠ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥✳ ❘ ❡ ♠ ❡ ♠ ❜ ❡ ✱ ❤ ❛ ❛❧ ❣ ❡ ❜ ❛✐ ❝
♠ ❡ ❛ ♥ ✭ ❛ ♥ ❞ ♦ ❤ ❡ ♦ ♥ ❡ ✮✱ ✐ ♥❢ ❡ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❱✐ ✁❡ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ❢ ♦ ♠ ❛ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧
❡ ✉ ❡ ♥ ❝ ❡✳ ✭ ❆ ❜ ❡❢ ♦ ❡✱ ✇ ❡ ✉ ❡ ❛ ❜ ❛ ♦ ❞ ❡ ♥ ♦ ❡ ♠ ❡ ❛ ♥ ✳✮

▲ ❡ A ❜ ❡ ❛ r × n ✲ ♠ ❛ ✐ ① A ❛ ♥ ❞ r a n k A = r ✳ ❉ ❡ ✜ ♥ ❡ ✐ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧
❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ t ❛ ♥ ❞ ❞ ❡ ❣ ❡ ❡ h ❛

||A ||ht = [ 2 t k (A ′A, t )] h > 0 , ( 4 1 4)

||A ||ht = [ 2 t k (A ′A, t )/ C t
r ]h > 0 . ( 4 1 5)

❋ ♦ ♠ ❛❧❧ ② ❛❧❧ ❤ ❡ ❡ ♥ ♦ ♠ ❛ ❡ ❡ ❣ ❛ ❞ ❡ ❞ ♦ ❜ ❡ ③ ❡ ♦ ✐❢ t > r ❛ ♥ ❞ ✉ ♥✐ ② ✐❢ t = 0 ✳
❛ ❛ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ✭ ✹ ✶ ✹✮ ✇✐ ❤ h = t ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❛ t✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✈ ♦❧✲

✉ ♠ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ❢ ♦ ❤ ❡ ❧✐ ♥ ❡ ♦ A ✱ ❛ ♥ ❞ ✇✐ ❤ t = 1 ❛ ✐ ❧ ❡ ♥ ❣ ❤ ♣ ❛ ❛ ♠ ❡ ❡ ✕ ❡ ❡ ✭ ✶ ✷ ✼✮ ✐ ♥ ❡ ❝ ✳ ✸✳ ✶✳



✶ ✷ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✾✳ ● ❊ ❖ ▼ ❊ ❚ ❘ ■ ❈ ◆ ❖ ❘ ▼ ❙ ❖ ❋ ❱ ❆ ❘ ■ ❊ ❉ ❖ ❘ ❉ ❊ ❘ ❙ ❖ ❋ ▼ ❆ ❚ ❘ ■ ❳ ❖ ❇ ❏ ❊ ❈ ❚ ❙

❍✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧ ♥ ♦ ♠ ✭ ✹ ✶ ✺✮ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧ ♠ ❡ ❞✐ ❛ ♥ ♦❢ ♦ ❞ ❡ t = 1 , . . . , r
❛ ♥ ❞ ❞ ❡ ❣ ❡ ❡ h ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ♦ ✐ ❣✐ ♥ ❛❧ ❝ ❤ ❛✐ ♥ ✭ ✶ ✶✮ ❢ ♦ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B = A A ′

✭ ❡ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦❢ ♠ ❡ ❛ ♥ ✐ ♥ ❡ ❝ ✳ ✶✳ ✷✮✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❜ ♦ ❤ ❤ ❡ ❡ ♥ ♦ ♠ ♦❢ ❤✐ ❣ ❤ ❡
♦ ❞ ❡ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧

||A ||rr = d et (A ′A ) = M t(r )A = ||A ||rr .

❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ❢ ♦ ✉ ❛ ❞ ❛ ✐ ❝ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ ❛ ♥ ❞ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ B ✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

||B ||nn = d et (B ′B ) = d et (B B ′) = |d et B | = ||B ||nn ,

||B ||rr = k (B ′B, r ) = k (B B ′, r) = M t(r )B = ||B ||rr .

❇ ② ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥✱ ❛ ♥ ② ❣ ❡ ♥ ❡ ❛❧ ♥ ♦ ♠ ❢ ♦ ❛ ♠ ❛ ✐ ① ❤ ❛ ✈ ❡ ♠ ❛ ①✐ ♠ ❛❧ ♦ ❞ ❡ t ❡ ✉ ❛❧ ♦ ✐
❛ ♥ ❦ r ✳ ■❢ ✐ ♥ ✭ ✹ ✶ ✹✮✱ ✭ ✹ ✶ ✺✮ h = r ✱ ❤ ❡ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ♥ ♦ ♠ ♦❢ ❛ ♠ ❛ ✐ ① ✐ ✐ ♠✐ ♥ ♦ ❛ ♥ ✳

■ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❤✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❜ ❡❧ ♦ ♥ ❣ ♦ ❣ ❡ ♥ ❡ ❛❧ ♥ ♦ ♠ ❢ ♦ ❤ ❡ ❡ ♥ ♦ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❤ ❡
❡ ♥ ♦ ✐ ♥ ❡ ✭ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡✮✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❣ ❡ ♥ ❡ ❛❧ ✉ ❛ ❞ ❛ ✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢

❞ ❡ ❣ ❡ ❡ h = 1 ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♠✐❧ ❛ ❧ ② ✇✐ ❤ ♠ ❛ ①✐ ♠ ❛❧ ♦ ❞ ❡ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ❤ ❡✐ ❛ ♥ ❦ ✿

0 ≤ || c o s Φ 1 2 ||1n = 2 n d et c o s 2 Φ 1 2 = n

r − ν ′

i = 1

c o s 2 φ i = n (A 1 |A 2 )|2c o s ≤ 1 , ( 4 1 6)

0 ≤ || si n Φ 1 2 ||1r 1 + r 2
=

2 ( r 1 + r 2 )
D l (r 1 + r 2 ) si n 2 Φ 1 2 =

= r 1 + r 2

r 1 − ν ′ ′

i = 1

si n 2 φ i = r 1 + r 2 |(A 1 |A 2 )|2si n ≤ 1 . ( 4 1 7)

❚ ❤ ❡ ❡ ♥ ♦ ♠ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ❛ ♥ ❞ Φ 1 2 ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2

♦ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩ ✭ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨k e r A ′
1 ⟩ ❛ ♥ ❞ ⟨k e r A ′

2 ⟩✮✳
■ ♥ ✐ ✉ ♥✱ ❤ ❡ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝

0 ≤ || c o s Φ B ||1n = n | {B }| 2
c o s ≤ 1 ( 4 1 8)

✐ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ❞ ❡ ❣ ❡ ❡ ✶ ❢ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦❢ ❜✐ ♥ ❛ ② ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ B ❛ ♥ ❞
Φ B ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨i m B ⟩ ❛ ♥ ❞ ⟨i m B ′⟩ ✭ ❤ ❡ ♣❧ ❛ ♥ ❛ ⟨k e r B ⟩ ❛ ♥ ❞ ⟨k e r B ′⟩✮✳

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ▲ ❡ ❱❡ ✐ ❡ ✲ ❲ ❛ ✐ ♥ ❣ ❞✐ ❡ ❝ ❡ ❝ ✉ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥ ② ❡ ♠ ♦❢
❡ ✉ ❛ ✐ ♦ ♥ ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶✳ ✶✮✱ ❤ ❡ ❡ ❡ ①✐ ♦ ♥❧ ② r ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ❡ ❛ ❝ ❤ ② ♣ ❡✳
❏ ✉ ♥ ♦ ♠ ✭ ✹ ✶ ✹✮ ❛ ♥ ❞ ✭ ✹ ✶ ✺✮ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❝ ❛❧ ❛ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❛ ❧✐ ♥ ❡ ❛ ♠ ❛ ✐ ① ♦ ❜❥ ❡ ❝
♦❢ ❛ ♥ ❦ r ❜ ② ❤ ❡ ❡ ✇ ♦ ❡ ♦❢ ✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ❚ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢
❞ ❡ ❣ ❡ ❡ ✶ ❛ ♥ ❞ ♦ ❞ ❡ ✶ ✐ ❤ ❡ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✿

||A ||11 = t r (A ′A ) =
n

k = 1

r

j = 1

a 2
j k =

r

i = 1

σ 2
i = ||A ||F > 0 , ( 4 1 9)

✇ ❤ ❡ ❡ a j k ✕ ❡❧ ❡ ♠ ❡ ♥ ♦❢ A ✱ σ 2
i ✕ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ A ′A ✳ ❚ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ||a ||E ✐ ✐ ♠✐❧ ❛ ✳

◆ ♦ ❡✱ ❤ ❛ ❛ ♣ ♦ ✇ ❡ ♠ ❛ ♥ ♥ ❡ ❢ ♦ ♥ ♦ ♠ ❞ ❡ ✜ ♥✐ ♥ ❣ ✭✐ ♥ ❡ ♠ ♦❢ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢
√

A ′A ✮ ❣✐ ✈ ❡ ❤ ❡
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ❛ ❞ ❡ ❣ ❡ ❡ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ θ ✇✐ ❤ θ = 2 ✿

θ S θ (σ i ) = θ
r

i = 1

σ θ
i , θ = 1 , . . . , r.



✾✳ ✷ ❆ ❜ ♦❧ ✉ ❡ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ♠ ✶ ✷ ✾

❖ ♥ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ❜ ♦ ❤ ❤ ❡ ❡ ✇ ❛ ② ✭ ✶ ❛ ♥ ❞ ✷✮ ♦❢ ♥ ♦ ♠ ❞ ❡ ✜ ♥✐ ♥ ❣ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮ ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥
♦ ♥❧ ② ❢ ♦ ♥ ♦ ♠ ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ✱ ✐✳ ❡✳✱ ❢ ♦ ❣ ❡ ♥ ❡ ❛❧ ♦ ♥ ❡ ✿

||
√

A ′A ||1r = 2 r s r (σ i ) = 2 r d et (A ′A ) = r M t(r )A = r s r (σ i ) =
r

d et
√

A ′A.

✭■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤✐ ❤ ♦❧ ❞ ✱ ✐❢ r = 1 ✳✮ ❲ ❛ ② ✶ ❞ ❡ ✜ ♥ ❡ ♥ ♦ ♠ ✐ ♥ ❡ ♠ ♦❢ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ ❛ ♠ ❡ ✐ ♥ ❡ ♥ ❛❧ ❤ ♦ ♠ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ A ′A ✭✐✳ ❡✳✱ ♥ ♦ ❞✐ ❡ ❝ ❧ ② ✐ ♥ ❡ ♠ ♦❢
❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ A ′A ✮✳ ❲ ❛ ② ✷ ♦❢ ♥ ♦ ♠ ❞ ❡ ✜ ♥✐ ♥ ❣ ❞ ❡ ♠ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❛ ♠ ❛ ✐ ① ❛ ✐ ❤ ♠ ❡ ✐ ❝

✉ ❛ ❡ ♦ ♦ ❤ ♦ ✉ ❣ ❤ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♦❢ A ′A ✳ ❚ ❤✐ ✐ ❤ ❡ ❡ ❡ ♥ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ✇ ♦
✇ ❛ ② ❛ ♥ ❞ ❤ ❡ ♠ ❛✐ ♥ ❡ ❛ ♦ ♥ ❢ ♦ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❜ ② ✉ ♦ ♥❧ ② ❤ ❡ ♠ ❛ ♥ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✇ ❛ ② ✶ ✳

❚ ❤ ❡ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ ✶ ❛ ♥ ❞ ❞ ❡ ❣ ❡ ❡ ✶ ✐ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❧ ❡ ♥ ❣ ❤✳ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧
♥ ♦ ♠ ♦❢ ♦ ❞ ❡ r ❛ ♥ ❞ ❞ ❡ ❣ ❡ ❡ r ✭ ❤ ❡ ♠✐ ♥ ♦ ❛ ♥ ✮✱ ✐ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ r ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✈ ♦❧ ✉ ♠ ❡✳
❚ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ||A ||1r = ||A ||1r ✐ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❞ ❡ ❣ ❡ ❡ ✶ ♦❢ ❤✐ ✈ ♦❧ ✉ ♠ ❡ ✭ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧

❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧ ♥ ♦ ♠✮✳ ❚ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ||A ||1t ✭ ❤ ❡ ♠ ❛❧❧ ♠ ❡ ❞✐ ❛ ♥ ✮ ❢ ♦ ♠ ❤ ❡ ❤✐ ❡ ❛ ❝ ❤ ② ✐ ♥
♦ ❞ ❡ ♦❢ t ✈ ❛❧ ✉ ❡ ✭1 ≤ t ≤ r ✮ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✐ ♥ ❡ ✉ ❛❧✐ ② ❝ ❤ ❛✐ ♥ ✭ ✶ ✶✮ ✕ ❡ ❡ ❡ ❝ ✳ ✶✳ ✶✳

❚ ❤ ❡ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧ ✉ ❛ ❞ ❛ ✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ t = 1 ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♠✐❧ ❛ ❧ ②✿

|| c o s Φ ||11 =
t r c o s 2 Φ

n
, || si n Φ ||11 =

t r si n 2 Φ

n
.

❚ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✭ ✶ ✽ ✷✮ ❛ ♥ ❞ ✭ ✷ ✻ ✹✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❛❧ ♦ ✇✐ ❤ t = 1 ❤ ❡ ✐ ♠ ♣❧ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✿

|| c o s Φ ||21 + || si n Φ ||21 = 1 . ( 4 2 0)

◗ ✉ ❛ ❞ ❛ ✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ✭ ✹ ✶ ✻✮ ❛ ♥ ❞ ✭ ✹ ✶ ✼✮✳ ❙ ♦✱ ✐❢
❝ ❤ ❛✐ ♥ ✭ ✶ ✶✮ ❝ ♦ ♥ ✐ ♦❢ ♠ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❛ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ❤ ❡ ♥ ✭ ✶ ✷✮ ❝ ♦ ♥ ❛✐ ♥
♠ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥✮✳ ❚ ❤ ❡ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧
✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❛ ♥ ❣ ❡ ✐ ♥ [ 0; 1]✱ ❤ ❛ ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ❝ ❛ ♥ ❛ ♥ ❞
❤ ❡ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❣ ❡ ✐ ♥ [ 1; ∞ ) ❛ ♥ ❞ [ 0; ∞ )✳

✾✳ ✷ ❆ ❜ ♦❧ ✉ ❡ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ♠

❈ ♦ ♥ ✐ ❞ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ✈ ❛ ✐ ♦ ✉ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ❢ ♦ ♠ ❛ ✐ ① ♦ ❜❥ ❡ ❝ ✳ ▲ ❡ A
❜ ❡ ❛ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ n × m ✲ ♠ ❛ ✐ ① ♦❢ ❛ ♥ ❦ r ✳ ■ ❡ ♣ ❡ ❡ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛❧❧ ② ❛ ❝ ❡ ❛✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝
♦ ❜❥ ❡ ❝ ✉ ❝ ❤ ❛ ❡✐ ❤ ❡ ❛ ❛ ♥ 1 ✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✐ ♥ ⟨ A n ⟩✱ m < n ✱ ♦ ❛ ❛ 2 ✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✐ ♥ ⟨ A n × n ⟩✱
m = n ✳

❋ ♦ ❛ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ n × m ✲ ♠ ❛ ✐ ① A ♦❢ ❛ ♥ ❦ r ✱ ✐ ❛ ❜ ♦❧ ✉ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡
t✱ 0 ≤ t ≤ r ✱ ❛ ♥ ❞ ❞ ❡ ❣ ❡ ❡ h ✐ ❤ ❡ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ||A ||ht ✇✐ ❤ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞ ❡ ✜ ♥✐ ♥ ❣
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✿

✭ ❛✮ ||A ||ht = [ ||A ||1t ]h > 0 ✐❢ 1 ≤ t ≤ r ✱

✭ ❛✬✮ ||A ||h0 = 1 ✐❢ t = 0 ✱

✭ ❛✑✮ ||A ||ht = 0 ✐❢ t > r ✱

✭ ❜✮ ||c · A ||ht = |c |h · ||A ||ht ✱

✭ ❝✮ ||U 1 · A · U 2 ||ht = ||A ||ht ✱

✭ ❞✮ ||A ∗ ||ht = ||A ||ht ✳



✶ ✸ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✾✳ ● ❊ ❖ ▼ ❊ ❚ ❘ ■ ❈ ◆ ❖ ❘ ▼ ❙ ❖ ❋ ❱ ❆ ❘ ■ ❊ ❉ ❖ ❘ ❉ ❊ ❘ ❙ ❖ ❋ ▼ ❆ ❚ ❘ ■ ❳ ❖ ❇ ❏ ❊ ❈ ❚ ❙

❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✭ ✹ ✶ ✹✮ ✕✭ ✹ ✶ ✾✮ ❛ ❡ ❞ ❡ ✜ ♥✐ ❡ ❛ ❜ ♦❧ ✉ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ✳ ■❢ ❤ ❡ ② ♠ ❜ ♦❧ ✧ > ✧ ✐ ♥
❞ ❡ ✜ ♥✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ❛✮ ✐ ❡ ♣❧ ❛ ❝ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❜ ② ✧ ≥ ✧ ✱ ❤ ❡ ♥ ✉ ❝ ❤ ♥ ♦ ♠ ❛ ❡ ❝ ❛❧❧ ❡ ❞ ❡ ♠✐✲ ❞ ❡ ✜ ♥✐ ❡
❛ ❜ ♦❧ ✉ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ t ❛ ♥ ❞ ❞ ❡ ❣ ❡ ❡ h ✳ ❚ ❤ ❡ ② ❛ ❡ ✉ ❡ ❞ ♦ ♥❧ ② ❢ ♦ ✉ ❛ ❡ ♠ ❛ ✐ ❝ ❡
B ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ 2 ✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ❛ ♥ ❞ ❞ ❡ ♥ ♦ ❡ ❞ ❛ | {B }| h

t ✳ ❚ ❤ ❡✐ ❡ ① ❛ ♠ ♣❧ ❡ ❛ ❡

| {B }| t
t = |k (B, t )| ≥ 0 , | {B }| r

r = |k (B, r )| ≥ 0 , | {B }| 1
1 = |t r B | ≥ 0 . ( 4 2 1)

❆ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ t ❛ ♥ ❞ ❞ ❡ ❣ ❡ ❡ h ✐ ❤ ❡ ❛ ✐ ♦ ♦❢ ❛ ❡ ♠✐✲ ❞ ❡ ✜ ♥✐ ❡ ❛ ❜ ♦❧ ✉ ❡ ♥ ♦ ♠ ❛ ♥ ❞
❞ ❡ ✜ ♥✐ ❡ ♦ ♥ ❡✳ ❚ ❤ ❡ ② ❛ ❡ ❛❧ ✇ ❛ ② ❞✐ ♠ ❡ ♥ ✐ ♦ ♥❧ ❡ ❛ ♥ ❞ ❤ ❛ ✈ ❡ ❤ ❡ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ❛ ✉ ❡ ✳ ❊ ① ❛ ♠ ♣❧ ❡
♦❢ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ t = r ❛ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❛ ✐ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❈ ❤✳ ✸✳ ❚ ❤ ❡ ❡
❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ❛ ❡ ❝ ❛❧❧ ❡ ❞ ❣ ❡ ♥ ❡ ❛❧ ✐❢ t = r ❛ ♥ ❞ ♣ ❛ ✐ ❝ ✉❧ ❛ ✐❢ t < r ✳ ● ❡ ♥ ❡ ❛❧ ♥ ♦ ♠ ✇ ❡ ❡
✐ ♥ ❡ ♣ ❡ ❡ ❞ ❜ ❡❢ ♦ ❡✳ ❘ ❡ ✈ ❡ ❛❧ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧ ❡ ♥ ❡ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♦ ♥ ❡ ✳

✾✳ ✸ ● ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♥ ♦ ♠

❈ ♦ ♥ ✐ ❞ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ♥ ♦ ♠ ✱ ✉ ✐ ♥ ❣ ❛ ❝❧ ❡ ❛ ♠ ♦ ❞ ❡❧✱ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ✭✐✳ ❡✳✱ ✉ ♥ ❞ ❡
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ t < r ✮✳ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✸ ✾ ✻✮✱ ✭ ✸ ✾ ✽✮ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❝ ♦ ❡ ✲
♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ♠ ❛ ② ❜ ❡ ❢ ✉ ❤ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❛ ♥ ❞ ❤ ❡✐ ✉ ❛ ✐✲ ❛ ♥ ❛❧ ♦ ❣ ❢ ♦ ♦ ❞ ❡
t < r ♠ ❛ ② ❜ ❡ ✐ ♥❢ ❡ ❡ ❞✳

▲ ❡ A 1 ❛ ♥ ❞ A 2 ❜ ❡ n × r ✲❧✐ ♥ ❡ ♦ ✳ ❋ ♦ ❡ ❛ ❝ ❤ j ✲ ❤ ✉ ❜ ❡ ♦❢ t ❝ ♦❧ ✉ ♠ ♥ ✱ j = 1 , . . . , Ct
r , ❝ ❤ ♦ ♦ ❡

❤ ❡ ♣ ❛✐ ♦❢ n × t✲ ✉ ❜ ♠ ❛ ✐ ❝ ❡ { A 1 } j ❛ ♥ ❞ { A 2 } j ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ✉ ❜ ❡ ♦❢ ❝ ♦❧ ✉ ♠ ♥ ✳ ❲ ✐ ❡ ❞ ♦ ✇ ♥
❛❧❧ ❤ ❡ ✉ ❜ ♠ ❛ ✐ ❝ ❡ { A 1 } j ♦ ♥ ❡ ✉ ♥ ❞ ❡ ❛ ♥ ♦ ❤ ❡ ❛ ♥ ❞ ❞ ♦ ❤ ❡ ❛ ♠ ❡ ✇✐ ❤ { A 2 } j ✳ ❚ ❤✐ ♦ ♣ ❡ ❛ ✐ ♦ ♥

❛ ♥ ❢ ♦ ♠ A 1 ❛ ♥ ❞ A 2 ✐ ♥ ♦ ❤ ❡ ♣ ❛✐ ♦❢ ❛ ♥ ❣ ❡ ❞ n C t
r × t✲❧✐ ♥ ❡ ♦ ♦❢ ❛ ♥ ❦ t✳

❋ ♦ ❡ ❛ ❝ ❤ ♣ ❛✐ { A 1 } j ❛ ♥ ❞ { A 2 } j ✱ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✐ ♠✐❧ ❛ ♦ ✭ ✸ ✾ ✻✮✱ ✭ ✸ ✾ ✽✮ ❤ ♦❧ ❞✿

− 1 ≤ d et { A ′
1 A 2 } j / d et (A ′

1 A 1 ) j · d et (A ′
2 A 2 ) j ≤ + 1 .

❚ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ♦❢ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ✐ ❤ ❡ j ✲ ❤ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠✐ ♥ ♦ ♦❢ ♦ ❞ ❡ t ♦❢ { A ′
1 A 2 } ✱ ❛ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧

♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ { A 1 } j ❛ ♥ ❞ { A 2 } j ✳ ❙ ✉ ♠ ♠ ❛ ❡ ❡ ♣ ❛ ❛ ❡❧ ② j ♥ ✉ ♠ ❡ ❛ ♦ ❛ ♥ ❞ j ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦
♦❢ ❤ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❢ ♦ ♠ ✇ ♦ ✉ ♠ ❛ ✉ ♥✐ ❡ ❞ ✐ ♥ ❡ ✉ ❛❧✐ ② ✭ ❤ ❛ ✐ ❣ ❡ ♥ ❡ ❛❧❧ ② ❛ ❘ ✉❧ ❡
♦❢ ✉ ♠ ♠✐ ♥ ❣ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❢ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✱ ✐✳ ❡✳✱ ✇✐ ❤ ❝ ♦ ♥ ❛ ♥ ❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ❝ ♦ ♥ ❛✐ ♥
❛ ♥ ❞ ♣ ♦ ✐ ✐ ✈ ❡ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ✱ ✐ ♥ ❛ ✉ ♥✐ ❡ ❞ ❢ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ✉ ❛❧✐ ② ✮✿

− 1 ≤

C t
r

j = 1 d et { A ′
1 A 2 } j

C t
r

j = 1 d et { A ′
1 A 1 } j · d et { A ′

2 A 2 } j

≤ + 1 .

❋ ✉ ❤ ❡ ✱ ❛ ♣ ♣❧ ② ♦ ❤ ❡ ❞ ❡ ♥ ♦ ♠✐ ♥ ❛ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❝ ♦ ✐ ♥ ❡ ❈ ❛ ✉ ❝ ❤ ② ■ ♥ ❡ ✉ ❛❧✐ ② ✭ ❡ ❝ ✳ ✸✳ ✸✮ ❢ ♦ ❛
♣ ❛✐ ❡ ❞ ❡ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✱ ♦ ❜ ❛✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ②✿

− 1 ≤

C t
r

j = 1 d et { A ′
1 A 2 } j

C t
r

j = 1 d et { A ′
1 A 1 } j ·

C t
r

j = 1 d et { A ′
2 A 2 } j

≤ + 1 .

❯ ✐ ♥ ❣ ✭ ✶ ✷ ✵✮ ❛ ♥ ❞ ✭ ✶ ✷ ✶✮✱ ♦ ❜ ❛✐ ♥ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ✉ ❛ ✐✲ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✐ ♥ ❤ ❡ ✐ ❣ ♥ ❢ ♦ ♠✿

− 1 ≤
k (A ′

1 A 2 , t)

k (A ′
1 A 1 , t) · k (A ′

2 A 2 , t)
=

k (A 1 A ′
2 , t)

k (A 1 A ′
1 , t) · k (A 2 A ′

2 , t)
≤ + 1 . ( 4 2 2)

❚ ❤ ❡ ✉ ❛ ✐✲ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✐ ♥ ❤ ❡ ✐ ❣ ♥❧ ❡ ❢ ♦ ♠ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ♠ ✿

0 ≤
| {A 1 A ′

2 }| 1
t

||A 1 ||1t · ||A 2 ||1t
≤ 1 . ( 1 ≤ t < r ) ( 4 2 3)



✾✳ ✹ ▲✐ ♥ ❡ ♦ ♦❢ ♣ ❡ ❝✐ ❛❧ ❦✐ ♥ ❞ ❛ ♥ ❞ ♦ ♠ ❡ ✜ ❣ ✉ ❡ ❢ ♦ ♠ ❡ ❞ ❜ ② ❧✐ ♥ ❡ ♦ ✶ ✸ ✶

❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ♦❢ ❤ ❡ ✉ ❛ ✐✲ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ❛ ❛ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ t < r ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ✇✐ ❤
✐ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡✱ ✐ ✐ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❛ ♥ ❣ ❡ ❞ ❧✐ ♥ ❡ ♦ ✳ ■❢ t = 1 ✱ ❤ ❡ ♥

− 1 ≤
t r (A ′

1 A 2 )

t r (A ′
1 A 1 ) · t r (A ′

2 A 2 )
=

t r (A 1 A ′
2 )

t r (A 1 A ′
1 ) · t r (A 2 A ′

2 )
≤ + 1 , ( 4 2 4)

0 ≤
| {A 1 A ′

2 }| 1
1

||A 1 ||11 · ||A 2 ||11
≤ 1 . ( 4 2 5)

❋ ♦ ♠ ❤ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ♣ ❛ ❛❧❧ ❡❧ ♦ ❣ ❛ ♠ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❢ ♦ ❤ ❡ ❋ ♦ ❜ ❡ ♥✐ ✉
♥ ♦ ♠ ✭t = 1 ✮ ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ n × r ✲❧✐ ♥ ❡ ♦ ❢ ♦❧❧ ♦ ✇✿

||A 1 + A 2 ||11 ≤ || A 1 ||11 + ||A 2 ||11 . ( 4 2 6)

||A 1 ||11 − || A 2 ||11 ≤ || A 1 ± A 2 ||11 ≤ || A 1 ||11 + ||A 2 ||11 . ( 4 2 7)

❚ ❤ ❡ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❛ ❡ ♦❢ ❧✐ ♥ ❡ ❛ ♥ ❛ ✉ ❡✳ ❚ ❤ ❡ ② ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ♦❢ ❧✐ ♥ ❡ ♦
❛ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❡ ① ❡ ♥ ✭ ♦ ❧ ❡ ♥ ❣ ❤ ❢ ♦ ✈ ❡ ❝ ♦ ✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ♣ ❛ ✐ ❝ ✉❧ ❛ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✹ ✷ ✷✮✱ ✭ ✹ ✷ ✹✮
❛ ♥ ❞ ✭ ✹ ✷ ✻✮✱ ✭ ✹ ✷ ✼✮ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❤ ❡ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ✐❢ r > 1 ♥ ♦ ❞✐ ❡ ❝ ❧ ②✱ ❜ ✉ ✐ ♥ ❡ ♠ ♦❢
❛ ♥ ❣ ❡ ❞ n C t

r × t✲❧✐ ♥ ❡ ♦ { A 1 } ❛ ♥ ❞ { A 2 } ✳ ❋ ♦ ✐❧❧ ✉ ❛ ✐ ♦ ♥ ✱ ❣ ❡ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ✿ ❤ ❡ ② ❞ ❡ ❝ ✐ ❜ ❡
❤ ❡ ❡ ❧✐ ♥ ❡ ♦ ✐ ♥ ❡ ♠ ♦❢ ❛ ♥ ❣ ❡ ❞ n r × 1 ✲ ✈ ❡ ❝ ♦ a 1 ❛ ♥ ❞ a 2 ✿

||A 1 ||11 = ||a 1 ||E , ||A 2 ||11 = ||a 2 ||E , ||A 1 ± A 2 ||11 = ||a 1 ± a 2 ||E ;

t r (A ′
1 · A 2 ) = t r (A 1 · A ′

2 ) = a ′
1 a 2 .

❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ❤ ❡ ❋ ♦ ❜ ❡ ♥✐ ✉ ♥ ♦ ♠ ♦❢ ❤ ❡ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2

❤ ♦❧ ❞ ✐ ✛ ❛ ♥ ❣ ❡ ❞ ✈ ❡ ❝ ♦ a 1 ❛ ♥ ❞ a 2 ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✿

a ′
1 a 2 = 0 = t r (A ′

1 A 2 ) ↔ || A 1 ± A 2 ||21 = ||A 1 ||21 + ||A 2 ||21 . ( 4 2 8)

❙✐ ♠✐❧ ❛ ❧ ②✱ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ♣ ❛ ✐ ❝ ✉❧ ❛ ✉ ❛ ✐✲ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ✭ ✹ ✷ ✸✮ ❛ ♥ ❞
✭ ✹ ✷ ✺✮ ❛ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ♠ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❛❧ ♦ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ̃ 1 2 ❛ ♥ ❞ Φ 1 2 ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❧✐ ♥ ❡ ♦ A 1

❛ ♥ ❞ A 2 ♥ ♦ ❞✐ ❡ ❝ ❧ ②✱ ❜ ✉ ♦ ♥❧ ② ✐ ♥ ❡ ♠ ♦❢ ❛ ♥ ❣ ❡ ❞ ❧✐ ♥ ❡ ♦ { A 1 } ❛ ♥ ❞ { A 2 } ✳

✾✳ ✹ ▲✐ ♥ ❡ ♦ ♦❢ ♣ ❡ ❝✐ ❛❧ ❦✐ ♥ ❞ ❛ ♥ ❞ ♦ ♠ ❡ ✜ ❣ ✉ ❡ ❢ ♦ ♠ ❡ ❞ ❜ ② ❧✐ ♥ ❡ ♦

■ ♥ ❤ ❡ ❧✐ ♥ ❡ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⟩✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✸ ✵✮ ✐ ♥ ❡ ❝ ✳ ✸✳ ✶✱ ❛ ♥ n × r ✲❧✐ ♥ ❡ ♦
(o f r a n k A = r ) ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ♥ ❛ ♠ ❜✐ ❣ ✉ ♦ ✉ ✉ ❛ ✐✲ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✿

A = { A · (
√

A ′A ) − 1 } ·
√

A ′A = R q · |A |,

✇ ❤ ❡ ❡ |A | =
√

A ′A ✐ ❤ ❡ r × r ✲♠ ❛ ✐ ① ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ n × r ✲❧✐ ♥ ❡ ♦ A ✱ ❛ ♥ ❞ ♠ ❛ ✐ ①
R q = { A · (

√
A ′A ) − 1 } ✐ ✐ ♦ ✇ ♥ ✉ ❛ ✐✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❧✐ ♥ ❡ ♦ ✳ ❚ ❤✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ✐ ♠✐❧ ❛ ♦

♦ ♥ ❡ ❢ ♦ ❛ ✈ ❡ ❝ ♦ ✿ a = e · |a |✱ ✇ ❤ ❡ ❡ |a | =
√

a ′a = ||a ||E ✳ ❚ ❤ ❡ r × r ✲ ♠ ❛ ✐ ① ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❤ ❡
❧✐ ♥ ❡ ♦ ✐ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ❝ ❛❧ ❛ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❛ ✈ ❡ ❝ ♦ ✱ ❜ ✉ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❡ ♦❢ r ❜ ❛ ✐ ✉ ♥✐ ②
✈ ❡ ❝ ♦ { e i } = R q ✐ ♥ ⟨ E n ⟩✳ ❚ ❤ ❡ ❡ ✈ ❡ ❝ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❛ ① ❡ ✐ ♥ ⟨ E n ⟩ ♦❢
❤ ❡ ❣✐ ✈ ❡ ♥ n × r ✲❧✐ ♥ ❡ ♦ A ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ❡ ❤ ♦❧ ❞

←−−
A A ′ =

← − − − − −
R q · R q ′ = R q · R q ′, R q′ · R q = R q + · R q = I r × r , (R q ′ = R q + ).

❊ ❛ ❝ ❤ ❧✐ ♥ ❡ ♦ ❢ ♦ ♠ ❛❧❧ ② ❜ ❡❧ ♦ ♥ ❣ ♦ ✐ ❜ ❛ ✐ ♣❧ ❛ ♥ ❛ ✿ A ∈ ⟨ i m A⟩ ✭ ❛ a ∈ ⟨ i m a ⟩✮✳ ❚ ❤ ❡
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✶ ✺ ✹✮ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ♦❢ ❝ ♦ ♣❧ ❛ ♥ ❛ ❧✐ ♥ ❡ ♦ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ✐ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩
✭❢ ♦ ❤ ❡ ✈ ❡ ❝ ♦ a 2 ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ a 2 ∈ ⟨ i m A1 ⟩✮✳



✶ ✸ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✾✳ ● ❊ ❖ ▼ ❊ ❚ ❘ ■ ❈ ◆ ❖ ❘ ▼ ❙ ❖ ❋ ❱ ❆ ❘ ■ ❊ ❉ ❖ ❘ ❉ ❊ ❘ ❙ ❖ ❋ ▼ ❆ ❚ ❘ ■ ❳ ❖ ❇ ❏ ❊ ❈ ❚ ❙

❊ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ ✭r A = r = ❝ ♦ ♥ ✮ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❜ ❛ ✐ ♣❧ ❛ ♥ ❛ ⟨i m A⟩ ❢ ♦ ♠ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡
❡ ♦❢ ❝ ♦❧ ♣❧ ❛ ♥ ❛ ❧✐ ♥ ❡ ♦ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ✐ ♣❧ ❛ ♥ ❛ ⟨i m A⟩✳ ■❢ r = 1 ✱ ❤ ❡ ② ❛ ❡ ❝ ♦❧❧✐ ♥ ❡ ❛

✈ ❡ ❝ ♦ ✳ ❚ ✇ ♦ ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ ❛ ❡ ❝ ♦❧ ♣❧ ❛ ♥ ❛ ✐ ✛ ❤ ❡ ② ❛ ✐ ❢ ② ✭ ✶ ✺ ✸✮✳ ❚ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♦❢
❝ ♦❧ ♣❧ ❛ ♥ ❛ n × r ✲❧✐ ♥ ❡ ♦ ⟨A C ⟩ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ✐ ♣❧ ❛ ♥ ❛ ⟨i m A⟩ ✐ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❛❧❧ ②
❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ✇✐ ❤ ❛ ❢ ❡ ❡ ♥ ♦ ♥ ✐ ♥ ❣ ✉❧ ❛ r × r ✲ ♠ ❛ ✐ ① C ❜ ② ❡❧ ❛ ✐ ♦ ♥

←−−
A A ′ =

←− − − − − − −−
(A C )( A C ) ′ = ❈ ♦ ♥ . ( 4 2 9)

❈ ♦❧ ♣❧ ❛ ♥ ❛ ❧✐ ♥ ❡ ♦ A k ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❡❧ ❛ ✐ ♦ ♥ ✿

← − − −
A k A ′

k =
←− − − −−
R q k R q ′

k = R q k · R q ′
k =

←−−
A A ′ = ❈ ♦ ♥ n × n , R q′k · R q k = I r × r = ❈ ♦ ♥ r × r . ( 4 3 0)

❋ ✉ ❤ ❡ ✱ ✐ ♥ ❤ ❡ ❡ ♦❢ ❝ ♦❧ ♣❧ ❛ ♥ ❛ ❧✐ ♥ ❡ ♦ ⟨A ⟩✱ ❡ ♣ ❛ ❛ ❡ ❤ ❡ ✉ ❜ ❡ ♦❢ ❝ ♦ ❛ ①✐ ❛❧ ❧✐ ♥ ❡ ♦ ✳ ❚ ❤ ❡ ②
❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ♦ ♥ ❣ ❡ ✇✐ ❤ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ R q k = R q = ❈ ♦ ♥ = { e i } ✳ ❙ ✉ ❝ ❤ ❧✐ ♥ ❡ ♦ ❞✐ ✛ ❡
♦ ♥❧ ② ❜ ② ❤ ❡✐ ♠ ❛ ✐ ① ♠ ♦ ❞ ✉❧✐ |A k |✳ ■❢ A 1 ✱ A 2 ❛ ❡ ❝ ♦ ❛ ①✐ ❛❧ ❧✐ ♥ ❡ ♦ ✱ ❤ ❡ ♥

|A 1 ± A 2 |2 = |A 1 | ± |A 2 |
2

= ( |A 1 | ± |A 2 |) 2 , A′1 A 2 = |A 1 | · |A 2 |, A′2 · A 1 = |A 2 | · |A 1 |.

▲ ❡ A 1 ❛ ♥ ❞ A 2 ❜ ❡ ❡ ✉✐ ❛ ♥ ❦ ❧✐ ♥ ❡ ♦ ✱ ♠ ❛ ② ❜ ❡ ❧✐ ♥ ❡ ❛ ❧ ② ❡ ♥ ✐ ❡❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ♥ ♦ ✱ ❜ ✉
✉ ♥ ❞ ❡ ❤ ❡ ❛ ♠ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✷ ✹✮ ❛ ♥ ❞ ✭ ✷ ✸ ✵✮✱ ❛ ♥ ❞ ❧ ②✐ ♥ ❣ ✐ ♥ ❤ ❡✐ ♦ ✇ ♥ ❜ ❛ ✐ ♣❧ ❛ ♥ ❛ ⟨i m A1 ⟩

❛ ♥ ❞ ⟨i m A2 ⟩✳ ❚ ❤ ❡ ♥ ❤ ❡ ♦ ❜❧✐ ✉ ❡ ♣ ♦❥ ❡ ❝ ♦
← − − −
A 1 A ′

2 ❡ ①✐ ✳ ❯ ✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽ ✻✮ ❛ ♥ ❞ ✭ ✶ ✽ ✼✮ ❢ ♦ ♠
❡ ❝ ✳ ✺✳ ✷✱ ❛ ♥ ❞ ✭ ✷ ✷ ✻✮ ❢ ♦ ♠ ❡ ❝ ✳ ✺✳ ✹✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿

← − − −
A 1 A ′

2 =
←− − − −−
R q 1 R q ′

2 = R q 1 R q ′
1 · s e c Φ̃ 1 2 = s e c Φ̃ 1 2 · R q 2 R q ′

2 . ( 4 3 1)

❊ ① ♣ ❡ ✐ ♦ ♥ ✭ ✹ ✸ ✵✮ ❛ ♥ ❞ ✭ ✹ ✸ ✶✮ ♠ ❛ ② ❜ ❡ ✉ ❡❢ ✉❧ ✐ ♥ Q R ✲❢ ❛ ❝ ♦ ✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❧✐ ♥ ❡ ♦ ✇✐ ❤ ✐ ♠✐❧ ❛
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✕ ❡ ❡ ✭ ✶ ✷ ✾✮✱ ✭ ✶ ✸ ✵✮ ✐ ♥ ❡ ❝ ✳ ✸✳ ✶✳ ❚ ❤ ❡ ② ❝ ❛ ♥ ❜ ❡ ✐❧❧ ✉ ❛ ❡ ❞ ❡ ❛ ✐❧ ② ❛ ♥ ❞ ✈✐ ✉ ❛❧❧ ② ♦ ♥ ❤ ❡
✐ ♠ ♣❧ ❡ ✉ ♥✐ ② ❧✐ ♥ ❡ ♦ e 1 ❛ ♥ ❞ e 2 ✱ ❛ ✇ ❡ ❤ ❛ ✈ ❡ ❞ ♦ ♥ ❡ ❡ ❛ ❧✐ ❡ ♦ ♦✳

■ ♥ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥✱ ❞ ❡ ✜ ♥ ❡ ❛❧ ♦ ♦ ❛ ✐ ♦ ♥ ❛❧❧ ② ❝ ♦ ♥ ❣ ✉ ❡ ♥ ❧✐ ♥ ❡ ♦ ✿

A 2 = R ot Φ 1 2 · A 1 ⇒ { R q 2 = R ot Φ 1 2 · R q 1 , |A 1 | = |A 2 | = |A | }. ( 4 3 2)

❙ ✉ ❝ ❤ ❧✐ ♥ ❡ ♦ ❞✐ ✛ ❡ ♦ ♥❧ ② ❜ ② ❤ ❡✐ ✉ ❛ ✐✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❧✐ ♥ ❡ ♦ R q k ✳
❋ ♦ ❤ ❡ ❡ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❡ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ♠ ♦ ❞ ✉❧ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ✿

|A 1 ± A 2 |2 = 4 · |A |2 · [(I ± c o s Φ 1 2 )/ 2] ,
|A 1 + A 2 |2 = 4 · |A |2 · si n 2 ( Φ 1 2 / 2) ,
|A 1 − A 2 |2 = 4 · |A |2 · c o s 2 ( Φ 1 2 / 2) .





( 4 3 3)

❲✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✱ ♦ ❛ ✐ ♦ ♥ ❛❧❧ ② ❝ ♦ ♥ ❣ ✉ ❡ ♥ ❧✐ ♥ ❡ ♦ A 1 ❛ ♥ ❞ A 2 ❢ ♦ ♠ ❛ 2 r ✲
❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❤ ♦ ♠ ❜ ✉ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❝ ❡ ♥ ❡ ❡ ❞ ❡ ✉✐ ♠ ♦ ❞ ✉❧ ❡ ✈ ❡ ❝ ♦ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧❧ ② ❝ ♦ ♥ ❣ ✉ ❡ ♥ ✳
■❢ Φ 1 2 = π / 2 ✱ ❤ ❡ ♥ ❤ ❡ ❡ ❧✐ ♥ ❡ ♦ ❢ ♦ ♠ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ 2 r ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✉ ❛ ❡✿

|A 1 + A 2 | =
√

2 · |A |.

❖ ♥ ❡ ♠ ❛ ② ❝ ♦ ♥ ✉ ❝ ❢ ♦ ♠ ✉ ❝ ❤ ❧✐ ♥ ❡ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ✐ ❛ ♥ ❣❧ ❡ ✱ ♣ ❛ ❛❧❧ ❡❧ ♦ ❣ ❛ ♠ ❛ ♥ ❞ ♦ ♦ ♥✳
❚ ❤ ✉ ❧✐ ♥ ❡ ♦ ✱ ❛ ✇ ❡❧❧ ❛ ✈ ❡ ❝ ♦ ✱ ❝ ❛ ♥ ❢ ♦ ♠✱ ❜ ✉ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✱ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ✇✐ ❤ ✈ ❛ ✐ ♦ ✉
❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ♣ ❡ ✐ ❡ ✳ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦❢ ❧✐ ♥ ❡ ♦ ✭❧✐ ♥ ❡ ♦ ♣ ❛ ❝ ❡ ✮ ❤ ❛ ✈ ❡✱
❛ ✇ ❡❧❧ ❛ ✈ ❡ ❝ ♦ ♣ ❛ ❝ ❡ ✱ ✈ ❛❧ ❡ ♥ ❝ ② ✶✳



❈ ❤ ❛ ♣ ❡ ✶ ✵

❈ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②

✶ ✵✳ ✶ ❆ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥

❈ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ✐ ♥ ❡ ♠
♦❢ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❤ ❡✐ ❜✐ ♥ ❛ ② ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡
❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠

Ψ̃ = Φ̃ + iΓ̃ , ( Ψ̃ ′ = Φ̃ − iΓ̃ ); Ψ = Φ + iΓ , ( Ψ ′ = − Φ + iΓ); ψ j = φ j + i γj , ( 4 3 4)

✇ ❤ ❡ ❡ Φ̃ ′ = Φ̃ , Γ̃ ′ = − Γ̃; Φ ′ = − Φ , Γ ′ = Γ ✭ ❡ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ♥ ❈ ❤ ✳ ✺ ❛ ♥ ❞ ✻✮✳

■ ♥ ❤ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♥✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱ ❝ ♦ ♠ ♣❧ ❡ ① ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐
❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❛ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✭ ❡ ❝ ✳ ✹✳ ✷✮✳

❈ ♦ ♠ ♣❧ ❡ ① ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❤ ❛ ✈ ❡ ❤ ❡✐ ❛ ♥ ♣ ♦ ❡ ❞ ❢ ♦ ♠ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❛ ❜ ♦ ✈ ❡✳ ❆❧❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ✐ ♦ ♥
❛ ♥ ❞ ❢ ♦ ♠ ✉❧ ❛ ❡ ❡ ① ❝ ❡ ♣ ♥ ♦ ♠ ❛ ♥ ❞ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❛ ② ✈ ❛❧✐ ❞ ❛ ♥ ❞ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱
❝ ♦ ♠ ♣❧ ❡ ① ♠✐ ♥ ♦ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ① ♠ ♦ ❞ ✉❧ ❡ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❛ ♥ ♣ ♦ ✐ ♥ ❣✳

❈ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ + c ❛ ♥ ❞ − c ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❛ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ♦ ❞ ✉❧ ❡✱ ❛ ♥ ❞ ✐ ✐
❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❛❧ ♦ ✐ ♥ ❡ ♠ ♦❢ c 2 ❜ ② ▼ ♦✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛✿

± c = ± ρ ( c o s α + i si n α ), 0 ≤ α < π,

(± c ) 2 = c 2 = ρ 2 ( c o s 2 α + i si n 2 α ) = ρ 2 ( c o s β + i si n β ), 0 ≤ β < 2 π,

| ± c | = |c | = ρ ( c o s( β / 2) + i si n( β / 2)) = ρ ( c o s α + i si n α ). ( 4 3 5)

■ ✐ ❡ ❡ ♥ ❤ ❛ |c 2 | = c 2 ✳

❚ ❤ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ♠ ❛ ✐ ① ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ |A | =
√

A ′A ♦❢ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ❛ ✐ ① A ✭ ❡ ❝ ✳ ✾✳ ✹✮
✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✇✐ ❤ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ✐ ✐ ♥ ❡ ✐ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ①
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✿

R ′ · A ′A · R = D { A ′A } = { σ 2
j } , σ2j = ρ 2

j (c o s β j + i si n β j ) = |σ j |
2 , 0 ≤ β j < 2 π.

❋ ♦ ♠ ❤✐ ✱ ❜ ② ▼ ♦✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛✱ ✇ ❡ ♦ ❜ ❛✐ ♥

|σ j | = ρ j [ c o s(β j / 2) + i si n( β j / 2)] , |A | = R · {|σ j | } · R ′, |A |2 = A ′A.

■ ♥ ❤ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❛❧❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✱ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ❣❧ ❡
❛ ♥ ❞ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❛ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ♦ ❡ ❛❧ ❛ ♥ ❞ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❛ ✱ ❤ ♦ ✉ ❣ ❤
❡ ❛ ❝ ❤ ✇ ❤ ♦❧ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ♠ ♦ ✉✐ ❛ ❜❧ ❡ ❛ ❞ ❡ ✉ ❛ ❡ ❢ ♦ ♠✳ ❚ ❤ ❡
❛ ❞ ❡ ✉ ❛ ❡ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ✐ ✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ✐ ✉ ❡ ❞ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ❣ ❡ ♦ ♠ ❡ ②✱
✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ♥ ❝ ❛❧ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡✱ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ❡ ❞
✐ ❞ ❡ ♥ ✐ ② ✭ ✶ ✹ ✷✮✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✐ ♥ ✐ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ■ ❞ ❡ ♥ ✐ ② ❢ ♦ ✇ ♦
✈ ❡ ❝ ♦ ✱ ❞ ♦ ❡ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❛ ✐ ♦ ✐ ♥ ✭ ✶ ✷ ✹✮ ❛ ♥ ❞ ✭ ✶ ✹ ✶✮ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞
❢ ♦ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳
❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛❧ ❛ ❛ ✐ ♦ ✭ ✶ ✸ ✺✮ ❛ ♥ ❞ ✭ ✶ ✹ ✵✮ ❤ ❛ ✈ ❡ ❛❧ ♦ ❤ ❡✐ ❛ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❢ ♦ ♠ ✳



✶ ✸ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵✳ ❈ ❖ ▼ ▲ ❊ ❳ ■ ❋ ■ ❈ ❆ ❚ ■ ❖ ◆ ❖ ❋ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

✶ ✵✳ ✷ ❍ ❡ ♠✐ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥

■ ♥ ❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱ ❍ ❡ ♠✐ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ✉ ❡ ❞ ✭ ❡ ❝ ✳ ✹✳ ✸✮✳ ❆ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ❛ ♥ ❍ ❡ ♠✐ ❡ ❛ ♥

♠ ❛ ✐ ① ˜H = Φ̃ + iΓ̃ = ˜H ∗ ✱ ✇ ❤ ❡ ❡ Φ̃ ∗ = Φ̃ , Γ̃ ∗ = − Γ̃ ✳ ■ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ❡ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡
± η j ❛ ♥ ❞ ③ ❡ ♦✳ ❆ ♠ ♦ ✐ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ❛ ❦ ❡ ✇✲ ❍ ❡ ♠✐ ❡ ❛ ♥ ♠ ❛ ✐ ① K = Φ + iΓ =
− K ∗ ✱ ✇ ❤ ❡ ❡ Φ ∗ = − Φ , Γ ∗ = Γ ✭ ❈ ❤ ✳ ✺✱ ✻✮✳ ■ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ❛ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❡ ✉ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❣❧ ❡ ± i ηj ❛ ♥ ❞ ③ ❡ ♦✳ ❍ ❡ ♠✐ ❡ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ❛ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❞ ❡ ✜ ♥✐ ❡✳ ◆ ♦ ♠ ❛❧✐ ③ ❡ ❞
❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ❈ ❤✳ ✽✮✱ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ✭ ❈ ❤✳ ✾✮ ♣ ❡ ❡ ✈ ❡ ❤ ❡✐ ❡ ❛❧
♣ ♦ ✐ ✐ ✈ ❡ ❢ ♦ ♠ ✐ ♥ ❤ ❡ ❍ ❡ ♠✐ ❡✬ ✈ ❛ ✐ ❛ ♥ ✳

❚ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❜✐ ♥ ❛ ✐ ② ❛❧ ♦ ❛ ② ✈ ❛❧✐ ❞ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ❞ ❡ ✉ ❛ ❡ ❛ ♥ ❞ ❍ ❡ ♠✐ ❡ ❛ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❛ ❛❧❧ ✐ ♣ ❡❧✐ ♠✐ ♥ ❛ ✐ ❡ ❞ ♦ ❤ ♦❧ ❞✳

❍ ❡ ♠✐ ❡ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❝ ❡❧❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✾ ✾✮ ❛ ♥ ❞ ✭ ✹ ✵ ✵✮ ✐ ♥ ❡ ❝ ✳ ✽✳ ✸ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ✇✐ ❤ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉
❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ✳ ❍ ❡ ❡ ❤ ❡ ✇ ♦ ✐ ❞ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ˜H 1 2 ❜ ❡ ✇ ❡ ❡ ♥ ♣❧ ❛ ♥ ❛
⟨i m A1 ⟩ ❛ ♥ ❞ ⟨i m A2 ⟩ ♦❢ ❛ ♥ ❦ r ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
2 × 2 ✲ ❝ ❡❧❧ ❛ ✉ ♥✐ ② ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ✿

u 1 =
c o s α 1

si n α 1
, u 2 =

c o s α 2

si n α 2
,

✇ ❤ ❡ ❡

c o s α · c o s α + si n α · si n α = 1 ,

c o s α = c o s η · e x p i βc , si n α = si n η · e x p i βs ,

c o s α · c o s α = c o s 2 η, si n α · si n α = si n 2 η ;

[ c o s ˜H 1 2 ]2 × 2 =
← − − − −
u 1 · u ∗

1 +
← − − − −
u 2 · u ∗

2 − I 2 × 2 = u 1 · u ∗
1 + u 2 · u ∗

2 − I 2 × 2 =

=
c o s α 1 · c o s α 1 + c o s α 2 · c o s α 2 − 1 c o s α 1 · si n α 1 + c o s α 2 · si n α 2

c o s α 1 · si n α 1 + c o s α 2 · si n α 2 si n α 1 · si n α 1 + si n α 2 · si n α 2 − 1
=

=
+ |c 1 | s 1

s 1 −| c 1 |
;

− d et [ c o s ˜H 1 2 ]2 × 2 = |c 1 |2 + s 1 · s 1 = c o s 2 (η 2 − η 1 ) − ∆ = c o s 2 η 1 2 ,

∆ = ( 1 / 2) · si n( 2 η 1 ) · si n( 2 η 2 ) · [ 1 − c o s( β c 1
) c o s( β c 2

) c o s( β s 1
) c o s( β s 2

];

[ si n ˜H 1 2 ]2 × 2 =
← − − − −
u 2 · u ∗

2 −
← − − − −
u 1 · u ∗

1 = u 2 · u ∗
2 − u 1 · u ∗

1 =

=
c o s α 2 · c o s α 2 − c o s α 1 · c o s α 1 c o s α 2 · si n α 2 − c o s α 1 · si n α 1

c o s α 2 · si n α 2 − c o s α 1 · si n α 1 si n α 2 · si n α 2 − si n α 1 · si n α 1
=

−| s 2 | c 2

c 2 + |s 2 |
;

− d et [ si n ˜H 1 2 ]2 × 2 = |s 2 |2 + c 2 · c 2 = si n 2 (η 2 − η 1 ) + ∆ = si n 2 η 1 2 .

❋ ♦ ❤ ❡ ❡ ✐ ❞ ✉ ❡ ∆ ✇ ❡ ❤ ❛ ✈ ❡ ∆ = 0 ⇔ c o s( β c 1
) c o s( β c 2

) c o s( β s 1
) c o s( β s 2

) = 1 = | c o s β k |❀

∆ = 0 ⇔ η 1 2 = η 2 − η 1 , ∆ ≠ 0 ⇔ η 1 2 ≠ η 2 − η 1 . ( 4 3 6)

❚ ❤ ❡ ❝ ❡❧❧ ❢ ♦ ♠ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ✭ ❡ ❡ ❡ ❝ ✳ ✺✳ ✺✮ ❛ ❡

[ c o s ˜H 1 2 ]2 × 2 = c o s η 1 2 ·
+ 1 0
0 − 1

, [ si n ˜H 1 2 ]2 × 2 = si n η 1 2 ·
0  + 1

+ 1 0
. ( 4 3 7 , 4 3 8)



✶ ✵✳ ✷ ❍ ❡ ♠✐ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ✶ ✸ ✺

■ ♥ ❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❛❧❧ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❲✲❢ ♦ ♠ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡
❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❛ ♥ ❞ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡✳ ❚ ❤ ❡ ② ❛ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ♥✐ ❛ ② ♠ ♦ ❞ ❛❧ ♠ ❛ ✐✲

❝ ❡ U W ✳ ■ ♥ ❛ ♥ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ✭ ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧
❝ ♦ ✐ ♥ ❡✮✱ ❍ ❡ ♠✐ ❡ ❛ ♥ ❤✐❢ ♦❢ ♣ ❛✐ ❡ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ❝ ♦ ✐ ♥ ❡✲ ✐ ♥ ❡✱ ❡ ❝ ❛ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ✮ ❛ ❛ ♣ ❤ ❛ ❡ ❛ ♥ ❣❧ ❡ β
♠ ❛ ② ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✕ ❡ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✭ ✶ ✼ ✾✮ ❛ ♥ ❞ ✭ ✷ ✺ ✾✮✿

E x p (− i β /2) · R e f { B ∗ B } r · E x p ( + i β /2) = R e f { B ∗ B } c , ( 4 3 9)

E x p (− i β /2) · R ot { H } r · E x p ( + i β /2) = R ot { ε } c , ( 4 4 0)

✐✳ ❡✳✱







✳
✳
✳

e x p
− i β

2
0

0  e x p
+ i β

2

✳
✳
✳





 ·






✳
✳
✳

+ c o s η s i n η
s i n η − c o s η

✳
✳
✳




 ·







✳
✳
✳

e x p
+ i β

2
0

0  e x p
− i β

2

✳
✳
✳





 =

=






✳
✳
✳

+ c o s η s i n η · e x p ( − i β )
s i n η · e x p ( + i β ) − c o s η

✳
✳
✳




 ,







✳
✳
✳

e x p
− i β

2
0

0  e x p
+ i β

2

✳
✳
✳





 ·






✳
✳
✳

c o s η − s i n η
+ s i n η c o s η

✳
✳
✳




 ·







✳
✳
✳

e x p
+ i β

2
0

0  e x p
− i β

2

✳
✳
✳





 =

=






✳
✳
✳

c o s η − s i n η · e x p ( − i β )
+ s i n η · e x p ( + i β ) c o s η

✳
✳
✳




 .

❚ ❤ ❛ ✐ ✇ ❤ ② ❤ ❡ ❍ ❡ ♠✐ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ❤ ♦ ✉❧ ❞ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛
❜ ❡❢ ♦ ❡ ❛ ♥ ❞ ❛❧ ♦ ♦ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❲✲❢ ♦ ♠ ✳ ■ ♥ ❡ ❛ ❝ ❤ ❡✐ ❣ ❡ ♥ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ✭ ❛ ❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ ❡ ❛ ❝ ❤
2 × 2 ✲ ❝ ❡❧❧ ✮✱ ❍ ❡ ♠✐ ❡ ❛ ♥ ❤✐❢ ❛ ❛ ♣ ❤ ❛ ❡ ❛ ♥ ❣❧ ❡ β ♠ ❛ ② ❜ ❡ ❡❧✐ ♠✐ ♥ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ✉ ♥✐ ❛ ②
♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ E x p (i β /2) ✱ ❛ ♥ ❞ ❛ ✜ ♥ ❛❧ ❡ ✉❧ ✇✐ ❤ ❡ ❞ ✉ ❝✐ ♥ ❣ ✐ ♥ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞

❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳

❍ ❡ ♠✐ ❡ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❈ ❛ ✉ ❝ ❤ ② ❛ ♥ ❞ ❍ ❛ ❞ ❛ ♠ ❛ ❞ ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ♦❢ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛ ✉ ❡ ✭ ❡ ❡ ✐ ♥
❈ ❤✳ ✸✮ ❛ ♥ ❞ ❤ ❡✐ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❡ ♥ ♦ ❢ ♦ ♠ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✽✮✮ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ① ▲ ❛ ❣ ❛ ♥ ❣ ❡ ■ ❞ ❡ ♥ ✐ ②
✭ ✶ ✹ ✷✮ ❢ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ✇ ♦ ✈ ❡ ❝ ♦ ♦ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ✇ ♦ ❧✐ ♥ ❡ ♦ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢
❍ ❡ ♠✐ ❡ ❛ ♥ ❛ ♥ ♣ ♦ ✐ ♥ ❣ ✐ ♥ ❤ ❡✐ ✐ ♥ ❡ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ✳ ❍ ❡ ♠✐ ❡ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✐ ❛ ❝ ♦ ♠ ♣ ♦ ✐ ❡
❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✳ ❇ ✉ ✐ ♥ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡✱ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
❤ ❛ ✈ ❡ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠✳



✶ ✸ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵✳ ❈ ❖ ▼ ▲ ❊ ❳ ■ ❋ ■ ❈ ❆ ❚ ■ ❖ ◆ ❖ ❋ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨

✶ ✵✳ ✸ ❡ ✉ ❞ ♦✐ ③ ❛ ✐ ♦ ♥ ✐ ♥ ❜✐ ♥ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❛ ❝ ❡

❈ ♦ ♥ ✐ ❞ ❡ ♣ ❡ ✉ ❞ ♦✐ ③ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ❛ ❞ ❡ ✉ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❡ ❛❧✲
✈ ❛❧ ✉ ❡ ❞ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ♦ ✐ ♦ ♥ ✭ ❡ ❡ ❈ ❤✳ ✹✮✳ ❋✐ ① ❛ ❜✐ ♥ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ① ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡
⟨ A n + q ⟩ c ♦❢ ✐ ♥ ❞ ❡ ① q ✳ ■ ♥ ❛ ♥ ② ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜✐ ♥ ❛ ② ❛ ✣ ♥ ❡ ❜ ❛ ❡✱ ❤✐ ♣ ❛ ❝ ❡ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❛
❧✐ ♥ ❡ ❛ ♦ ♥ ❡✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❝ ❡ ❛✐ ♥ ♣ ❡ ✉ ❞ ♦ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 0 ✱ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ A n + q ⟩ c

✐ ❤ ❡ ❞✐ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ❛❧ ❛ ♥ ❞ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ✣ ♥ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ✿

⟨ A n + q ⟩ c ≡ ⟨ A n ⟩ ⊕ ⟨ iA q ⟩ ≡ ❈ ❖ ◆ ❙ ❚ . ( 4 4 1)

❍ ❡ ❡ ❤ ❡ ✉ ♠ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ✉ ♠ ♠ ❛ ♥ ❞ ✉ ❜ ♣ ❛ ❝ ❡ ❛ ❡ ❝ ♦ ♥ ❛ ♥ ✳ ■ ♥ ⟨ A n + q ⟩✱ ✇ ❡
❛ ❞ ♠✐ ❧✐ ♥ ❡ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ V ♣ ❡ ❡ ✈✐ ♥ ❣ ❤ ❡ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡✿

V Ẽ 0 Ẽ

V 1 1 i V1 2

i V2 1 V 2 2
·

I n × n Z n × q

Z q × n ± i I q × q =
V 1 1 ± V 1 2

i V2 1 ± i V2 2
, d et Vj k ≠ 0 . ( 4 4 2)

❋✐ n ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ❜ ❛ ❡ ♠ ❛ ✐ ❝ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ⟨ A n ⟩✱ ♦ ❤ ❡ q ❝ ♦❧ ✉ ♠ ♥ ❣ ❡ ♥ ❡ ❛ ❡ ⟨iA q ⟩✳ ❚ ❤ ❡
♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① V − 1 ❤ ❛ ❤ ❡ ❛ ♠ ❡ ✉ ❝ ✉ ❡✱ ❤✐ ♠ ❛ ✐ ① ❛ ♥ ❢ ♦ ♠ ❛ ♥ ❛ ❜✐ ❛ ② ❜✐ ♥ ❛ ② ❜ ❛ ❡ Ẽ
✐ ♥ ♦ ✐ ♠ ♣❧ ❡ ♦ ♥ ❡✱ ✐✳ ❡✳✱ ✐ ♥ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✭ ♣ ❡ ✉ ❞ ♦ ✉ ♥✐ ②✮ ❜ ❛ ❡ Ẽ 0 ❛ ♥ ❞ ♣ ❡ ❢ ♦ ♠ ♣ ❛ ✐ ✈ ❡ ♠ ♦ ❞ ❛❧

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❛ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ✿ z { Ẽ } = V · z { Ẽ 0 } ✳
❚ ❤ ❡ ❜✐ ♥ ❛ ② ❧ ♦ ❝ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ① ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❧ ❡❢ ❛ ♥ ❞ ✐ ❣ ❤ ♠ ✉ ✉ ❛❧

❢ ♦ ♠ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ❧ ♦ ❝ ❛❧ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ Ẽ 1 = { I } ❜ ② ♣ ❡ ✉ ❞ ♦ ✉ ♥✐ ②
♣ ❛ ✐ ✈ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✭ ❡ ❡ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❡ ❝ ✳ ✺✳ ✾ ❛ ♥ ❞ ❡ ❝ ✳ ✻✳ ✶✮✿

Ẽ 0 1 =









✳✳✳

1 0
0  + i

✳✳✳









· Ẽ 1 = (
√

I ± ) D · {I } = R c 1 · {I } = { R c 1 } , ( 4 4 3)

Ẽ 0 2 =









✳✳✳

1 0
0 − i

✳✳✳









· Ẽ 1 = (
√

I ± ) − 1
D · {I } = R c 2 · {I } = { R c 2 } . ( 4 4 4)

❲✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜✐ ♥ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ① ❜ ❛ ❡ Ẽ ✱ ❛ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ❛ ♥ ❞ ❤ ❡ ✇ ❤ ♦❧ ❡
♣ ❛ ❝ ❡ ❛ ❡ ❞✐ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡✐ ❡ ❛❧ ❛ ♥ ❞ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ✣ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✿

z = x ⊕ iy =
x
iy

. ( 4 4 5)

❚ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ A n + q ⟩ c ✐ ❛ ✣ ♥ ❡✱ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡ ❤ ❡ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❛ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ✭ ✹ ✹ ✺✮ ❛ ❡
❛ ❞ ♠✐ ✐ ❜❧ ❡✱ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡ ❤ ❡ ♣ ❛ ❝ ❡ ✐ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✳

❘✐ ❣ ❤ ❧ ♦ ❝ ❛❧ ❜ ❛ ❡ ✭ ✹ ✹ ✸✮ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ♦ ♥ ❡ ✐ ♥ ✭ ✷ ✼ ✶✮ ❛ ♥ ❞ ✉ ❡ ❞ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ♣ ❡ ✉ ❞ ♦✲
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❛ ♥ ❣❧ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ − i φj = φ j / ( + i) ✭ ❡ ❡ ❡ ❝ ✳ ✺✳ ✾✮✳
❚ ❤ ❡ ✐ ❣ ♥ ✧ ♠✐ ♥ ✉ ✧ ❛ ❛ ♥ ❣❧ ❡ ✐ ❞ ✉ ❡ ♦ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❡ + i ❛ ♦ ❞✐ ♥ ❛ ❡ ✳

▲ ❡❢ ❧ ♦ ❝ ❛❧ ❜ ❛ ❡ ✭ ✹ ✹ ✹✮ ❡ ♣ ❡ ❡ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❤ ❡
♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✈ ❛ ✐ ❛ ♥ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇✐ ❤ ❜✐ ♥ ❛ ② ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ± i γj = ± γ j / (− i) ✕
♣ ✐ ♠ ❛ ② ❛ ♥ ❞ ♠ ✉ ✉ ❛❧✳ ❚ ❤✐ ❜ ❛ ❡ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ✐ ♥ ✈ ❡ ❡ ✭ ✷ ✼ ✶✮✱ ✐✳ ❡✳✱ ✇✐ ❤ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❡ − i ❛
♦ ❞✐ ♥ ❛ ❡ ✳



✶ ✵✳ ✸ ❡ ✉ ❞ ♦✐ ③ ❛ ✐ ♦ ♥ ✐ ♥ ❜✐ ♥ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❛ ❝ ❡ ✶ ✸ ✼

❚ ❤ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❧ ❛ ❡ ✐ ♥ ♦ ❜ ❛ ❡ Ẽ 0 1 ✭ ✹ ✹ ✸✮ ✐ ♠✐❧ ❛ ❧ ② ✭ ✸ ✷ ✷✮✿

(
√

I ± ) − 1
√

I ±








✳ ✳ ✳

1 0
0 − i

✳ ✳ ✳








·








✳ ✳ ✳

c o s φ j − si n φ j

+ si n φ j c o s φ j

✳ ✳ ✳








·








✳ ✳ ✳

1 0
0  + i

✳ ✳ ✳








=

=








✳ ✳ ✳

c o s φ j − i si n φ j

− i si n φ j c o s φ j

✳ ✳ ✳








=








✳ ✳ ✳

c o s h ( − i φj ) si n h ( − i φj )
si n h ( − i φj ) c o s h ( − i φj )

✳ ✳ ✳








.

❆ ♥ ❞ ❤ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❧ ❛ ❡ ✐ ♥ ♦ ❜ ❛ ❡ Ẽ 0 2 ✭ ✹ ✹ ✹✮ ✐ ♠✐❧ ❛ ❧ ② ♦ ✭ ✸ ✷ ✸✮✿

√
I ± (

√
I ± ) − 1








✳ ✳ ✳

1 0
0  + i

✳ ✳ ✳








·








✳ ✳ ✳

c o s h γ j si n h γ j

si n h γ j c o s h γ j

✳ ✳ ✳








·








✳ ✳ ✳

1 0
0 − i

✳ ✳ ✳








=

=








✳ ✳ ✳

c o s h γ j − i si n h γ j

+ i si n h γ j c o s h γ j

✳ ✳ ✳








=








✳ ✳ ✳

c o s ( i γj ) − si n ( i γj )
+ si n ( i γj ) c o s ( i γj )

✳ ✳ ✳








.

❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ✐ ♥ Ẽ 0 1 ❛ ♥ ❞ Ẽ 0 2 ♦❢ ⟨ Q n + q ⟩ c ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♠✐ ① ❡ ❞ ♣ ❡ ✉ ❞ ♦✐ ③ ❡ ❞ ❛ ♥ ❣❧ ❡ ✐ ♥ ✇ ♦ ❢ ♦ ♠ ✿
γ k ⊞ (− i φj ) ❛ ♥ ❞ φ j ⊞ i γk ✭ ❛ ❤ ❡ ❝ ♦ ✉ ♥ ❡ ✲ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❛ ♥ ❣❧ ❡ φ ✮ ✕ ❡ ❡ ❡ ❝ ✳ ✻✳ ✶ ♦ ♦✳

❊ ① ♣ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ✭ ✹ ✹ ✺✮ ✐ ♥ ⟨ A n + q ⟩ c ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❜ ❛ ❡ ✭ ✹ ✹ ✹✮✳
❉ ❡ ✜ ♥ ❡ ✐ ♥ Ẽ 0 2 ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❞ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ♣ ❛ ✐ ✈ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝
❢ ♦ ❡❧ ❡ ♠ ❡ ♥ z ✭ ✹ ✹ ✺✮ ✐ ♥ ⟨ Q n + q ⟩ c ❛ ✐ ♥ ❛ ✉ ✉ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✿

z ′
1 { I + } z 2 = z ′

1 z 2 = x ′
1 · x 2 + i y′1 · i y2 = x ′

1 x 2 − y ′
1 y 2 = ❝ ♦ ♥ .

❚ ❤✐ ✐ ✈ ❛❧✐ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ✐ ♥ ❞ ❡ ① q ✱ ✐ ♠ ❡ ✐ ❝ ✐ ❛ ✐❢
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✲❧✐ ❦ ❡ ❀ ❜ ✉ ✐ ✐ ❡✐ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♦ ③ ❡ ♦ ♦ ✐ ♠ ❛ ❣✐ ♥ ❛ ②✲ ✈ ❛❧ ✉ ❡ ❞✳ ❋✐ ❤✐ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥
✭ ✇✐ ❤ n = q = 1 ✮ ✇ ❛ ♠ ❛ ❞ ❡ ❜ ② ❍✳ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ❤✐ ❣ ♦ ✉ ♣ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤ ❡ ♦ ② ❬ ✻ ✸❪✳
❚ ❤ ❡ ♣ ❛ ❝ ❡ ✐ ❜✐ ♥ ❛ ②✱ ✐ ✐ ❤ ❡ ❞✐ ❡ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ♦❢ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
✉ ❜ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ②✲ ✈ ❛❧ ✉ ❡ ❞ ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡✿

⟨ Q n + q ⟩ c ≡ ⟨ E n ⟩ ⊞ ⟨iE q ⟩ ≡ ❈ ❖ ◆ ❙ ❚ ⇔ ⟨ P n + q ⟩ ≡ ⟨ E n ⟩ ⊠ ⟨ E q ⟩ ≡ ❈ ❖ ◆ ❙ ❚ . ( 4 4 6)

❍ ❡ ❡ ⊞ ❛ ♥ ❞ ⊠ ❛ ♥ ❞ ❢ ♦ ❞✐ ❡ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥✳
❆ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ✐ ♠ ♣❧ ❡ ❡ ✢ ❡ ❝ ♦
♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ± } ❛ ♥ ❞ { I ∓ } ✕ ❡ ❡ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❈ ❤ ✳ ✺ ❛ ♥ ❞ ✻✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ⟨iE q ⟩ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ❡

✐ ♥ ♦ ❤ ❡ ❛ ①✐ i y ♦
−→
i y ♦ ✐ ♥ ♦ ❤ ❡ ✐ ♠ ❡ ❛ ♦ ✇

− − →
i · ct ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❍✳ ♦✐ ♥ ❝ ❛ ✁❡✳



❈ ❤ ❛ ♣ ❡ ✶ ✶

❚ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡

✶ ✶✳ ✶ ❘ ❡ ❛❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡

❘ ❡ ✉ ♥ ♦ ❜✐ ♥ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✭ ✹ ✹ ✻✮✳ ■ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ✉ ♥✐ ② ♠ ❡ ✐ ❝
❡ ♥ ♦ { I + } ❛ ♥ ❞ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ❀ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ✐ Ẽ 0 2 ✭ ✹ ✹ ✹✮✳ ❋ ✉ ❤ ❡ ✱ ❛ ♣ ♣❧ ②
♦ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩ c ❡ ❛❧✐❢ ②✐ ♥ ❣ ♣ ❛ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ✹ ✹ ✸✮ ❛ R c = (

√
I ± ) D

✭ ❤ ❡ ❡ ♣ ❛ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ R c ❤ ❛ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ❝ ♦ ♥ ❛ ② ♦ R c ✭ ✷ ✼ ✶✮ ✐ ♥ ❡ ❝ ✳ ✺✳ ✾✮✿

Ẽ 0 2 = { (
√

I ± ) − 1
D } → (

√
I ± ) D · Ẽ 0 2 = Ẽ 1 = { I } , (

√
I ± ) − 1

D · z 0 2 = u . ( 4 4 7)

❚ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① ✐ ♥ ♦ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛
√

I ±
′
·
√

I ± ≠ { I + } ❀ ✐ ❛ ♥ ❢ ❡ ✐ ♥ ♦ ❛ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ♦❢ ✐ ♥ ❞ ❡ ① q ✇✐ ❤ ❤ ❡ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ✳ ■
✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝ ❢ ♦ ❤ ❡ ❛ ♠ ❡ ❡❧ ❡ ♠ ❡ ♥ ✐

z ′
0 2 · z 0 2 = [(

√
I ± ) D · u ]′ · [(

√
I ± ) D · u ] = u ′ · {I ± } · u = ❝ ♦ ♥ . ( 4 4 8)

❙ ♦✱ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩ c ❛ ♥ ❞ ⟨ P n + q ⟩ ❛ ❡ ✐ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❡ ① ♣ ❡ ❡ ❞ ♦ ♥❧ ② ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❢ ♦ ♠ ✦
◆ ♦ ✇ ❤ ❡ ❛ ♠ ❡ ❡❧ ❡ ♠ ❡ ♥ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❛ ♥ ❞ ✐ ✐ ❞ ❡ ♥ ♦ ❡ ❞ ❛ u ✳ ❚ ❤ ❡ ♥ ❡ ✇ ♠ ❡ ✐ ❝
❡ ♥ ♦ { I ± } ✐ ♥ ❤✐ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ✐ ❡ ♥ ❡ ❞ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ✐ ❛❧ ♦ ✐ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✦  ❘ ❡ ❛❧✐ ✜ ❝ ❛ ✐ ♦ ♥

⟨ Q 3 + 1 ⟩ c → ⟨ P 3 + 1 ⟩ r ✇✐ ❤ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ± } ❛ q = 1 ✇ ❛ ✉ ❣ ❣ ❡ ❡ ❞ ❜ ②
❍ ❡ ♠ ❛ ♥ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✶ ✾ ✵ ✾ ❬ ✻ ✺❪✱ ❛ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ✐ ♥ ♦ ♣ ❤ ② ✐ ❝ ❛❧ 4 D ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ⟨x , ct⟩✳

❋ ✉ ❤ ❡ ✱ ❡ ❛❧✐ ③ ❡ ♥ ❡ ① ❛ ♥ ❞ ❛❧ ♦ ✐ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ✐ ✈ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✐ ♠✐❧ ❛
❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡✱ ❜ ✉ ✇✐ ❤ ❛ ♥ ❛ ✣ ♥ ❡ ❜ ❛ ❡ Ẽ ✱ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ Ẽ 1 = { I } ❜ ② ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❜✐ ♥ ❛ ②
❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① V ✳ ■ ✐ ♥ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❛ ❣ ❛✐ ♥ ✇✐ ❤ ❤ ❡ ❢ ♦ ♠ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ± } ✳

■ ♥ ❡ ✉❧ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❡ ✉ ❡ ♥ ✐ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ ❛ ♥ ❞ ❡❧ ❡ ♠ ❡ ♥

Ẽ = V · Ẽ 1 , Ẽ 1 = (
√

I ± ) D · Ẽ 0 2 , ( 4 4 9)

w = V − 1 · (
√

I ± ) − 1
D · z 0 2 = [(

√
I ± ) D · V ]− 1 · z 0 2 . ( 4 5 0)

◆ ♦ ✇ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❡❧ ❡ ♠ ❡ ♥ z 0 2 ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❛ ✣ ♥ ❡ ❜ ❛ ❡ Ẽ ✱ ✐ ✐ ❞ ❡ ♥ ♦ ❡ ❞ ❛ w ✳ ❚ ❤ ❡ ✐ ♥ ✈ ❡ ❡
♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ♦❢ ❤ ❡ ♣ ❛ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ✇ ✐ ❡ ♥ ✐ ♥ ❞✐ ❡ ❝ ♦ ❞ ❡ ❢ ♦ ❡ ✉ ❡ ♥ ✐ ❛❧ ♦ ♥ ❡ ✳
❚ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤✐ ❡❧ ❡ ♠ ❡ ♥ ✱ ❛ ✐ ✐ ♠ ♠ ❛ ♥ ❡ ♥ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ♣ ❛ ✐ ✈ ❡ ✐ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡✬

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❞ ♦ ❡ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ♥ ❡ ✇ ❛ ♥ ❞ ♥ ♦ ✇ ❛ ✣ ♥ ❡ ❜ ❛ ❡ Ẽ ✱ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡
❤ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✭ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✮ { I ± } ❞ ♦ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ♦ ❤ ❡ ♥ ❡ ✇

❝ ❡ ❛✐ ♥ ② ♠ ♠ ❡ ✐ ❝ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✿

z ′
0 2 · z 0 2 = [(

√
I ± ) D · V · w ]′ · [

√
I ± ) D · V · w ] = w ′ · {V ′ · I ± · V } · w = ❝ ♦ ♥ . ( 4 5 1)

❲ ❤ ❛ ✐ ✐ ♠ ♣ ♦ ❛ ♥ ✱ ✐ ♥ ❢ ❛ ❝ ✱ ❤ ❡ ❜✐ ♥ ❛ ② ❜ ❛ ✐ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩✮ ✐ ♣ ❡ ❡ ✈ ❡ ❞ ❛ ❣ ❛✐ ♥✱ ❜ ❡ ❝ ❛ ✉ ❡
✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ✐ ♦ ♥❧ ② ♦ ❤ ❡ ✭ ❛ ✣ ♥ ❡✮ ❜ ❛ ❡ ✇✐ ❤ ♦ ♥ ❡✲ ✈ ❛❧ ✉ ❡ ❞ ❧✐ ♥ ❡ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❱✳

▲ ❡ V ≠ ❈ ♦ ♥ ❛ ♥ ❞ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ♦ ✐ ❝ ❤ ❛ ♥ ❣✐ ♥ ❣ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❞ ♦ ❡ ❝ ❤ ❛ ♥ ❣ ❡
♦ ♦✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ✐ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ❤ ❡ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ♥ ❣ ✉ ❡ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥

{ G ± } = { V ′ · I ± · V } = { V ′ · I ± · V } ′ = { G ± } ′. ( 4 5 2)



✶ ✶✳ ✷ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❣ ♦ ✉ ♣ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✶ ✸ ✾

❚ ❤ ❡ ♥ ❤ ❡ ♥ ❡ ✇ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦ ♣ ❡ ❛ ❡ ✐ ♥ ❙ ♣ ❡ ❝✐ ❛❧ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ❤ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡
✇✐ ❤ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ❧ ♦ ❝ ❛❧ ♠ ❡ ✐ ❝ ❞ ✉ ❡ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ { G ± } (w )✳ ■ ♠ ✉ ✉ ❛❧ ❡ ♥ ♦ ✐

ˆ{ G ± } = { G ± } − 1 = { V − 1 · I ± · V ′ −1 } . ( 4 5 3)

❚ ❤✐ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✇✐ ❤ ✈ ❛ ✐ ❛ ❜❧ ❡ ❧ ♦ ❝ ❛❧ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ③ ❡ ♦ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ✕ ❈ ❤ ✐ ♦ ✛ ❡❧✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡
✐ ✐ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧❧ ② ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ⟨ P n + q ⟩✱ ✇ ❤ ❡ ❡ ❧ ❛ ❡ ✐ ❤ ❡ ❜ ❛ ✐ ♣ ❛ ❝ ❡ ❜ ② ❤ ❡
❞ ❡ ✜ ♥✐ ✐ ♦ ♥✳ ❈ ✉ ✈✐❧✐ ♥ ❡ ❛ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❝ ✐ ♥ ❢ ❛ ❝ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ✢ ❛ ♣ ❛ ❝ ❡✳
❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐❢ ❤ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ✐ ♥ ♦ ♥✲ ③ ❡ ♦✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✳ ❇ ♦ ❤ ❤ ❡ ❡
❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✭ ✢ ❛ ❛ ♥ ❞ ❝ ✉ ✈ ❡✮ ✇✐❧❧ ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❈ ❤ ❛ ♣ ❡ ✾ ❆✳ ❚ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ②✱ ✐❢ V = ❈ ♦ ♥ ✱ ♠ ❛ ②
❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❛ ❧✐ ♥ ❡ ❛ ♠ ❛ ♣ ♣✐ ♥ ❣ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ✐ ♥ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ✣ ♥ ❡ ❜ ❛ ❡

⟨ Ẽ a f ⟩ ≡ ⟨ T a f ⟩ · Ẽ ( 4 5 4)

✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ G ± ✳ ❚ ❤ ❡ ❡ ❤ ♦❧ ❞

T ′
a f · {V ′ · I ± · V } · T a f = T ′

a f · {G ± } · T a f = { G ± } . ( 4 5 5)

❊ ✉ ❛❧✐ ✐ ❡ d et T a f = ± 1 ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✹ ✺ ✺✮✳ ❲❡ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❣ ♦ ✉ ♣ ♦❢ ❛ ✣ ♥ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ⟨T a f ⟩ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ G ± ❜ ② ♠ ♦ ❡ ❡ ① ❛ ❝ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✿

T ′
a f · {G ± } · T a f = { G ± } = ❈ ♦ ♥ , d et Ta f = + 1 . ( 4 5 6)

❉ ✉ ❡ ♦ ✭ ✹ ✹ ✽✮✱ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ± } ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ✐ ♠ ✉ ✉ ❛❧ ❛ ♥ ❛❧ ♦ ❣✳ ❚ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✱
❣ ❡ ♥ ❡ ❛❧❧ ②✱ ✐ G = G ′ = G − 1 → { G ± } = {

√
I } S ✳ ❍ ❡ ♥ ❝ ❡✱ ✐ ♥ ❛ ♥ ② ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ❛ ♥ ❞

♦ ♥❧ ② ✐ ♥ ❤ ❡ ♠✱ ❝ ♦ ♥ ❛ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✐❢ q = 0 ♦
n = 0 ✳ ❚ ❤ ❛ ✐ ✇ ❤ ② ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❛ ❡ ✉ ♥✐ ✉ ❡❧ ② ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ✐ ♥ ⟨ P n + q ⟩✳ ❚ ❤ ❡ ♠ ❡ ✐ ❝
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ {

√
I } S ❛ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✈ ❛ ✐ ❛ ♥ ♦❢ ♦ ♥ ❡ ❢ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱ ✇ ❤ ❡ ♥

❤ ❡✐ ♠ ❡ ✐ ❝ ✐ ✉ ❛ ❞ ❛ ✐ ❝ ❛ ♥ ❞ ❤ ❛ ♥ ♦ ❞✐ ♦ ✐ ♦ ♥ ✳

✶ ✶✳ ✷ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❣ ♦ ✉ ♣ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥

■ ♥ ✭ ✹ ✺ ✷✮ ♣ ✉ V = R ✱ ❤✐ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❤ ❡
✐ ♠ ♣❧ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ♦ ♦ ✭ ❡ ❝ ✳ ✻✳ ✸✮✳ ❚ ❤ ❡ ♥ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ❡ ✐ ❝
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠✱ ✇ ❤ ❛ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ✐ ♠ ✉ ✉ ❛❧ ❛ ♥ ❛❧ ♦ ❣✿

{ R ′ · I ± · R } = {
√

I } S = {
√

I } ′
S = {

√
I } − 1

S . ( 4 5 7)

❍ ❡ ❡ {
√

I } S ✐ ❛ ② ♠ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡ ♣ ✐ ♠ ❡ ❝ ❡ ❛✐ ♥ ✉ ❛ ❡ ♦ ♦ ♦❢ I ✭ ❡ ❡ ♠ ♦ ❡ ❛ ❜ ♦ ✉ ❤ ❡ ❡
✐ ♥ ❡ ❝ ✳ ✺✳ ✾✮✳ ❋ ♦ ♠ ✉❧ ❛ ✭ ✹ ✺ ✼✮ ❞ ❡ ❝ ✐ ❜ ❡ ❛ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ♥ ♦ ♥✲ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ✐ ❡ ♥ ❡ ❞
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ❛ ✇ ❡❧❧ ❛ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ✐ ♠✐❧ ❛ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ✭ ❡ ❡ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ❡ ❝ ✳ ✻✳ ✸✮✳

❚ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❣ ♦ ✉ ♣ ⟨T ⟩ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P n + q ⟩ ✐ ❞ ❡ ❡ ✲
♠✐ ♥ ❡ ❞ ❜ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♠✐❧ ❛ ♦ ✭ ✹ ✺ ✻✮ ✇✐ ❤ ❤ ❡ ♥ ❡ ✇ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ {

√
I } S ❛ ❢ ♦❧❧ ♦ ✇ ✿

T ′ · {
√

I } S · T = {
√

I } S = T · {
√

I } S · T ′ = ❈ ♦ ♥ , d et T = + 1 . ( 4 5 8)

■ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩✱ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ✐ ♥ ❡ ♥ ❛❧ ♦ ❡ ① ❡ ♥ ❛❧
♣ ♦ ❞ ✉ ❝ ✱ ✇ ❤ ❛ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ② ♦❢ ❝ ♦ ♥ ❛ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✿

T ′ · {
√

I } S · T = {
√

I } S ↔ T ′ · {
√

I } S · T · {
√

I } S = I ↔

↔ T ′ · {
√

I } S · T · {
√

I } S · T ′ = T ′ ↔

↔ {
√

I } S · T · {
√

I } S · T ′ = I ↔ T · {
√

I } S · T ′ = {
√

I } S .





( 4 5 9)



✶ ✹ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✶✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❙ ❆ ❈ ❊ ❙

❚ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ T ′ · {
√

I } S · T = T · {
√

I } S · T ′ = {
√

I } S ✐ ♣ ❡ ✉ ❞ ♦✲ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡
R ′ · R = R · R ′ = I ✳ ❇ ✉ ✱ ✐❢ V = I ✐ ♥ ✭ ✹ ✺ ✷✮✱ ✇ ❡ ❤ ❛ ✈ ❡ ❛ ❣ ❛✐ ♥ ❤ ❡ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ✐ ❡ ♥ ❡ ❞ ♣ ❛ ❝ ❡ ✇✐ ❤
❤ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ❛ ♥ ❞ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✿

T ′ · {I ± } · T = { I ± } = T · {I ± } · T ′ = ❈ ♦ ♥ , d et T = + 1 . ( 4 6 0)

■ ♥ ✭ ✹ ✺ ✽✮ ✕✭ ✹ ✻ ✵✮ ❤ ❡ ❡ ⟨T ⟩ ✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣ ♦❢ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
✐ ♥ ⟨ P n + q ⟩ ✕ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ❬ ✻ ✸❪✳ ✭■ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ❛❧ ♦ ❣
❡ ①✐ ❢ ♦ ❤ ❡ ❜✐ ♥ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ c ✦✮ ❚ ❤ ❡ ❣ ♦ ✉ ♣ ⟨T ⟩ ❛ ♥ ❞ ⟨T a f ⟩
❛ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ❛ ♥ ❞ ❤ ♦ ♠ ♦ ❤ ❡ ✐ ❝✿

(V − 1 · T · V ) ′ · {V ′ · I ± · V } · (V − 1 · T · V ) = { V ′ · I ± · V } , ⟨T a f ⟩ = V − 1 · ⟨T ⟩ · V. ( 4 6 1)

❆ ♥ ❛ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ {
√

I } S

♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❛ ♥ ② ✐ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k ❜ ② ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
❞✐ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡ ✇ ♦ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❡❧ ❛ ✐ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✿

⟨ P n + q ⟩ ≡ ⟨ E n ⟩ ( k ) ⊠ ⟨ E q ⟩ ( k ) ≡ ❈ ❖ ◆ ❙ ❚ . ( 4 6 2)

▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E q ⟩ ✐ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛ ❡ ✉❧ ♦❢ ❡ ❛❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ✭ ✹ ✹ ✼✮ ❢ ♦ ♠ ❤ ❡
✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨iE q ⟩✳ ■ ♥ ♦ ✐ ❣✐ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ① ✈ ❛ ✐ ❛ ♥ ✱ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ✉ ❛ ✐✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩ c ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❛ ♥ ② ✐ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ { Ẽ k } c ❛ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ②
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ✉ ♠ ♦❢ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✿

⟨ Q n + q ⟩ c ≡ ⟨ E n ⟩ ( k ) ⊞ ⟨iE q ⟩ ( k ) ≡ ❈ ❖ ◆ ❙ ❚ . ( 4 6 3)

❍ ❡ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❡ ✉ ❡❧✱ ⊞ ❛ ♥ ❞ ⊠ ❛ ♥ ❞ ❢ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝
✉ ♠ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳ ■ ♥ ❤ ❡ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❜ ♦ ❤ ❛ ❜ ♦❧ ✉ ❡ ♣ ❛ ❝ ❡

❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✱ ❤ ❡ ❡ ♣ ❛✐ ❡ ❞ ✉ ♠ ♠ ❛ ♥ ❞ ❛ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦❢ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✭✐ ♥
❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜ ❛ ❡ Ẽ k ✮ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ✐ ❣ ♦ ♦ ✉ ❧ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧❧ ②✱ ❛ ⟨ E q ⟩ ≡ Y ⟨ E n ⟩ ❛ ♥ ❞
⟨ E n ⟩ ≡ Y − 1 ⟨ E q ⟩✳ ❚ ❤ ❡ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ❛ ❡ ❡❧ ❛ ✐ ✈ ❡✱ ❜ ✉ ❤ ❡ ✇ ❤ ♦❧ ❡ ♣ ❛ ❝ ❡ ✐ ❛ ❜ ♦❧ ✉ ❡ ✦ ❍ ❡ ❡ Y (X )
✐ ♦ ♠ ❡ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❤ ❡ ❡ ✇ ♦ ♣ ❛ ❝ ❡ ✳ ❙ ♦✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡
y (x ) = a − x ↔ x (y ) = a − y ✱ ✇ ❤ ❡ ❡ a ✐ ❛ ♥ ❛ ❜ ♦❧ ✉ ❡✳

❉ ✉ ❡ ♦ ❡❧ ❛ ✐ ♦ ♥ ✭ ✹ ✻ ✷✮✱ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❤ ❛ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞
❣ ❡ ♥ ❡ ❛❧❧ ② ❜ ② ❤ ❡ ❡ ✢ ❡ ❝ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ {

√
I } S ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k ✳ ■ ♥ ❤✐ ② ♣ ❡

♣ ❛ ❝ ❡✱ ❛ ♥ ✶✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ❤ ❡ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦
⟨ E n ⟩ ( k ) ❛ ♥ ❞ ⟨ E q ⟩ ( k ) ❀ ❛ ✷✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ n × n ✲ ❜✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
✐ ♥ ♦ ⟨ E n ⟩ ( k ) ❛ ♥ ❞ q × q ✲ ❜✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E q ⟩ ( k ) ✮✱ ❛ ♥ ❞ ❤ ❡ ♠✐ ① ❡ ❞ n × q ❛ ♥ ❞ q × n ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
✐ ♥ ♦ ⟨ E n ⟩ ( k ) ❛ ♥ ❞ ⟨ E q ⟩ ( k ) ❛ ♥ ♣ ♦ ❡ ❞ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✳

❋ ♦ ✶✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ♦ ❜❥ ❡ ❝ ✭ ✉ ♥ ❞ ❡ ✉ ♥✐ ✜ ❡ ❞ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡ ✇✐ ❤ { I ± } ❛ ♥ ❞ T ✮✱
❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ = T · Ẽ 1 ✮ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇✿

a ′
1 · {I ± } · a 2 = c 1 2 ,  A′1 · {I ± } · A 2 = C 1 2 ;

√
I ± · T · (a 1 a 2

′) · T ′
√

I ± = B 1 2 ,
√

I ± · T · {A 1 A ′
2 } · T ′

√
I ± = B 1 2 .





( 4 6 4)

❚ ❤ ❡ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ❡ ❛ ♥ ❧ ❛ ❡ ❞ ✐ ♥ ♦ ♦ ✐ ❣✐ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✭ ✹ ✻ ✸✮✳
❚ ❤ ✉ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✐ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✦
❍ ❡ ♥ ❝ ❡✱ ❛ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ❡ ① ❡ ❝ ✉ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✿

• ✐ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ♣ ❛ ❝ ❡ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡✱
• ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱
• ✐ ❛ ♥ ❧ ❛ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ✐ ♥ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ c ✳



✶ ✶✳ ✷ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❣ ♦ ✉ ♣ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✶ ✹ ✶

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❜ ② ❤✐ ✇ ❛ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✶ ✷ ✵✮ ❛ ♥ ❞ ✭ ✶ ✷ ✶✮ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞✿

c 1 2 = t r B 1 2 , k(C 1 2 , t) = k (B 1 2 , t);

a ′ · {I ± } · a = t r (
√

I ± · T · a a ′ · T ′ ·
√

I ± );

k [(A ′ · {I ± } · A ), t] = k [(
√

I ± · T · A A ′ · T ′ ·
√

I ± ), t].





( 4 6 5)

❚ ❤ ❡ ❡ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❛ ❞ ♠✐ ❡ ❞ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❧✐ ♥ ❡ ♦ ♦ ❜❥ ❡ ❝ ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ❛ ❡ ❤ ❡✐ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❡ ♠✐✲ ❞ ❡ ✜ ♥✐ ❡ ♥ ♦ ♠ ♦❢ ❡ ❝ ✳ ✾✳ ✷✳

❋ ♦ t = r ✱ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♠✐ ♥ ♦ ❛ ♥ ❛ ♥ ❞ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❞✐ ❛ ♥ ❛❧ ✿

M p 2 (r )A = k [(
√

I ± · T · A A ′ · T ′ ·
√

I ± ), r] = d et (A ′ · {I ± } · A ),

D l(r )B 1 2 = k (B 1 2 , r) = d et C 1 2 .





( 4 6 6)

❘ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❛ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❡ ♥ ❛❧
♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✭ ✹ ✻ ✹✮ ❛ ♥ ❞ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ✐ ♥ W ✲❢ ♦ ♠ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥
♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ✭ ✈ ❡ ❝ ♦ ✱ ❧✐ ♥ ❡ ♦ ✱ ♣❧ ❛ ♥ ❛ ✮✳ ◆ ♦ ❡✱ ❤ ❛ ✐ ♥ ⟨ P n + q ⟩✱
❡ ✢ ❡ ❝ ♦ ❛ ✇ ❡❧❧ ❛ ♣ ♦❥ ❡ ❝ ♦ ♠ ❛ ② ❜ ❡ ❛❧ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ②✱ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ②✱ ♦ ✱ ❣ ❡ ♥ ❡ ❛❧❧ ②✱ ♣ ❡ ✉ ❞ ♦✲

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳ ❚ ❤ ❡ ❛ ♠ ❡ ❡❧ ❛ ❡ ♦ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ♦ ♦✳

✶✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ♦ ❜❥ ❡ ❝ ❛ ❡ ♣ ❡ ✉ ❞ ♦✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐❢ C 1 2 = Z ✱ ❤✐ ✐ ✐ ♠✐❧ ❛ ♦ ✭ ✶ ✺ ✺✮❀ ❛ ♥ ❞
❤ ❡ ② ❛ ❡ ❛ ❧ ❡ ❛ ♣ ❛ ✐ ❛❧❧ ② ♣ ❡ ✉ ❞ ♦✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐❢ d et C 1 2 = 0 ✱ ❤✐ ✐ ✐ ♠✐❧ ❛ ♦ ✭ ✷ ✷ ✾✮✳

■❢ ✇ ♦ ♦ ❜❥ ❡ ❝ ❛ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ❤ ❡ ♥ ❤ ❡ ② ❜ ♦ ❤ ❛ ❡ ❡✐ ❤ ❡ ✐ ♥ ⟨ E n ⟩✱ ♦ ✐ ♥ ⟨ E q ⟩✦

■❢ ✇ ♦ ♦ ❜❥ ❡ ❝ ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ❤ ❡ ♥ ♦ ♥ ❡ ♦❢ ❤ ❡ ♠ ✐ ✐ ♥ ⟨ E n ⟩ ❛ ♥ ❞ ❛ ♥ ♦ ❤ ❡ ♦ ♥ ❡ ✐
✐ ♥ ⟨ E q ⟩✦ ❚ ❤ ❡ ❧ ❛ ❡ ✐ ✉ ❡ ❢ ♦ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ⟨ P n + q ⟩ ✐ ♥ ♦ ✐ ❡❧ ❛ ✐ ✈ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ✳

❆❧ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❈ ❤✳ ✷ ♦ ♣ ❡ ❛ ❡ ✐ ♥
❤✐ ♣ ❛ ❝ ❡ ❛ ❤ ♦ ✇ ♥✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❡ ❝ ✳ ✻✳ ✸✳

❚ ❤ ❡ ❡ ♦❢ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❤ ❡ ❡ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡
❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ I ± ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ Ẽ 1 = { I } ✕ ❡ ❡ ✭ ✸ ✺ ✷✮✿

⟨ Ẽ 1 u ⟩ ≡ ⟨ R ot Θ ⟩ · { I } ≡ ⟨ { R ot Θ }⟩ ,
R ot ′ Θ · {I ± } · R ot Θ = { I ± } = R ot Θ · {I ± } · R ot ′ Θ .

(d et R ot Θ = + 1) ( 4 6 7)

❚ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ✐ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❛ ✐ ♦ ♥ ✭ ✹ ✻ ✵✮ ❛ ♥ ❞ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥
❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ✭✐ ♥ ❲✲❢ ♦ ♠ ✮ ❛ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ✱ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✭θ k ✮ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
✭γ j ✮ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❡ ♣ ❛ ❛ ❡❧ ② ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ✲ ✐ ❣ ♥ ♦ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣✲ ✐ ❣ ♥ ♣ ❛ ♦❢ ❤ ❡ ♠ ❡ ✐ ❝
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ± ✳ ■ ♥ ❤ ❡✐ ❲✲❢ ♦ ♠ ✱ ❤ ❡ ❡ ✉ ❝ ✉ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❡ ① ❛ ❝ ❧ ② ♣ ✉ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ② ♣ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❈ ❤✳ ✺ ❛ ♥ ❞ ✻✿

T = { R ot (± Θ) } c a n { I ± }








✳ ✳ ✳

c o s θ k ∓ si n θ k

± si n θ k c o s θ k

✳ ✳ ✳








⇔








✳ ✳ ✳

± 1 0
0 ± 1

✳ ✳ ✳








, ( 4 6 8)

T = { R ot h (± Γ) } c a n








✳ ✳ ✳

c o s h γ j ± si n h γ j

± si n h γ j c o s h γ j

✳ ✳ ✳








⇔








✳ ✳ ✳

± 1 0
0 ∓ 1

✳ ✳ ✳








. ( 4 6 9)



✶ ✹ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✶✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❙ ❆ ❈ ❊ ❙

❚ ❤ ❡ ❡ ✉ ❝ ✉ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ✇✐ ❤ ♥ ♦ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ R ′
W ✇ ♦ ♣ ✉ ❡ ② ♣ ❡

♦❢ ❣ ❡ ♥ ❡ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✭ ✹ ✺ ✼✮ ❛ ✐ ♥ ✭ ✹ ✺ ✽✮
❛ ♥ ❞ ❛ ❝ ❡ ❛✐ ♥ ♥ ❡ ✇ ❜ ❛ ❡✳ ❚ ❤ ❡ ❡ ② ♣ ❡ ❛ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✿

R W · {R ot Θ } c a n · R ′
W = R ot Θ = T ( 1 ) , (T ′

( 1 ) · T ( 1 ) = T ( 1 ) · T ′
( 1 ) = I ),

T ′
( 1 ) · {I ± } · T ( 1 ) = { I ± } = T ( 1 ) · {I ± } · T ′

( 1 ) , d et T( 1 ) = + 1;
( 4 7 0)

R W · {R ot h Γ } c a n · R ′
W = R ot h Γ = T ( 2 ) , (T ( 2 ) = T ′

( 2 ) ),

T ( 2 ) · {I ± } · T ( 2 ) = { I ± } = T ( 2 ) · {I ± } · T ( 2 ) , d et T( 2 ) = + 1 .
( 4 7 1)

▼ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ R ′
W ♥ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ { I ± } ❝ ❤ ❛ ♥ ❣ ❡ ✐ ❛ ✐ ♥ ✭ ✹ ✺ ✼✮ ❛ ♥ ❞ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✹ ✻ ✵✮

✐ ♥ ♦ ✭ ✹ ✺ ✽✮✳ ❚ ❤ ✉ ❤ ❡ ❣ ♦ ✉ ♣ ⟨T ⟩ ❝ ♦ ♥ ❛✐ ♥ ❛ ♣ ✉ ❡ ② ♣ ❡ R ot Θ ❛ ♥ ❞ R ot h Γ ✭ ❈ ❤✳ ✻✮✳
● ❡ ♥ ❡ ❛❧❧ ②✱ ❛ ♥ ❛ ❜✐ ❛ ② ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ T ♠ ❛ ② ❜ ❡ ❛ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦

❝ ❡ ❛✐ ♥ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 1 ♦❢ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥✿

T = · · · R ot Θ ( t − 1 ) t · R ot h Γ ( t − 1 ) t · · · . ( 4 7 2)

❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ❡❧❧ ✱ ❜ ② ✭ ✹ ✻ ✾✮✱ ♠ ✉ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✇ ♦ ❞✐ ✛ ❡ ❡ ♥ ❜❧ ♦ ❝ ❦
❢ ♦ ♠ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✉ ♥✐ ② ♣ ❛ ♦❢ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳ ■❢ q = 1 ✱ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ②
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐ ❢ ❛ ♠ ❡ ❛ ① ❡ ❛ ❡ ✭ ✸ ✻ ✸✮ ❛ ♥ ❞ ✭ ✸ ✻ ✹✮✳ ❖ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥
♠ ✉ ❜ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✉ ♥✐ ② ♣ ❛ ♦❢ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❛ ❜ ❡❧ ♦ ✇✿

R ot Θ I ±

R ot Θ n × n Z n × q

Z q × n R ot Θ q × q ,
+ I n × n Z n × q

Z q × n − I q × q . ( 4 7 3)

❚ ❤ ❡ ③ ❡ ♦ ✉ ❛ ❞ ❛ ✐ ❝ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ρ 2 (u ) = 0 ✱ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ② ❝ ❡ ♥ ❡ ❡ ❞
❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜ ❛ ❡ Ẽ ✱ ♣ ❛ ✐ ✐ ♦ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ♥ ♦ ❤ ❡ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ✳ ❋ ♦ ♠ ❡ ✐ ❝
❡ ♥ ♦ { I ± } ✱ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ♦❢ ❤ ❡ ♠ ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞✐ ✈✐ ❞✐ ♥ ❣ ❝ ♦ ♥✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ✷✲ ♥ ❞ ♦ ❞ ❡ ✿

ρ 2 (u ) =
n

s = 1

x 2
s −

q

t = 1

y 2
t = ρ 2 (x ) − ρ 2 (y ) = 0 , o r ρ2 (u ) = u ′ · {I ± } · u = 0 .

❚ ❤ ❡ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ▲ ♦ ❡ ♥ ③ ♣ ❛ ✐ ✈ ❡ ❜ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ✹ ✻ ✵✮✳
❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥✱ ❤ ❡ ♠ ❡ ✐ ❝ ρ (u ) ✐ ③ ❡ ♦ ♦ ✈ ❡ ❛❧❧ ♦❢ ❤ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❝ ♦ ♥✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✳
■ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❧✐ ♥ ❡ ❛ ❡ ❝ ❡ ♥ ❛❧ ♠✐ ❞ ❞❧ ❡ ❛✐ ❣ ❤ ❛ ② ✳ ❚ ❤✐ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❞✐ ✈✐ ❞ ❡ ⟨ P n + q ⟩ ✐ ♥ ♦
✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ♦ ♥✐ ❝ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ✭✐❢ n > q ✮ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧
✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ✳ ❚ ❤ ❡ ✈ ❡ ❡ ① ♦❢ ❤ ❡ ❡ ✇ ♦ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ✇✐ ❤ ❤✐ ❞✐ ✈✐ ❞✐ ♥ ❣ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✐
❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♦ ✐ ❣✐ ♥ ♦❢ ❛❧❧ ❤ ❡ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k ✳

❋ ♦ ✈✐ ✉ ❛❧✐ ② ❛ ♥ ❞ ❞ ❡ ❡ ♠✐ ♥ ❛ ❝ ②✱ ✇ ❡ ❝ ❤ ♦ ♦ ❡ ❛ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ❢ ♦ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦ ♠ ❡ ✐ ♠ ❡ ♦❢ ❤ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❛ ♥ ❞ ✇ ♦ ❝ ♦ ♥ ❡ ❛ n > q ✳ ❚ ❤ ❡
❡ ① ❡ ♥ ❛❧ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ✭ ρ 2 (u ) > 0 ✮ ✐ ❤ ❡ ♦ ♣ ❡ ♥ ❡ ❣✐ ♦ ♥ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❝ ♦ ♥✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✱
✐ ✐ ❛❧ ♦ ❤ ❡ ✉ ♥✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ( k ) ✐ ♥ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✹ ✻ ✷✮✳ ❚ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ✐ ♦ ♦ ♣✐ ❝
❝ ♦ ♥ ❡ ✭ ρ 2 (u ) < 0 ✮ ✐ ❤ ❡ ♦ ♣ ❡ ♥ ❡ ❣✐ ♦ ♥ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❝ ♦ ♥✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✱ ✐ ✐ ❛❧ ♦ ❤ ❡
✉ ♥✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E q ⟩ ( k ) ✐ ♥ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✹ ✻ ✷✮✳

❚ ❤ ❡ ❡ ♦❢ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ② ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞
♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❝ ♦ ♥ ✐ ♦❢ ❤ ❡ ✇ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✉ ❜ ❡ ♦❢ ▲ ♦ ❡ ♥ ③ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❞ ❡ ❛ ♥ ❞ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❝ ♦ ♥✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✱ ✇ ❤ ❛ ✐ ♣ ✉❧ ❛ ❡ ✐ ♦ ♦ ♣ ②
♦❢ ❤ ❡ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❝ ♦ ♥ ❡ ✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤ ❡ ❡ ♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ♥ ② ❡ ♥ ♦ ♦ ❜❥ ❡ ❝ ❤ ❛ ✈ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ♠✐ ① ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ⟨ E n ⟩ ( k )

❛ ♥ ❞ ⟨ E q ⟩ ( k ) ✱ ✐✳ ❡✳✱ ❤ ❡ ❡ ♠ ♦ ✐ ♦ ♥ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❡ ✇ ♦ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ✳



✶ ✶✳ ✸ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✶ ✹ ✸

❍ ❡ ♥ ❝ ❡✱ ⟨ P n + q ⟩ ✐ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ✐ ✐ ♦ ♦ ♣✐ ❝ ♦ ♦ ❢ ♦ ❛ ♥ ② ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♠ ♦ ✐ ♦ ♥ ✳ ❖ ♥ ❤ ❡ ♦ ❤ ❡
❤ ❛ ♥ ❞✱ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ✐ ❛ ♥ ② ♣ ♦✐ ♥ ❛ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ♦✱ ❛ ♥ ❞ ✐ ♣ ✉❧ ❛ ❡ ❤ ♦ ♠ ♦✲
❣ ❡ ♥ ❡✐ ② ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩✳

■❢ q = 1 ✱ ❤ ❡ ♥ ⟨ P n + 1 ⟩ ✐ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶ ✷✮ ✇✐ ❤ ✐ ✐ ♥ ❡ ♥ ❛❧ ❞ ♦ ✉ ❜❧ ❡
✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ (ρ 2 (u ) < 0) ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❝✐ ❝❧ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ (ρ 2 (u ) > 0) ✳ ■ ♥ ♣ ❡ ❝✐ ❛❧ ❤ ❡ ♦ ②
♦❢ ❡❧ ❛ ✐ ✈✐ ② ✭ ❙ ❚ ❘✮✱ ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ✐ ♥ ❡ ♥ ❛❧ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✱ ✇ ❤ ❡ ❡ u ✐ ✐ ♠ ❡✲❧✐ ❦ ❡✱ ✐ ❢ ♦ ♠ ❡ ❞ ❜ ② ❤ ❡
✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ❝ ♦ ♥✐ ❝ ♣ ❛ ❛ ♦ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❝ ♦ ♥ ❡ ♦❢ ❤ ❡ ❢ ✉ ✉ ❡ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♥ ❡ ♦❢ ❤ ❡ ♣ ❛ ✱ ✐✳ ❡✳✱
✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❞✐ ♥ ❛ ❡ −→y ( k ) ✲ ❛ ①✐ ✳ ❚ ❤ ❡ ❡
♣ ❛ ❛ ❡ ✐ ✉ ❛ ❡ ❞ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❛ ♠ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❝ ♦ ♥✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✱ ✐ ♥ ❙ ❚ ❘ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✳
❚ ❤ ❡ ② ❛ ❡ ❤ ❡ ✉ ♥✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❞✐ ♥ ❛ ❡ −→y ( k ) ✲ ❛ ① ❡ ✳ ■ ♥ ✐ ✉ ♥✱ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝✐ ❝❧ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✱
✇ ❤ ❡ ❡ u ✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✱ ✐ ❤ ❡ ✉ ♥✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ( k ) ✳

✶ ✶✳ ✸ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥

❆ ♥ ② ❝ ♦ ♠ ♣ ♦ ✐ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ✹ ✻ ✵✮✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ✭ ✹ ✼ ✷✮✱ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥
✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱
♠ ❛ ② ❜ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ❡ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ❞ ❛❧
♠ ❛ ✐ ❝ ❡ ✭ ❛ ♥ ❞ ❛ ❣ ❡ ♥ ❡ ❛❧ ♠ ❡ ❛ ✉ ❡❧ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✮ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ♣ ♦❧ ❛ ❢ ♦ ♠ ✿

T = R ot h Γ · R ot Θ = R ot Θ · R ot h
∠

Γ , ( 4 7 4) , ( 4 7 5)

✇ ❤ ❡ ❡ R ot h Γ = {
√

T T ′} S + =
√

R ot h 2 Γ = R ot h ′ Γ = R ot h − 1 (− Γ) ,

R ot h
∠

Γ = {
√

T ′T } S + = R ot h 2
∠

Γ

❛ ❡ ♦ ♥ ❡✲ ✈ ❛❧ ✉ ❡ ❞ ② ♠ ♠ ❡ ✐ ❝ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ✭ ❛ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝✮ ✉ ❛ ❡ ♦ ♦ ✭ ❡ ❝ ✳ ✺✳ ✼✱ ✻✳ ✷✮❀

R ot Θ =
√

T T ′
− 1

· T = R ot h (− Γ) · T = T ·
√

T ′T
− 1

= T · R ot h (−
∠

Γ ) = R ot ′ (− Θ) .

◆ ♦ ❡ ✭✦ ✮ ✿ ❤ ❡ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✐ ❝ ❧ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✭ ✸ ✺ ✶✮ ♦❢ ⟨ P n + q ⟩✳
❋ ♦ ♠ ✭ ✹ ✼ ✹✮✱ ✭ ✹ ✼ ✺✮ ❤ ❡ ✐ ♠ ♣❧ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ✇ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ✇ ❡❧❧ ❛

❤ ❡✐ ✇ ♦ ♠ ♦ ✐ ✈ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❢ ♦❧❧ ♦ ✇ ✿

R ot h
∠

Γ = R ot ′ Θ · R ot h Γ · R ot Θ = R ot (− Θ) · R ot h Γ · R ot Θ . ( 4 7 6)

♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♦ ♦ ❜ ② ❤ ❡ ✇ ♦ ✇ ❛ ② ✿

1) T = S + · R ⇒ T T ′ = S 2 , T ′T = R ′ · S 2 · R ⇒ T ′T = R ′ · T T ′ · R ⇒

⇒
√

T ′T = R ′ ·
√

T T ′ · R ⇒ T =
√

T T ′ · R = R ·
√

T ′T ; d et T = + 1 ⇒ R = R ot Θ;

2) ( 4 6 0) , ( 2 6 7) , ( 3 2 5) ⇒ (T T ′) · I ± · (T T ′) = I ± = ( T ′T ) · I ± · (T ′T ) ⇒ ( 4 7 1) ⇒

⇒
T T ′ = R ot h 2 Γ ,

√
T T ′ = R ot h Γ ⇒ ( 4 7 4) ,

T ′T = R ot h 2
∠

Γ ,
√

T ′T = R ot h
∠

Γ ⇒ ( 4 7 5);
d et T = + 1 ⇒ ( 4 7 6) .

❇ ② ✭ ✹ ✼ ✻✮✱ Γ ❛ ♥ ❞
∠

Γ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣❧ ❡ ❡✐ ❣ ❡ ♥ ✈ ❛❧ ✉ ❡ ♣ ❡ ❝ ✉ ♠ ⟨γ j ⟩✳



✶ ✹ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✶✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❙ ❆ ❈ ❊ ❙

❲❡ ❤ ❛❧❧ ✉ ❡ ✇✐ ❞ ❡❧ ② ✉ ❝ ❤ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛ ❣ ❡ ♥ ❡ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦
✐ ♠ ♣❧ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ♣ ♦❧ ② ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦❢
❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❙ ❚ ❘✱ ❛ ♥ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳

❋ ✉ ❤ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✿

T =
√

T T ′ · R = S 1 · R = ( S 1 · R · S − 1
1 ) · S 1 =

= R ·
√

T ′T = R · S 2 = ( R · S 2 · R ′) · R.
(R = R ot Θ) ( 4 7 7 , 4 7 8)

❚ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ❝ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ S 1 = R ot h Γ ❛ ♥ ❞ S 2 = R ot h
∠

Γ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞
✐ ♥ ✭ ✹ ✼ ✹✮✱ ✭ ✹ ✼ ✺✮ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✷ ✹✮ ✐ ♥ ❤ ❡ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 1 = { I } ✳ ❇ ✉ ❤ ❡ ❧ ❛ ❡ ❛ ❝ ✐ ♥
❤ ❡ ❜ ❛ ❡ Ẽ 1 u = R ot Θ · Ẽ 1 ❛ ♥ ❞ ❤ ❡ ♥ ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ✐ ❜ ② ❤ ❡ ♦ ❛ ✐ ♦ ♥ R ✳

❚ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ R ot Θ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ Ẽ 1 = { I } ♦ ♦✳ ❇ ✉ R ot Θ ❛ ❝
❡ ❛❧❧ ② ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 h = R ot h Γ · Ẽ 1 ❛ ♥ ❞ ❤ ❡ ♥ ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ✐ ❜ ② ♦ ❛ ✐ ♦ ♥ S 1 ✳

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✹ ✼ ✼✮ ❤ ❡ ♠ ❛ ✐ ① S 1 ❛ ❝ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❜ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ❛
❤ ❡ ❛ ♥ ❣❧ ❡ Γ ✱ ❛ ♥ ❞ ❤ ❡ ♥ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ❛ ✐ ① R ❛ ❝ ✐ ♥ ❤✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❛ ❡ ❞ ❜ ❛ ❡

Ẽ 1 h ❛ ♥ ❞ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❜ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Θ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✹ ✼ ✽✮ ❤ ❡ ♠ ❛ ✐ ① R ❛ ❝ ✐ ♥
❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❜ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Θ ✱ ❛ ♥ ❞ ❤ ❡ ♥ ❤ ❡ ♠ ❛ ✐ ① S 2 ❛ ❝ ✐ ♥
❤✐ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❛ ❡ ❞ ❜ ❛ ❡ Ẽ 1 u ❛ ♥ ❞ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❜ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ✳ ❇ ♦ ❤ ❤ ❡ ❡

♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ❡ ❢ ♦ ♠ ❛❧❧ ② ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✳

❙✐ ♠✐❧ ❛ ❡ ♥ ❡ ♦❢ ❤ ❡ ❡ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ♦❢ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ S ❛ ♥ ❞ R ❛ ♣ ♣ ❡ ❛ ✐ ♥ ❛ ♣ ❛ ✐ ✈ ❡
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ❡❧ ❡ ♠ ❡ ♥ u ( 1 ) ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✿

u ( 2 ) = ( S 1 · R ) − 1 · u ( 1 ) = R − 1 · S − 1
1 · u ( 1 ) = { R ′ · S 1 · R } − 1 · R − 1 · u ( 1 ) =

= ( R · S 2 ) − 1 · u ( 1 ) = S − 1
2 · R − 1 · u ( 1 ) = { S − 1

2 · R · S 2 } − 1 · S − 1
2 · u ( 1 ) . ( 4 7 9)

■ ♥ ❛ ❧✐ ♥ ❡ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❡ ♣ ❛ ❛ ❡ ❤ ❡ ❢ ✉❧❧ ❡ ♦❢ ✐ ❣ ❤ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥
❜ ❛ ❡ ⟨T · Ẽ 1 ⟩✳ ❆❧❧ ❤ ❡ ❡ ❜ ❛ ❡ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧❧ ② ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛ d et T = + 1 ✳ ❚ ❛ ♥ ✐ ✐ ♦ ♥
❢ ♦ ♠ Ẽ 1 ♦ ❛ ♥ ❡ ✇ ❜ ❛ ❡ Ẽ ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞✱ ❜ ② ✭ ✹ ✼ ✹✮ ❛ ♥ ❞ ✭ ✹ ✼ ✺✮✱ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ♣ ♦❧ ❛
❢ ♦ ♠ ✕ ❛✐ ❣ ❤ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡✿

Ẽ = T · Ẽ 1 = R ot h Γ · R ot Θ · Ẽ 1 = ( R ot h Γ · R ot Θ · R ot h − 1 Γ) · R ot h Γ · Ẽ 1 , ( 4 8 0)

Ẽ = T · Ẽ 1 = R ot Θ · R ot h
∠

Γ ·Ẽ 1 = ( R ot Θ · R ot h
∠

Γ ·R ot ′ Θ) · R ot Θ · Ẽ 1 . ( 4 8 1)

❚ ❤ ❡ ❡ ✇ ♦ ❢ ♦ ♠ ❣✐ ✈ ❡ ❤ ❡ ✇ ♦ ♣ ♦ ✐ ❜❧ ❡ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ ❡ ① ❡ ❝ ✉ ✐ ♦ ♥✳ ❋ ♦ ❜ ♦ ❤ ❤ ❡ ❡ ✈ ❛ ✐ ❛ ♥ ✿ ✐ ♥ ❤ ❡ ❧ ❡❢ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡

❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ { I } ♦❢ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❀ ✐ ♥ ❤ ❡ ✐ ❣ ❤ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡
❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ ♦❢ ❤ ❡✐ ❛ ❝ ✐ ♦ ♥ ✦ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❡ ✇ ♦ ♣ ♦❧ ❛ ❢ ♦ ♠ ❡ ❛❧✐ ③ ❡ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❜ ❛ ❡ ✿ ❛✐ ❣ ❤ ♣ ♦❧ ❛ ❢ ♦ ♠ ✭ ✹ ✽ ✵✮ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡
♣ ♦❧ ❛ ❢ ♦ ♠ ✭ ✹ ✽ ✶✮ ✐ ♥ ❤ ❡ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 u = R ot Θ · Ẽ 1 ✳

❋ ♦ ❛ ♥ ② ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k ✱ ✜ n ❝ ♦❧ ✉ ♠ ♥ ♦❢ ✐ ♠ ❛ ✐ ① ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡
⟨ E n ⟩ ( k ) ✱ ♦ ❤ ❡ q ❝ ♦❧ ✉ ♠ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ⟨ E q ⟩ ( k ) ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ✭ ✹ ✻ ✷✮✳ ❚ ❤ ❡
♠ ❛ ✐ ① R ot Θ ❤ ❛ ✉ ❝ ✉ ❡ ✭ ✹ ✼ ✸✮✱ ❤ ❛ ✐ ✇ ❤ ② ♦ ♥❧ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ② ♣ ❡ ✉ ❞ ♦✲
❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k ❣✐ ✈ ❡ ♥ ❡ ✇ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ( j ) ❛ ♥ ❞ ⟨ E q ⟩ ( j ) ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡
♥ ❡ ✇ ❜ ❛ ❡ Ẽ j ♠ ❛ ✐ ①✳ ■❢ ❤ ❡ ♥ ❡ ✇ ❜ ❛ ❡ Ẽ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ Ẽ 1 = { I } ❜ ② ❛ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ① T ♦
R ot h Γ ✱ ❤ ❡ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ❞ ❡ ♥ ✐ ✐ ❡ ✿

⟨ E n ⟩ ≡ i m [Ẽ ]( n + q ) × n ≡ i m [T ]( n + q ) × n ≡ i m [R ot h Γ] ( n + q ) × n ,

⟨ E q ⟩ ≡ i m [Ẽ ]( n + q ) × q ≡ i m [T ]( n + q ) × q ≡ i m [R ot h Γ] ( n + q ) × q .
( 4 8 2)



✶ ✶✳ ✸ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✶ ✹ ✺

❚ ❤✐ ♠ ❡ ❛ ♥ ❤ ❛ ❛❧❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❛ ✐ ♦ ♥ ✭ ✹ ✻ ✵✮ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E n ⟩
❛ ♥ ❞ ⟨ E q ⟩ ✐ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ❛ ❡ ♦❢ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ❡✐ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥
❢ ♦ ♠ ✭ ✹ ✼ ✹✮✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦ ❛ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩✱ ❤ ❡ n ❛ ♥ ❞ ✶ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ❝ ❡
Ẽ ✱ T ✱ r ot h Γ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ❛ ♥ ❞ ❤ ❡ ❛ ①✐ −→y ❛ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡
Ẽ ❛❢ ❡ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ♦ ❛ ✐ ♦ ♥ ❜ ② ❤ ❡ ♠ ❛ ✐ ① T ♦ r ot h Γ ✳

❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ♣ ♦❧ ❛ ❢ ♦ ♠ ✉❧ ❛ ✭ ✹ ✼ ✹✮ ❡ ❞ ✉ ❝ ❡ ❛ ♥ ② ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ T ♦❢ ❤ ❡ ✇ ♦
❡❧ ❛ ✐ ✈ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ❢ ♦ ♠ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✐ ♥ ♦ ❛ ♥ ② ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♣ ❡ ✉ ❞ ♦✲

❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✐❧❧ ❤ ❡✐ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ R ot h Γ =
√

T T ′✳

❚ ❤ ❡ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛ ❣ ❡ ♥ ❡ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✉ ❜✲
♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❞ ♦ ❡ ♥ ♦ ❤ ♦❧ ❞ ❢ ♦ ✉ ❜ ❡ ♦❢ ❤ ❡ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ✱ ✐ ♥

♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ❜ ❛ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ✳ ❚ ❤✐ ❝ ❛ ♥ ❜ ❡ ❡ ❡ ♥ ✐ ♥ ✭ ✹ ✽ ✶✮✿ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ❛ ❡
✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥✳

❚ ❤ ❡ ♠ ❛ ✐ ① ♦❢ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ T ✱ ❞ ✉ ❡ ♦ ✭ ✹ ✻ ✵✮✱ ✐ ❛ ❜✐ ✈ ❛❧ ❡ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ✐✲
❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♥ ♦ ✳ ❚ ❤✐ ✐ ✉ ❡ ❢ ♦ ❤ ❡ ♠ ❛ ✐ ① ♦❢ ❤ ❡ ❜ ❛ ❡ Ẽ = T · {I } ♦ ♦✳ ❚ ❤ ❡ ❡ ♥ ♦ ✐
♣❧✐ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡❧ ② ✐ ♥ ♦ ❤ ❡ ♣ ❛✐ ♦❢ ② ♠ ♠ ❡ ✐ ❝ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✭n × n ❛ ♥ ❞ q × q ✮ ❛ ♥ ❞ ❤ ❡ ♣ ❛✐

♦❢ ♠ ✉ ✉ ❛❧❧ ② ❛ ♥ ♣ ♦ ❡ ❞ ♠✐ ① ❡ ❞ ✭ n × q ❛ ♥ ❞ q × n ✮ ❡ ♥ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✿
[Ẽ ]n × n ✐ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✉ ♥✐ ② ❜ ❛ ✐ ✈ ❡ ❝ ♦ ✐ ♥ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ( 1 ) ❀
[Ẽ ]q × q ✐ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ✉ ♥✐ ② ❜ ❛ ❡ ✈ ❡ ❝ ♦ ✐ ♥ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E q ⟩ ( 1 ) ❀
[Ẽ ]n × q ❛ ♥ ❞ [Ẽ ]q × n ❛ ❡ ♠ ✉ ✉ ❛❧❧ ② ❛ ♥ ♣ ♦ ❡ ❞ ♦ ❜❧✐ ✉ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E n ⟩ ( 1 ) ❛ ♥ ❞ ⟨ E q ⟩ ( 1 ) ✳
■❢ ❤ ❡ ❜ ❛ ❡ ♠ ❛ ✐ ① ✐ ❛ ♥ ♣ ♦ ❡ ❞✱ ❤ ❡ ♥ ❤ ❡ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ❡ ✢ ❡ ❝ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡
♠ ❛ ✐ ① ♠ ❛✐ ♥ ❞✐ ❛ ❣ ♦ ♥ ❛❧✳ ❚ ❤✐ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✉ ♥ ❞ ❡ ❝ ❤ ❛ ♥ ❣✐ ♥ ❣ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❛
♠ ✉❧ ✐ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ✭ ❡ ❡ ✐ ♥ ♥ ❡ ① ❡ ❝ ✳✮✳

■❢ q = 1 ✱ ❤ ❡ ♥ ❤ ❡ ♠ ❛ ✐ ① R ot Θ q × q ✐ ♥ ✭ ✹ ✼ ✸✮ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ✐ ♥ ♦ I ✳ ❚ ❤ ❡ ♥ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩✱ ❛ ♥ ✶✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

✐ ♥ ♦ ⟨ E n ⟩ ( k ) ❛ ♥ ❞ ♦ ♥ ♦ −→y ( k ) ❀ ❛ ✷✲ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ❛ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
n × n ✲ ❡ ♥ ♦ ✐ ♥ ♦ ⟨ E n ⟩ ( k ) ✱ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❛❧ ❛ ♦ ♥ ♦ −→y ( k ) ✲ ❛ ①✐ ✱ ❛ ♥ ❞ ✇ ♦ ♠✐ ① ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✕
n × 1 ✲ ✈ ❡ ❝ ♦ ✐ ♥ ♦ ⟨ E n ⟩ ( k ) ❛ ♥ ❞ ♦ ♥ ♦ −→y ( k ) ✳ ❲ ♦ ❧ ❞ ❡ ✈ ❡ ♥ ✐ ♥ ❙ ❚ ❘ ❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❤ ❡ ❡ ❢ ♦ ♠
❤ ❡ ✈✐ ❡ ✇✲ ♣ ♦✐ ♥ ♦❢ ❛ ❡❧ ❛ ✐ ✈ ❡❧ ② ✐ ♠ ♠ ♦ ❜✐❧ ❡ ❖ ❜ ❡ ✈ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✳ ❆ ♠ ♦ ♥ ❣
❤ ❡ ♠✱ Ẽ 1 = { I } ✐ ❤ ❡ ✐ ♠ ♣❧ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♦ ♥ ❡✳ ❆ ♥ ② ❝ ♦ ♥ ❝ ❡ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ②

✭❢ ♦ ♠ ❡ ❝ ✳ ✻✳ ✷✮ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤✐ ❜ ❛ ❡✦

■ ♥ ❤✐ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✱ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ✹ ✻ ✵✮ ♦❢ ❛ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ♦ ♥ ❤ ❡ −→y ( 1 ) ✲
❛ ①✐ ✐ ❡ ❞ ✉ ❝ ❡ ❞ ❜ ② ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✉ ♣ ♦ ❡✐ ❤ ❡ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤
❤ ❡ ♦ ❞✐ ♥ ❛ ❡ ❛ ①✐ ✭ ✉ ♥ ❞ ❡ ♣ ❛ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✮✱ ♦ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ♦ ✛ ❤ ❡ ♦ ❞✐ ♥ ❛ ❡

❛ ①✐ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✭ ✉ ♥ ❞ ❡ ❛ ❝ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✮✳
❈ ♦ ♥ ✐ ❞ ❡ ✇ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ✇✐ ❤ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♠ ❛ ✐ ❝ ❡ ✉ ❡❢ ✉❧ ✐ ♥ ❙ ❚ ❘✳

❊ ① ❛ ♠ ♣❧ ❡ ✶ ✳

u ( j ) = { r ot ′ Θ · r ot h Γ · r ot Θ } − 1 · r ot ′ Θ · u ( 1 ) = { r ot ′ Θ · r ot h Γ · r ot Θ } − 1 · u ( 1 ) , ( 4 8 3)

✇ ❤ ❡ ❡ u ( 1 ) ∈ ⟨ −→y ( 1 ) ⟩ ✐ ❛ ♣ ♦✐ ♥ ♦ ❜❥ ❡ ❝ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ 1 ✱ ❛ ♥ ❞ u ( j ) ✐ ❤ ❡ ❛ ♠ ❡ ♦ ❜❥ ❡ ❝ ✇✐ ❤
❡ ♣ ❡ ❝ ♦ Ẽ j = T 1 j · Ẽ 1 ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭✐ ♥ ❜ ❛ ❝ ❦ ❡ ✮

✇ ❛ ❡ ❛❧✐ ③ ❡ ❞ ❤ ❡ ❡ ❢ ♦ ♠ ❤ ❡ ❜ ❛ ❡ Ẽ 1 u = r ot Θ · Ẽ 1 ✐ ♥ ♦ ❤ ❡ ✜ ♥ ❛❧ ❜ ❛ ❡ Ẽ j ✦

❊ ① ❛ ♠ ♣❧ ❡ ✷ ✳

u j = T 1 j · u 1 = { r ot Θ · r ot h
∠

Γ ·r ot ′ Θ } · r ot Θ · u 1 = { r ot Θ · r ot h
∠

Γ ·r ot ′ Θ } · u 1 , ( 4 8 4)

✇ ❤ ❡ ❡ u 1 ∈ ⟨ −→y ( 1 ) ⟩ ✐ ❛ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ✱ ✐ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ✐ ♥ Ẽ 1 ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ u j = T 1 j · u 1 ✳ ❍ ❡ ❡
❤ ❡ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ❝ ✐ ✈ ❡ ♦ ❛ ✐ ♦ ♥ ✇ ❛ ❡ ❛❧✐ ③ ❡ ❞ ♦ ✛ −→y ( 1 ) ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ Θ ✦



✶ ✹ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✶✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❙ ❆ ❈ ❊ ❙

✶ ✶✳ ✹ ♦❧ ② ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥

❚ ❤ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ♣ ♦❧ ② ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐❢ ✐ ♣ ❛ ✐ ❝ ✉❧ ❛ ♦ ❛ ✐ ♦ ♥
❛ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✭ ❡ ❡ ❈ ❤✳ ✻✮✱ ✐✳ ❡✳✱ ❤ ❡ ② ❝ ❛ ♥ ❜ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ♦
❝ ❡❧❧✲❢ ♦ ♠ ✭ ✸ ✷ ✹✮ ✐ ♥ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ❡❧ ❡ ♠ ❡ ♥ ❛ ②
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✸ ✻ ✸✮ ❛ ❡ ❡ ✉ ❛❧ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✉ ♣ ♦ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ± 1 ✳ ■❢ ♣ ❛ ✐ ❝ ✉❧ ❛
♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✭ ❤ ♦ ✉ ❣ ❤ ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ♠ ✐ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡

✇✐ ❤ ❤ ❡ ❣✐ ✈ ❡ ♥ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✮✱ ❤ ❡ ♥ ❛ ❝ ♦ ♠ ♣ ♦ ✐ ❡ ❢ ♦ ♠ ✉❧ ❛ ♦❢ ♥ ♦ ♥✲ ② ♠ ♠ ❡ ✐ ❝ ✭✐ ♥
❣ ❡ ♥ ❡ ❛❧✮ ♣ ♦❧ ② ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❛❧ ✇ ❛ ② ✐❧❧ ♣ ♦❧ ❛ ❢ ♦ ♠ ✭ ✹ ✼ ✹✮✱ ✭ ✹ ✼ ✺✮✳

❙ ♣ ❡ ❝✐❢ ② ❤ ❡ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛ ♠ ❡ ❛ ✉ ❡❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦
♦❢ ♠ ♦ ✐ ♦ ♥ ✱ ❡ ❛❧✐ ③✐ ♥ ❣ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✱ ❛ ρ 2 (u ) = ❝ ♦ ♥ ✱ ❛ ♥ ❞
❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 1 = { I } ✿ R ot h Γ 1 2 , R ot h Γ 2 3 , . . . , R ot h Γ ( t − 1 ) t . ✕
✇✐ ❤ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✷ ✹✮ ✐ ♥ ⟨ P n + q ⟩✱ ❡✐ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♥ ❡ ✭ ✸ ✻ ✸✮ ✐ ♥ ⟨ P n + 1 ⟩✳

❋ ♦ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ❛ ♥ ❛❧ ② ✐ ✐ ♥ Ẽ 1 = { I } ✱ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❤ ❡ ♦ ✇ ♥ ❜ ❛ ❡ Ẽ k ❤ ❛ ✈ ❡ ❤ ❡ ♥ ❡ ✇
❢ ♦ ♠ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ❛ ✐ ❝ ❡ ❡ ❛❧✐ ③ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♥ Ẽ k ✳ ❆❧❧ ❤ ❡ ❡ ❢ ♦ ♠
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ♥ ❛ ❞ ♦ ♣ ❡ ❞ ❡ ♥ ♦ { I ± } ✳ ❚ ❤ ❡ ❡ ❡ ✉ ❡ ♥ ✐ ❛❧ ❜ ❛ ❡ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

Ẽ 1 = { I } , Ẽ 2 = { R ot h Γ 1 2 } ( Ẽ 1 ) · Ẽ 1 , . . . , Ẽ t = { R ot h Γ ( t − 1 ) t } ( Ẽ t − 1 ) · Ẽ t − 1 .

❚ ❛ ♥ ❧ ❛ ❡ ❤ ❡ ♠ ❛ ✐ ① Ẽ t ❢ ♦ ♠ ❤ ❡ ❜ ❛ ❡ ♦❢ ✐ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ❢ ♦
♦ ❛ ✐ ♦ ♥ ❛ ♥ ❛❧ ② ✐ ✱ ♦ ❜ ❛✐ ♥ ❤ ❡ ❞ ✉ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❡ ✉❧ ✐ ♥ ❣ ♠ ✉❧ ✐ ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✿

Ẽ t = T 1 t · Ẽ 1 = { R ot h Γ ( t − 1 ) t } ( Ẽ t − 1 ) · · · {R ot h Γ 2 3 } ( Ẽ 2 ) · {R ot h Γ 1 2 } ( Ẽ 1 ) · Ẽ 1 =

= T 1 t · Ẽ 1 = R ot h Γ 1 2 · R ot h Γ 2 3 · · · R ot h Γ ( t − 1 ) t · Ẽ 1 . ( 4 8 5)

■ ✐ ❤ ❡ ❘ ✉❧ ❡ ♦❢ ❡ ① ❡ ❝ ✉ ✐ ♥ ❣ ♠ ✉❧ ✐ ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ♣ ♦ ✈ ❡ ❞ ❜ ② ✐ ♥ ❞ ✉ ❝ ✐ ♦ ♥ ♦ ♥ t ≥ 3 ✮✳

Ẽ 3 = { R ot h Γ 2 3 } ( Ẽ 2 ) · Ẽ 2 = { R ot h Γ 2 3 } ( Ẽ 2 ) · {R ot h Γ 1 2 } ( Ẽ 1 ) · Ẽ 1 =

= { R ot h Γ 1 2 · R ot h Γ 2 3 · R ot h − 1 Γ 1 2 } · { R ot h Γ 1 2 } · Ẽ 1 = R ot h Γ 1 2 · R ot h Γ 2 3 · Ẽ 1 . ( 4 8 6)

❚ ❤ ❡ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ✭ ✹ ✽ ✺✮ ✐ ✐ ♥ ✈ ❡ ❡ ❞ ✭ ❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❬ ✷ ✶✱ ♣✳ ✹ ✷ ✽❪✮✳
❈ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❧✐ ♥ ❡ ❛ ♦ ❜❥ ❡ ❝ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ♣ ❛ ✐ ✈ ❡❧ ②✱ ❜ ✉ ❤ ❡ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ✈ ❡ ❡

♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✐ ❞✐ ❡ ❝ ✿

u ( t ) = R ot h (− Γ ( t − 1 ) t ) · · · R ot h (− Γ 2 3 ) · R ot h (− Γ 1 2 ) · u ( 1 ) =

= { R ot h Γ 1 2 · R ot h Γ 2 3 · · · R ot h Γ ( t − 1 ) t }
− 1 · u ( 1 ) , ( 4 8 7)

u ( 3 ) = R ot h (− Γ 2 3 ) · u ( 2 ) = R ot h (− Γ 2 3 ) · R ot h (− Γ 1 2 ) · u ( 1 ) =

= { R ot h Γ 1 2 · R ot h Γ 2 3 } − 1 · u ( 1 ) . ( 4 8 8)

❆ ❝ ✐ ✈ ❡ ♣ ♦❧ ② ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❡❧ ❡ ♠ ❡ ♥ u ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱
✐ ♥ Ẽ 1 = { I } ✱ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♠✐❧ ❛ ❧ ② ♦ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♣ ♦❧ ② ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡
❜ ❛ ❡✱ ✇ ❤ ❡ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ♦ ❞ ❡ ❡ ❞ ✐ ♥ ✈ ❡ ❡❧ ② ✭ ❛ ✐ ♥ ✭ ✹ ✽ ✺✮✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ②
❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❛ ♥ ❞ ❛ ❝ ❡ ✉ ❡ ♥ ✐ ❛❧❧ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ 1 ✿

u t = R ot h Γ 1 2 · R ot h Γ 2 3 · · · R ot h Γ ( t − 1 ) t · u 1 , ( 4 8 9)

u 3 = { R ot h Γ 1 2 · (R ot h Γ 2 3 ) Ẽ 1
· R ot h − 1 Γ 1 2 } Ẽ 2

· R ot h Γ 1 2 · ·u 1 =

= R ot h Γ 1 2 · R ot h Γ 2 3 · u 1 = { R ot h Γ 2 3 } Ẽ 2
· u 2 . ( 4 9 0)



✶ ✶✳ ✹ ♦❧ ② ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✹ ✼

❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✹ ✽ ✺✮ ✕✭ ✹ ✾ ✵✮ ❛ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ❤ ❡ ● ❡ ♥ ❡ ❛❧ ✉❧ ❡ ♦❢ ♣ ♦❧ ② ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳
❖ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ❤ ❡ ✉❧ ❡ ❡❧ ❛ ❡ ♦ ✐ ♠✐❧ ❛ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✕
♠ ♦ ✐ ♦ ♥ ✐ ♥ ❛ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ Q n + q ⟩ ✭ ❈ ❤✳ ✽ ❆✮✳

■ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ♠ ❛ ✐ ❝ ❡ ♦❢ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✭ ♣ ✐ ♥ ❝✐ ♣ ❛❧✮ ♦ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡
♦ ♥ ♦ ❜ ❡ ② ♠ ♠ ❡ ✐ ❝✱ ❜ ✉ ❤ ❡ ② ❛ ❡ ❛❧ ✇ ❛ ② ♣ ✐ ♠ ❡✳ ❚ ❤✐ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❜ ❛ ❡ ♦❢ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥
❛ ♥ ❞ ❛ ❝ ✐ ♦ ♥✳ ❆ ♠ ❛ ✐ ① ✐ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✷ ✹✮✱ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ②
✉ ♥✐ ② ❜ ❛ ❡ ♦❢ ✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥✳ ❚ ❤ ❡ ♠ ❛ ✐ ① T · R ot h Γ · T − 1 ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥
✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ❛ ❝ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ = T · Ẽ 1 ✳

✐ ♠ ❡ ♠ ❛ ✐ ❝ ❡ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧ ♦ ❜ ❡❧ ♦ ♥ ❣ ♦ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣ ✇✐ ❤ ❤ ❡ ♠ ❡ ✐ ❝
❡ ♥ ♦ I ± ✳ ❆ ♣ ✐ ♠ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❛ ✐ ① ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ Ẽ 1 ✐ ♥ ♣ ♦❧ ❛ ❢ ♦ ♠ ✭ ✹ ✼ ✹✮✱ ✭ ✹ ✼ ✺✮

❢ ♦ ✐ ❛ ♥ ❛❧ ② ✐ ✳ ❚ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❛ ❡ ♠ ❡ ♥ ❤ ♦❧ ❞ ❢ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ R ot Θ ❛ ♥ ❞
T · R ot Θ · T − 1 ♦ ♦✳ ❚ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❡✐ ❤ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ♦
❤ ❡ ❜ ❛ ❡ Ẽ = T · Ẽ 1 ♦❢ ❤ ❡✐ ❛ ❝ ✐ ♦ ♥✳ ❆❧❧ ♣ ✉ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡✐ ❝ ♦ ♠ ♣❧ ❡ ❡

❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣ ♦❢ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✭ ♦ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✮ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳
❋ ♦ ❛ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ♦ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ❡❧ ❡ ♠ ❡ ♥ u ✱ ✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❞ ♦

♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ρ 2 (u ) = [ T · u ]′ · {I ± } · [T · u ] = u ′ · {I ± } · u ✐ ♠✐❧ ❛
♦ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ρ 2 (u ) = c o n st ✦

❋ ✉ ❤ ❡ ✱ ✐ ♥ ♦ ❞ ❡ ♦ ❛ ♥ ❛❧ ② ③ ❡ ❛ ♥ ❞ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❢ ♦ ✇ ♦✲ ❡ ♣ ❛ ♥ ❞ ♣ ♦❧ ② ❡ ♣
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✱ ✇ ❡ ✉ ❡ ❛ ❣ ❛✐ ♥ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✭ ✹ ✼ ✹✮✱ ✭ ✹ ✼ ✺✮✳ ❚ ❤ ❡ ❡ ❤ ♦❧ ❞✿

Ẽ t = T 1 t · Ẽ 1 = R ot h Γ 1 t · R ot Θ 1 t · Ẽ 1 = R ot Θ 1 t · R ot h
∠

Γ 1 t ·Ẽ 1 , ( 4 9 1)

R ot h Γ 1 3 =
√

T T ′ = R ot h Γ 1 2 · R ot h ( 2 Γ 2 3 ) · R ot h Γ 1 2 =

= R ot h ( 2 Γ 1 3 ),

R ot Θ 1 3 = R ot h Γ 3 1 · R ot h Γ 1 2 · R ot h Γ 2 3 = R ot ′ (− Θ 1 3 ) =
= R ot − 1 (− Θ 1 3 ) = R ot ′ Θ 3 1 = R ot (− Θ 3 1 ),






(t = 3) ( 4 9 2)

u ( t ) = ( R ot ′ Θ 1 t · R ot h Γ 1 t · R ot Θ 1 t )
− 1 · R ot ′ Θ 1 t · u ( 1 ) =

= { R ot h Γ 1 t }
− 1

Ẽ 1 u
· u ( 1 u ) ,

A ( j ) = ( R ot ′ Θ 1 t · R ot h Γ 1 t · R ot Θ 1 t )
− 1 · R ot ′ Θ 1 t · A ( 1 ) =

= { R ot h Γ 1 t }
− 1

Ẽ 1 u
· A ( 1 u ) .






(t ≥ 3) ( 4 9 3)

❚ ❤ ❡ ♦ ❛ ✐ ♦ ♥ R ot Θ 1 3 ✐ ❡ ① ❡ ❝ ✉ ❡ ❞ ❡ ♣ ❛ ❛ ❡❧ ② ✐ ♥ ❤ ❡ ❜ ❛ ❡ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♦ ❛ ✐ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✐ ♥
❤ ❡ ❡ ✉ ❡ ♥ ❝ ❡ ✸ ✶✱ ✶ ✷✱ ✷ ✸ ❛❧ ♦ ♥ ❣ ♦❢ ❧ ❡ ❣ ♦❢ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡✳

❙ ♦✱ ♣ ♦❧ ② ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ✱ ✇ ❤ ❡ ♥ ρ 2 (u ) = ρ 2 = ❝ ♦ ♥ ✱
❡ ✉ ❡ ♥ ✐ ❛❧❧ ② ♣ ♦ ❞ ✉ ❝ ❡ ❛ ♣✐ ❝ ❡ ♦❢ ❛ ❝ ❡ ❛✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ✱ ✐ ❛ ♥ ❣❧ ❡ ♦ ♣ ♦❧ ② ❣ ♦ ♥✳

❆ ♥ ❡ ❝ ❡ ❛ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ✉ ❝ ❤ ❡ ♥ ✐ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❜ ❡ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ✐ ❤ ❛ ❤ ❡ ❡ ✉ ❡ ♥ ✐ ❛❧
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❛ ❝❧ ♦ ❡ ❞ ❝✐ ❝ ✉✐ ✇✐ ❤ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♦ ♥✿

k ≥ 3 R ot h Γ ( k ) u 1 = R ot Θ 1 t · u 1 ✳
● ❡ ♦ ♠ ❡ ② ♦❢ ✉ ❝ ❤ ✜ ❣ ✉ ❡ ❢ ♦ ♠ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ❣ ♠ ❡ ♥ ✐ ❡ ❛❧✐ ③ ❡ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦ ♥

✇ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✱ ✐✳ ❡✳✱ ❣ ❡ ♥ ❡ ❛❧❧ ② ♦❢ ♠ ❛ ①✐ ♠ ❛❧ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥✱ ✇✐ ❤ ❤ ❡✐
❣✐ ✈ ❡ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ρ 2 (u ) = ± R 2 ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ❡ ❝ ✳ ✶ ✶✳ ✷✮✿

u ′ · {I ± } · u =
n

s = 1

x 2
s −

q

t = 1

y 2
t = ρ 2 (x ) − ρ 2 (y ) = ρ 2 (u ) = ± R 2 , (R = ❝ ♦ ♥ ). ( 4 9 4)



✶ ✹ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✶✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ❆ ◆ ❙ ❆ ❈ ❊ ❙

■❢ R = 0 ✱ ❤ ❡ ♥✱ ✐ ♥ ❛ ♥ ② ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ { I ± ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♦ ✐ ❣✐ ♥✱
✇ ❡ ❤ ❛ ✈ ❡ ❛ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ♦ ♥✐ ❝ ✉ ❢ ❛ ❝ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ♥ ♦ ✐
✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ✳ ❋ ♦ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ✱ ❤ ❡✐ ❡ ❣ ♠ ❡ ♥ ❛ ❡
❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✱ ❤ ❛ ✐ ✇ ❤ ②✱ ❤✐ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ✜ ❣ ✉ ❡ ✐ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ✐ ♥ ❡ ① ❛ ❝ ❧ ② ♦ ♥ ❡ ❝ ❛ ✈✐ ② ♦❢ ❤✐
❝ ♦ ♥✐ ❝ ✉ ❢ ❛ ❝ ❡✿ ❡✐ ❤ ❡ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❝ ♦ ♥ ❡ ✇✐ ❤ ρ 2 (u ) = − R 2 ✭ρ 2 (y ) > ρ 2 (x )✮✱ ♦ ✐ ♥ ✐ ❞ ❡
❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝ ♦ ♥ ❡ ✇✐ ❤ ρ 2 (u ) = + R 2 ✭ρ 2 (x ) > ρ 2 (y )✮✳

❍ ♦ ✇ ❡ ✈ ❡ ❢ ♦ ♠ ✭ ✹ ✾ ✹✮ ✇ ❡ ♠ ❛ ② ❣ ❡ ❡❧ ❡✱ ❛ ✐ ✈✐ ❛❧ ❝ ❛ ❡ ✱ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ n ✲ ❛ ♥ ❞ q ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧
♣ ❤ ❡ ❡ ✇✐ ❤ ❤ ❡✐ ❡ ✉ ❛ ✐ ♦ ♥ ✿

n
s = 1 x 2

s = ρ 2 (x ) = + R 2 ✐❢ ✇ ❡ ♣ ✉ y t = 0 → ρ 2 (y ) = 0 ❛ ♥ ❞
−

q
t = 1 y 2

t = − ρ 2 (y ) = − R 2 ✐❢ ✇ ❡ ♣ ✉ x t = 0 → ρ 2 (x ) = 0 ✳ ❚ ❤ ❡ ② ❤ ❛ ✈ ❡ ❤ ❡ ✉ ✉ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧
❣ ❡ ♦ ♠ ❡ ② ❢ ♦ ❛ ♣ ❤ ❡ ❡ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ❍ ❡ ❡ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ② ♠ ❛ ② ❤ ❛ ✈ ❡ ♣❧ ❛ ❝ ❡ ♦ ♥ ❤ ❡ ♣ ❤ ❡ ❡
✇✐ ❤ ❤ ❡ ❛ ❞✐ ✉ R ✐ ♥ ✇ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ( x ) ❛ ♥ ❞ ⟨ E q ⟩ ( y ) ✐ ♥ ❛ ♥ ② ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜ ❛ ❡ ♦❢
❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + q ⟩✳

❚ ❤ ❡ ❛ ❝ ✐ ✈ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♣ ❡ ❢ ♦ ♠ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣
❡❧ ❡ ♠ ❡ ♥ u = T · u 1 ♦ ♥ ❤✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✇✐ ❤ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ρ 2 (u 1 ) = ρ 2 (u ) = c o n st ✳
■❢ ❤✐ ❝✐ ❝ ✉✐ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❞ ❝❧ ♦ ❡ ❞ ❛ t = 3 ♦ t ≥ 3 ✐ ♥ ✭ ✹ ✽ ✺✮✱ ✐✳ ❡✳✱
❤ ❡ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ♦ ♥ ✐ ❛ ❝❧ ♦ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ✭ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡

♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ♦❧ ② ❣ ♦ ♥✮ ✇✐ ❤ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ρ 2 (u )✱ ❤ ❡ ♥ ❤ ❡ ❡ ❛ ❤ ❡ ❡ ✉❧
✐ ❤ ❡ ❛ ♣ ♣ ❡ ❛ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❡ ❝ ❡ ✐ ♦ ♥ R ot Θ ✳ ■ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ①
✇ ❡✬❧❧ ♣ ♦ ✈ ❡ ❤ ❛ ✐ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ θ ✐ ❡ ✉ ❛❧ ♦ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ● ❛ ✉ ✕ ❇ ♦ ♥ ♥ ❡
✐ ♥ ✉ ❝ ❤ ❛ ❝❧ ♦ ❡ ❞ ✜ ❣ ✉ ❡ ✐ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ✱ ❛ ♥ ❞ ❤ ❡
♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ❤ ❡ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❝ ❛ ✉ ❡ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✦

■ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ♦❢ ❙ ❚ ❘✱ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✹ ✾ ✶✮ ✐ ❤ ❡
❡ ✉❧ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ✭ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✮ ✇✐ ❤ ❞✐ ✛ ❡ ❡ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ e α ❛ ♥ ❞ e β ✳ ■ ♥ ❙ ❚ ❘✱ ❤✐ ✐

❛ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❛ ✐ ♦ ♥✳ ■ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❝ ❛ ❡ ✐ ❛ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥✳ ❚ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
♠ ♦ ✐ ♦ ♥ ✐ ❝ ❛❧❧ ❡ ❞ ❛ ❜ ♦ ♦ ✳ ❚ ❤ ❡ ❢ ❡ ❛ ✉ ❡ ♦❢ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❧ ❛ ✇ ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
♥ ❛ ✉ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤✐ ♣ ❛ ❝ ❡✳

■ ♥ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥ ♦❢ ❤✐ ❈ ❤ ❛ ♣ ❡ ♥ ♦ ❡✱ ❤ ❛ ❤ ❡ ✉ ♠ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ❛ ❝ ❤ ♦✐ ❝ ❡
❡✐ ❤ ❡ ♣ ❛ ✐ ✈ ❡ ♦ ❛ ❝ ✐ ✈ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✳ ❲❡ ❝ ❤ ♦ ♦ ❡ T ❢ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❛ ♠ ♦ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ✈ ❛ ✐ ❛ ♥ ✱ ❛ ♥ ❞ ✇ ❡ ❤ ❛❧❧ ✉ ❡ ❤✐ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳



❈ ❤ ❛ ♣ ❡ ✶ ✷

❚ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ✇✐ ❤ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦❢ ✇ ♦ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞

✶ ✷✳ ✶ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❜✐✲ ❛ ♦ ❝✐ ❛ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡

◆ ♦ ✇ ❝ ♦ ♥ ✐ ❞ ❡ ♠ ♦ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ❤ ❡ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ✐ ❡ ♥ ❡ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩✱ ✐✳ ❡✳✱ ❛
❣ ❡ ♦ ♠ ❡ ✐ ❝ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❛ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ❙ ❚ ❘ ❛ n = 3 ❬ ✻ ✺❪✳ ❉ ✉ ❡ ♦ ✭ ✹ ✻ ✷✮
❛ q = 1 ✱ ✐ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ k ❛ ✉ ❝ ❤ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ✉ ♠

⟨ P n + 1 ⟩ ≡ ⟨ E n ⟩ ( k ) ⊠ −→y ( k ) ≡ ⟨ E n ⟩ ( k ) ⊠
−→
ct ( k ) ≡ ❈ ❖ ◆ ❙ ❚ { ✉ ♥ ❞ ❡ ❛ ❝ ✐ ♥ ❣ I ± ♦ I ∓ ( 1 7 A )} .

❚❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❤✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ♦❢ ❤ ❡
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Γ ❛ ♥ ❞ ✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ✸ ✻ ✷✮✲✭ ✸ ✻ ✺✮ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ♦ ❞✐ ♥ ❛ ❡ ❛ ①✐ −→y ✱

❛ q = 1 ✱ ✕ ❡ ❡ ❤✐ ✐ ♥ ❡ ❝ ✳ ✻✳ ✺✳ ◆ ♦ ❡✱ ✐ ♥ ❛ ♥ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
✕ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✻✳ ✸✳✱ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ✐ ❞✐ ✛ ❡ ❡ ♥ ❦✐ ♥ ❞ ✐ ❡ ❛❧✐ ③ ❛ ❜❧ ❡ ❛ ♥ ❞ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡
❞ ✉ ❡ ♦ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ② ❛ ♥ ❞ ✐ ♦ ♦ ♣ ② ♦❢ ❤ ❡ ❡ ♣ ❛ ❝ ❡ ✦ ❋✐ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ② ❛ ♥ ❞ ✐ ♦ ♦ ♣ ② ♦ ❤ ❡
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ❡ ✈ ❡ ♥ ✇ ❡ ❡ ❛ ❡ ❞ ❜ ② ❍✳ ♦✐ ♥ ❝ ❛ ✁❡ ❬ ✻ ✸✱ ✻ ✹❪✳ ❲❡ ✉ ❡ ✇ ♦ ✉ ❛ ❞ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ❢ ♦

❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ♦❢ ⟨ P n + 1 ⟩ ♦❢ ✇ ♦ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✭ ❈ ❤✳ ✻ ❆✮ ✇✐ ❤
❞✐ ✛ ❡ ❡ ♥ ♦ ♣ ♦❧ ♦ ❣✐ ❡ ❛ ♥ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ρ 2 (v ) = + R 2 ❛ ♥ ❞ ρ 2 (u ) = − R 2 ❛ R = ❝ ♦ ♥ ✿

v ′ · {I ± }· v =
n

s = 1

x 2
s − y 2 = ρ 2 (x ) − y 2 = ρ 2 (v ) = + R 2 = ( ± R ) 2 , (||x ||E > |y |P ), ( 4 9 5 − I )

u ′ · {I ± }· u =
n

s = 1

x 2
s − y 2 = ρ 2 (x ) − y 2 = ρ 2 (u ) = − R 2 = ( i R) 2 , (||x ||E < |y |P ). ( 4 9 5 − I I )

❍ ❡ ❡ u ❛ ♥ ❞ v ❛ ❡ ❤ ❡ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ♣ ♦✐ ♥ ♦ ♥ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✱ x ✐ ❤ ❡✐
✈ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E n ⟩✱ y ✐ ❤ ❡✐ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ −→y ✭ ❛ ♥ ❞ ||u ||P = ||v ||P = R ✮✳
❆ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥ Ẽ 1 = { I } ✱ ❤ ❡ ② ❛ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ❬ ✻ ✺❪✳
❚ ❤ ❡ ② ❤ ❛ ✈ ❡ ♦ ✇ ♥ ✇ ♦ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✿ ✇ ♦✲ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✭■■✮ ❛ ♥ ❞ ♦ ♥ ❡✲ ❤ ❡ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ✭■✮ ✕ ❡ ❡ ❢ ✉ ❤ ❡ ✳ ❚ ❤ ❡✐ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡✐
❡ ① ❡ ♥ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ✱ ✇✐ ❤ ❡ ① ❛ ❝ ♥ ❡ ✉ ♣ ♦ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ✐ ♠✐❧ ❛ ✐ ② ✧ ❘ ✧✳ ✭ ❙ ✉ ❝ ❤ ❛
♣ ♦ ♣ ❡ ② ❡❧ ❛ ❡ ♦ ❛❧❧ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ✕ ❡ ❡ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥✳✮

❉ ✉ ❡ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭■✮✱ ❢ ♦ ❛ ♥ ② ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♦ ❞✐ ♥ ❛ ❡ y ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■

♦ ❡ ❛❧✐ ③ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✜ ❣ ✉ ❡ ✭ ✐❧❧ ❝✐ ❝❧ ❡ ✮ ♦❢ ❛ ❞✐ ✉ r = + y 2 + R 2 ✳ ❉ ✉ ❡ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭■■✮✱
❢ ♦ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♦ ❞✐ ♥ ❛ ❡ |y | > R ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ♦ ❡ ❛❧✐ ③ ❡ ❛❧ ♦

♣ ❤ ❡ ✐ ❝ ❛❧ ✜ ❣ ✉ ❡ ♦❢ ❛ ❞✐ ✉ r = + y 2 − R 2 ✳ ❚ ❤ ❡✐ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡
k
s = 1 x 2

s = r 2 , (k ≤ n )✳
❆ ρ 2 = 0 ✱ ❤ ❡ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❣✐ ✈ ❡ ❛ ♥ ❛ ② ♠ ♣ ♦ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ♦ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✱ ❞✐ ✈✐ ❞✐ ♥ ❣
❛ ♥ ❞ ♣❧ ❛ ❝✐ ♥ ❣ ❤ ❡ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❡ ✭ ❋✐ ❣ ✉ ❡ ✹✮✳
❖ ✉ ♠ ❡ ❛ ✉ ❡❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✸ ✻ ✸✮ ❛ r ot h (± Γ) ≡ F (± γ, e α ) ❞ ❡ ❡ ♠✐ ♥ ❡
❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦✐ ♥ u ❛ ♥ ❞ v ♦ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱ ✕ ❛ ✇ ❡❧❧
❛ ♦ ✉ ♠ ❡ ❛ ✉ ❡❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✸ ✶ ✹✮ ❛ r ot (± Φ) ≡ F (± φ, e α ) ❞ ❡ ❡ ♠✐ ♥ ❡
❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦✐ ♥ u ♦ ♥ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✳ ❆❧❧ ❤ ❡ ❡ ♠ ❛✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝
♦ ❜❥ ❡ ❝ ❛ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✱ ✐ ♥ ♦ ❞ ❡ ♦ ✉ ❞ ② ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡❧ ② ♦ ♥
❤ ❡ ♠ ✈ ❛ ✐ ♦ ✉ ② ♣ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✱

✉ ✐ ♥ ❣ ✈ ❛ ✐ ♦ ✉ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✳ ✭ ❚ ❤ ❡ ② ❛ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ❛ ❛ ♠ ❡ ❡ R = 1 ✳✮
❍ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ❡ ❝ ✳ ✻✳ ✸✱ ✻✱ ✺✱ ✶ ✶✳ ✷✮✳ ❍ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞
✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ♥ ❡ ✇ ❙ ♣ ❡ ❝✐ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ✉ ✐ ♥ ❡ ❝ ✳ ✺✳ ✼✱ ✺✳ ✶ ✷✱ ✻✳ ✸✳ ❇ ♦ ❤
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✇✐ ❤ R = 1 ♠ ❛ ② ❜ ❡ ❡ ❡ ♥ ✐ ♥ ❝ ✉ ❛ n = 2 ♦ ♥ ❋✐ ❣ ✉ ❡ ✹ ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥
♦ ♥ ❤ ❡ ♠✳ ❚ ❤ ❡✐ ✐ ♥✐ ✐ ❛❧ ♣ ♦✐ ♥ ✭ ❤ ❡ ✉ ♥✐ ✉ ❡ u 1 ❢ ♦ ■■ ❛ ♥ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ v 1 ❢ ♦ ■✮ ❛ ❡ ♦ ❛ ❡ ❞
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ✐ ♥ ♦ ♦ ❤ ❡ ♦ ♥ ❡ u k ❛ ♥ ❞ v k ❛❧ ♦ ♥ ❣ ❤ ❡ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❡ ✐ ❞✐ ❛ ♥ ♦❢ ■■ ❛ ♥ ❞ ■✳



✶ ✺ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✷✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❚ ❍ ❊ ✹ ❉ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ❙ ❆ ❈ ❊

Fi g u r e 4 . ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✭ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ✮ ❛ ♥ ❞ ■
✭ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❡ ❝ ❛ ♥ ✮✱ ❛ ♥ ❞ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✭ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡✮ ✕ ✐ ♥ ❤ ❡✐ ✉ ♣ ♣ ❡ ♣ ❛ ✳

❆ ✳ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■
✭ ❛ ❘ ❂ ✶✮ ✐ ♥ ❤ ❡ ❝ ✉ ❜ ② ❝ ❡ ♥ ❡ ❡ ❞ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✐ ♥ ⟨ P n + 1 ⟩✳ ❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ❡ ♣ ❡ ❡ ♥ ❡ ❞✿
❛ ❝ ✉ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ γ ✱ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② υ ✱ ❡ ♣ ❡ ❝✐ ❛❧ ω ( si n h ω = 1) ✱ ✐ ❣ ❤ ✐ ♥ ✜ ♥✐ ❡ δ ✱ ♦ ❜ ✉ ❡ υ ⊎ δ ✳
❇ ✳ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛ ❡ Ẽ 1 = { I } ✱ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ♦ ❞ ❡❧
✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❈ ❛ ②❧ ❡ ② ❛ ❜ ♦❧ ✉ ❡ ♦ ✈ ❛❧ ✐ ♥ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨⟨ E n ⟩⟩ ✳

✭■✮ ♦ ♥ ❡✲ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ♦❢ ρ = ± R ✇✐ ❤ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧✱
✇ ❤ ❡ ❡ c ot h ( γ, υ ) = c o s h( υ, γ ✮✱ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ♦ ❞ ❡❧ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✱
✭■■✮ ❛ ✇ ♦✲ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ♦❢ ❛ ❞✐✐ ρ = + i R ✭ ✉ ♣ ♣ ❡ ✮ ❛ ♥ ❞ ρ = − i R ✭❧ ♦ ✇ ❡ ✮ ✇✐ ❤ ✢ ❛
♦ ♣ ♦❧ ♦ ❣ ② ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❑❧ ❡✐ ♥ ♠ ♦ ❞ ❡❧ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✱

✭ ✸✮ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ❑❧ ❡✐ ♥ ❞✐ ❦ ❛ ♥ ❞ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ❛ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✱
✭ ✹✮ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✭ ❣ ❡ ♦ ❞ ❡ ✐ ❝✮ ✐ ♥ ✐ ❞ ❡ ❛ ♥ ❞ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✱
✭ ✺✮ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✭ ❣ ❡ ♦ ❞ ❡ ✐ ❝✮ ✐ ♥ ✐ ❞ ❡ ❛ ♥ ❞ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✳
❘ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ♦ ♥ ❡ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✭✐ ✐ ❡ ❡ ♠✐ ♥ ❣ ❛

✧ ❤ ♦ ♥ ❤ ❛ ♣ ❡ ❞ ✧ ✮✳ ❘ ♦ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❢ ♦ ♠ ✇ ♦
❝ ♦ ✉ ♣❧ ❡ ❞ ❤ ❡ ❡ ✭ ❤ ❡ ② ❛ ❡ ❡ ❡ ♠✐ ♥ ❣ ❛ ✇ ♦ ② ♠ ♠ ❡ ✐ ❝ ❝ ✉ ♣ ✮ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❞ ♦ ✉ ❜❧ ❡ ❝ ♦ ♥ ❡✳
❖ ♥ ❡ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❤ ❛ ❛ ❞✐✐ + R ✭y ≥ 0 ✮ ❛ ♥ ❞ − R ✭y < 0 ✮✳ ❚ ✇ ♦ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■
❤ ❛ ✶✲ ❤ ❡ ❡ ❛ ❞✐ ✉ + i R ✭y ≥ + R ✮ ❛ ♥ ❞ ✷✲ ♥ ❞ ❤ ❡ ❡ ❛ ❞✐ ✉ − i R ✭y ≤ − R ✮✳ ❚ ❤✐ ✐ ♣ ✉❧ ❛ ❡
❤ ❡✐ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ❛ ❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ K G ✐ ♥ ⟨ P n + 1 ⟩✳

❘ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ❧ ❛ ❣ ❡ ❝✐ ❝❧ ❡ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ♦ ❞✐ ♥ ❛ ❡ ❛ ①✐ −→y ❣ ❡ ♥ ❡ ❛ ❡ ❛ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤ ❛ ❞✐ ✉
R ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✳ ❚ ❤✐ ✐ ♣ ✉❧ ❛ ❡ ✐ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ❛ ❝ ♦ ♥ ❛ ♥ ♣ ♦ ✐ ✐ ✈ ❡
● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ K G ✳ ❚ ❤ ❡ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ✇✐ ❤ (n − 1) ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠✳



✶ ✷✳ ✶ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❜✐✲ ❛ ♦ ❝✐ ❛ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✶ ✺ ✶

❈ ❡ ♥ ❡ ❡ ❞ ✭ ✇✐ ❤ ❤ ❡ ❝ ❡ ♥ ❡ O ✮ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ Ẽ 1 ♦❢ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ u 1 ✭ ♣ ❛ ❝ ❡✲
❧✐ ❦ ❡✮ ❛ ♥ ❞ v 1 ✭ ✐ ♠ ❡✲❧✐ ❦ ❡✮ ❛ ❋✐ ❣ ✉ ❡ ✹ ♦ ♥ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①
❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot h Γ = F (γ, e α ) ❞ ✉ ❡ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮✳ ◆ ♦ ♥✲ ❝ ❡ ♥ ❡ ❡ ❞ ✐ ♥ Ẽ 1 ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧
♠ ♦ ✐ ♦ ♥ ♦❢ ❡❧ ❡ ♠ ❡ ♥ u 2 ❛ ♥ ❞ v 2 ❛ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ♣ ✉ ❡❧ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥❧ ② ❛ ❝ ❡ ♥ ❡ ❡ ❞ ✐ ♥ Ẽ 2 ❛
T 1 2 { r ot h Γ 2 3 } Ẽ 1

T − 1
1 2 ✕ ❡ ❡ ✭ ✹ ✾ ✵✮ ✐ ♥ ❡ ❝ ✳ ✶ ✶✳ ✹✳ ■ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ❝ ❛ ❡ ✱ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ❤ ❛ ✈ ❡ ♦ ✇ ♥

♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ d α ( 1 ) ❛ ♥ ❞ d α ( 2 ) ❛ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ❡ ❝ ♦ ♥ ❞ ❛ ② ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ♥ ❡ ✐ ♥ ♣ ♦❧ ❛
❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✶ ✶ ✶ ❆✮✳ ✭ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❣ ❡ ✐ ♥ [ 0; +∞ ) ✐❢ d y > 0 ❛ ♥ ❞ ✐ ♥ [ 0; − ∞ ) ✐❢ d y < 0 ✳✮
✭ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❣ ❡ ✐ ♥ [ 0; +∞ ) ✐❢ d y > 0 ❛ ♥ ❞ ✐ ♥ [ 0; − ∞ ) ✐❢ d y < 0 ✳✮

❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ⟨ P n + 1 ⟩✱ ❤ ❡ ❡ ① ❡ ♥ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❛ ❝ ✐
❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ① ❡ ♥ ❛❧ ♥ ❛ ✉ ❛❧ ♠ ❡ ❛ ✉ ❡ ♦❢ ❛ ❧ ❡ ♥ ❣ ❤ λ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡

❝ ❡ ♥ ❡ ❡ ❞ ❝ ✉ ✐ ♥ ❣ ❦✲ ❤ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✳ ❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ♥ ⟨ P n + 1 ⟩✱ ❤ ❡ ❡ ① ❡ ♥
♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❛ ❝ ✐ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ① ❡ ♥ ❛❧ ♥ ❛ ✉ ❛❧ ♠ ❡ ❛ ✉ ❡
♦❢ ❛ ❧ ❡ ♥ ❣ ❤ λ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ❝ ✉ ✐ ♥ ❣ ❦✲ ❤ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣❧ ❛ ♥ ❡❀ ❜ ✉ ❤ ❡ ❡ ① ❡ ♥ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❡ ① ❡ ♠ ❛❧ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❛ ❝ ✐ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ① ❡ ♥ ❛❧
♥ ❛ ✉ ❛❧ ♠ ❡ ❛ ✉ ❡ ♦❢ ❛ ❧ ❡ ♥ ❣ ❤ λ ✐ ♥ Ẽ 1 ✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ❝ ✉ ✐ ♥ ❣ ❥✲ ❤ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣❧ ❛ ♥ ❡✳ ■ ♥ ❛❧❧ ❤ ❡ ❡ ❝ ❛ ❡ ✱ ❤ ❡ ❡ ❝ ✉ ✐ ♥ ❣ ♣❧ ❛ ♥ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ♣ ♦✐ ♥ O ❛ ♥ ❞ ✉ ❝ ❤ ❧✐ ♥ ❡ ❛ ❝ ✳ ❙✐ ♥ ❝ ❡
❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ❡ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✭ ❡ ❡ ✐ ♥ ■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❈ ❤ ✳ ✻✱ ✻ ❆✱ ✼ ❆✱ ✽ ❆✮✱
❤ ❡✐ ♥ ❛ ✉ ❛❧ λ ❛ ♥ ❞ ❛ ♥ ❣ ✉❧ ❛ λ / R ▲ ❛ ♠ ❜ ❡ ♠ ❡ ❛ ✉ ❡ ❡ ① ♣ ❡ ❡ ❞ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ✇✐ ❤ ❛ ❞✐ ✉ ✲

♣ ❛ ❛ ♠ ❡ ❡ R ✳ ❚ ❤ ❡✐ ❡ ① ❡ ♥ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ❡ ✐ ♦ ♠ ❡ ✐ ❝ ♦ ❤ ❡✐ ✐ ♥ ❡ ♥ ❛❧
♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳ ❍ ❡ ♥ ❝ ❡✱ ❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❤ ❛ ✈ ❡ ♦ ✇ ♥ ✐ ♦ ♠ ❡ ✐ ❝ ❡ ① ❡ ♥ ❛❧ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦ ♥ ❤ ❡✐ ♣ ❡ ❢ ❡ ❝ ✉ ♣ ❡ ❢ ❛ ❝ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥
❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ✇✐ ❤ ❛ ✣ ♥ ❡ ❛ ♥ ❞ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣✐ ❡ ✳ ❚ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ✐ ♠ ♣❧ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡

✐ ♦ ♠ ❡ ✐ ❝ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P n + 1 ⟩ ♦❢ ✇ ♦ ❝ ❡ ❛✐ ♥ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❡ ✇✐ ❤ ♥ ❛ ✉ ❛❧ l ❛ ♥ ❞ ❛ ♥ ❣ ✉❧ ❛ l / R ♠ ❡ ❛ ✉ ❡ ♦❢ ❛ ❧ ❡ ♥ ❣ ❤ ♦❢ ❡ ❣ ♠ ❡ ♥ ❛ ♥ ❞ ❛ ❝ ✳

❚ ❤ ❡ ✇ ♦✲ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✇✐ ❤ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❤ ❛
♥ ❛ ✉ ❛❧ ♠ ❡ ❛ ✉ ❡ λ γ ✇✐ ❤ ✐ ❛ ♥ ❣ ✉❧ ❛ γ ✳ ❚ ❤ ❡ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ♣ ❛ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ❡
❡ ❞ ✉ ❝ ❡ ❞ ❜ ② ❛ ♥ ❣ ❡ ♥ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ♦ ❤ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ✜ ♥✐ ❡ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ❛ ❤ ❡ ❑❧ ❡✐ ♥ ♦ ♣ ❡ ♥

❞✐ ❦ ✭ ❜ ❛❧❧ ❛ n > 2 ✮✱ ✇✐ ❤ ✐ ❛ ✣ ♥ ❡ ♦ ♣ ♦❧ ♦ ❣ ② ♦❢ ✉ ✉ ❛❧ ⟨ E n ⟩✱ ♦ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡
⟨⟨ E n ⟩⟩ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ♦❢ ❛ ❞✐ ✉ R ✭ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝✐ ❝❧ ❡ ❛ R = 1 ✮✱ ✇ ❤ ❡ ♥ γ → t a n h γ ✱
c o s α k = ❝ ♦ ♥ k ✱ k = 1 , . . . , n ✭ ❋✐ ❣ ✉ ❡ ✹✮✳ ■ ♥ ❤ ❡ ❑❧ ❡✐ ♥ ❞✐ ❦✱ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❛ ❝
❛ ❡ ♠ ❛ ♣ ♣ ❡ ❞ ❛ ❛✐ ❣ ❤ ❡ ❣ ♠ ❡ ♥ ✐ ♥ ♦ ✇ ♥ ❝ ♦ ❜ ❛ ❡ ✭ ❈ ❤ ✳ ✹ ❆✱ ✼ ❆✮✳ ❚ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
♦❢ ✇ ♦ ❧✐ ♠✐ ❝✐ ❝ ✉ ♠❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ❛ ❞✐ ✉ ❘ ❢ ♦ ♠ ✇ ♦ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ♣ ❛ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ❡
❛ ② ♠ ♣ ♦ ❡ ✐ ♥ ✐ ❞ ❡ ♦ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✭ ✇✐ ❤ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❝ r ≤ R ✮✳ ❊ ① ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ■■
✐ ✐ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡ ❤ ♦ ♠ ❡ ♦ ♠ ♦ ♣ ❤✐ ❝ ♦ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ② ❬ ✹ ✵ ✕ ✹ ✷❪✱
✇✐ ❤ ❤ ❡✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♥ ❛ ✉ ❛❧ ♠ ❡ ❛ ✉ ❡ ❛ ♥ ❞ ❤ ❡ ❛ ♠ ❡ ♣ ❛ ❛ ♠ ❡ ❡ n ❛ ♥ ❞ R ❬ ✺ ✷✱ ✺ ✸❪✳ ■ ♥ ❞ ❡ ❡ ❞✱
❛ ♥ ❣ ❡ ♥ ♦ ❑❧ ❡✐ ♥ ♠ ♦ ❞ ❡❧ ✐ ❛❧ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ♣ ♦❢ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ♣❧ ❛ ♥ ❡ ♦ ♣ ❛ ❝ ❡ ✐ ♥ ♦
❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦ ♥ ♦ ❤ ❡ ❛ ♠ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ❛ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❞✐ ❦

✭ ❜ ❛❧❧✮ ♦❢ ❛ ❞✐ ✉ R ✇✐ ❤ ♦ ✉ ✐ ❜ ♦ ❞ ❡ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✐ ♥ ⟨⟨ E n ⟩⟩ ✳ ✭ ❚ ❤✐ ✜ ✜ ♥✐ ❡ ♠ ♦ ❞ ❡❧
♦❢ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ♣❧ ❛ ♥ ❡ ✇ ❛ ❛ ♥ ✐ ❝✐ ♣ ❛ ❡ ❞ ❜ ② ❊ ✉ ❣ ❡ ♥✐ ♦ ❇ ❡❧ ❛ ♠✐ ✐ ♥ ✶ ✽ ✻ ✽ ❬ ✹ ✹✱ ✹ ✺❪✦✮

❚ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ♦❢ ✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✈ ❡ ❝ ♦ ✐ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ♠✐ ♦ ✲ ② ♠ ♠ ❡ ✐ ❝
♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ⟨ E n ⟩✳ ▲ ❛ ❡ ❛ ❡ ♠ ❡ ♥ ♠ ✉ ✉ ❡ ❛❧ ♦ ❢ ♦ ✇ ♦ ❛ ♥ ✐ ♣ ♦ ❞ ❛❧ ♣ ❛ ♦❢
❤ ❡ ✇ ♦✲ ❤ ❡ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ②✲ ❇ ♦❧ ② ❛✐ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ② ✳ ■❢ R = c ✱ ❤ ❡ ♥ ❛ n = 3 ❤✐ ❛ ❞✐ ✉ ✲

✈ ❡ ❝ ♦ ✱ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ✹✲ ✈ ❡❧ ♦ ❝✐ ② c ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ❬ ✻ ✸❪✱ ❣✐ ✈ ❡ ♣ ♦ ♣ ❡ v ∗ ❛ ♥ ❞ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ v ✈ ❡❧ ♦ ❝✐ ✐ ❡
❛ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨⟨ E 3 ⟩⟩ ✳ ■ ♥ ❤ ❡ ❑❧ ❡✐ ♥✐ ❛ ♥ ♠ ♦ ❞ ❡❧✱ ❤ ❡
♥ ❛ ✉ ❛❧ ♠ ❡ ❛ ✉ ❡ ♦❢ ❛ ❧ ❡ ♥ ❣ ❤ ✭❢ ♦ ❜ ♦ ❤ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✮ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣ ❡ ♥
♠ ❡ ❛ ✉ ❡ R t a n h( λ / R ) ≡ R t a n h( l / R)✱ ✐ ❞ ❡ ♥ ✐ ✜ ❛ ❜❧ ❡ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨⟨ E n ⟩⟩ ✇✐ ❤
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ❛ ✉ ❡ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✳ ❚ ❤✐ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ❡ ❛ ✉ ❡ ✐ ❧✐ ♠✐ ❡ ❞ ❜ ② R ✳ ◆ ♦ ❡✱
✐❢ R → ∞ ✱ ❤ ❡ ♥ ✇ ♦ ✐ ❞ ❡ ♦❢ ❑❧ ❡✐ ♥ ❞✐ ❦ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ✇ ♦ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ❡ ❛ ♥ ✲
❢ ♦ ♠✐ ♥ ❣ ✐ ♥ ♦ ✇ ♦ ✐ ♥ ✜ ♥✐ ❡ ❛ ♥ ✐ ♣ ♦ ❞ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⟩✳ ❖ ♥ ❤ ❡ ♥✲ D ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥
⟨ P n + 1 ⟩✱ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥✲ D ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ② ♠ ❛ ♣ ✇✐ ❤ ♦ ✉
♣ ♦ ❜❧ ❡ ♠ ❢ ♦ ❛ ♥ ② n ≥ 2 ✳ ❇ ✉ ❤✐ ❤ ❛ ♥ ♦ ♣❧ ❛ ❝ ❡ ✐ ♥ ✐ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠ ✕ ❡ ❡ ❜ ❡❧ ♦ ✇✳



✶ ✺ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✷✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❚ ❍ ❊ ✹ ❉ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ❙ ❆ ❈ ❊

❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✭ ♦ ♣ ❤ ❡ ❡ ✮✱ ❞✐ ❛ ♠ ❡ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❧✐ ♥ ❡ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧
❤ ❛ ❤ ❡ ❝ ❡ ♥ ❡ O ✱ ✇ ❤✐ ❝ ❤ ✐ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ♥ Ẽ 1 ❛ ♥ ❞ ❤ ❡ ♦ ✐ ❣✐ ♥ ❢ ♦ ❝ ♦ ✉ ♥ ✐ ♥ ❣ ❤ ❡
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣ ❡ ♥ ♠ ❡ ❛ ✉ ❡ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❛ ② ♦ ✈ ❛❧ ❛ R = 1 ✭ ❋✐ ❣ ✉ ❡ ✹✮✳ ■❢ γ → 0 ❛ ❛ ♥ ② R ✱
❤ ❡ ♥ ❛ ✉ ❛❧ ♠ ❡ ❛ ✉ ❡ λ = R γ ❛ ♥ ❞ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣ ❡ ♥ ♠ ❡ ❛ ✉ ❡ R t a n h λ / R

✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ⟨⟨ E n ⟩⟩ ❛ ❡ ❜ ❡ ❝ ❛ ♠ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❛ R γ → R t a n h γ ✇✐ ❤ ❤ ❡
■ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✭ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❈ ❤ ✳ ✼ ❆ ❛ ♥ ❞ ✶ ✵ ❆✮✳
■❢ R = c ✱ ❤ ❡ ♥ ✐ ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ♦❢ ✹✲ ❛ ♥ ❞ ✸✲ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✳

❋ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ❤ ❡ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ✈✐ ✉ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡
Π( a ) = ξ ✱ ❝ ♦ ❡ ❝ ✐ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❝ ❤ ❛✐ ♥✿ t a n h γ = ❡ ❝ ❤ υ ≡ c o s ξ ✱
✇ ❤ ❡ ❡ υ ❛ ♥ ❞ γ ❛ ❡ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ❛❧❧ ❡❧❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱ ❝ ♦ ❡ ❝ ✐ ♥ ❛ ♥ ② ❛ ❞ ♠✐ ❡ ❞ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✕ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✻✳

❈ ♦ ♦❧❧ ❛ ② ✶ ✳ ❚ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ♦❢ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐✐ + i R ❛ ♥ ❞ − i R ✐ ♥ ⟨ P n + 1 ⟩ ❤ ❛
✐ ♥ ❡ ❛❧ n ✲ ❉ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ✇✐ ❤ ❛ ✣ ♥ ❡ ♦ ♣ ♦❧ ♦ ❣ ②✱ ✐ ♦ ♠ ❡ ✐ ❝ ♦ ❤ ❡ ✇ ♦
❡ ♣ ❛ ❛ ❡ ❞ ❛ ♥ ✐ ♣ ♦ ❞ ❛❧ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ②✲ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳ ■ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ✐

❡ ① ❡ ♥ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ⟨ P n + 1 ⟩ ✇✐ ❤ ❤ ❡ ❡ ① ❛ ❝ ♥ ❡ ✉ ♣ ♦ ❤ ❡ ✐ ♠✐❧ ❛ ✐ ② ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❘✳

❚ ❤ ❡ ♦ ♥ ❡✲ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡
❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❡ ① ❡ ♠ ❛❧ ✐ ♠ ❛ ♣ ♣ ❡ ❞ ❜ ② ❝ ♦ ❛ ♥ ❣ ❡ ♥ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ♥ ♦ ❤ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ✐ ♥ ✜ ♥✐ ❡
❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨⟨ E n ⟩⟩ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ❛ ❤ ❡
❞ ♦ ✉ ❜❧ ❡ ✐ ♥ ❣ ✇✐ ❤ ✇ ♦ ✐ ❡ ① ❡ ♥ ❛❧ ❛ ❞✐✐ R ❛ ♥ ❞ ✇✐ ❤ ♦ ✉ ❡ ① ❡ ♥ ❛❧ ❜ ♦ ❞ ❡ ✱ ✇ ❤ ❡ ♥ γ → ❝ ♦ ❤ γ ✱
c o s α k = ❝ ♦ ♥ k ✱ k = 1 , . . . , n ✭ ❋✐ ❣ ✉ ❡ ✹✮✳ ■ ✜ ♠ ❡ ❛ ✉ ❡ λ γ ✇✐ ❤ γ ❛ ♦ ❝✐ ❛ ❡ ❤✐ ❝ ♦ ❛ ♥ ❣ ❡ ♥
♠ ♦ ❞ ❡❧ ♦❢ ■ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ■■ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✳ ■ ♥ ❞ ❡ ❡ ❞✱ ❤ ❡ ❢ ♦ ✉
❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❧✐ ♥ ❡ ♦ ♥ ■ ❛ ♥ ❞ ■■ ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ❤ ❡ ✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✐ ♥ ❤ ❡
❝ ♦ ♠ ♠ ♦ ♥ ❝ ✉ ✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞✐ ❛ ❣ ❛ ♠ ✭ ❋✐ ❣ ✉ ❡ ✸ ❛ ♥ ❞ ✹✮✳
❙ ✉ ❝ ❤ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✇ ♦ ❝ ♦ ✉ ♣❧ ❡ ❞ ❡✐ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ❛❧ ♦ ♥ ❣ ✐ ♦ ♦ ♣✐ ❝ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦❢
r ot h Γ ✳ ■ ♥ ❡ ✉❧ ♦❢ ✉ ❝ ❤ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣✱ ❤ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❤ ❡ ✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❝ ✉
❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✇ ♦✲ ✐ ❞ ❡ ❞ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ [⟨⟨ E n ⟩⟩ ] ❛❧ ♦ ♥ ❣ ❢ ♦ ✉ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ❛ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ♣ ♦❢ ❤ ❡
✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✐ ♥ ❤ ❡✐ ❯ ♥✐ ❡ ❞ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✢ ❛ ♠ ♦ ❞ ❡❧ ✐ ♥ ✐ ❞ ❡ ❛ ♥ ❞ ♦ ✉ ✐ ❞ ❡

❞ ♦ ✉ ❜❧ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✳ ❚ ❤ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ✇ ♦ ❧✐ ♠✐ ❝✐ ❝ ✉ ♠❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ❛ ❞✐ ✉ R ❢ ♦ ♠
❤ ❡ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ♣ ❛ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❡ ❛ ② ♠ ♣ ♦ ❡ ♦ ✉ ✐ ❞ ❡ ♦ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✱ ❜ ✉ ❢ ♦
❤ ❡ ✇ ♦ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ❜ ♦ ❤ ❧✐ ♠✐ ❝✐ ❝ ✉ ♠❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ❛ ❞✐ ✉ R ❢ ♦ ♠ ✇ ♦ ✉ ♣ ♣ ❡ ❛ ♥ ❞

❧ ♦ ✇ ❡ ♣ ❛ ❛ ❡ ❛ ② ♠ ♣ ♦ ❡ ✐ ♥ ✐ ❞ ❡ ❞ ♦ ✉ ❜❧ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ❝ ♦ ♥ ❛ ② ❡ ❛ ❝ ❤ ♦ ❛ ♥ ♦ ❤ ❡ ✐ ♥ ❛ ♥ ❣ ❡ ♥
♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ■■ ❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ■ ❛ R t a n h γ = R c ot h γ = R ✐❢ γ → ∞ ✳

❊ ① ♣ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ❛ ✉ ❛❧ ❧ ❡ ♥ ❣ ❤ λ 2 3 ♦❢ ❡ ❣ ♠ ❡ ♥
❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣ ♦✐ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❧✐ ♥ ❡ ✿ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✇✐ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣ ❡ ♥
♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❣ ❤ R t a n h λ / R ❛ ♥ ❞ ♦ ♥ ❤ ❡ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ♦ ✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❣ ❤ R c ot h γ = R c ot h( λ / R ) ❛ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ [− R ( c ot h γ 1 3 − c ot h γ 1 2 )]
♦ ✉ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ❢ ♦ ❤ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ♦ ❞ ❡❧✳ ❚ ❤ ❡ ♥✱ ✐ ♥ ❛ ❝ ♦❧❧✐ ♥ ❡ ❛ ❝ ❛ ❡✱ ❛ ❧ ❡ ♥ ❣ ❤
♦❢ ❤ ❡ ❡ ❣ ♠ ❡ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣ ♦✐ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✇✐ ❤ ♥ ❛ ✉ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣ ❡ ♥ ✕ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❣ ❤ ❛ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ✈ ✲❢ ♦ ♠ ❛ ❢ ♦❧❧ ♦ ✇ ✿

u 2 = { r ot h Γ 1 2 } · u 1 , u 3 = { r ot h Γ 1 2 } · { r ot h Γ 2 3 } · u 1 → u 2 3 = u 3 − u 2 , Γ 2 3 = Γ 1 3 − Γ 1 2 .

v 2 = { r ot h Γ 1 2 } · v 1 , v 3 = { r ot h Γ 1 2 } · { r ot h Γ 2 3 } · v 1 → v 2 3 = v 3 − v 2 , Γ 2 3 = Γ 1 3 − Γ 1 2 .

λ 2 3 = R · l n
( 1 + t a n h γ 1 3 ) ( 1 − t a n h γ 1 2 )

( 1 − t a n h γ 1 3 ) ( 1 + t a n h γ 1 2 )
≡ R · l n

( c o t h γ 1 3 + 1 ) ( c o t h γ 1 2 − 1 )

( c o t h γ 1 3 − 1 ) ( c o t h γ 1 2 + 1
.

❚ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❛ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ♦✐ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❘ ✉❧ ❡ ♦❢ ❛ ♥ ❣ ❡ ♥ ✲
❝ ♦ ❛ ♥ ❣ ❡ ♥ ✉ ♠ ♠✐ ♥ ❣ ❝ ♦❧❧✐ ♥ ❡ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ✭ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡✮✳
❚ ❤ ❡ ② ❛ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❈ ❛ ②❧ ❛ ② ♦ ✈ ❛❧ ❤ ❡ ✉ ♥✐ ② ♦❢ ❤ ❡ ✢ ❛ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ❝ ♦ ♠ ♠ ♦ ♥
♠ ♦ ❞ ❡❧ ✇✐ ❤ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❞ ❛✐ ❣ ❤ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ⟨⟨ E n ⟩⟩ ✱ ❛ ✐ ✐ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ❞ ❛ ❋✐ ❣ ✉ ❡ ✹✳
❇ ✉ ❛❧❧ ❤✐ ❛ ♣ ♣❧✐ ❡ ♦ ❢ ❛ ♦ ♥❧ ② ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ②✳ ■ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ❝❧ ✉ ❞ ❡ ♣ ❡ ✉ ❞ ♦✲ ♥ ♦ ♠ ❛❧❧ ② ❞✐ ❡ ❝ ❡ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧
❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❡ ① ❡ ♠ ❛❧ ✱ ❡ ♣ ❛ ❛ ❡ ❞ ❜ ② ❤ ❡ ❣ ♦ ♦❧✐ ♥ ❡ ✇✐ ❤ ③ ❡ ♦ ♠ ❡ ✐ ❝✳
❚ ❤ ❡ ❝❧ ♦ ❡ ❞ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳



✶ ✷✳ ✶ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❜✐✲ ❛ ♦ ❝✐ ❛ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✶ ✺ ✸

❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ❤ ❡ ❡ ❤ ❡ ❡ ② ♣ ❡ ♦❢ ❡ ① ❡ ♠ ❛❧ ❝ ✉ ✈ ❡ ❡ ①✐ ♦ ❣ ❡ ❤ ❡ ✿ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧
✇✐ ❤ ✐ ♠ ❡✲❧✐ ❦ ❡ ❧ ♦ ♣ ❡✱ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ✇✐ ❤ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❧ ♦ ♣ ❡ ❛ ♥ ❞ ❣ ♦ ♦❧✐ ♥ ❡ ✇✐ ❤ ✐ ♥ ✜ ♥✐ ② ❧ ♦ ♣ ❡✳ ■ ♥
❡ ❛ ❝ ❤ ♣ ♦✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❛ ♥ ❞ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❝ ✉ ✈ ❡ ❛ ❡ ✐ ♥ ❡ ❡ ❝ ❡ ❞✳ ❙ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❈ ❤ ✳ ✼ ❆ ❛ ♥ ❞ ✶ ✵ ❆✳

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ❛❧ ♦ ♣ ❡ ❢ ❡ ❝ ❡ ❣ ✉❧ ❛ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✱ ❜ ✉ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♦ ♥ ❡❀
❛ ♥ ❞✱ ♠ ❛ ② ❜ ❡✱ ❤ ❡ ❡ ✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✐ ❛ ❝ ❡ ❛✐ ♥ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♣ ❡ ❢ ❡ ❝
❡ ❣ ✉❧ ❛ ✉ ❢ ❛ ❝ ❡✱ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ✐ ♥ ❡ ♥ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✳ ❚ ❤✐

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✐ ✸✲ ❞ ♦ ♥ ❡ ❛ ♥ ❞ ✐ ✐ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ✇ ❡❧❧✲
❦ ♥ ♦ ✇ ♥ ❝❧ ❛ ✐ ❝ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✐ ❤ ❛ ❛ ❢ ❡ ❛ ✉ ❡
❛ ❤ ❡ ❧✐ ♠✐ ❡ ❞ ❢ ❡ ❡ ❞ ♦ ♠ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ❞ ✉ ❡ ♦ ✐ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ②✳
● ❡ ♥ ❡ ❛❧❧ ②✱ ✐ ✐ ❝❧ ❛ ✐ ② ❡ ❡ ♥✱ ❤ ♦ ✇ ✇ ♦ ♣ ♦✐ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✉ ♥✐ ✉ ❡❧ ②
✇✐ ❤ ✇ ♦ ♠ ❛ ♥ ♥ ❡ ✿ ❡✐ ❤ ❡ ❜ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❡ ❣ ♠ ❡ ♥ ✱ ❛ ♥ ❞ ❡✐ ❤ ❡ ❜ ② ❝✐ ❝ ✉❧ ❛ ♦
❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❡ ① ❡ ♠ ❛❧ ✐ ♥ ✇ ♦ ❞✐ ❡ ❝ ✐ ♦ ♥✱ ✐✳ ❡✳✱ ✇✐ ❤ ♦ ✉ ❡ ✐ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✳ ❖❢ ❝ ♦ ✉ ❡✱
✉ ❝ ❤ ✐ ♠ ♣❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ✇ ♦ ♣ ♦✐ ♥ ❞ ♦ ♥ ♦ ❡❧ ❛ ❡ ♦ ♠ ♦ ✐ ♦ ♥ ♦❢ ✜ ❣ ✉ ❡ ✳

❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♦ ♣ ❡ ♥ ✐ ♥ ❣ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✭ ✇✐ ❤ ♦ ✉ ❤ ❡ ♠✮ ✐ ♥
❤ ❡ ❝❧ ♦ ❡ ❞ ✇ ❤ ♦❧ ❡ ✇ ♦✲ ✐ ❞ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ [⟨⟨ E n ⟩⟩ ]✱ ❛ ❤ ❡ ✢ ❛ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ❛ ♣ ♦❢ ❤ ❡

❡ ♥ ✐ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧❧ ② ♦ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♣ ❛ ❝ ❡ ⟨ C n ⟩✳ ■ ✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞
❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❧ ② ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ✐ ♥ ✜ ♥✐ ❡❧ ② ❢ ❛ ❜ ♦ ❞ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✐ ❞ ❡ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝✲
✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ✭✐ ♥ ✐ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ❤ ❛❧ ✈ ❡ ✮✳ ❚ ❤✐ ❜ ♦ ❞ ❡ ✐ ♣ ♦❥ ❡ ❝ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡

❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ❛ ♣ ✕ ❛ ✐❢ ❛ ♥ ❡ ✉ ❛ ♦ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❋✐ ❣ ✉ ❡ ✹✱ ✇ ❤ ❡ ♥ γ = ∞ ✭c ot h γ = 1 ✮✳
■❢ R → ∞ ✱ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ✐ ♥ ♦ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ✭ ❜ ✉ ✐ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ✐ ♥ ♦ ✐ ♥ ✜ ♥✐ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❞ ♦ ✉ ❜❧ ❡ ✐ ♥ ❣✮✳

■❢❵R = c ✱ ✐ ✐ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ♦❢ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✭ ❝ ❤ ✳ ✹ ❆✱ ✻ ❆✮✳ ◆ ♦ ❡✱ ❤ ❛ ❤✐
❤ ② ♣ ❡ ❜ ♦❧✐ ❝✲ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✐ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❜ ♦ ❤ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✳

❈ ♦ ♦❧❧ ❛ ② ✷ ✳ ❚ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ♦❢ ❝ ♦ ♥ ❛ ♥ ♣ ❡ ✉ ❞ ♦✲ ♥ ♦ ♠ ❛❧ ❛ ❞✐✐ ± R ✐ ♥ ⟨ P n + 1 ⟩
❤ ❛ ✐ ♥ ❡ ♥ ❛❧ n ✲ ❉ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ✇✐ ❤ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ②✱ ❛ ♥ ❞
✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧❧ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✳ ■ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ✐ ❡ ① ❡ ♥ ❛❧ ❡ ♥ ♦

✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ⟨ P n + 1 ⟩ ✇✐ ❤ ❤ ❡ ❡ ① ❛ ❝ ♥ ❡ ✉ ♣ ♦ ❤ ❡ ✐ ♠✐❧ ❛ ✐ ② ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❘✳

❚ ❤ ❡ ✉ ♣ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡✱ ✇ ❤ ♦❧ ❡ ❛ ♥ ❞ ✜ ♥✐ ❡ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ❡ ❛❧✐ ③ ❡ ❞ ❛
✐ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ [⟨⟨ C n ⟩⟩ ]
✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❛ ❞✐ ✉ R = 1 ❛ ♥ ❞ ✇✐ ❤ ❤ ❡ ❤ ❡✐ ❣ ❤ ± R = ± 1 ✱ ❝ ❡ ♥ ❡ ❡ ❞ ✐ ♥ Ẽ 1 ❛❧ ♦ ♥ ❣ ❤ ❡ ❛ ①✐ −→y
✉ ♣ ♣ ❡ ❛ ♥❢ ❧ ♦ ✇ ❡ ♦❢ ❤ ❡ ❝ ❡ ♥ ❡ O ✳ ■ ❧ ❛ ❡ ❛❧ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ✉ ❢ ❛ ❝ ❡ ✐ ❜ ♦ ✉ ♥ ❞ ❡ ❞ ❢ ♦ ♠ ❛ ❜ ♦ ✈ ❡ ❛ ♥ ❞
❜ ❡❧ ♦ ✇ ❜ ② ✇ ♦ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✭ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝✐ ❝❧ ❡ ✮ ✇✐ ❤ ♦ ✉ ❤ ❡ ♠✳ ❋ ♦ ♠ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❤✐ ♠ ♦ ❞ ❡❧ ✐ ❛ ❛ ♥ ❣ ❡ ♥ ♠ ❛ ♣ ✉ ♥ ❞ ❡ γ → t a n h γ ✱ c o s α k = ❝ ♦ ♥ k ✱ k = 1 , . . . , n✳
❙ ✉ ❝ ❤ ♠ ❛ ♣ ✐ ❤ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥
❤ ❡ ❧ ❛ ❡ ❛❧ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ [⟨⟨ C n ⟩⟩ ]✱ ✇ ❤ ❡ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛ ❡ ♠ ❛ ♣ ♣ ❡ ❞ ❛ ✐❢ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ♦ ♥ ❤✐ ❝ ②❧✐ ♥ ❞ ❡ ✉ ♥ ❞ ❡ ❤ ❡✐
✈✐ ✉ ❛❧ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ φ R = |π / 2 | ❛ ♥ ❞ φ R > |π / 4 |✱ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❝✐ ❝ ✉❧ ❛ ❛ ♥ ❞ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❡ ① ❡ ♠ ❛❧
❛ ❡ ♠ ❛ ♣ ♣ ❡ ❞ ❛ ✐❢ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ❝ ✉ ✈ ❡ ♦ ♥ ❤✐ ❝ ②❧✐ ♥ ❞ ❡ ✉ ♥ ❞ ❡ ❤ ❡✐ ✈✐ ✉ ❛❧ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ φ R = 0
❛ ♥ ❞ φ R < |π / 4 | ✭ ✇✐ ❤ ❤ ♦ ♦ ❝ ② ❝❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ❛ φ R → | π / 4 |✮✳ ❚ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❣ ✉❧ ❛ ▲ ❛ ♠ ❜ ❡ ♠ ❡ ❛ ✉ ❡ γ ♦❢ ❛ ❧ ❡ ♥ ❣ ❤ ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ❡ ❛ ✉ ❡
R t a n h a / R ✳ ❚ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ▲ ❛ ♠ ❜ ❡ ♠ ❡ ❛ ✉ ❡ φ ♦❢ ❛ ❧ ❡ ♥ ❣ ❤ ✇ ♦ ❦ ❤ ❡ ❡
❢ ♦ ❤ ❡ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ❛ ♥ ❞ ❝✐ ❝ ✉❧ ❛ ♠ ❛ ♣ ✳ ❚ ❤✐ ♠ ♦ ❞ ❡❧ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧❧ ② ❛❧ ♦ ♦ ♦ ♣ ❡ ♥
❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❡ ❣✐ ♦ ♥ ♦ ✉ ✐ ❞ ❡ ❛ ♥ ❞ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✇✐ ❤ ♦ ✉ ❤ ❡ ♠✳ ■ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡
❝ ❡ ♥ ❡ ❡ ❞ ❝✐ ❝ ✉❧ ❛ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ❜ ♦ ❞ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✐ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ♣ ❛ ❛ ✐❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧
n ✲ ❡ ✉ ❛ ♦ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳ ❚ ❤✐ ❝ ②❧✐ ♥ ❞ ❡ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ✐ ✐ ❞ ❡ ❛❧ ❢ ♦ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡
✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ✜ ♥✐ ❡ ❡ ❣ ♠ ❡ ♥ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛ ♥ ❞ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✜ ♥✐ ❡

❛ ❝ ♦❢ ❤ ❡ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ❡ ① ❡ ♠ ❛❧ ✳
❇ ♦ ❤ ✐ ♥ ❣ ❛ ♥ ❞ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ✇ ♦✲ ✐ ❞ ❡ ❞✱ ❛

❤ ❡ ② ❛ ❡ ❞✐ ✈✐ ❞ ❡ ❞ ♥ ♦ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧❧ ② ✐ ♥ ♦ ❤ ❛❧ ✈ ❡ ✱ ✇✐ ❤ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✈ ❛❧ ✉ ❡ ♦❢ y ✳ ❛ ❛ ❣ ❡
❢ ♦ ♠ ♦ ♥ ❡ ✐ ❞ ❡ ♦ ❛ ♥ ♦ ❤ ❡ ♦❢ ❤ ❡ ♠ ♦ ❞ ❡❧ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♣ ❛ ❛ ❣ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ✉ ❛ ♦ ♦❢ ■✳

▼ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ♥ ❞ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ①
✭ ❈ ❤ ✳ ✻ ❆✱ ✼ ❆✱ ✶ ✵ ❆✮ ✐ ♥ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ⟨ P n + 1 ⟩ ❛ ♥ ❞ ⟨ Q n + 1 ⟩✳



✶ ✺ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✷✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❚ ❍ ❊ ✹ ❉ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ❙ ❆ ❈ ❊

▼ ❛✐ ♥ ■ ♥❢ ❡ ❡ ♥ ❝ ❡ ✳ ❚ ❤ ❡ ❯ ♥✐ ❡ ❞ ✐ ♥ ❡ ♥ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ❜ ♦ ❤ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✕ ■ ✇✐ ❤ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ❛ ♥ ❞ ■■ ✇✐ ❤ ❛ ✣ ♥ ❡ ♦ ♣ ♦❧ ♦ ❣ ② ♦❢ ✐ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡
♣ ❛ ✱ ❛❧❧ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❛ ❞✐ ✉ ✕ ♣ ❛ ❛ ♠ ❡ ❡ R ✱ ❛ ♥ ❞ ❡ ♣ ❛ ❛ ❡ ❞ ❛ ② ♠ ♣ ♦ ✐ ❝ ❛❧❧ ② ❜ ② ❤ ❡ ✐ ♦ ♦ ♣✐ ❝
❝ ♦ ♥ ❡✱ ♦ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ♦ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❤ ❡
❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩ ✇✐ ❤ ❡ ① ❛ ❝ ♥ ❡ ✉ ♣ ♦ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❝ ❛❧ ❡ ♣ ❛ ❛ ♠ ❡ ❡ R ✳

◆ ♦ ❡✱ ❤ ❛ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ▼ ❛✐ ♥ ■ ♥❢ ❡ ❡ ♥ ❝ ❡ ✐ ✐ ♥❢ ❡ ❡ ❞ ❢ ♦ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ♣ ❡ ❡ ♥ ❡ ❞
❛ ❋✐ ❣ ✉ ❡ ✹ ❛ ♥ ❞ ❤ ❛ ✈✐ ♥ ❣ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ✭✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✉ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ❈ ❤ ✳ ✺ ❛ ♥ ❞ ✻✮✱ ✐
✐ ♥ ❡ ♥ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ♦ ❤ ❡
❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ✇✐ ❤ ❤✐ ❡ ① ❛ ❝ ♥ ❡ ✳

❚ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ❲ ❤ ♦❧ ❡ ❯ ♥✐ ❡ ❞ ❈ ②❧✐ ♥ ❞ ❡ ✲ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ❝ ♦ ♥ ✐ ♦❢ ✇ ♦ ♣ ❛ ✿
❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ■ ❛ ❧ ❛ ❡ ❛❧ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❝ ②❧✐ ♥ ❞ ❡ ✇✐ ❤ ❛ ❞✐ ✉ R

❛ ♥ ❞✱ ♦ ♥ ❤ ❡ ❤ ❡✐ ❣ ❤ ± R ♦❢ ❤✐ ❝ ②❧✐ ♥ ❞ ❡ ✱ ❤ ❡ ✇ ♦ ❑❧ ❡✐ ♥✐ ❛ ♥ ❞✐ ❦ ♦❢ ❛ ❞✐ ✉ R ♦❢ ❤ ❡ ✢ ❛ ❛ ♥ ❣ ❡ ♥
♠ ♦ ❞ ❡❧ ♦❢ ■■✱ ❛ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ❜ ❛ ❡ ♦❢ ❤✐ ❝ ②❧✐ ♥ ❞ ❡ ✳ ❋ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞
❛ ♥ ❞ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ✱ ❤ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❛ ② ♠ ♣ ♦ ✐ ❝ ❛❧❧ ② ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✭✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✮
❛ ♥ ❞ ✐ ✜ ♥✐ ❡ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✭(n − 1) ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❝✐ ❝❧ ❡ ❛ R = 1 ✮ ❛ ❡ ❛ ✉ ♦ ♠ ♦ ♣ ❤✐ ♠ ✳ ■ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❤✐ ♦ ✈ ❛❧ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥✿

x 2
1 + · · · + x 2

n = R 2 .

▲ ❡ ✉ ❞✐ ❡ ❝ ❛ n = 2 ❤✐ ✜ ♥✐ ❡ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❲ ❤ ♦❧ ❡ ❯ ♥✐ ❡ ❞ ❈ ②❧✐ ♥ ❞ ❡ ✲ ♠ ♦ ❞ ❡❧ ♦❢
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ❜ ② ❤ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ❝ ✉ ✐ ♥ ❣ ♣❧ ❛ ♥ ❡ ✉ ♥ ❞ ❡ ❛ ❝ ❡ ❛✐ ♥ ❛ ♥ ❣❧ ❡ φ R (γ ) ♦ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩✳
■❢ ❤✐ ❛ ♥ ❣❧ ❡ ✐ ③ ❡ ♦✱ ✇ ❡ ❤ ❛ ✈ ❡ ❛ ♥ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♠ ❛ ♣ ❛ ❤ ❡ ❡ ❛❧ ❡ ✉ ❛ ♦ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳
■❢ ❤✐ ❛ ♥ ❣❧ ❡ ❧ ❡ π / 4 ✱ ✇ ❡ ❣ ❡ ♦ ♥ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦ ♥ ❡ ✭ ❛ n = 2 ✮ ❝❧ ♦ ❡ ❞ ❡❧❧✐ ♣ ✐ ❝ ❛❧
❝ ✉ ✈ ❡ ❛ ❛ ♠ ❛ ♣ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❡ ① ❡ ♠ ❛❧ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳ ■❢ ❤✐ ❛ ♥ ❣❧ ❡ ✐ π / 4 ✱
✇ ❡ ❣ ❡ ♦ ♥ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✇ ♦ ✐ ♦ ♦ ♣✐ ❝ ❡ ❣ ♠ ❡ ♥ ✐❧❧ ❤ ❡ ✇ ♦ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ❛ ❛
♠ ❛ ♣ ♦❢ ✇ ♦ ❤ ♦ ♦ ❝ ② ❝❧ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ③ ❡ ♦ ♠ ❡ ✐ ❝✳ ■❢ ❤✐ ❛ ♥ ❣❧ ❡ ♠ ♦ ❡ π / 4 ✱ ✇ ❡ ❣ ❡
❢ ♦ ✉ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛✐ ❣ ❤ ❡ ❣ ♠ ❡ ♥ ✿ ✇ ♦ ♦ ♥ ❡ ♦ ♥ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❛ ❛
♠ ❛ ♣ ♦❢ ✇ ♦ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❝ ✉ ✈ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ✇ ♦ ♦ ♥ ❡ ♦ ♥ ❤ ❡ ✇ ♦
❑❧ ❡✐ ♥✐ ❛ ♥ ❞✐ ❦ ❛ ❛ ♠ ❛ ♣ ♦❢ ✇ ♦ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❝ ✉ ✈ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳ ❚ ❤ ✉ ✱
♦ ♥ ❤✐ ♠ ♦ ❞ ❡❧✱ ❤ ❡ ② ❢ ♦ ♠ ❛ ♥ ✉ ♥✐ ❡ ❞ ❝❧ ♦ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✉ ❛ ❞ ❛ ♥ ❣❧ ❡ ❝ ② ❝❧ ❡ ❢ ♦ ♠ ✇ ♦ ♣ ❛✐ ♦❢
❤ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✐ ♥ ✜ ♥✐ ❡ ♣ ❛ ❛❧❧ ❡❧ ❧✐ ♥ ❡ ✳ ■ ❢ ♦ ✉ ❛ ♣ ❡ ① ❡ ❧✐ ❡ ❢ ♦ ♠ ❛❧❧ ② ♦ ♥ ❤ ❡ ✇ ♦ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✳

❙ ✉ ❝ ❤ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✉ ♠ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩ ♦❢ ❜ ♦ ❤ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❞
❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱ ❞✐ ✈✐ ❞✐ ♥ ❣ ❛ ② ♠ ♣ ♦ ✐ ❝ ❛❧❧ ② ❜ ② ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✱ ❛
❤ ❡ ✉ ♥✐ ❡ ❞ ❤ ❡ ❡ ❤ ❡ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣✱ ❝ ❛ ♥ ❜ ❡

♠ ❛ ♣ ♣ ❡ ❞ ❡ ♥ ✐ ❡❧ ② ✐ ♥ ♦ ❤ ❡ ✇ ❤ ♦❧ ❡ ✇ ♦✲ ✐ ❞ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ [⟨⟨ E n ⟩⟩ ]
✇✐ ❤ ♦ ♣ ♦❧ ♦ ❣ ② ♦❢ n ✲ ♣ ❤ ❡ ❡✳

❚ ❤✐ ❝❧ ♦ ❡ ❞ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♠ ❛ ♣ ❤ ❡ ❯ ♥✐ ❡ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❡ ❤ ❡ ❡
✐ ♥ ⟨ P n + 1 ⟩ ✐ ❛ ✐❢ ✧ ❤ ❡ ✇ ♦ ❧ ❞ ✐ ♥ ❛ ✇ ❛ ❡ ❞ ♦ ♣ ✧✳ ■ ♥ ❡ ❝ ✳ ✻✳ ✹ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ♦❧ ✈✐ ♥ ❣ ✐ ♥ ❡ ✐ ♦ ❛ ♥ ❞ ❡ ① ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✱

✇ ❤ ❡ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ❛ ❋✐ ❣ ✉ ❡ ✸ ✇ ❡ ❡ ❛ ❤ ❡ ❢ ✉ ✉ ❡ ♣ ♦ ♦ ② ♣ ❡ ♦❢ ❜ ♦ ❤
▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✐ ♥ ❤✐ ❈ ❤ ❛ ♣ ❡ ✳

◆ ♦ ❡ ✭✦✦✦✮✱ ❤ ❛ ❝ ♦ ♥ ✐ ♥ ✉✐ ♥ ❣ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ■✱ ✇ ❡✬❧❧ ❛ ♥ ❢ ❡ ♦ ♥❧ ② ♦ ❤ ❡
♥ ♦ ♥✲ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ❛ ♥ ❞ ✐ ♥ ✜ ♥✐ ❡ ❡ ♠✐✲ ❝❧ ♦ ❡ ❞ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ■■✳

❖ ✉ ❡ ① ❡ ♥ ❛❧ ❡ ♥ ♦ ✲ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞
✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✭ q = 1 ✮✱ ✇✐ ❤ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞
❛ ♥ ❞ ✉ ❡ ❞ ✇✐ ❞ ❡❧ ② ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❡ ♣ ❡ ❡ ♥ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡❧ ② ❛ ♥ ❞ ❝ ♦ ❡ ❝ ❧ ② ❤ ❡ ❡
✇ ♦ ♦ ❜❥ ❡ ❝ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❤ ❡ ✉ ♥✐ ② ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✳ ❆ ❤ ❡ ❛ ♠ ❡ ✐ ♠ ❡✱ ❤✐ ✉ ♥✐ ✈ ❡ ❛❧

❜ ❛ ❡ ✐ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ♦ ♥ ❡ ❢ ♦ ✐ ♠✐❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡✳ ❙ ❡ ❡ ♦ ♥ ❋✐ ❣ ✉ ❡ ✹ ✭ ❛ (q = 1 ✮✳ ❆ ❛ ❡ ✉❧ ✱ ✇ ❡ ❝ ❛ ♥ ❛ ♣ ♣❧ ② ♦ ♥ ♦ ✐ ❝ ❡ ❤ ❡ ❛ ❜ ❛ ❝ ❛ ♥ ❞
♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ❢ ♦ ♠ ❈ ❤✳ ✻ ✐ ♥ ❤ ❡✐ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛ ♥ ❞ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❛ ❜❧ ❡
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ✲ ❡ ❡ ❧ ❛ ❡ ✐ ♥ ❈ ❤ ✳ ✻ ❆✱ ✼ ❆✱ ✽ ❆✱ ✶ ✵ ❆ ♦❢ ❤ ❡ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳

❚ ❤ ❡ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ♦❢ ♦ ✉ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❤ ❡ ❡ ❜✐ ♥ ❛ ② ♣ ❡ ❢ ❡ ❝ ♣ ❛ ❝ ❡ ❛ ❡ ♠ ♦ ❡
✇✐ ❞ ❡❧ ②✦ ❙ ♦✱ ✇ ❡✬❧❧ ❡ ❡ ❤✐ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❛ ✐ ♠ ♣❧ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ✈ ❛ ✐ ♦ ✉ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✦



✶ ✷✳ ✶ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❜✐✲ ❛ ♦ ❝✐ ❛ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✶ ✺ ✺

❚ ❤ ✉ ✱ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ❛ ❡ ✐ ❡❧❢✲ ❤ ♦ ♠ ♦ ❤ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ♦❢
❝ ♦ ♠ ♠ ♦ ♥ ✐ ♠✐❧ ❛ ✐ ② ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ R ✱ ✐✳ ❡✳✱ ✐ ♠✐❧ ❛ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✈ ❛ ✐ ❛ ♥ ❛ R = 1 ✳ ❇ ❡ ✐ ❞ ❡ ✱
❤ ❡ ② ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ K G = − 1 / R 2 ❛ ♥ ❞ ❛ ❡ ❤ ♦ ♠ ❡ ♦ ♠ ♦ ♣ ❤✐ ❝✳ ❉ ✉ ❡ ♦ ❤ ❡

▼✐ ♥ ❞✐ ♥ ❣ ❚ ❤ ❡ ♦ ❡ ♠✱ ❜ ♦ ❤ ❤ ❡ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ♠ ✉ ❜ ❡ ❛ ✐❢ ✐ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❤ ❡ ❧ ❛ ❣ ❡ ❡ ❛ ❝ ❤
♦ ❛ ♥ ♦ ❤ ❡ ✳ ❇ ✉ ✱ ❞ ❡ ♣✐ ❡ ♦ ♥ ❤ ❡ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ✱ ❤ ❡ ❡ ✐ ♦ ♥ ❡ ❡ ❡ ♥ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✳

◆ ❛ ♠ ❡❧ ②✱ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ❛ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ♥ ⟨ P n + 1 ⟩✱ ❜ ✉ ❤ ❡ ❇ ❡❧ ❛ ♠✐
♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ❞ ♦ ❡ ♥ ♦ ❡❧ ❛ ❡ ♦ ❤ ❡ ❡ ♦❢ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ✱ ❛ ✐ ✐ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ❝ ♦ ❡ ❝ ❧ ② ✐ ♥
❤ ❡ ❊ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✇✐ ❤ ♦ ♥ ❡ ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞

♣ ♦❧ ② ❡ ♣ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✱ ✐ ♦ ♠ ❡ ✐ ❝ ♦ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❜ ♦ ❤
❤ ❡ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ❛ ❡ ♦ ♥❧ ② ♦ ♥ ❡ ❡ ♣ ✐ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❤ ❡ ❧ ❛ ❣ ❡✦ ❙ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ❛ ❜ ♦ ✉ ❤ ❡

♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✐ ♥ ❈ ❤✳ ✻ ❆ ✇✐ ❤ ✐ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣
❛ ❝ ✐ ① ❛ ♥ ❞ ❤ ❡✐ ♣ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❛❧ ♦ ✐ ♥ ♦ ♥ ❡ ♣ ❛ ❛ ♠ ❡ ❡ R ✳

◆ ♦ ❡✱ ❤ ❛ ❧ ♦ ❝ ❛❧ ✐ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✇✐ ❤ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ❞ ✉ ❡ ♦ ❤ ❡
❇ ❡❧ ❛ ♠✐ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ❬ ✹ ✹❪✱ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❛ ✐❢ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ②✱ ❛ ✐ ✐ ❡ ❛❧✐ ③ ❡ ❞
✐ ♥ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ♦ ♥❧ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✻ ❆✳ ❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✇ ❛
❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ❜ ② ❋❡ ❞✐ ♥ ❛ ♥ ❞ ▼✐ ♥ ❞✐ ♥ ❣ ✐ ♥ ✶ ✽ ✸ ✽ ❬ ✹ ✸❪ ❛ ❛ ✉ ❢ ❛ ❝ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ● ❛ ✉ ✐ ❛ ♥
❝ ✉ ✈ ❛ ✉ ❡✳ ■ ❛ ❡ ❛ ❛ ♥ ❞ ✈ ♦❧ ✉ ♠ ❡ ✇ ❡ ❡ ♦ ❝ ❝ ✉ ❡ ❞ ❜ ② ✜ ♥✐ ❡ ✐ ♥ ❝ ♦ ♥ ❛ ♦ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✦

❚ ❤ ❡ ✜ ① ✐ ❞ ❡ ❛ ❛ ❜ ♦ ✉ ❛ ♣ ♦ ✐ ❜✐❧✐ ② ♦❢ ❤ ❡ ✐ ❣ ♦ ♦ ✉ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ❋✐❢ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♦ ✉❧ ❛ ❡ ♠ ❛ ② ❜ ❡ ♥ ♦ ❤ ♦❧ ❞ ❛ ♥ ❞ ❤ ❡ ❍ ② ♣ ♦ ❤ ❡ ✐ ♦❢ ❤ ❡ ❛ ❝ ✉ ❡ ❙ ❛ ❝ ❝ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ❬ ✸ ✺✮ ❝ ❛ ♥ ❜ ❡ ✈ ❛❧✐ ❞

♦ ♥ ✧ ♦ ♠ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❤ ❡ ❡ ✧ ✇ ❛ ❡ ① ♣ ❡ ❡ ❞ ✜ ❜ ② ❏ ♦ ❤ ❛ ♥ ♥ ▲ ❛ ♠ ❜ ❡ ✐ ♥ ✶ ✼ ✻ ✻ ❬ ✸ ✻❪✳ ▲ ❛ ❡ ✐
❜ ❡ ❝ ❛ ♠ ❡ ♠ ♦ ❡ ♣ ❡ ❝✐ ❡✿ ❤ ❡ ✜ ♣ ♦ ♣ ❡ ② ✐ ❛ ❢ ❡ ❛ ✉ ❡ ♦❢ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ❤ ❡ ❧ ❛ ❣ ❡ ✱ ❤ ❡ ❡ ❝ ♦ ♥ ❞
♣ ♦ ♣ ❡ ② ✐ ❛ ❢ ❡ ❛ ✉ ❡ ♦❢ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ❤ ❡ ♠ ❛❧❧ ✳ ❚ ❤ ❡ ② ❛ ❡ ❜ ♦ ✉ ♥ ❞ ✐ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ❤ ❡ ❢ ❡ ❡
♠ ♦ ✐ ♦ ♥ ♦❢ ✜ ❣ ✉ ❡ ✳ ❈ ❛ ❧ ● ❛ ✉ ♠ ❛ ❞ ❡ ♦ ♠ ❡ ❞ ❛❢ ✐ ♥ ❤✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ❬ ✸ ✾❪✳ ❋❡ ❞✐ ♥ ❛ ♥ ❞ ❙ ❝ ❤ ✇ ❡✐ ❦ ❛
✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ❢ ❛ ❝ ♦ ♣ ❛ ❛ ♠ ❡ ❡ R ♦❢ ❤✐ ❣ ❡ ♦ ♠ ❡ ② ❬ ✸ ✼❪✳ ❋ ❛ ♥ ③ ❚ ❛ ✉ ✐ ♥ ✉ ✭ ❤✐ ♥ ❡ ♣ ❤ ❡ ✇✮
✉ ❣ ❣ ❡ ❡ ❞ ❛ ♠ ♦ ❞ ❡❧ ♦❢ ✉ ❝ ❤ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❛ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ♣ ❤ ❡ ❡ ♦❢ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ❞✐ ✉ ✱ ❡ ✈ ❡ ❛❧ ❡ ❞
❤ ❛ ❤ ❡ ✉ ♠ ♦❢ ❛ ♥ ❣❧ ❡ ✐ ♥ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ✐ ❧ ❡ π ❬ ✸ ✽❪ ❛ ♥ ❞ ♣ ♦ ✈ ❡ ❞ ✐ ♥ ❡ ♥ ❛❧ ❝ ♦ ♥ ✐ ❡ ♥ ❝ ②

♦❢ ✐ ♣❧ ❛ ♥✐ ♠ ❡ ② ❛ n = 2 ✳ ■ ♥ ✉✐ ✐ ✈ ❡ ▲ ❛ ♠ ❜ ❡ ✕ ❚ ❛ ✉ ✐ ♥ ✉ ❣ ❡ ♦ ♠ ❡ ② ❛ ♥ ✐ ❝✐ ♣ ❛ ❡ ❞ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ②
❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❜ ② ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❬ ✹ ✵✲ ✹ ✷❪ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ❡ ❛✐ ♥
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✳ ▼ ❛ ♥ ② ❧ ❛ ❡ ✱ ✐ ♥ ❳ ❳ ❝ ❡ ♥ ✉ ②✱ ❤✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ❛ ✐
❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❛ ♥ ❛❧ ♦ ❣ ✇ ❛ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② ❍✳ ❏ ❛ ♥ ❡ ♥ ♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥
✶ ✾ ✵ ✾ ❬ ✺ ✷❪✳ ■ ♥ ✶ ✽ ✻ ✽ ❊ ✉ ❣ ❡ ♥✐ ♦ ❇ ❡❧ ❛ ♠✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ✐ ♥ ✶ ✽ ✻ ✽ ❬ ✹ ✹✱ ✹ ✺❪ ❧ ♦ ❝ ❛❧❧ ②✱ ❜ ✉ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡✱ ♦ ♥
❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ❛ ❛ ♣ ❡ ❝ ✉❧✐ ❛ ✉ ❢ ❛ ❝ ❡ ✭ ❈ ❤✳ ✻ ❆✮✱ ✇ ❤✐ ❝ ❤ ✇ ❛ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ❛ ♥ ❞ ❛ ♥ ❛❧ ② ③ ❡ ❞

❡ ❛ ❧✐ ❡ ❜ ② ❋❡ ❞✐ ♥ ❛ ♥ ❞ ▼✐ ♥ ❞✐ ♥ ❣ ✐ ♥ ✶ ✽ ✹ ✵ ❬ ✹ ✸❪ ❛ ✇✐ ❤ ❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡✳ ❚ ❤ ❡
❑❧ ❡✐ ♥✐ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ♦ ❞ ❡❧ ❬ ✹ ✽❪ ❡ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ✐ ♥ ♦ ♥✲ ❝ ♦ ♥ ❛ ❞✐ ❝ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ♦
❤ ❛ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✳ ❉ ❛ ✈✐ ❞ ❍✐❧ ❜ ❡ ♣ ♦ ✈ ❡ ❞ ❤ ❛ ✷✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐

❣ ❡ ♦ ♠ ❡ ② ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ♦ ♥ ♦ ♠ ❡ ♥ ♦ ♥✲ ♣ ❡ ❝ ✉❧✐ ❛ ❘✐ ❡ ♠ ❛ ♥ ♥ ✉ ❢ ❛ ❝ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞
✐ ♥ ♦ ❤ ❡ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❛ ❤ ❡ ● ❛ ✉ ✐ ❛ ♥ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ❬ ✹ ✽❪✳ ❇ ✉ ✐ ❞ ♦ ❡
♥ ♦ ♠ ❡ ❛ ♥ ❤ ❛ ❤✐ ❣ ❡ ♦ ♠ ❡ ② ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥ ❛ ❛ ❞ ❞❧ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥ ✉ ❢ ❛ ❝ ❡ ✐ ♥ ❛ ( 3 + k )✲
❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ❙ ✉ ❝ ❤ ✉ ❢ ❛ ❝ ❡ ♠ ✉ ❤ ❛ ✈ ❡ ❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❝ ✉ ✈ ❛ ✉ ❡✳ ■❢ ✐
❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ✐ ♥ ♦ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦❢ ♠✐ ♥✐ ♠ ❛❧ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✐ ♣ ♦ ✐ ❜❧ ❡✱ ❤ ❡ ♥ ❤✐ ❤ ♦ ✉❧ ❞ ♠ ❡ ❛ ♥
♦❧ ✈ ❛ ❜✐❧✐ ② ♦❢ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ♦ ❜❧ ❡ ♠ ✳ ❚ ❤ ❡ ✜ ❡ ✉❧ ✐ ♥ ❤✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ✇ ❛ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ⟨ E 6 ⟩

❛ ♥ ❞ ♠ ♦ ❡ ❢ ♦ ⟨ E 6 n − 5 ⟩ ❜ ② ❉✳ ❇❧ ❛ ♥ ✉ ❤ ❛ ✐ ♥ ✶ ✾ ✺ ✺ ❬ ✺ ✵❪✳ ▲ ❛ ❡ ❛❧ ♦ ♦ ❤ ❡ ❛ ✉ ❤ ♦ ♠ ❛ ❞ ❡ ❛ ❧ ♦ ♦❢
❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ✱ ♣ ❛ ✐ ❝ ✉❧ ❛ ❧ ②✱ ❊✳ ❘ ♦ ❡ ♥ ❞ ♦ ♥ ✐ ♥ ✶ ✾ ✻ ✵ ❢ ♦ ⟨ E 5 ⟩✳ ❚ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ♦ ❜❧ ❡ ♠ ✇ ❛ ♦❧ ✈ ❡ ❞
♣ ❡ ❝ ✉❧✐ ❛ ❧ ② ❜ ② ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ❛ ♥ ♥ ❡ ❛ ❤ ❡ ❛ ♠ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❛ ❜✐❧✐ ②✱ ❜ ✉ ✐ ♥ ♦ ⟨ P n + 1 ⟩✱ ✕ ❡ ❡ ❛ ❜ ♦ ✈ ❡✳

❉ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❛ ♥ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ✉ ❢ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ♦ ✐ ♥ ❡ ✉ ♣ ❡ ❞
♦❢ ❛ ♥ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ♣ ❡ ♣ ❛ ❝ ❡✱ ❜ ✉ ✐ ✐ ✐ ♥ ❡ ✉ ♣ ❡ ❞ ♦ ♥❧ ② ♦❢ ✐ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤
❛ ♣ ✐ ♦ ✐ ♠ ❛ ② ❜ ❡ ✐ ♥ [(n + 1) , ∞ )✳ ❆ ♣ ♦ ❡ ✐ ♦ ✐ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ✉✐ ❡ ❞ ❡ ✜ ♥✐ ❡✳ ❉✐ ♠ ❡ ♥ ✐ ♦ ♥
♦❢ ❛ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ✉ ❢ ❛ ❝ ❡ ✐ ❤ ❡ ❛ ♠ ❡ ❢ ♦ ❛❧❧ ✐ ❤ ♦ ♠ ❡ ♦ ♠ ♦ ♣ ❤✐ ♠ ✱ ✐ ✐ ❡ ✉ ❛❧ ♦ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥
♦❢ ❛ ❛ ♥ ❣ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ♥ ❛❧❧ ✐ ♣ ♦✐ ♥ ✳ ❚ ❤ ❡ ❧ ❛ ❡ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ❛ ♥ ♦ ♥ ❡✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧
❛ ♥ ❣ ❡ ♥ ❧✐ ♥ ❡ ♦ ❛ ❝ ✉ ✈ ❡ ✱ ❜ ✉ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ✐ ❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ♠ ❛ ② ❜ ❡ ✐ ♥ [ 2, ∞ )✳ ❙ ♦✱ ❛ ♥ ✐ ♥ ✜ ♥✐ ❡
❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥ ❛ ♣❧ ❛ ♥ ❡✱ ❤ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ✐
❡ ❛❧✐ ③ ❛ ❜❧ ❡ ✐ ♥ ❤ ❡ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ❛ ❝ ❡ ✇ ❧✐ ♥ ❡✳



✶ ✺ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✷✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❚ ❍ ❊ ✹ ❉ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ❙ ❆ ❈ ❊

❆ ✐ ♠✐❧ ❛ ❝ ✉ ✈ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ✉ ✈ ❛ ✉ ❡ ✐ ❡ ❛❧✐ ③ ❛ ❜❧ ❡ ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ❤ ❡
❤ ② ♣ ❡ ❜ ♦❧ ❛✳ ❯❧✐ ❡ ❉✐ ♥✐✱ ❡❧ ❡ ✐ ♥ ❳■ ❳ ❝ ❡ ♥ ✉ ②✱ ✇✐ ❤ ♦❧ ✈✐ ♥ ❣ ❛ ♣ ♦ ❜❧ ❡ ♠ ♣ ♦ ❡ ❞ ❜ ② ❇ ❡❧ ❛ ♠✐ ♦❢
❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ♦ ♥ ❡ ✉ ❢ ❛ ❝ ❡ ♦ ♥ ❛ ❡ ❝ ♦ ♥ ❞ ✉ ❢ ❛ ❝ ❡ ✐ ♥ ✉ ❝ ❤ ❛ ✇ ❛ ② ❤ ❛ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ✜

❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❬ ✹ ✻❪ ✭✐ ♥ ♦ ✉ ❈ ❤✳ ✻ ❆ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ↔ ❛ ❝ ✐ ①✮✱
♦ ♣ ❡ ♥ ❡ ❞ ❤ ❡ ❤ ❡❧✐ ❝ ❛❧ ✇✐ ✐ ♥ ❣ ♦❢ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✐ ♥ ♦ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤ ❡❧✐ ❝ ♦✐ ❞ ✇✐ ❤
❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❝ ✉ ✈ ❛ ✉ ❡✳ ❍ ❡ ❡❧✐ ♠✐ ♥ ❛ ❡ ❞ ❢ ♦ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✐ ❡ ❣ ✉❧ ❛ ✐ ② ✐ ♥ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❛ ❝ ❡✱
✉ ♥✐ ♥ ❣ ✐ ❝✐ ❝ ✉❧ ❛ ❡ ✉ ❛ ♦ ✐ ♥ ❝ ❡ ✇ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ✐ ♥ ✐ ♥ ✜ ♥✐ ❡❧ ② ❢ ❛ ❤ ♦ ♦ ❝ ② ❝❧ ❡✳ ■ ♥ ❡ ❡ ✐ ♥ ❣❧ ②✱

❤✐ ❡ ❛ ❝ ❤ ❡ ✇ ❛ ❊ ✉ ❣ ❡ ♥✐ ♦ ❇ ❡❧ ❛ ♠✐✱ ❤✐ ❢ ❛ ✈ ♦ ✐ ❡ ✉ ❞ ❡ ♥ ✇ ❛ ❘✐ ❝ ❝✐ ❈ ✉ ❜ ❛ ♦ ✕ ✸ ❣ ❡ ♥✐ ✉ ❡ ✦✦✦
■ ♦ ♠ ❡ ✐ ❝ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❢ ❡ ❡ ♠ ♦ ✐ ♦ ♥

♦❢ ✜ ❣ ✉ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ✉ ❢ ❛ ❝ ❡ ✭ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✉ ♣ ♣ ❡ ✱ ❛ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
♣ ❛ ❝ ❡✱ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ✉ ❢ ❛ ❝ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❝ ✉ ✈ ❛ ✉ ❡✮ ❞✐ ✛ ❡ ✈ ❡ ② ♠ ✉ ❝ ❤

✐ ♥ ✈✐ ✉ ❛❧✐ ② ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ①✐ ②✳ ❚ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✲ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♠ ❛ ② ❜ ❡ ❝❧ ❡ ❛ ❧ ②
❡ ❛❧✐ ③ ❡ ❞ ✐ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❜ ♦ ❤ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ❛ ♥ ❞ ❛ ♦ ♥ ❡ ❡ ♣ ♦ ♥ ❡ ♦ ♥ ❤ ❡

❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✐ ♥ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❊ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✻ ❆✮✳

✶ ✷✳ ✷ ❘ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❡ ♥ ♦ ❢ ♦ ♠

❚ ❤ ❡ ❡ ✐ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠ ♦❢ ❤ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ♠ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧

❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ❛ ❞✐ ✉ R ✱ ✇ ❤ ❛ ✐ ✐ ♥❢ ❡ ❡ ❞ ❜ ② ❤ ❡✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧✐ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❘✳
❚ ❤ ❡ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ v ❛ ♥ ❞ u ♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ✐ ♥ ⟨ P n + 1 ⟩ ❛ ❡

❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡✐ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ (x k , y)✱ k = 1 , . . . , n✱ ❛ ❛ ✉❧ ❡✱ ✐ ♥ ❤ ❡
❜ ❛ ❡ Ẽ 1 ✭ ❋✐ ❣ ✉ ❡ ✹✮✳ ❆ ♥ ② ❡❧ ❡ ♠ ❡ ♥ ♦ ♥ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✇✐ ❤ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ♠ ❛ ② ❜ ❡
✉ ♥✐ ✉ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✧ ♥ ✧ ❡ ♣ ❡ ❝✐ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ❢ ♦❧❧ ♦ ✇ ✿ u = R i ❢ ♦ ❤ ❡
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✭ ✇✐ ❤ ρ = + i R✮ ❛ ♥ ❞ v = R p ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✭ ✇✐ ❤ ρ = + R ✮✱ ✇ ❤ ❡ ❡
i = ( si n h γ · e α , c o s h γ ) ′ ❛ ♥ ❞ p = ( c o s h γ · e α , si n h γ ) ′ ❛ ❡ ❤ ❡ ✉ ♥✐ ② ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡
✹✲ ✈ ❡ ❝ ♦ ✐ ♥ ⟨ P n + 1 ⟩❀ e α = ⟨c o s α k ⟩ ✐ ❤ ❡✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ c o s α k ✱
k = 1 , . . . , n ✭✐✳ ❡✳✱ ❢ ♦ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ♦ ♥ ■■ ♦ ❝ ♦ ✐ ♥ ❡ ♦ ♥ ■✮✳ ■ ♥ ❜ ❛ ❝ ❦ ❡ ✱ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥
Ẽ 1 ♦❢ ❤ ❡ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ❛ ❡ ❣✐ ✈ ❡ ♥✳ ❋ ♦ ❤ ❡ ♣ ♦✐ ♥ u ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ♦ ♥ ✐ ✉ ♣ ♣ ❡ ♣ ❛ ✱
−→y ✐ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ❢ ♦ ❝ ♦ ✉ ♥ ✐ ♥ ❣ ❛ ❜ ♦❧ ✉ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ❢ ♦ ♠ ❡ ❞ ✇✐ ❤ ✐ ❛ ❞✐ ✉ ✲
✈ ❡ ❝ ♦ R i✳ ❚ ❤ ❡ ❡❢ ♦ ❡ n ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❡ ✉ ✣ ❝✐ ❡ ♥ ✱ ❜ ❡ ❝ ❛ ✉ ❡

n
k = 1 c o s 2 α k = 1 ✳

❋ ♦ ❤ ❡ ♣ ♦✐ ♥ v ♦ ♥ ❤ ❡ ♦ ♥ ❡✲ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✐ ❢ ❛ ♠ ❡ ❛ ①✐ ❧✐ ❡ ✐ ♥ ⟨ E n ⟩✱ ❛ ♥ ❞ ✐ ✐ ❛❧ ✇ ❛ ②
② ♠ ♠ ❡ ✐ ❝ ❛❧ ✇✐ ❤ ❤ ❡ ❛ ①✐ −→y ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✳

■ ❢ ♦ ♠ ❤ ❡ ❛ ♠ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ✇✐ ❤ ✐ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ R p ✳ ■ ♥ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②
✇ ❡ ✉ ❡ ❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ✐ ❛❧ ❛ ♥ ❞ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ② ♣ ❡ ✕ ❡ ❡
❤ ❡✐ ✐ ♥✐ ✐ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❈ ❤ ✳ ✺ ❛ ♥ ❞ ✻✳

❚❡ ♥ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ♦ ✐ ✈ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ Γ ❛ ♥ ❞ Υ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞
❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ❝ ❛ ♥ ❜ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ⟨ P n + 1 ⟩ ✇✐ ❤ { I ± } ♦ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ✭ ✸ ✶ ❆✮✳
❲✐ ❤ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✸ ✷ ✹✮✲✭ ✸ ✷ ✼✮ ❛ ♥ ❞ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✻ ✵✮✱ ✭ ✸ ✻ ✶✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ✉ ❡❢ ✉❧ ❡❧ ❛ ✐ ♦ ♥ ✿

r ot h Γ = c o s h Γ + si n h Γ = ❝ ♦ ❤ ( ± Υ ) + ❝ ❝ ❤ Υ = r ot h Υ ,

d e f h Γ = ❡ ❝ ❤ Γ + t a n h Γ = t a n h ( ± Υ ) + ❡ ❝ ❤ Υ = d e f h Υ .
✭ ✇ ❤ ❡ ❡ e α e ′

α =
←− −−
e α e ′

α )

r ot h Γ = r ot h Υ

c o s h γ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ si n h γ · e α · · · c o t h υ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ ❝ ❝ ❤ υ · e α

si n h γ · e ′
α c o s h γ · · · ❝ ❝ ❤ υ · e ′

α c o t h υ
. ( 4 9 6 − I )

d e f h Γ = d e f h Υ

❡ ❝ ❤ γ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ − t a n h γ · e α · · · t a n h υ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ − ❡ ❝ ❤ υ · e α

+ t a n h γ · e ′
α ❡ ❝ ❤ γ · · · + ❡ ❝ ❤ υ · e ′

α t a n h υ
. ( 4 9 6 − I I )



✶ ✷✳ ✷ ❘ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❡ ♥ ♦ ❢ ♦ ♠ ✶ ✺ ✼

si n h ( Γ , Υ ) = ❝ ❝ ❤ ( Υ , Γ ) , c o s h ( Γ , Υ ) = c o t h ( Υ , Γ ) . t a n h ( Γ , Υ ) = ❡ ❝ ❤ ( Υ , Γ ) .

c o s h 2 ( Γ , Υ ) − si n h 2 ( Γ , Υ ) = I = c o t h 2 ( Υ , Γ ) − ❝ ❝ ❤ 2 ( Υ , Γ ) − ✇ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ .

t a n h 2 ( Γ , Υ ) + ❡ ❝ ❤ 2 ( Γ , Υ ) = I = ❡ ❝ ❤ 2 ( Υ , Γ ) + c o s h 2 ( Υ , Γ ) − ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ .






( 4 9 6 − I I I )

❈ ♦ ♦❧❧ ❛ ② ✸ ✳ ■ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥ ⟨ P n + 1 ⟩ ✇✐ ❤ ❛ ♥ ❣❧ ❡ γ ✱ υ ❛ ♥ ❞ ✐ ♥ ✜ ♥✐ ❡ ❛ ♥ ❣❧ ❡ δ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿
γ + υ < δ = ∞ ❛ ♥ ❞ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ γ = υ ↔ γ = ω ↔ υ = ω, Γ = Υ ⇔ Γ = Ω ⇔ Υ = Ω ✕ ❡ ❡
♦ ✐ ❣✐ ♥ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ✭ ✸ ✺ ✾✮✲✭ ✸ ✻ ✶✮ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ✭ ❈ ❤✳ ✻✮✳

❲❡ ✉ ❡ ❞ ❘ ✉❧ ❡ ✹ ❛ ♥ ❞ ✺ ✭ ❈ ❤✳ ✺✮ ❢ ♦ ❤ ❡ ❡ ♥ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ✭ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞
♦ ♥ ❡✲ ❡ ♣ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✮ ✇✐ ❤ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ✐ ♥ ❈ ❤✳ ✻ ❛ ♥ ❞ ❤ ❡ ❡ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ✳

❙ ♦✱ ❛❢ ❡ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❤ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❡ ❝ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ✐ ♥ ✭ ✹ ✾ ✻✲ ✶✮ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡
Γ ❜ ② ✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ Υ ❛ ❤ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ Γ → Υ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ❘ ✉❧ ❡ ✱ ❤ ❡ ♥ ❡ ✇
♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ Υ ❣✐ ✈ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❣ ❛✐ ♥ ❛ Γ ✳ ❚ ❤✐ ✐ ♣ ❡ ❛ ❞ ✐ ♥ ♦ ⟨ P n + 1 ⟩✳ ❆ ♥ ❛❧ ♦ ❣ ♦ ✉
♣ ❡ ❝ ✉❧✐ ❛ ✐ ② ❛ ❝ ❢ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ♥ ❡✲ ❡ ♣ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❈ ❤✳ ✺ ❆✳

❚ ❤ ❡ ❡ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ Γ ❛ ♥ ❞ Υ ✐ ♥ ❡ ♥ ♦ ✈ ❛ ✐ ❛ ♥ ♦❢ ❡❧ ❛ ✐ ♦ ♥ ✭ ✸ ✻ ✵✮✱
❈ ❤✳ ✻✱ ✐ ♥ ❡ ♥ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥ ⟨ P n + 1 ⟩ ✐ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❤ ❛ ♥ ❦ ♦
❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ✉ ✉ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ✐ ♥ ❡✲ ✐ ♥ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ✐

❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✕ ❝ ♦ ❡ ❝ ❛ ♥ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✇✐ ❤ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ②
❛ ♥ ❣❧ ❡ Υ ✱ ✇ ❤ ❛ ✐ ❤ ♦ ✇ ♥ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡❧ ② ❛ ❋✐ ❣ ✉ ❡ ✹✳

❋ ❛ ❝ ✉ ❛❧❧ ② ✐ ♥ ❤ ❡ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ♣ ❛✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ♣❧ ❛ ② ♦❧ ❡ ♦❢ ❛ ♥ ❛ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡ ✐ ♥
❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✭ ❡ ❝ ✳ ✻✳ ✹✮✱ ❜ ✉ ✐ ♥ ❤ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❡ ❝ ❛ ♥ ♣ ❛✐ ❤✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

❛ ♥ ❣❧ ❡ ♣❧ ❛ ② ♦❧ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡✱ ❜ ✉ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ②
♦ ❜ ✉ ❡ ❛ ♥ ❣❧ ❡ ❛ ✐ ♥ ✐ ♥ ✐ ❝ ♦ ♥ ❡ ✭ ✇✐ ❤ ✐ ♥ ✜ ♥✐ ❡ ❛ ♥ ❣❧ ❡ + δ ✮ ❛ ❤ ❡ ❝ ♦ ♥ ❛ ② ✈ ❡ ❡ ① ♦❢ ❤ ❡ ✐ ❣ ❤

✐ ❛ ♥ ❣❧ ❡✦ ❙ ❡ ❡ ❤✐ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ② ✐ ♥ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ✇ ♦ ✐ ❞ ❡ ♦❢ ❈ ♦ ✈ ❡ ♦ ♦ ✉ ❜ ♦ ♦ ❦✳ ■ ♠ ❛ ♥✐❢ ❡
✐ ❡❧❢ ✐ ♥ ❛ ♥ ✉ ♥ ✉ ✉ ❛❧ ✇ ❛ ② ✐ ♥ ❡ ✈ ❡ ❛❧ ♣❧ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✱ ❡ ① ♣❧ ❛✐ ♥✐ ♥ ❣ ❤ ❡ ❞ ❛ ❦ ♣❧ ❛ ❝ ❡ ✳

❆ ✇ ❡ ❤ ❛ ✈ ❡ ❡ ❡ ♥✱ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ✐ ✈ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❢ ♦ ♠ ❣✐ ✈ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡
✐ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❜ ♦ ❤ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣
♦ ❤ ❡ ♠ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ♦❢ ❤ ❡ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ♦ 1 ✳ ❚ ❛ ♥ ❣ ❡ ♥

❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ❞✐ ♣❧ ❛ ② ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ♠ ✐ ♥ ❤ ❡✐ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✐ ♥ ♦ ❡ ❝ ✐❧✐ ♥ ❡ ❛
♠ ❛ ♣ ♣✐ ♥ ❣ ♦ ♥ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♣❧ ❛ ♥ ❡ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❝ ②❧✐ ♥ ❞ ❡ ✳ ❚ ❤ ❡ ② ❞✐ ♣❧ ❛ ② ❛ ❧✐ ♥ ❡ ❛ ♣ ❛ ♦❢
♠ ♦ ✐ ♦ ♥ ❛ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦ ♥ ❤ ❡ ❧ ♦ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ ♣❧ ❛ ♥ ❡ ♦ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✳

❇ ❡ ✐ ❞ ❡ ✱ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ♠ ♦ ❞ ✉❧ ❡ ❢ ♦ ♣ ❛✐ ❡ ❞ ✈ ❡ ❝ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥
♦❢ ❤ ❡ ❛ ♠ ❡ ❦✐ ♥ ❞ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ❡ ✐ ♠✐❧ ❛ ♦ ♦ ♥ ❡ ❢ ♦ ❤ ❡ ❝ ❛❧ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣❧ ❡ ✱
❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡✐ ✈ ❛❧ ❡ ♥ ❝ ② ✐ ❡ ✉ ❛❧ ♦ 1 ✳ ❚ ❤ ✉ ✱ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❤ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡ ❜ ♦ ✉ ♥ ❞ ❜ ② ❝ ❛❧ ❛
❡❧ ❛ ✐ ♦ ♥ ✭ ✸ ✺ ✾✮✱ ✭ ✸ ✻ ✵✮✳ ❋ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ❛❧❧ ❤ ❡ ② ❢ ♦ ♠ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ❤ ❡ ♣ ❛✐ ♦❢ ✐ ♥ ❡✲

❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❡ ❝ ❛ ♥ ✭ ❤ ❡ ❧ ❛ ❡ ✐ ✉ ❡ ♦ ♥❧ ② ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✮✳

❚ ❤ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ♥ ❛ ✉ ❡ ♦❢ ✉ ❝ ❤ ❧✐ ♥ ❡ ❛ ♠ ❛ ♣ ♣✐ ♥ ❣ ❛❧❧ ♦ ✇ ✉ ✐ ♥ ❡ ① ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦ ✐ ♠ ♣ ❛
❤✐ ♥ ❛ ✉ ❡ ❢ ♦ ✇ ♦✲ ❛ ♥ ❞ ♠ ♦ ❡ ❡ ♣ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❤ ❡ ✶✲ ♦ ❞ ❡ ✇✐ ❤ ❤ ❡ ♣ ❡ ❡ ✈ ❛ ✐ ♦ ♥

♦❢ ❤ ❡✐ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❤ ❡ ♠ ♦ ❞ ✉❧ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦ ✳ ❇ ✉ ❤ ❡✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦
❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ❢ ♦ ♠ ✳ ❆ ✇ ❡ ❤ ❛ ✈ ❡ ❡ ❡ ♥ ❛ ❜ ♦ ✈ ❡✱ ✉ ❝ ❤ ♠ ❡ ✐ ❝ ❢ ♦ ♠
♦❢ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ♦ ❡ ❣ ♠ ❡ ♥ ♦ ♥ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✐ ♥ ❤ ❡✐ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ❡ ♠ ❛ ♣ ♣ ❡ ❞ ❡✐ ❤ ❡
✐ ♥ ♦ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✱ ♦ ✐ ♥ ♦ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ✉ ❢ ❛ ❝ ❡✳

❚ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ❛ ❡ ✐ ❞ ❡ ❛❧ ♠ ♦ ❞ ❡❧ ❢ ♦ ❞✐ ♣❧ ❛ ②✐ ♥ ❣ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝
♠ ♦ ✐ ♦ ♥ ✕ ❤ ❡ ♠ ♦ ✈ ❛ ✐ ❡ ❞✦ ❊ ✈ ❡ ♥ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ✉ ❢ ❛ ❝ ❡ ❢ ♦ ✇✐ ❧✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦
✜ ❣ ✉ ❛ ✐ ✈ ❡❧ ② ✜ ✐ ♥ ♦ ❤ ❡ ✈ ❡ ❝ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❛ ♣ ❛ ✐ ❛❧ ❢ ❛ ❣ ♠ ❡ ♥
♦❢ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡ ♠ ♦ ❞ ❡❧✳ ❊ ① ❛ ♠ ♣❧ ❡ ♦❢ ✉ ❝ ❤ ✇ ♦✲ ❡ ♣✱ ♠ ✉❧ ✐ ❡ ♣ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✱ ✇✐ ❤
✐ ♠ ♣❧ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ② ♣ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✱ ❛ ❡ ✉ ❞✐ ❡ ❞ ✐ ♥ ❈ ❤ ✳ ✺ ❆✱ ✻ ❆✱ ✼ ❆✱ ❛ ♥ ❞ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧❧ ② ✐ ♥

3 D ❛ ♥ ❞ 4 D ❡ ♥ ♦ ❢ ♦ ♠ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✳



✶ ✺ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✷✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❚ ❍ ❊ ✹ ❉ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ❙ ❆ ❈ ❊

■ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❛
♦ ♥ ❡ ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✭ ✇ ❤ ❡ ❡ ❤ ❡ ② ❛ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✮✱
❛ ❡ ♦❢ ✐ ♥ ❡ ❡ ♦ ♦✳ ❚ ❤ ❡ ② ❤ ❛ ✈ ❡ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ❢ ♦ ♠ ✭ ✹ ✾ ✻✮ ❛ ♥ ❞ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ✭ ✸ ✻ ✹✮ ✐ ♥
❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✳ ❉ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ♠ ❛ ❞ ❡ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ❤ ❡ ❛ ♠ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Γ ✳

❲✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ Γ ✱ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦
❡ ♥ ♦ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❜✐ ♥ ❛ ②✲ ❝ ❡❧❧ ✉ ❝ ✉ ❡ ✐ ♥ ❤ ❡ ❡✐ ❣ ❡ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✿

{ d e f h Γ } c a n { r ot h Γ } c a n I ± (q = 1)









✳ ✳ ✳

❡ ❝ ❤ γ − t a n h γ
+ t a n h γ ❡ ❝ ❤ γ

✳ ✳ ✳









,









✳ ✳ ✳

c o s h γ si n h γ
si n h γ c o s h γ

✳ ✳ ✳









,









✳ ✳ ✳

+ 1 0
0 − 1

✳ ✳ ✳









.

❚ ❤✐ ✉ ❝ ✉ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ✱ ✐ ♠✐❧ ❛ ❧ ② ♦ ✭ ✹ ✼ ✶✮✱ ❤ ❡ ♣ ✉ ❡ ② ♣ ❡ ♦❢ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ✭ ❛ q = 1 ✮
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❡ ❛ ✉ ❡❧ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❡ ♥ ♦ ✭ ♦ ♥ ❡ ❡ ♣✮ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ = R ′

W · Ẽ 1 ✿

R W · {d e f h Γ } c a n · R ′
W = d e f h Γ ,

d e f h ′ Γ · d e f h Γ = I = d e f h Γ · d e f h ′ Γ ,





(d et d e f h Γ = + 1 .)

▼ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ R ′
W ❛ ❡ ♥ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ { I ± } ❛ ♥ ❞ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ❛ ✐ ♥ ✭ ✹ ✺ ✼✮✳ ❆ ♥ ❞ ❤ ❡

❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❞ ♦ ♥ ♦ ❜ ❡❧ ♦ ♥ ❣ ♦ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣ ❛ ❤ ❡ ② ❞ ♦ ♥ ♦ ❛ ✐ ❢ ② ✭ ✹ ✺ ✽✮ ♦ ✭ ✹ ✻ ✵✮✳ ◆ ♦ ❡✱
❤ ❛ ♠ ❛ ✐ ❝ ❡ d e f h Γ ❛ ❝ ✐ ♥ ✉ ❜✲ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✱ ❜ ✉ ♠ ❛ ✐ ❝ ❡ r ot Θ ❛ ❝ ✐ ♥ ✉ ❜✲ ♣❧ ❛ ♥ ❡ ✳

❘ ❡ ❝ ❛❧❧ ❛❧ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✿ ❘ ✉❧ ❡ ✷ ✭ ❡ ❝ ✳ ✺✳ ✼✱ ✻✳ ✷✮
❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❛ ♥ ❣❧ ❡ ✲ ❛ ❣ ✉ ♠ ❡ ♥ ❞ ♦ ❡ ♥ ♦ ❤ ♦❧ ❞ ❢ ♦ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱
❤ ♦ ✉ ❣ ❤ ❛ ♥ ② ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❛ ♥ ❣❧ ❡ ❝ ♦ ♠ ♠ ✉ ❡ ✇✐ ❤ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✦

❍ ♦ ✇ ❡ ✈ ❡ ✉ ❝ ❤ ❡ ♥ ♦ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ✇✐ ❞ ❡❧ ② ❢ ♦ ❝ ♦ ♥ ♦ ♥✲ ❈ ❛ ❡ ✐ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ♥ ⟨ P n + 1 ⟩✳ ❙ ♦✱
❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ P 3 + 1 ⟩ ❣✐ ✈ ❡ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♠ ♦ ❞ ❡❧ ❢ ♦ ▲ ♦ ❡ ♥ ③ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥
♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ❡ ① ❡ ♥ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✹ ❆✳

❙ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ♦❢ ❤ ❡ ✇ ♦ ② ♣ ❡ ✭ ❛ ❜ ❛ ❝ ✐ ♥ ❛ ♥ ② Ẽ ❛ ♥ ❞ ♣ ❡ ❝✐ ✜ ❝ ✐ ♥ Ẽ 1 ✮
❣ ❡ ♥ ❡ ❛ ❡ ✉ ❛ ✲ ❝✐ ❝❧ ❡ ✭ ✸ ✹ ✶✮✱ ❈ ❤✳ ✻ ❢ ♦ ♠ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♠ ♦ ✐ ✈ ❡ ♠ ❛ ✐ ① ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✿

r ot (iΓ) ≡ d e f h (− iΦ) ⇔ r ot h Γ ≡ d e f Φ
⇕ ⇕

r ot Φ ≡ d e f h Γ ⇔ r ot h (− iΦ) ≡ d e f (iΓ) .

❆❧❧ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❛ ❝ ❤ ❡ ❡ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞
♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳ ❚ ❤ ✉ ✱ ✐❢ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❝ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

d e f h Γ · I ± · d e f h Γ = r ot Φ · I ± · r ot Φ = I ± = r ot h Γ · I ± · r ot h Γ = d e f Φ · I ± · d e f Φ .

❆ ♥ ❞ ❢ ♦ ✉ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❝✐ ❝❧ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ❤ ♦❧ ❞ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ✇ ❡❧❧ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳ ❚ ❤ ❛ ✐ ✇ ❤ ② ❤ ❡ ② ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✇✐ ❤ ❛ ♥ ❣❧ ❡ Γ ❛ ♥ ❞ Φ ♦❢
♦ ❛ ✐ ♦ ♥✱ ❛ ♥ ❞ ❤ ❡✐ ♠✐ ❞ ❞❧ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ I ± ≡ R e f { c o s Φ̃ } ⊖ ≡ R e f { c o s h Γ̃ } ⊖ ✳

■ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ⟨ P n + 1 ⟩ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✱ ❞ ❡ ✜ ♥✐ ♥ ❣ ❡❧ ❛ ✐ ♦ ♥ ✭ ✸ ✹ ✽✮✱
✭ ✸ ✹ ✾✮ ❤ ♦❧ ❞❀ ✐ ♥ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ⟨ Q n + 1 ⟩ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥
❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✱ ❞ ❡ ✜ ♥✐ ♥ ❣ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✺ ✼✮✱
✭ ✷ ✺ ✽✮ ❤ ♦❧ ❞✳ ❇ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✱ ❤ ❡ ✐ ♠ ♣❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ❛ ❝ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❢ ✉ ♥ ❝ ✐ ♦ ♥
φ (γ ) ❛ ♥ ❞ γ (φ ) ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ✉ ✐ ♥ ❈ ❤✳ ✻ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳



✶ ✷✳ ✷ ❘ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❡ ♥ ♦ ❢ ♦ ♠ ✶ ✺ ✾

■ ♥ ♣ ♦ ❝ ❡ ♦❢ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♣ ♦❧ ② ❡ ♣ ♦ ✐ ♥ ❡ ❣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ P n + 1 ⟩ ❛ ♥ ❞ ♦ ♥
❜ ♦ ❤ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱ ✇ ❡✬❧❧ ❞ ❡ ❛❧ ✇✐ ❤ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡
♥ ♦ ♥✲ ♣ ♦✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ♠ ♦ ✈✐ ♥ ❣ ✐ ♥ ❤ ❡ ♠✳ ❚ ❤ ❡ ❡ ✐ ❛ ❞ ❡ ❡ ♣ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♠ ❛ ✐ ①
❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ r ot Θ ❛ ♥ ❞ r ot h Γ ✳ ❋ ♦ r ot h Γ ✱ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❝ ✉ ❡ ♥
✐ ♠ ❡✲❧✐ ❦ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ x k ✳ ❙ ✉ ❝ ✉ ❡ ✭ ✸ ✻ ✷✱ ✸ ✻ ✸✮ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡

♦❢ ♦ ❛ ✐ ♦ ♥ γ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜✲ ❜ ❛ ❡ Ẽ
( 3 )
1 ✳

❘ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ r ot Θ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ✐ ❣ ❡ ♥ ❡ ❛❧ ✉ ❝ ✉ ❡ ✭ ✹ ✼ ✸✮✳ ❙ ♦✱ ✐ ♥ ⟨ P 2 + 1 ⟩✱ ❤ ❡
✉ ❝ ✉ ❡ ♦❢ r ot Θ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ 2 × 2 ✲ ❜❧ ♦ ❝ ❦ ❛ ✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ❡❧❧ ♦❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥

✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✳ ■ ♥ ⟨ P 3 + 1 ⟩✱ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ r ot Θ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ 3 × 3 ✲ ❜❧ ♦ ❝ ❦ ❛ ✐
❡❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ❡❧❧ ♦❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ✐ ♥ ✐ ❞ ❡ ✉ ❜✲ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩✳ ■
❡ ♣ ❡ ❡ ♥ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ✜ ① ❡ ❞ ♥ ♦ ♠ ❛❧ ❛ ①✐ r N ❬ ✷ ✶✱ ♣✳ ✹ ✹ ✼❪✳ ❚ ❤✐ ♣❧ ❛ ♥ ❡ ♦❢
❤ ❡ ♦ ❛ ✐ ♦ ♥✱ ♥ ♦ ♠ ❛❧ ♦ ❤ ❡ ❛ ①✐ ✱ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ♥ ♦ ♠ ❛❧

❛ ①✐ ♦❢ ♦ ❛ ✐ ♦ ♥ r N ∈ ⟨ E 3 ⟩ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ♣ ❛ ♦❢ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✿

r ot Θ

c os θ +
r 2

1

1 + c o s θ
− r 3 + r 1 r 2

1 + c o s θ
+ r 2 + r 1 r 3

1 + c o s θ
0

+ r 3 + r 1 r 2

1 + c o s θ
c os θ +

r 2
2

1 + c o s θ
− r 1 + r 2 r 3

1 + c o s θ
0

− r 2 + r 1 r 3

1 + c o s θ
+ r 1 + r 2 r 3

1 + c o s θ
c os θ +

r 2
3

1 + c o s θ
0

0 0 0 1

. ( 4 9 7)

❈ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ❛ ♥ ❞
∠

Γ ✐ ♥ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✭ ✹ ✼ ✹ ✕ ✹ ✼ ✻✮✱ ❈ ❤✳ ✶ ✶ ❢ ♦ ❤ ❡ ❝ ❛ ❡
♦❢ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ♦❢ ✇ ♦✲ ❡ ♣ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ γ 1 2 ✱ γ 2 3 ✭γ 2 3 ✱ γ 1 2 ✮ ✇✐ ❤

❤ ❡✐ ❡ ♥ ♦ ✉ ❝ ✉ ❡ ✭ ✸ ✻ ✷✱ ✸ ✻ ✸✮ ❛ ♥ ❞ ❤ ❡✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ c o s σ k ✱ c o s
∠
σ k ✱ k = 1 , 2 , 3 ✿

e σ = { c o s σ k } ✱ e ∠
σ

= { c o s
∠
σ k } ✳ ❆ ♣ ♣❧ ②✐ ♥ ❣ ✉ ❝ ✉ ❡ ✭ ✸ ✻ ✷✱ ✸ ✻ ✸✮ ✇✐ ❤ ❢ ♦ ♠ ✉❧ ❛ ✭ ✹ ✼ ✻✮ ✇ ❡ ♦ ❜ ❛✐ ♥✿

r ot ′ Θ 3 × 3 · {e σ · e ′
σ } · r ot Θ 3 × 3 = e ∠

σ
· e ∠

σ

′,

e ∠
σ

= r ot ′ Θ 3 × 3 · e σ = { e ∠
σ

· e ′
σ } · e σ = c o s θ ·

←− − − − −−
{ e ∠

σ
· e ′

σ } · e σ ,

e ′
σ · e ∠

σ
= e ′

∠
σ

· e σ = c o s θ = t r [r ot Θ] 3 × 3 / 2 − 1 .





e 2 · e ′

1 =

← − − − −
e 2 · e ′

1

c o s θ 1 2
( 4 9 8)

■ ♥ ⟨ E 3 ⟩ ∈ ⟨ P 3 + 1 ⟩✱ ❤ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ e σ ❛ ♥ ❞ e ∠
σ
✱ ❜ ② ✭ ✹ ✾ ✽✮✱ ✉ ♥✐ ✉ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✈ ❡ ❝ ♦

♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♥ ♦ ♠ ❛❧ ❛ ①✐ ♦❢ ♦ ❛ ✐ ♦ ♥ r ot Θ 3 × 3 ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✈ ❡ ❝ ♦ ✐ ❛❧ ✐ ♥ ❡ ♣ ♦ ❞ ✉ ❝ ✿

− →r N (θ ) =




r 1

r 2

r 3



 = e ∠
σ

× e σ =







c o s
∠
σ 2 c o s σ 3 − c o s

∠
σ 3 c o s σ 2

c o s
∠
σ 3 c o s σ 1 − c o s

∠
σ 1 c o s σ 3

c o s
∠
σ 1 c o s σ 2 − c o s

∠
σ 2 c o s σ 1





 = − si n θ · − →e N . ( 4 9 9)

{| si n θ | = ||r N || = r 2
1 + r 2

2 + r 2
3 , t r r ot θ = 2( c o s θ + 1) .}

❲❡ ❤ ❛ ✈ ❡ (d et { e ∠
σ
, e σ , − →r N } > 0 → θ < 0) ✱ ✐✳ ❡✳✱ ❛ ❤ ❡ ✐ ♣❧ ❡ (e ∠

σ
, e σ , − →e N ) ✐ ❧ ❡❢ ✲ ❤ ❛ ♥ ❞ ❡ ❞✳ ❚ ❤ ❡

♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ❛ ♥ ❣❧ ❡ θ ✐ ♥ ✭ ✹ ✾ ✽✮✱ ✭ ✹ ✾ ✾✮ ✐ ❛❧ ♦ ❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❛ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡
ε ❜ ❡ ✇ ❡ ❡ ♥ ✉ ♥✐ ② ✈ ❡ ❝ ♦ e α ❛ ♥ ❞ e β ♦❢ ✶✲ ❛ ♥ ❞ ✷✲ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✳ ❇ ✉ ✐ ♥ ⟨ E 3 ⟩ ∈ ⟨ P 3 + 1 ⟩
❛ ♥ ❞ ✐ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ✭ ❈ ❤✳ ✼ ❆✮✱ ❤ ❡ ② ❛ ❡ ❝ ♦ ♥ ❛ ② ❛ ✐ ♥ ✭ ✹ ✾ ✾✮✳ ❆ ❝ ❛ ✉ ❡
♦❢ ❤✐ ❢ ❛ ❝ ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❝❧ ❡ ❛ ❜ ② ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❛ ✐ ♥ ✐ ❝ ❛❧ ❛ ❛ ♥ ❞ ❡ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❣❧ ❡ ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ❛ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ②✲ ✈ ❛❧ ✉ ❡ ❞ ❞ ✉ ❡ ♦ ❤ ❡✐ ♥ ❛ ✉ ❡ ✕ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧

♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✶ ✵ ❆✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❡ ❤ ❡ ❘ ✉❧ ❡ s g n θ 1 3 = − s g n ε ! ✭ ❋ ♦ ✇ ♦✲ ❡ ♣

♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ Q 2 + 1 ⟩ ❛ ♥ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ❡ ❛❧✲

✈ ❛❧ ✉ ❡ ❞ ❛ ♥ ❣❧ ❡ ✭ ❈ ❤✳ ✽ ❆✮✱ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♠ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✱ ✇ ❡ ❣ ❡ ❤ ❡ ❘ ✉❧ ❡ s g n θ 1 3 = + s g n ε ! ✳✮



✶ ✻ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✶ ✷✳ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❚ ❍ ❊ ✹ ❉ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ❙ ❆ ❈ ❊

✶ ✷✳ ✸ ❚ ❤ ❡ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❡❧ ❛ ✐ ✈✐ ②

❆❧❧ ❛ ❡ ♠ ❡ ♥ ❝ ♦ ♥ ❝ ❡ ♥✐ ♥ ❣ ⟨❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ⟩ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤✲
♦ ✉ ✐ ❛ ✣ ♥ ❡ ❝ ♦ ♥ ❡ ♥ ❤ ❛ ✈ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ♠ ✐ ♥ ❛ ♥ ② ⟨❈ ❛ ❡ ✐ ❛ ♥✱ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥✱ ♣ ❡ ✉ ❞ ♦✲
❈ ❛ ❡ ✐ ❛ ♥⟩ ❜ ❛ ❡ ♦❢ ⟨❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ⟩ ♣ ❛ ❝ ❡✳ ❙ ♦✱ ❛ ♥ ② ❣ ❡ ♦ ♠ ❡ ②
✇✐ ❤ ❤ ❡ ✐ ♠ ♣❧ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ❛ ❡ ♦❢ ✐ ♦ ✇ ♥ ❤ ❡ ♦ ❡ ♠ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ✐ ♥ ♣ ❛
♦❢ ❤ ❡ ❡ ❤ ❡ ♦ ❡ ♠ ♦ ♥ ❛ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ✐ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜ ❛ ❡✳ ■ ♥ ♦ ❤ ❡ ✇ ♦ ❞ ✱ ⟨❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ✉ ❛ ✐✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ⟩ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❝ ♦ ♥ ❡ ✈ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ♠ ✉ ♥ ❞ ❡ ❤ ❡✐ ❛ ❞ ♠✐ ✐ ❜❧ ❡

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ⟨♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ✉ ❛ ✐✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ♣ ❡ ✉ ❞ ♦✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ⟩ ❛ ♥ ❞ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✳

❚ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❡❧ ❛ ✐ ✈✐ ② ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✐ ♥ ❛ ♥ ② ✢ ❛ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ✉ ❛ ❞ ❛ ✐ ❝✲
② ♣ ❡ ♠ ❡ ✐ ❝ ✕ ❤ ✉ ✱ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❣ ❡ ♦ ♠ ❡ ②✳ ❋ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ✐ ♥ ❙ ❚ ❘ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✐ ✐ ❛

♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♦ ✉ ❝ ❡ ❢ ♦ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ♦ ✉❧ ❛ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❜ ② ● ❛❧✐❧ ❡✐✲ ♦✐ ♥ ❝ ❛ ✁❡ ✭ ✶ ✻ ✸ ✻✱ ✶ ✾ ✵ ✹✮✱
❤ ❛ ❛❧❧ ♣ ❤ ② ✐ ❝ ❛❧ ❧ ❛ ✇ ❤ ❛ ✈ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ♠ ✐ ♥ ❛ ♥ ② ✉ ♥✐❢ ♦ ♠❧ ② ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❧ ② ♠ ♦ ✈✐ ♥ ❣ ❢ ❛ ♠ ❡ ♦❢
❡❢ ❡ ❡ ♥ ❝ ❡ ✉ ♣ ♦ ♥ ❡ ❛ ❧ ② ❧✐ ❣ ❤ ✈ ❡❧ ♦ ❝✐ ②✱ ✐✳ ❡✳✱ ✉ ♥ ❞ ❡ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧✲

♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠ ✉ ♥✐ ❡ ✇ ♦ ✐ ♥ ❝✐ ♣❧ ❡ ✳ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡
❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❞✐ ✈✐ ❞✐ ♥ ❣ ❛ ② ♠ ♣ ♦ ✐ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❛ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✿

⟨ P 3 + 1 ⟩ ≡ ⟨ E 3 ⟩ ( k ) ⊠
−→
ct ( k ) ≡ ❈ ❖ ◆ ❙ ❚ , (n = 3 , q = 1); ∆ ct > 0 ! ( 5 0 0)

❈ ♦ ♥ ❛ ②✱ ❦✲ ❤ ⟨ E 3 ⟩ ❛ ♥ ❞
−→
ct ❛ ❡ ❡❧ ❛ ✐ ✈ ❡✱ ❝ ❤ ❛ ♥ ❣ ❡ ✉ ♥ ❞ ❡ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢

❤ ❡ ❜ ❛ ❡ ✱ ❜ ✉ ❛❧ ✇ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ②✦ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ② ✇✐ ❤ ❤ ❡✐ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ❛ ② ✐ ♥ ♦ ✇ ♥
❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❡✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( k ) ❛ ♥ ❞ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ( k ) ❛ ❡

❡❧ ❛ ✐ ✈ ❡✱ ❜ ✉ ♠ ✉ ✉ ❛❧❧ ② ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❛ ❞✐ ❡ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩✳
❉ ✉ ❡ ♦ ✐ ❞ ❡ ♥ ✐ ② ✭ ✺ ✵ ✵✮✱ ❤ ❡ ❡ ❡ ①✐ ❛ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱
❢ ♦ ❙ ❚ ❘ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ✐ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❡ ① ♣ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡
❛ ❜ ♦ ✉ ❡❧ ❛ ✐ ✈✐ ②✱ ♠ ✉ ✉ ❛❧ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ✉ ♥✐ ② ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❡✦ ❛ ② ❡ ♣ ❡ ❝✐ ❛❧
❛ ❡ ♥ ✐ ♦ ♥ ❤ ❡ ❡ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ◆ ❛ ✉ ❡✬ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ❥ ✉ ❛ ❡❧ ❛ ✐ ✈ ❡ ❛ ❤ ❡ ✐ ♠ ❡✦

▲ ❡ Ẽ m = r ot h Γ( v ) · Ẽ 1 ✱ ✇ ❤ ❡ ❡ v ✐ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ②✳ ■ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩ ♦❢ ❤✐
♦ ❛ ✐ ♦ ♥✲ ♠ ♦ ✐ ♦ ♥✱ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ✐ ♥ Ẽ m ❛ ❡ ❡ ❡ ♠✐ ♥ ❣ ✐ ♥ Ẽ 1 ❛ ✐❢ ❞✐❧ ❛ ❡ ❞ ✐ ♥ ❤ ❡

❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ✈ ✇✐ ❤ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ c o s h γ ≡ s e c φ (γ ) ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ✐ ♥ Ẽ 1 ✳ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ②
❝ ♦ ♥ ❡ ✈ ❡ ✐ ♥ ⟨ P 1 + 1 ⟩ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ♦❢ ❧ ❡ ♥ ❣ ❤ ❛ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ♦ ♦ ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹✳
❇ ② ❤✐ ❣ ❛ ♣ ❤✐ ❝ ❡ ❛ ♦ ♥✱ ❍ ❡ ♠ ❛ ♥ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✶ ✾ ✵ ✽ ❬ ✻ ✻❪✮ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ❤✐ ♥ ❡ ✇ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡
♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦ ♥ ✉ ❝ ❤ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❤ ❡ ❡ ♠ ✧ ❞✐❧ ❛ ✐ ♦ ♥ ✧ ❢ ♦ ✐ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡
❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ✐ ♥ ♠ ♦ ✈✐ ♥ ❣ ② ❡ ♠ Ẽ m ✳ ❍ ♦ ✇ ❡ ✈ ❡ ♦ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩✱ ✐ ♥ Ẽ m ✱ ✇ ❡
❤ ❛ ✈ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ✐ ♥ ❡ ✈ ❛❧ ♦❢ ❤ ❡ ❣✐ ✈ ❡ ♥ ❡ ✈ ❡ ♥ ✇✐ ❤ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
c o s h − 1 γ (v ) ✭ ❈ ❤✳ ✺ ❆✮ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ♦ ♥ ❡ ✐ ♥ Ẽ 1 ✳ ❙ ✉ ❝ ❤ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ②
❝ ♦ ♥ ❛ ♥ ❝ ② ♦❢ ❧✐ ❣ ❤ ✈ ❡❧ ♦ ❝✐ ② ✐ ♥ ❛ ♥ ② Ẽ m ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ♦ ✉❧ ❛ ❡ ❬ ✻ ✼❪✳

❙ ✉ ❝ ❤ ♣ ♦❧ ② ❡ ♣ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ♦❢ ❛ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ♦ ❛ ♦ ♥ ❡ ❡ ♣ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥✱
❚ ❤ ♦ ✉ ❣ ❤ ❜ ♦ ❤ ❛ ❡ ❣ ♦ ❡ ♥ ❜ ② ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✳ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣ ❛ ❝ ❡ ♦ ❜❥ ❡ ❝ ✐
❣ ♦ ❡ ♥ ❜ ② ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ❛ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡✐ ❡ ❡ ♠✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ❈ ❤✳ ✹ ❆✮✳

■ ♥ ❤ ❡ 4 D ▲ ❛ ❣ ❛ ♥ ❣✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ L 3 + 1 ⟩ ≡ ⟨ E 3 ⊕
−→
t ⟩ ≡ ❈ ❖ ◆ ❙ ❚ ; ∆t > 0 , E 3 ≡ ❈ ❖ ◆ ❙ ❚ ′✱

❤ ❡ ▲ ❛ ✇ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛ ❡ ❢ ♦ ♠✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥✲
❡ ✐ ❛❧ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ♦ ✉ ♥ ❞ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ■ ✐ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧✲ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧
❢ ♦ ♠ ♦❢ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✳ ❚ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣✐ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡✲ ❛ ♦ ✇ ❢ ♦ ♠ ❛ ♥
❛ ❜ ♦❧ ✉ ❡ ✉ ♥✐ ②✱ ❛ ❤ ❡✐ ✉ ♠ ✐ ❞✐ ❡ ❝ ✱ ❜ ✉ ❤ ❡ ② ❛ ❡ ♥ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞✱ ❤ ❡ ♥ ❝ ❡✱ ♥ ♦ ♠ ✉ ✉ ❛❧❧ ②
❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❛ ✐ ♥ ✭ ✺ ✵ ✵✮✳ ❋ ♦ ♠ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
✐ ❛ ✐ ♠ ♣❧ ❡ ❝ ❛ ❡ ✭ ❛ n = 3 ✱ q = 1 ✮ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E n ⊕ A q ⟩ ✇✐ ❤
❤ ❡ ❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❛ ♥ ❞ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ❣ ♦ ✉ ♣ ♦❢ ❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳

❚ ❤ ❡ ❧ ❛ ❡ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ❛ ♥ ❞ ❤ ❡ ❝ ❛❧ ❛ ✐ ♠ ❡ t✿ ❤ ❡ ❡ ❤ ❡ ② ❛ ❡

❛ ❜ ♦❧ ✉ ❡ ✐ ♥ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❡ ♥ ❡✳ ❚✐ ♠ ❡✲ ❛ ♦ ✇
−→
t ✉ ♥ ❞ ❡ ❧ ♦ ♣ ❡ t a n ✈ ✐ ♥ ♦ ❝ ♦ ♥ ❛ ♥ ❛ ❛ ❞✐ ❡ ❝ ❡ ❞

✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ L 3 + 1 ⟩✳ ■ ✐ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ♦✲ ❝ ❛❧❧ ❡ ❞ ✧ ♠✐ ❞ ❞❧ ❡ ♦ ❛ ✐ ♦ ♥ ✧ ✕ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ⟨ E 3 ⟩ ✭ ❡ ❡ ♠ ♦ ❡ ❢ ✉ ❤ ❡ ✐ ♥ ❈ ❤✳ ✶ ❆ ♦❢ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✮✳



✶ ✷✳ ✸ ❚ ❤ ❡ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❡❧ ❛ ✐ ✈✐ ② ✶ ✻ ✶

❋ ♦ ♠ ❤ ❡ ♦ ❤ ❡ ✐ ❞ ❡✱ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❝ ❛ ②
♦ ✉ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛❧ ♦ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ♥ ❡ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ✐ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✜ ① ❛✲
✐ ♦ ♥ ♦❢ ❛ ♥ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ❛ ❡ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ✇ ❤✐ ❝ ❤

❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ✐ ♥ ❤ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ i, j ✇✐ ❤ ✐ ♠ ♠ ♦ ❜✐❧ ❡ ❖ ❜ ❡ ✈ ❡ ✳ ❘ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♥ ❛ ✉ ❡
♦❢ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ❛ ✉ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛✲
✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ❲✐ ❤ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❬ ✻ ✼❪✱ ❙ ❚ ❘ ✇ ❛ ❜ ❛ ❡ ❞✱ ✐ ♥ ❤ ❛

♥ ✉ ♠ ❜ ❡ ✱ ✇✐ ❤ ❤ ❡ ❛ ✐❢ ❛ ①✐ ♦ ♠ ❛ ✐ ❝ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ②✳ ❋ ❛ ❝ ✉ ❛❧❧ ② ❤✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ❤ ❛ ❤ ❡ ♠ ❡ ❞✐ ❛ ♥ ❛ ♥ ❞ ❤ ❡✐ ❣ ❤ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱ ✇ ❤✐ ❝ ❤ ♠ ♦ ✐ ✈ ❛ ❡ ❞ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ❙ ❚ ❘✳

❚ ❤ ❡ ❛ ❜ ❛ ❝ ❛ ♥ ❞ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✭ ❤ ❡ ❧ ❛ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡
✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✮ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♥✐ ✐ ❛❧❧ ② ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱ ❛ ♥ ❞ ❛❧ ♦
❛ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ♦❢ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡
❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ✳ ❚ ❤✐ ❡ ♥ ❛ ❜❧ ❡ ♦ ♥ ❡ ♦ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ♠ ♦ ♠ ❡ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ②
♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ❛ ♥ ❞ ⟨ P n + 1 ⟩ ❜ ② ✐ ♠✐❧ ❛ ❝❧ ❡ ❛ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳

■ ♥ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ②✱ ❛ ♠ ❛ ❣ ♥✐ ✉ ❞ ❡ R ✐ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ● ❛ ✉ ✕ ❙ ❝ ❤ ✇ ❡✐ ❦ ❛
❈ ♦ ♥ ❛ ♥ ✭1 / R = K ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❤ ❡ ❞✐ ♦ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✢ ❛ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✮❀
i R ✐ ❤ ❡ ❛ ❞✐ ✉ ♦❢ ❛ ✧ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ▲ ❛ ♠ ❜ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❤ ❡ ❡ ✧ ✱ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ✶ ✾ ✵ ✾
❜ ② ❍✳ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ❤ ❡ ✉ ♣ ♣ ❡ ❤ ❡ ❡ ♦❢ ❤✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳ ❚ ❤✐ ❏✳ ▲ ❛ ♠ ❜ ❡ ✬ ♦ ✐ ❣✐ ♥ ❛❧ ✐ ❞ ❡ ❛
❛ ♥ ❞ ✐ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ❜ ② ❋✳ ❚ ❛ ✉ ✐ ♥ ✉ ♣ ♦✐ ♥ ❡ ❞ ♦ ✉ ❤ ❡ ✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ♥ ❛ ✉ ❛❧ ✇ ❛ ② ❢ ♦ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ✇ ❤ ♦❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ♣ ❤ ❡ ❡ ♦❢ ✐ ♠ ❛ ❣✐ ♥ ❛ ②
❛ ❞✐ ✉ i R✳ ❚ ❤✐ ✇ ❛ ② ❜ ❡ ❝ ❛ ♠ ❡ ✉✐ ❡ ♣ ♦ ✐ ❜❧ ❡ ❛❢ ❡ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦❢ q = 1

❜ ② ❍✳ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✸❪ ❛ ♥ ❞ ❧ ❛ ❡ ✐ ♥ ✶ ✾ ✵ ✾ ❜ ② ❍✳ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❬ ✻ ✺❪ ❛ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ❙ ❚ ❘✳
❆✳ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ✐ ♥ ✶ ✾ ✵ ✾ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ❊✐ ♥ ❡✐ ♥ ▲ ❛ ✇

♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❬ ✽ ✻❪✱ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ❛ ❝ ✐ ♥ ❣ ❛ ✐❢ ♦ ♥ ❤ ❡ ♣ ❤ ❡ ❡ ✇✐ ❤ ❤ ❡
✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ❞✐ ✉ i c✳ ❱✳ ❱ ❛ ✐ ✞❝ ❛ ❦ ✐ ♥ ✶ ✾ ✶ ✵ ❝ ♦ ♥❥ ❡ ❝ ✉ ❡ ❞ ❤ ❛ ❤✐ ▲ ❛ ✇ ♦❢ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✉ ♠ ♠✐ ♥ ❣ ✐
✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❤ ❡ ❡ ❣ ♠ ❡ ♥ ✬ ✉ ♠ ♠✐ ♥ ❣ ✐ ♥ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ② ❬ ✽ ✼❪✳ ▲ ❛ ❡ ❋✳ ❑❧ ❡✐ ♥
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♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❜ ✉ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❤ ❡ ♥ ❛ ♥ ❞ ✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ▲ ♦ ❡ ♥ ③✱

♠ ❛ ♥ ❛ ❣ ❡ ❞ ✇✐ ❤✱ ❛ ✐ ❡ ❡ ♠ ♦ ❤ ❡ ♠✱ ✇ ♦ ♣ ✉ ❡❧ ② ♣ ❤ ② ✐ ❝ ❛❧ ♦ ✉❧ ❛ ❡ ✇✐ ❤ ♦ ✉ ❤ ❡ ❡ ✐ ♦ ✉ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ✱
❛ ♦✐ ♥ ❝ ❛ ✁❡ ❞✐ ❞ ✐ ♥ ❤✐ ✇ ♦ ❦ ✳ ❇ ✉ ✇ ❤ ❛ ✐ ❤ ❡ ❊✐ ♥ ❡✐ ♥✬ ♣ ♦ ♦❢ ❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ✳

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ✇✐ ❤ ✇ ♦ ❝ ♦ ♥ ❛ ② ❧✐ ❣ ❤ ❜ ❡ ❛ ♠ ✇ ❛ ② ❢ ♦
✜ ①✐ ♥ ❣ ♦❢ ❤ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ♦❢ ✇ ♦ ❡ ✈ ❡ ♥ ✐ ♥ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ❛ ♥ ❞ ❡ ✐ ♥ ❣ ❢ ❛ ♠ ❡ Ẽ ✱ ❤ ❡ ② ♠ ✉ ♠ ❡ ❡ ❛ ❤ ❡
♠✐ ❞ ❞❧ ❡ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ♣ ❛ ❤✱ ❤ ❛ ✐ ✱ ❛ ❤ ❡ ♠ ❡ ❞✐ ❛ ♥ ♦❢ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ❡ ❞ ✇✐ ❤ ❤ ❡ ❡ ❧✐ ❣ ❤ ❜ ❡ ❛ ♠ ✳
❇ ✉ ❤ ❡ ♥ ❤✐ ♠ ❡ ❞✐ ❛ ♥ ♠ ✉ ❛❧ ♦ ❜ ❡ ❤ ❡ ❤ ❡✐ ❣ ❤ ♦❢ ❤✐ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡✱ ✐ ♥ ❝ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡
♠ ✉ ❜ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ❛ ❞ ❞✐ ✐ ✈ ❡ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✳ ❚ ❤✐ ❢ ❛ ❝ ♦❢ ✐ ❞ ❡ ♥ ✐ ② ♦❢ ❤ ❡ ♠ ❡ ❞✐ ❛ ♥ ❛ ♥ ❞ ❤ ❡ ❤ ❡✐ ❣ ❤ ✐ ♥
❤ ❡ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ❛ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✭✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ②
♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥✐ ✐ ❛❧❧ ② ♦ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✮✱ ✇ ❤✐ ❝ ❤ ✇ ❛ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ✐ ♠ ♣❧✐ ❝✐ ❧ ②✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ❢ ♦ ♠ ✉ ❝ ❤ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥

✐ ✇ ♦ ✉❧ ❞ ❜ ❡ ♣ ♦ ✐ ❜❧ ❡ ♦ ✉ ❜ ❛ ♥ ✐ ❛ ❡ ❧ ♦ ♥ ❣✲ ❦ ♥ ♦ ✇ ♥ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥✳ ■ ♥❢ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ✐ ♠✐❧ ❛ ❞✐ ✣ ❝ ✉❧
❝ ❛ ❡ ❛ ❛❧ ✇ ❛ ② ✿ ✏ ❚ ❤ ❡ ❉ ❡ ✈✐❧ ✐ ✐ ♥ ❞ ❡ ❛✐❧ ✏✳ ■ ✐ ▼✐ ♥ ❦ ♦ ✇ ❦✐✱ ♦✐ ♥ ❝ ❛ ✁❡✬ ❢ ✐ ❡ ♥ ❞ ❛ ♥ ❞ ❊✐ ♥ ❡✐ ♥✬ ❡ ❛ ❝ ❤ ❡ ✱
♦ ♥ ❛ ❞ ✈✐ ❡ ❞ ❊✐ ♥ ❡✐ ♥ ♦ ✉ ❞ ② ♦✐ ♥ ❝ ❛ ✁❡✬ ❤ ❡ ♦ ②✱ ✇ ❤✐ ❝ ❤ ❊✐ ♥ ❡✐ ♥ ❞✐ ❞ ✇✐ ❤ ♦ ✉ ❝✐ ✐ ♥ ❣ ♦✐ ♥ ❝ ❛ ✁❡ ❬ ✶ ✶ ✵❪✳
❈ ❛ ✐ ❡ ❞ ❛ ✇ ❛ ② ❢ ♦ ♠ ② ♦ ✉ ❤ ❜ ② ❉ ♦ ♦ ❡ ✈ ❦ ②✬ ♥ ♦ ✈ ❡❧ ✇✐ ❤ ❤ ❡✐ ❡ ① ❡ ♠ ❡ ❤ ❡ ♦ ❛ ♥ ❞ ♣ ❤✐❧ ♦ ♦ ♣ ❤ ② ✭✏■❢ ❤ ❡ ❡
✐ ♥ ♦ ● ♦ ❞✱ ❤ ❡ ♥ ❡ ✈ ❡ ② ❤✐ ♥ ❣ ✐ ❛❧❧ ♦ ✇ ❡ ❞✦✑ ✮✱ ❢ ♦ ❛ ❧ ♦ ♥ ❣ ✐ ♠ ❡ ❊✐ ♥ ❡✐ ♥ ❞✐ ❞ ♥ ♦ ❛ ❛ ❝ ❤ ✐ ♠ ♣ ♦ ❛ ♥ ❝ ❡ ♦ ❤ ❡
♥ ❡ ❡ ❞ ♦ ❡❢ ❡ ♦ ♣ ❡ ✈✐ ♦ ✉ ❛ ✉ ❤ ♦ ❛ ♥ ❞ ❤ ❛ ❞ ❜ ❡ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♦ ❛ ❝✐ ♠ ❢ ♦ ♠ ♦ ♠ ❡ ❡ ♠✐ ♥ ❡ ♥
● ❡ ♠ ❛ ♥ ❝✐ ❡ ♥ ✐ ✇✐ ❤ ◆ ♦ ❜ ❡❧ ❧ ❛ ✉ ❡ ❛ ❡ ✱ ❛ ♥ ❞ ❢ ♦ ♠ ❊ ♥ ❣❧ ❛ ♥ ❞ ❜ ② ❡ ♠✐ ♥ ❡ ♥ ❊ ❞ ♠ ✉ ♥ ❞ ❲ ❤✐ ❛ ❦ ❡ ❬ ✶ ✵ ✻❪✳

■ ♥ ✐ ✉ ♥✱ ❛ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ❤ ❡ ✷ ✵ ❤ ❝ ❡ ♥ ✉ ②✱ ♦✐ ♥ ❝ ❛ ✁❡✬ ✇ ✐ ✐ ♥ ❣ ✇ ❡ ❡ ✈ ❡ ② ♣ ♦ ♣ ✉❧ ❛ ❛ ♥ ❞
♠ ✉ ❝ ❤ ❧ ❛ ❣ ❡ ❤ ❛ ♥ ❤ ♦ ❡ ♦❢ ❊ ♥ ▼ ❛ ❝ ❤ ✇✐ ❤ ❤✐ ♣ ♦ ✐ ✐ ✈✐ ♠✳ ■ ♥ ✶ ✾ ✵ ✹✱ ❤ ❡ ✇ ❛ ❡ ✈ ❡ ♥ ✐ ♥ ✈✐ ❡ ❞ ✐ ♥ ❤ ❡ ❯ ❙ ❆
♦ ❣✐ ✈ ❡ ❧ ❡ ❝ ✉ ❡ ❢ ♦ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ✱ ❤ ❛ ♣ ♦ ♣ ✉❧ ❛ ✐ ③ ❡ ❞ ❤✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ❞ ❡ ❛ ✳

■ ♥ ✶ ✾ ✵ ✵✱ ✐ ♥ ❤ ❡ ❛ ✐ ❝❧ ❡ ✏ ▲ ❛ ❚ ❤ ✁❡ ♦ ✐ ❡ ❞ ❡ ▲ ♦ ❡ ♥ ③ ❡ ❧ ❡ ✐ ♥ ❝✐ ♣ ❡ ❞ ❡ ✁❡ ❛ ❝ ✐ ♦ ♥ ✧ ❬ ✹ ✽❪✱ ♦✐ ♥ ❝ ❛ ✁❡✱ ✇✐ ❤

♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❢ ♦ ♠ ✉❧ ❛ m = E / c 2 ✱ ❣✐ ✈ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ✧ ❡ ♠ ♣ ❧ ♦ ❝ ❛❧ ❞ ❡ ▲ ♦ ❡ ♥ ③ ✧✿

✏ ❈✬ ❡ ❧ ❡ ❡ ♠ ♣ ❞✬ ♦ ❜ ❡ ✈ ❛ ❡ ✉ ♠ ♦ ❜✐❧ ❡ ✉✐ ✁❡ ❣❧ ❡ ♥ ❧ ❡ ✉ ❤ ♦ ❧ ♦ ❣ ❡ ♣ ❛ ❞ ❡ ✐ ❣ ♥ ❛ ✉ ① ♦ ♣ ✐ ✉ ❡ ❡ ♥ ✐ ❣ ♥ ♦ ❛ ♥

❧ ❡ ♠ ♦ ✉ ✈ ❡ ♠ ❡ ♥ ❞ ❡ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ❞ ♦ ♥ ✐❧ ♦ ♥ ❛ ♥✐ ♠ ✁❡ ✳✑ ■ ♥ ✶ ✾ ✵ ✷✱ ✐ ♥ ♦ ✇ ♥ ♣ ♦ ♣ ✉❧ ❛ ❜ ♦ ♦ ❦ ✏ ▲ ❛ ❙ ❝✐ ❡ ♥ ❝ ❡ ❡ ❧✬

❍ ② ♣ ♦ ❤ ❡ ❡✑ ❤ ❡ ✇ ✐ ❡ ✿ ✏■❧ ♥✬ ② ♣ ❛ ❞✬ ❡ ♣ ❛ ❝ ❡ ❛ ❜ ♦❧ ✉✱ ❡ ♥ ♦ ✉ ♥ ❡ ❝ ♦ ♥ ❝ ❡ ✈ ♦ ♥ ✉ ❡ ❞ ❡ ♠ ♦ ✉ ✈ ❡ ♠ ❡ ♥ ❡❧ ❛ ✐❢

✳ ✳ ✳ ■❧ ♥✬ ② ♣ ❛ ❞ ❡ ❡ ♠ ♣ ❛ ❜ ♦❧ ✉✿ ❞✐ ❡ ✉ ❡ ❞ ❡ ✉ ① ❞ ✉ ✁❡ ❡ ♦ ♥ ✁❡ ❣ ❛❧ ❡ ✱ ❝✬ ❡ ✉ ♥ ❡ ❛ ❡ ✐ ♦ ♥ ✉✐ ♥✬ ② ♣ ❛ ❞ ❡

❡ ♥ ♣ ❛ ❡❧❧ ❡✲ ♠ ✂❡ ♠ ❡ ❡ ✉✐ ♥ ❡ ♣ ❡ ✉ ❡ ♥ ❛ ❝ ✉ ✁❡ ✐ ✉ ♥ ✉ ❡ ♣ ❛ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ✳ ✳ ✳ ◆ ♦ ✉ ♥✬ ❛ ✈ ♦ ♥ ♣ ❛ ❧✬✐ ♥ ✉✐ ✐ ♦ ♥

❞✐ ❡ ❝ ❡ ❞ ❡ ❧ ❛ ✐ ♠ ✉❧ ❛ ♥ ✁❡✐ ✁❡ ❞ ❡ ❞ ❡ ✉ ① ✁❡ ✈ ✁❡ ♥ ❡ ♠ ❡ ♥ ✉✐ ❡ ♣ ♦ ❞ ✉✐ ❛ ♥ ✉ ❞ ❡ ✉ ① ❤ ✁❡ ✂❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ✳ ✳ ✳ ◆ ♦ ✉

♣ ♦ ✉ ✐ ♦ ♥ ✁❡ ♥ ♦ ♥ ❝ ❡ ❧ ❡ ❢ ❛✐ ♠ ✁❡ ❝ ❛ ♥✐ ✉ ❡ ❡ ♥ ❧ ❡ ❛ ♣ ♣ ♦ ❛ ♥ ❛ ✉ ♥ ❡ ♣ ❛ ❝ ❡ ♥ ♦ ♥ ❡ ✉ ❝❧✐ ❞✐ ❡ ♥ ✳✳✳ ✧ ❚ ❤ ❡ ❡ ❡ ♥ ❝ ❡

♦❢ ♥ ❡ ✇ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤ ❡ ♦ ② ✇ ❛ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ❜ ② ❤✐ ♠ ② ❡ ❜ ❡❢ ♦ ❡ ❤✐ ❛ ❝ ❛ ❞ ❡ ♠✐ ❝ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ❬ ✻ ✸❪✳

◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❤ ❡ ❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❡ ② ② ♦ ✉ ♥ ❣ ❛ ❤ ❛ ✐ ♠ ❡ ❛ ♥ ❞ ❡ ❝ ❡ ♥ ✉ ❞ ❡ ♥ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥

✭ ♦❢ ✷ ✻ ② ❡ ❛ ✮✱ ❝ ♦ ♥ ✐ ❡ ❞ ✐ ♥ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ❜ ❡ ❣ ❛ ♥ ♦ ♦ ♣ ❡ ❛ ❡ ❡ ❛❧✐ ✐ ❝ ❛❧❧ ② ✇✐ ❤ ✐ ♠ ❡ ❝ ❛❧ ❡ ✐ ♥ ❤ ❡

❞✐ ✛ ❡ ❡ ♥ ● ❛❧✐❧ ❡ ❛ ♥ ❢ ❛ ♠ ❡ ♥ ❡ ❛ ❤ ❡ ❧✐ ❣ ❤ ✈ ❡❧ ♦ ❝✐ ② ✉ ♥ ❞ ❡ ❤✐ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❡ ✈ ❡ ♥ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ②✱

✐ ♥ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤✐ ▲ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✱ ✇ ❤✐ ❝ ❤ ❡ ❡ ♠ ❡ ❞ ❢ ❛ ♥ ❛ ✐ ❝ ❢ ♦ ❤ ❛ ❡ ❛✦



❆ ❊ ◆ ❉ ■ ❳

❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❙ ❚ ❘
❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ● ❡ ♦ ♠ ❡ ✐ ❡

❡❢ ❛ ❝ ❡

■ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ❧ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ♦ ♣ ❡ ❝✐ ✜ ❝ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ✳ ❋ ♦ ❤✐ ✇ ❡ ✉ ❡ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞
❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ✇✐ ❤ ✐ ✐ ♥ ❣❧ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❛ ✐ ❤ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧
❝ ♦ ✐ ♥ ❡ e α ✳ ❚ ❤✐ ❛ ♥ ❣❧ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ✐ ♥ ❡ ♥ ✐ ② ❛ ♥ ❞ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ✳
■ ✐ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ✇✐ ❤ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❡✐ ❤ ❡ θ ♦ α ❝ ❛ ✉ ❡ ❞ ❜ ② ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡
❞✐ ❡ ❝ ❡ ❞ ✈ ❡ ❝ ♦ e α ✳ ❆❧❧ ❤ ❡ ② ❛ ❡ ✉ ❡ ❞ ❢ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ❛ ♥ ❛❧ ② ✐
♦❢ ❤ ❡ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡
✐ ♥ ❞ ❡ ① q = 1 ❛ ♥ ❞ ✐ ♥ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ♠ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✭ ❛ ♥ ❞✱ ❤ ❡ ❡❢ ♦ ❡✱ ♦❢
❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡✮ ✇✐ ❤ ❤ ❡✐ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ✐ ❞ ❡ ❛ ♦❢ ✉ ❝ ❤
❛ ♣ ♣ ♦ ❛ ❝ ❤ ❝ ♦ ♥ ✐ ✐ ♥ ❤ ❛ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ❡ ♣ ❡ ✉ ❞ ♦✲ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
❡ ①✐ ✐ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✇✐ ❤ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ n ❛ ♥ ❞ R ✦
❆❧❧ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ❡ ✉❧ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✳ ❙ ♦✱
❤ ❡ ✇✐ ❞ ❡❧ ② ✉ ❡ ❞ ✐ ♥ ❙ ❚ ❘ ♦✲ ❝ ❛❧❧ ❡ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ β ❛ ♥ ❞ γ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ✐ ♥ ♦ ✉ ♥ ♦ ❛ ✐ ♦ ♥ ♦

❢ ✉ ♥ ❝ ✐ ♦ ♥ t a n h γ ❛ ♥ ❞ c o s h γ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✇✐ ❤ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ✐❧❧ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ✳
■ ♥ ❈ ❤ ❛ ♣ ❡ ✶ ❆✱ ❢ ♦ ✐ ♥✐ ✐ ❛❧ ✐❧❧ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✉ ❡ ♦❢ ❤ ❡ ❡ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ✱ ❤ ❡ ♠ ❛✐ ♥ ♦ ✉❧ ❛ ❡

❛ ♥ ❞ ♥ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✭ ❙ ❚ ❘✮ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ❡
❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❣ ♦ ✉ ♣ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥

❏ ✉ ♥ ❡ ✶ ✾ ✵ ✺ ❬ ✹ ✼❪ ❛ ♥ ❞ ❤ ❡ ♥ ❜ ② ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✶ ✾ ✵ ✾ ❬ ✹ ✾❪✳ ❙ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✱
❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✐ ♦ ♦ ♣ ② ❛ ♥ ❞ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ② ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
♦❢ ❡ ✈ ❡ ♥ ❛❧❧ ♦ ✇ ✉ ♦ ✉ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ♠ ♦ ✇✐ ❞ ❡ ❛ ♣ ❡ ❝ ✱ ❤ ❛ ♥ ✐ ♥ ✐ ❝ ❛❧ ❛ ❢ ♦ ♠ ♦ ♥ ❤ ❡
♣ ❡ ✉ ❞ ♦✲ ❛ ♥ ❞ ✉ ❛ ✐✲ ♣❧ ❛ ♥ ❡ ✳ ❚ ❤✐ ✇ ❛ ✐ ♠ ♣ ♦ ✐ ❜❧ ❡ ✐ ♥ ❤ ❡ ♥ ♦ ♥✲✐ ♦ ♦ ♣✐ ❝ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳

■ ♥ ❤ ❡ ❢ ❛ ♠ ❡ ♦❢ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ❡ ❝ ✱ ✇ ❡ ❣✐ ✈ ❡ ❡ ♥ ❡ ✇ ❡ ❞ ❛ ♥ ❞ ✉ ♥✐ ✈ ❡ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡
♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ❢ ♦ ❜ ♦ ❤ ② ♣ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❛ ❝ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✲
♣ ❛ ❛ ♠ ❡ ❡ R ✱ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✐ ♥ ♦ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳
❉ ✉ ❡ ♦ ❤✐ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥✱ ✐ ♥✐ ✐ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❜ ♦ ❤ ② ♣ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❝ ❛ ♥ ❜ ❡
❡ ❛❧✐ ③ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❛ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ② ♣ ❡✱ ✇ ❤ ❡ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✱ ✇✐ ❤

❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡✐ ♥ ❛ ✉ ❡ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ❣❧ ♦ ❜ ❛❧ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ♣ ❛ ❛❧❧ ❡❧ ❧✐ ♥ ❡ ✳ ❆ ✐ ✇ ❛
❞ ❡ ♠ ♦ ♥ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ❈ ❤ ❛ ♣ ❡ ✬ ❡ ♥ ❞✱ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦✐ ❛ ♥ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ✐ ❝ ❧ ② ❝ ♦ ❡ ❝ ♦ ♥❧ ②
✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ② ♣ ❡ ❣ ❡ ♦ ♠ ❡ ②✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ❤ ❛ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ❛ ✉ ❡✳ ❚ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧
♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ♦❢ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ❛ ❝ ❡✳ ■ ♥
❙ ❚ ❘ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❛❧ ♦ ✐ ♥ Ẽ 1 ✱ ✇ ❤✐ ❝ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡
❖ ❜ ❡ ✈ ❡ N 1 ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❆ ♥ ❞ ✐ ✐ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ✱ ✐✳ ❡✳ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ γ ✱ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❝ ❛❧ ❛ ❢ ♦ ♠ ❜ ② ✈ ❡❧ ♦ ❝✐ ② ❛ γ = ❛ ❛ ♥ ❤ v / c ✳ ✭ ❈ ❤ ❛ ♣ ❡ ✶ ❆✳✮

❚ ❤ ❡ ❜ ❛ ✐ ❝ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✈ ❡ ✐ ♦ ♥ ♦❢ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♥ ❞ ❛❧ ♦ ♦❢ ❙ ❚ ❘ ❛ ❡ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ✐ ♥ ✭ ✷ ✺ ✾✮✱ ✭ ✸ ✶ ✸✱ ✸ ✶ ✹✮✱ ✭ ✸ ✷ ✹✮✱ ✭ ✸ ✻ ✷✱ ✸ ✻ ✸✮✱ ✭ ✹ ✾ ✼✮✳
❚ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Φ ✱ Γ ❛ ♥ ❞ Θ ❛ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ❤ ❡✐ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✲❢ ✉ ♥ ❝ ✐ ♦ ♥
r ot Φ ✱ r ot h Γ ❛ ♥ ❞ r ot Θ ❛ ♠ ❡ ❛ ✉ ❡❧ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥✳ ❙ ♦✱ ✐ ♥ ❙ ❚ ❘ ❤ ❡ ❡ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ❛ ♥ ❞ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❡ ① ❡ ♥ ✇✐ ❤
❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ♦ ❤ ❡ ♠ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✈ ❡ ② ❡ ❛ ② ❤ ♦ ✉ ❣ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥
❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✳ ❚ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ♦ ✉❧ ❛ ❡ ✇✐ ❤ ❤✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢
❡ ✈ ❡ ♥ ✬ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ❛ ❡ ✐ ♠ ♣❧ ❡ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞
✐ ♥ ✜ ❜ ② ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ❏ ✉ ♥ ❡ ♦❢ ✶ ✾ ✵ ✺ ✭ ❈ ❤ ❛ ♣ ❡ ✷ ❆ ÷ ✹ ❆✳✮



✶ ✻ ✹ ❆ ❊ ◆ ❉ ■ ❳

❖ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞
✉ ♥✐ ♥ ❡ ✐ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ ♦ ♣ ❛ ✐ ❝❧ ❡ ✐ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❤ ❡✐ ❡ ♥ ♦

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ❛ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❛ ♥ ❞ ✉ ❡ ❞✳ ❋ ♦ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣✱ ✇ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ♠ ♦ ❞ ❡❧ ♦❢ ✈ ❛ ✐ ♦ ✉ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✭ ❛ e α = ❝ ♦ ♥ ✮ ❡❧ ❛ ✐ ♥ ❣ ♦ ❤ ❡ ❡ ❝ ✐❧✐ ♥ ❡ ❛
♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ✉ ✱ ✇ ❡ ❡ ① ♣ ♦ ❡ ❞ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❛ g = ❝ ♦ ♥ ♦ ♥ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡
❤ ② ♣ ❡ ❜ ♦❧ ❛ ✇✐ ❤ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② v ✱ ♦ ♥ ❛ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❝ ❛ ❡ ♥ ❛ ② ✇✐ ❤ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② v ∗ ✱ ❛ ♥ ❞✱
✇✐ ❤ ♦ ✉ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ❡ ❤ ♦ ❞✱ ♦ ♥ ❛ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ❝ ✐ ① ✇✐ ❤ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ s ❛ ♥ ❞ s ∗ ✉ ♥ ❞ ❡ ❛ ♥ ✲
❧ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ♥ ♦ ✇ ♦ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ♣ ✐ ♠ ❛ ②
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ❡ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❛ ❝ ❛ ❡ ♥ ❛ ② ❛ ♥ ❞ ❛ ❛ ❝ ✐ ① ♦❢ ✇ ♦ ❦✐ ♥ ❞ ✭ ♦❢ ❍ ✉ ② ❣ ❡ ♥
❛ ♥ ❞ ♦❢ ▼✐ ♥ ❞✐ ♥ ❣✮✳ ✭■ ♥ ❈ ❤✳ ✶ ✵ ❆ ✇ ❡✬❧❧ ❡ ❛❧✐ ③ ❡ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞
♠ ♦ ✐ ♦ ♥ ❛ ❤ ❡ 2 ✲ ♥ ❞ ② ♣ ❡ ♦❢ ✉ ♥✐❢ ♦ ♠ ♠ ♦ ✐ ♦ ♥ ❛ g = ❝ ♦ ♥ ✳✮ ❙ ✉ ❝ ❤ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ❡ ✉ ❛ ✐ ♦ ♥
✇ ❛ ✉ ❡ ❞ ❢ ♦ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡✱ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❊ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

T ⟩ ↕ ✇✐ ❤ ♦ ♥ ❡✲ ❡ ♣ ❛ ❞ ♠✐ ❡ ❞ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ♦❧ ② ❡ ♣
❛ ❞ ♠✐ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ✳ ❲❡ ❛ ❡ ❞ ❤ ❛ ✇ ♦ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ✇✐ ❤ ✇ ♦ ❝ ❛ ❡ ♥ ♦✐ ❞ ❛ ♥ ❞ ✇ ♦

❛ ❝ ✐ ❝ ❡ ✇✐ ❤ ✇ ♦ ❛ ❝ ✐ ❝ ♦✐ ❞ ❛ ❡ ♥ ♦ ♠ ❛ ♣ ♣✐ ♥ ❣ ❝ ♦ ❡ ❝ ❧ ② ✐ ♥ ❤ ❡ ✉ ✉ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❜ ✉
♦ ♥❧ ② ✐ ♥ ❤ ❡✐ ❢ ♦ ✉ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✦ ❲❡ ❛ ❞ ❞ ❡ ❞ ❤ ❡ ❡ ✉ ❢ ❛ ❝ ❡ ❜ ② ❤ ❡✐
❢ ♦ ✉ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✐ ♥ ❤ ❡ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♣ ♦ ✈ ❡ ❞✿
❚ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ I ✐ ♥ ⟨ P n + 1 ⟩ ✐ ♦ ♥ ❡✲ ❡ ♣ ✐ ♦ ♠ ❡ ✐ ❝ ✇✐ ❤ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦✲
♣ ❤ ❡ ❡ ✐ ♥ ✹✲ ❤ ⟨ Q n + 1

T ⟩ ↕ ❛ n ≥ 2 ❛ ♥ ❞ ❝ ♦ ♠ ♠ ♦ ♥ R ✱ ✐✳ ❡✳✱ ♦ ♥❧ ② ❢ ♦ ❤ ❡✐ ♦ ♥ ❡ ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧
♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ♦❧ ② ❡ ♣ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✳ ❇ ② ♣ ❛ ✐ ♥ ❣ ✇ ❛ ②✱ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❛❧ ♦ ❣
♦❢ ❤ ❡ ❩✐ ♦❧ ❦ ♦ ✈ ❦ ② ❝ ♦ ♠✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ✐ ❣ ♦ ❡ ♥✳ ❲❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❤ ❡ ❝ ♦ ♠✐ ❝ ❛ ✈ ❡❧ ♦ ♥ ❤ ❡ ✧ ♣ ❤ ♦ ♦ ♥
♦ ❝ ❦ ❡ ✧ ✇✐ ❤ ❛ ♥ ✐ ❞ ❡ ❛❧ ❡ ✈ ❡ ✐ ❜❧ ❡ ❡ ❣✐ ♠ ❡ ♦ ❤ ❡ ♥ ❡ ❛ ❡ ❙ ❛ ✧ ♦ ①✐ ♠ ❛ ❈ ❡ ♥ ❛ ✉ ✐ ✧✳ ❍ ♦ ✇ ❡ ✈ ❡

✐ ❞✐ ❛ ♣ ♣ ♦✐ ♥ ✐ ♥ ❣ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥✿ ✐ ♠✐❧ ❛ ❡ ✈ ❡ ♥ ♦ ♣ ✐ ♠ ❛❧ ❛ ✈ ❡❧ ✱ ❜ ✉ ✇✐ ❤ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ✱ ❢ ♦ ❤ ❡
❝ ♦ ♥ ❡ ♠ ♣ ♦ ❛ ② ♣ ❡ ♦ ♣❧ ❡ ✭ ♥ ♦ ♥✲ ♦ ❜ ♦ ✮ ❛ ❡ ✉ ♥ ❡ ❛❧ ✐ ♥ ❡ ❛ ♦ ♥ ❛ ❜❧ ❡ ✐ ♠ ❡ ✦ ✭ ❈ ❤ ❛ ♣ ❡ ✺ ❆✱ ✻ ❆✮

❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦✲ ❡ ♣ ✱ ♣ ♦❧ ② ❡ ♣ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ✸ ❉
♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ♥ ❞ ⟨ Q 3 + 1 ⟩ ❛ ♦ ✉ ♥ ❞ ❤ ❡✐ ❢ ❛ ♠ ❡ ❛ ①✐ ✱ ❧✐ ♠✐ ✐ ♥ ❣ ❜ ② ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ R = 1

❞ ✉ ❡ ♦ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ✇ ❡ ❡ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❤ ❡✐ ❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ✱ ❡ ♥ ♦
✭ ✧ ✈ ✧✮ ❢ ♦ ♠ ✇✐ ❤ ❤ ❡✐ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✈ ❡ ❛❧✐ ♥ ❣ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✳
❆ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ✭ ❛ ❛ ❣ ♦ ✉ ♣✮ ❛ ♥ ❞
❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✭ ❛ ❛❧ ♦ ❛ ❣ ♦ ✉ ♣✦✮ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ✐ ♥❢ ❡ ❡ ❞✳ ❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇
♦❢ ✉ ♠ ♠✐ ♥ ❣ 3 D ✇ ♦✲ ❡ ♣ ✱ ♣ ♦❧ ② ❡ ♣ ✱ ✐ ♥ ❡ ❣ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡
✐ ♥ ⟨ P 3 + 1 ⟩ ♦ ⟨ Q 3 + 1 ⟩ ✉ ♥ ❞ ❡ ❤ ❡✐ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ✱
✇✐ ❤ ♠ ♦ ✐ ♦ ♥ ✭ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✉ ♣ ❡ ❧✐ ❣ ❤ ✮ ✐ ♥ ❙ ❚ ❘ ✇✐ ❤ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ✱ ❛ ❡ ✐ ♦ ♠ ❡ ✐ ❝
✇✐ ❤ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ✇✐ ❤ ❡ ① ❛ ❝ ♥ ❡ ✐❧❧ ❢ ❛ ❝ ♦ R ✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❜ ♦ ❤ ❤ ❡ ❡
♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♠ ♦ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ♦ ✇ ♥ ❣ ♦ ✉ ♣ ✳ ❋ ♦ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✱ ✇ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞
❤ ❡ ❡ ❧ ❛ ✇ ✐ ♥ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❤ ❡ ❇✐ ❣ ❛ ♥ ❞ ❙ ♠ ❛❧❧

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❘ ❡❧ ❛ ✐ ✈ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❡ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ♠ ♦ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡✳
❇ ✉ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✇ ♦✲ ❡ ♣ ♦ ♥ ❡ ✱ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ✐ ❡ ✈ ❡ ❛❧ ❡ ❞ ❛ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥✳ ■ ♥
♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❛❧ ② ✐ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✱ ✇ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛❧ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ❛ ♥ ❞ ✐ ♥ ❞ ✉ ❝ ❡ ❞
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ❜ ② ✐ ❝ ♦ ♠ ♠ ♦ ♥ ♥ ❛ ✉ ❡✿ ✭ ✶✮ ✇✐ ❤ ❤ ❡ ❍ ❛ ✐ ♦ ✕ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❣ ✉❧ ❛
❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ✭ ❡ ① ❝ ❡ ♦ ❞ ❡❢ ❡ ❝ ✮ ✐ ♥ ❝ ♦ ♥ ✈ ❡ ① ✜ ❣ ✉ ❡ ♦ ♥ ❤ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡
❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ❀ ✭ ✷✮ ✇✐ ❤ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❙ ❚ ❘✱ ❛ ♥ ❞ ✭ ✸✮ ✇✐ ❤ ❤ ❡

❈ ♦ ✐ ♦❧✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ✉❧ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛❧ ♦ ♥ ❣ ❛ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛
❛❥ ❡ ❝ ♦ ②✳ ❖ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ❤ ❡ ❜ ❛ ❡

Ẽ m ❤ ❛ ✈ ❡ ❡ ✈ ❡ ❛❧ ❡ ❞ ❤ ❡ ♠ ♦ ✉ ♥✐ ✈ ❡ ❛❧ ❛ ♥ ❞ ✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ✱
✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✐ ♥ ✐ ♠ ❡✱ ❛ ✧ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❡ ❛❧ ❧ ♦ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
✐ ♥ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ ✧✳ ❚ ❤ ❡ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❤✐❢ ❛ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❢ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ♣ ♦ ✐ ✐ ✈ ❡ ❢ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ♦ ✐ ♥ ❡✳ ❲❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝
♠ ♦ ❞ ❡❧ ❢ ♦ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ♦❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ❜ ♦ ❞ ② ❛ ✐ ♥ ❡ ❣ ❛❧ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥
✇✐ ❤ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❛ ♥ ❞ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥✳ ✭ ❈ ❤ ❛ ♣ ❡ ✼ ❆✱ ✽ ❆✮



❘ ❊ ❋ ❆ ❈ ❊ ✶ ✻ ✺

❚ ❤ ❡ ♠ ❛✐ ♥ ♠ ❡ ❛ ✉ ❡❧ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❙ ❚ ❘ ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦
♦❢ ♠ ♦ ✐ ♦ ♥ r ot h Γ ( m ) = F (γ, e α )✱ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ✇✐ ❤ ❝ ♦ ♥ ❛ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ m 0 c
❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❞ ② ♥ ❛ ♠✐ ❝ ❡ ♥ ♦ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ❛ ♥ ❞ ❡ ♥ ❡ ❣ ②✳ ■ ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ❡ ♠ ♦ ♠ ❡ ♥ ❛ P 0 = m 0 c ✱ P = m c ❛ ♥ ❞ p = m v = m 0 v ∗ ✇✐ ❤ ❤ ❡
❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ⟨ P 3 + 1 ⟩✳ ❚ ❤ ❡ ♦ ✇ ♥ ✹✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 ❛
❤ ❡ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ❤ ❛ ♦ ✇ ♥ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ❆ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧

✐ ♠ ♣ ♦ ❛ ♥ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ♦❢ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ d e f h Γ = D (γ, e α ) ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ③ ❡

♦❢ ❛ ♥ ② ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ✈ ❡❧ ♦ ❝✐ ② ❢ ♦ ♠

✐ ♦ ✇ ♥ ✐ ③ ❡ ✐ ♥ ♠ ♦ ✈✐ ♥ ❣ Ẽ
( 3 )
2 ✇✐ ❤ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❡ ❡ ♠✐ ♥ ❣ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥✳ ✭ ❈ ❤ ❛ ♣ ❡ ✹ ❆✱ ✺ ❆✱ ✼ ❆✮

❲✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❛ ❜ ❛ ❝ ❛ ♥ ❞ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✱ ❛ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ♠✐❧ ❛
♥ ♦ ✐ ♦ ♥ ✱ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞ ❤ ❡ ♦ ❡ ♠ ❛ ❡ ❣✐ ✈ ❡ ♥ ❛ ♥ ❞ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❤ ❡✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ❦✐ ♥ ❞ ✐ ♥ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ✐ ♥ ❞ ❡ ① q = 1 ❛ ♥ ❞ ♦ ♥ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ♦ ✐ ❙ ♣ ❡ ❝✐ ❛❧ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞

♦❢ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ R ✇✐ ❤ ✐ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❛❧❧ ❤ ❡ ❡✱
✇ ❡ ♣ ♦ ♣ ♦ ❡ ❞ ❤ ❡ ✐ ♠ ♣❧ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❣ ❡ ♦ ❣ ❛ ♣ ❤✐ ❝ ❣❧ ♦ ❜ ❡✳ ✭ ❈ ❤ ❛ ♣ ❡ ✽ ❆✮

■ ♥ ❈ ❤ ❛ ♣ ❡ ✾ ❆✱ ✉ ♥ ❞ ❡ ❤ ❡ ❡ ♥ ♦ ✉ ❣ ❤ ❧ ♦ ❣✐ ❝ ❛❧ ❤ ❛ ✈✐ ♥ ❣ ❛ ♥ ❞ ♥ ❡ ✇ ❛ ❣ ✉ ♠ ❡ ♥ ✱ ✇ ❡ ❛ ❞ ♦ ♣ ❤ ❛
♥ ♦ ✈ ❡❧ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ❡ ①✐ ❢ ♦ ❝ ♦ ❡ ❝ ✉ ❞ ②✐ ♥ ❣ ❛ ♥ ❞ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ✈ ❛ ✐ ♦ ✉ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥
✐ ♥ ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✱ ✇✐ ❤ ✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ❝ ♦ ❡ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥
● ❘✲ ❡ ✛ ❡ ❝ ✱ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✉ ✐ ♥ ❣ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ♥
✐ ❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✈ ✮ ❢ ♦ ♠ ❛ ♥ ❞✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ♦❢ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳
❚ ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧ ♠ ❡ ✐ ❤ ❛ ✐ ♥ ❡ ✐ ❛ ♦❢ ❛ ♥ ② ♠ ❛ ✐ ✈ ❡ ♦ ❜❥ ❡ ❝ ✐ ❝ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ♠ ❛ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡
❛ ❛ ✇ ❤ ♦❧ ❡ ❜ ❡❧ ♦ ♥ ❣ ♦ ❊ ♥ ▼ ❛ ❝ ❤ ❬ ✺ ✺❪ ✕ ❡ ♠✐ ♥ ❡ ♥ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞ ♣ ❤✐❧ ♦ ♦ ♣ ❤ ❡ ♦❢ ❝✐ ❡ ♥ ❝ ❡✳ ❚ ✉ ❡✱
❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ♦❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤✐ ❢ ❛ ♥ ❛ ✐ ❝ ❤ ② ♣ ♦ ❤ ❡ ✐ ❡ ♠ ❛✐ ♥ ❡ ❞ ✉ ♥ ❝❧ ❡ ❛ ❢ ♦ ❛ ❧ ♦ ♥ ❣ ✐ ♠ ❡✳ ❊ ✈ ❡ ♥

❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ✐ ♥ ❤✐ ● ❚ ❘ ❡❢ ✉ ❡ ❞ ✐ ✳ ❚ ❤✐ ✉ ♥✐ ✉ ❡ ▼ ❛ ❝ ❤ ② ❡ ♠✱ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❝ ❡ ♥ ❡
♦❢ ▼ ❛ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✱ ♣ ❡ ❝✐ ✜ ❡ ❞ ❛ ♣ ✐ ♦ ✐ ❤ ❡ ✉ ♥✐ ✉ ❡ ✐ ♥ ❡ ✐ ❛❧ ② ❡ ♠ ♦❢ ● ❛❧✐❧ ❡ ♦✱ ❛ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥
♦ ♦✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❢ ♦ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈ ❡ ♦ ✐ ❛❧❧ ♦ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ② ❡ ♠ ✳ ■ ♥ ✶ ✾ ✻ ✹✱ ❤ ❡

♥ ❡ ❝ ❡ ❛ ② ❤ ❡ ♦ ② ✇ ❛ ❝ ❡ ❛ ❡ ❞ ❜ ② ❡ ❡ ❍✐ ❣ ❣ ❬ ✽ ✷❪✱ ✇ ❤✐ ❝ ❤ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞✱ ❤ ❛ ❞ ✉ ✐ ♥ ❣ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥
♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ✇✐ ❤ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ✐ ▼ ❛ ✱ ❤ ❡ ❧ ❛ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ❍✐ ❣ ❣ ✜ ❡❧ ❞✳
■ ❝ ❡ ❛ ❡ ❤ ❡ ● ❛❧✐❧ ❡ ♦✬ ✐ ♥ ❡ ✐ ❛ ♦❢ ♠ ❛ ❡ ❛ ❛ ♣ ❡ ❝✐ ✜ ❝ ❢ ♦ ❝ ❡ ♦❢ ❤ ❡ ◆ ❛ ✉ ❡✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❥ ✉ ❧✐ ❦ ❡
✐ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐✱ ❤ ❡ ✐ ♥ ❡ ✐ ❛ ❛ ❛ ♥ ② ♣ ♦✐ ♥ ❛ ♥ ❞ ✐ ♥ ❛ ♥ ② ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢
❤✐ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥❧ ② ♦ ♥ ❤ ❡ ♠ ❛ ♦❢ ❛ ♥ ② ♦ ❜❥ ❡ ❝ ✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡

● ❛❧✐❧ ❡ ♦✬ ▲ ❛ ✇✦ ❚ ❤ ❛ ✐ ✱ ❤✐ ♥ ❡ ✇ ♠ ❛ ❡ ✐ ❛❧ ✜ ❡❧ ❞ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ✐ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝✱
❛ ♥ ❞✱ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ❝ ♦ ♠ ❜✐ ♥ ❡ ✇✐ ❤ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❞ ✉ ❡
♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥✬ ❝❧ ❛ ✐ ❝ ❛❧ ❊ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ✐ ♥ ❝✐ ♣❧ ❡✱ ✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱

❛ ♥ ❞ ❤✐ ❢ ❛ ❝ ❤ ❛ ❜ ❡ ❡ ♥ ❡ ♣ ❡ ❛ ❡ ❞❧ ② ❛ ♥ ❞ ❛ ❝ ❝ ✉ ❛ ❡❧ ② ❝ ♦ ♥ ✜ ♠ ❡ ❞✱ ❛ ✐ ♥ ❣ ✇✐ ❤ ◆ ❡ ✇ ♦ ♥✬ ♦ ✇ ♥
❡ ① ♣ ❡ ✐ ❡ ♥ ❝ ❡✳ ❚ ❤ ❡ ❡ ♠ ✏ ✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥✑ ✐ ♥ ❤ ❡ ❍✐ ❣ ❣ ❚ ❤ ❡ ♦ ② ❤ ❛ ❛❧ ♦ ❜ ❡ ❡ ♥ ❡ ✈✐ ✈ ❡ ❞
✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✦ ❍✐ ♠ ❛ ❡ ✐ ❛❧ ✜ ❡❧ ❞ ✐ ✱ ❛ ✐ ✇ ❡ ❡✱ ❛ ❡✐ ♥ ❝ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡❥ ❡ ❝ ❡ ❞
❜ ② ❊✐ ♥ ❡✐ ♥ ✇ ♦ ❧ ❞ ❡ ❤ ❡ ✳ ■ ❤ ♦ ♣ ❡ ❤ ❛ ❤✐ ❜ ✐ ❡❢ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♠ ❡ ♥ ❡ ❞ ♦ ❡ ❛ ❞ ❡ ✇ ❤ ② ❤ ❡
❛ ✉ ❤ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ✱ ✐ ♥ ❝ ❡ ✜ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❜ ♦ ♦ ❦ ✐ ♥ ✷ ✵ ✵ ✹ ❬ ✶ ✺❪✱ ✈ ❛ ✐ ♦ ✉ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤✐
❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✇✐ ❤ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳

■ ♥ ❈ ❤ ❛ ♣ ❡ ✶ ✵ ❆✱ ✇ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡
✢ ❛ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❤ ❡ ✉ ♥✐ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞
▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■✱ ❛ ♥ ❞ ♦❢ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ❤ ❡ 3 D ❛ ♥ ❞ 4 D ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ✇✐ ❤ ❤ ❡ ✉ ♥✐ ② ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✳ ❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ♦ ✐ ♦ ♥

❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ♣ ❛ ✐ ❛❧ ♣ ❤ ② ✐ ❝ ❛❧ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ 3 D ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳
❲❡ ❤ ❛ ✈ ❡ ✐ ❞ ❡ ♥ ✐ ✜ ❡ ❞ ❤ ❛ ❤ ❡ ❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ 3 D ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞
❡❧ ❛ ❡ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ♦ ❤ ❡ ❢ ✉❧❧ ✸✲ ❡ ♣ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❛ ♥ ② ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✳ ❚ ❤✐ ❡❧ ❛ ❡ ❛❧ ♦ ♦ ❤ ❡

❜ ♦ ❤ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ 3 D ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳ ❚ ❤ ❡ ❡ ❢ ♦ ♠ ✇ ❡ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ 4 D
❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❛ ♥ ❞ ✐ ♥ ❤ ❡ 3 D ❘ ❡❧ ❛ ✐ ✈ ❡
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✳ ❲❡ ❣✐ ✈ ❡ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞
✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❛❧❧ ✉ ❛ ✐ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ✳ ❚ ❤ ❡ ❢ ♦ ♠ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ ❛ ② ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳
■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❤ ❡ ❋ ❡ ♥ ❡ ✕ ❙ ❡ ❡ ❤ ❡ ♦ ② ✐ ♥ ⟨ E 3 ⟩✱ ✇ ❡ ❝ ❡ ❛ ❡ ❞ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩
❛ ♥ ❞ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ⟨ Q 2 + 1 ⟩ ❛ ♥ ❞ ⟨ Q 3 + 1 ⟩ ✇✐ ❤ ♠ ♦ ✈ ❛ ❜❧ ❡ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ❛ ♥ ❞ ✇ ♦ ✐ ❤ ❡ ❞ ♦ ♥ ✳



❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♥ ♦ ❛ ✐ ♦ ♥

{ I ± } ♦ { R ′
W I ± R W } = {

√
I } S ❛ ♥ ❞ { I ∓ } ♦ { R ′

W I ∓ R W } = {
√

I } − 1
S ❛ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦

❡ ♥ ♦ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩ ❜ ② ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❞ ♦❢ ✐ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ✱ ♦ ❛
♦ ♥❧ ② ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩✱

ζ ✕ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ♦❢ ❤ ❡ ❣✐ ✈ ❡ ♥ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ♦ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩ ♦ ⟨ Q n + 1 ⟩✱

Ẽ 1 ✕ ❤ ❡ ❜ ❛ ❡ ❢ ♦ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ❢ ♦ ♠ ✱ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱
❛ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡ ❢ ♦ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭✐ ♥ ❙ ❚ ❘✱

✐ ✐ ❤ ❡ ❜ ❛ ❡ ♦❢ ❡❧ ❛ ✐ ✈ ❡❧ ② ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❖ ❜ ❡ ✈ ❡ ✮❀ Ẽ
( n )
k ⊂ Ẽ k ✐ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ ♦❢ Ẽ k ✱

l ✕ ♥ ❛ ✉ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ❛ ✉ ❡ ♦❢ ❧ ❡ ♥ ❣ ❤✱ λ ✕ ♥ ❛ ✉ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ❛ ✉ ❡ ♦❢ ❧ ❡ ♥ ❣ ❤✱
−→
ct ( 1 ) ❛ ♥ ❞ E 3 ( 1 ) ✕ ❤ ❡ ✐ ♠ ❡ ❛ ♦ ✇ ❛ ♥ ❞ ❢ ❛ ♠ ❡ ❛ ①✐ ✇✐ ❤ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧
♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 ♦❢ ⟨ P 3 + 1 ⟩✱

y ( k ) ♦ ct ( k ) ❛ n = 3 ❛ ♥ ❞ x ( k ) ∈ E n ( k ) ✕ ✇ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❡❧ ❡ ♠ ❡ ♥ u ✐ ♥ ⟨ P n + 1 ⟩ ♦ ⟨ Q n + 1 ⟩✱

−→
ct ( k ) = −→c τ ✕ ❤ ❡ k ✲ ❤ ✐ ♠ ❡ ❛ ♦ ✇ ❛ ♥ ❞ ❢ ❛ ♠ ❡ ❛ ①✐ ❛ ❝ ✉ ❡ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♠ ❡ ❞✐ ❡ ❝ ❡ ❞ ♦ ❢ ✉ ✉ ❡
✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ k ♦❢ ⟨ P 3 + 1 ⟩ ✉ ♥ ❞ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ Γ ♦ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✐ ♠ ❡ ❛ ♦ ✇

−→
ct ( 1 ) ✱

τ = t( k ) ✕ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱

x
( k )
j ✕ ❤ ❡ j ✲ ❤ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ k ♦❢ ⟨ P n + 1 ⟩ ♦ ⟨ Q n + 1 ⟩✱

◆ ♦ ❡ ✳ ● ❡ ❡ ❦ ② ♠ ❜ ♦❧ ❛ τ ❛ ♥ ❞ χ ❛ ❡ ✉ ❡ ❞ ❤ ❡ ❡ ❢ ♦ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ❡ ① ❡ ♥ ✳

Φ , φ, d φ ❛ ❡ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥
✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞❀ ✐ ✐ ❛❧ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❧ ❛ ✐ ✉ ❞ ❡
❜ ② ▲ ❛ ♠ ❜ ❡ ✬ ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ❛ ✉ ❡ ✐ ♥ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❊ ❛ ❤ ❣❧ ♦ ❜ ❡ ❛❧ ♦ ♥ ❣
♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ❡ ✐ ❞✐ ❛ ♥ ❛ ❜✐ ❣ ❝✐ ❝❧ ❡ ❢ ♦ ♠ ❤ ❡ ♦❧ ❡ ♦ ❢ ♦ ♠ ❤ ❡ ❊ ✉ ❛ ♦ ✐ ♥ [ 0, ± π / 2] ✱

Ξ , ξ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♠ ♦ ✐ ♦ ♥✬ ❛ ♥ ❣❧ ❡ ❛ ❜ ♦ ✈ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡
❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ ♦ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ❛ ♥ ❞ ❤ ❡ χ ❛ ①✐ ❀ ♦ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ②
✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ✉❧ ❛ ξ = π / 2 − φ ✭ ❈ ❤✳ ✺✮✱

Γ , γ, d γ ❛ ❡ ❤ ❡ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦
✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ♦ ♥ ❡ ❤ ❡ ❡ ❛ ♥ ✇ ♦ ❤ ❡ ❡
▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❀ ✐ ✐ ❛❧ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❧ ❛ ✐ ✉ ❞ ❡ ❜ ② ▲ ❛ ♠ ❜ ❡ ✬ ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ❛ ✉ ❡
❛❧ ♦ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❡ ✐ ❞✐ ❛ ♥ ❢ ♦ ♠ ❤ ❡ ♦❧ ❡ ✭❢ ♦ ■■✮ ♦ ❢ ♦ ♠ ❤ ❡ ❊ ✉ ❛ ♦ ✭❢ ♦ ■✮ ✐ ♥ [ 0, ± ∞ )✱

Υ , υ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ❛ ❜ ♦ ✈ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✭✐ ♥ ❤ ❡ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦✲
♣❧ ❛ ♥ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ♦ ❤ ❡
✐ ♦ ♦ ♣✐ ❝ ❞✐ ❛ ❣ ♦ ♥ ❛❧❀ ♦ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❢ ♦ ♠ ✉❧ ❛ ❡ si n h υ · si n h γ = 1 ∼ c o s h υ = c ot h γ ✭ ❈ ❤✳ ✻✮✱

A ✕ ✐ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ♦ ♣ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ♦ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
✉ ❢ ❛ ❝ ❡ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛ A 1 2 3 ❛ ❤ ❡ ♦ ♣ ✷ ♦❢ ❤ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❛ ♥ ❣❧ ❡ 1 2 3 ✱

α ✱ d α ✕ ❛ ❡ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✱
Θ ✱ θ ✱ d θ ❛ ❡ ❡ ① ❡ ♥ ❛❧ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✱ ♦ ❛ ♦❢ ❤ ❡
♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ✱ ♦ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❚ ❤ ♦ ♠ ❛ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❡ ❝ ❡ ✐ ♦ ♥✱
ε ❛ ♥ ❞ ϵ ✕ ❡ ① ❡ ♥ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❢ ❛ ❝ ❡ ♦
✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❛ ❝ ❡ ✭ε = π − A → c o s ε = − c o s A, si n ε = si n A ✮✱

w ∗
φ (τ ) ❛ ♥ ❞ η ∗

γ (τ ) ✕ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ✉❧ ❛ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ❝ ✉ ✈ ❡✱
w ∗

α (τ ) ❛ ♥ ❞ w α (t) ✕ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ♣ ♦ ♣ ❡ ❛ ♥ ❞ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ e α ✱
w θ (t) ✕ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❚ ❤ ♦ ♠ ❛ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨e α , e ν ⟩ ❛ ♦ ✉ ♥ ❞ e µ ✱

r ot h Φ = F h (φ, e α ) ✕ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ✉ ❡❧ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ Q n + 1 ⟩✱

r ot h Γ = F s (γ, e α ) ✕ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ✉ ❡❧ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ P n + 1 ⟩✱



❆ ❉ ❉ ■ ❚ ■ ❖ ◆ ❆ ▲ ◆ ❖ ❚ ❆ ❚ ■ ❖ ◆ ✶ ✻ ✼

e ν = ( e β − c o s ε · e α )/ si n ε ✕ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ✐ ♥ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥✱

e µ = ( e κ − c o s ϵ · e α )/ si n ϵ ✕ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥✱

e σ ✱ e ∠
σ

✕ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦✲ ❛ ♥ ❞ ♠ ✉❧ ✐ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡

♦❢ ♣ ❛ ✐ ❛❧ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ■✱ ❛ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳

r ✕ (n + 1) × 1 ✲ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ♦ ♠ ❡ ♦ ❜❥ ❡ ❝ ✐ ♥ ⟨ P n + 1 ⟩ ♦ ⟨ Q n + 1 ⟩ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱

i ❛ ♥ ❞ p ✕ (n + 1) × 1 ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✈ ❡ ❝ ♦ ✐ ♥ ⟨ P n + 1 ⟩✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❢ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱
t ❛ ♥ ❞ n ✕ (n + 1) × 1 ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✈ ❡ ❝ ♦ ✐ ♥ ⟨ Q n + 1 ⟩✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❢ ♦ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡✱

c = c · iα ✕ ✈ ❡ ❝ ♦ ♦❢ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ♦ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ♦❢ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩✱

v = d x / dt = v · e α = c · t a n h γ i · e α ✕ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱

v ∗ = d x / d τ = v ∗ · e α = c · si n h γ i · e α ✕ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱

s = d x / dt = s · e α = c · c ot h γ i · e α ✕ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ②✱ ♦✱ ✐ ♥ ✐ ❞ ❡ ✧ ❜❧ ❛ ❝ ❦ ❤ ♦❧ ❡ ✧✱

s ∗ = d x / d τ = s ∗ · e α = c · ❝ ❝ ❤ γ i · e α ✕ ♣ ♦ ♣ ❡ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ②✱ ♦✱ ✐ ♥ ✐ ❞ ❡ ✧ ❜❧ ❛ ❝ ❦ ❤ ♦❧ ❡ ✧✱

P 0 = P 0 · iα = m 0 c = m 0 c · iα ✕ ♦ ✇ ♥ 4 × 1 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ♦❢ ❛ ♣ ❛ ✐ ❝❧ ❡ M ♦ ♥ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱

P = m c = P 0 · c o s h γ i ✕ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ P 0 ♦ ♥ ♦
−→
ct ( 1 ) ✭ ♦ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠✮✱

p = m 0 v ∗ = P 0 · si n h γ · e α ✕ 3 ✲ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ P 0 ✐ ♥ ♦ E 3 ( 1 ) ✭ ❡ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠✮✱

F = F · p β = m 0 g β ✕ 4 × 1 ❢ ❡ ❡ ✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡ ❛ ❝ ✐ ♥ ❣ ♦ ♥ ❛ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ♥ Ẽ m ✱

g β = g β · p β ✕ 4 × 1 ❢ ❡ ❡ ❛ ❜ ♦❧ ✉ ❡ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✐ ♥ ⟨ P 3 + 1 ⟩✱

g α = g α · p α ✱ g
( 3 )
α = g α · c o s h γ i · e α ✕ 4 × 1 ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ✸✲ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✱

g ν = g ν · b ν ✕ 4 × 1 ♥ ♦ ♠ ❛❧ ✐ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ③ ❡ ♦ ✐ ♠ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✱

jκ = j κ · p κ ✕ 4 × 1 ❢ ❡ ❡ ❛ ❜ ♦❧ ✉ ❡ ✐ ♥ ♥ ❡ ✉ ♣ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✐ ♥ ⟨ P 3 + 1 ⟩✱

jα = j α · p α ✱ j
( 3 )
α = j α · si n h γ i · e α ✕ 4 × 1 ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ✐ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ✸✲ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✱

jµ = j µ · b µ ✕ 4 × 1 ♥ ♦ ♠ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ③ ❡ ♦ ✐ ♠ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✱

k p = k p +
⊥

k p ✕ 4 × 1 ✲ ✈ ❡ ❝ ♦ ♦❢ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ K β ✇✐ ❤ ✉ ❛ ✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✱

k q = k q +
⊥

k q ✕ 4 × 1 ✲ ✈ ❡ ❝ ♦ ♦❢ ✉ ❛ ✐ ❝ ✉ ✈ ❛ ✉ ❡ Q κ ✇✐ ❤ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✱

iα ✱ iκ ✕ ✉ ♥✐ ② 4 × 1 ✲ ✈ ❡ ❝ ♦ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❞ ❢ ❡ ❡ ❛ ♥ ❣ ❡ ♥ ✇✐ ❤ ❝ ✉ ✈ ❛ ✉ ❡ K α ✱ Q κ ✱

p α ✱ p β ✕ ✉ ♥✐ ② 4 × 1 ✲ ✈ ❡ ❝ ♦ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❞ ❢ ❡ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ✇✐ ❤ ❝ ✉ ✈ ❛ ✉ ❡ K α ✱ K β ✱

b ν ✱ b µ ✕ ✉ ♥✐ ② 4 × 1 ✲ ✈ ❡ ❝ ♦ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤ ❝ ✉ ✈ ❛ ✉ ❡ K ν ✱ K µ ✱

i1 ♦ t 1 ✕ 4 × 1 ❜✐ ♥ ♦ ♠ ❛❧ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❢ ❛ ♠ ❡ ❛ ①✐
−→
ct ♦ −→y ✱

iν ✕ ❛ ♥ ❣ ❡ ♥ ✱ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ♥ ❡✱ ❢ ♦ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ✱

p µ ✕ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧✱ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ♥ ❡✱ ❢ ♦ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ✱

Y c o s , Y s i n ✕ ❝ ♦ ✐ ♥ ❡ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✴ ♣ ❤ ❡ ✐ ❝ ❛❧ ✴ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ✱

Π( a ) = ξ ✕ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱

P (a ) = υ ✕ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❙ ♣ ❡ ❝✐ ❛❧ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ❝ ♦ ❡ ❝ ✐ ♥ ❛ ♥ ② ❛ ❞ ♠✐ ❡ ❞ ❜ ❛ ❡ Ẽ k ✳



❈ ❤ ❛ ♣ ❡ ✶ ❆

❙ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ❛ ♥ ❞
♦❢ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ❜ ❛ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❡ ❛❧✐ ②

❆ ✜ ✱ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M
♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ✹✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❜✐ ♥ ❛ ② ▲ ❛ ❣ ❛ ♥ ❣✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ L 3 + 1 ⟩✳ ❈ ❤ ♦ ♦ ❡ ✐
✐ ♠ ♣❧ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = I ❛ ❛ ♥ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡ ✇✐ ❤ ❤ ❡ ♦ ✐ ❣✐ ♥ O ✳ ■ ♥ ✐ ❛❧❧ ❤ ❡ ❡

❢ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ x 1 ✱ x 2 ✱ x 3 ✱
− →
t( 1 ) ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ✐❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ✳ ❚ ❤ ❡ ✐ ♠ ❡

❛ ♦ ✇
− →
t( 1 ) ❛ ❤ ❡ ♦ ✐ ❣✐ ♥ O ✐ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♦ ❤ ♦ ♥ ♦ ♠ ❛❧ ❛ ①✐ ✳ ❚ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇

−− →
t( m ) ❛ ❤ ❡ ❛ ♠ ❡

♦ ✐ ❣✐ ♥ O ✐ ❤ ❡ ❞✐ ❡ ❝ ❡ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ✣ ♥ ❡ ❛ ①✐ ✉ ♥ ❞ ❡ ❝ ❛❧ ❛ ❧ ♦ ♣ ❡ t a n ν = v ✇✐ ❤ ❤ ❡ ✉ ♥✐ ②
✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ e α ✳ ■ ❡❧ ❛ ❡ ♦ ❤ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ❜ ❛ ❡ Ẽ m ✳ ❇ ✉ ❤ ❡ ❤ ❡ ❡ ♣ ❛ ❝ ❡
❛ ① ❡ x 1 ✱ x 2 ✱ x 3 ❢ ♦ ♠ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ ( 3 ) ✐ ♥ Ẽ 1 ❛ ♥ ❞ Ẽ m ✳ ■ ❛ ① ❡ x 1 ✱ x 2 ✱ x 3

❛ ② ♦ ❤ ♦ ♥ ♦ ♠ ❛❧ ✉ ♥ ❞ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Θ ✐ ♥ ❝ ♦ ♥ ❛ ♥ ⟨ E 3 ⟩✱ ❤ ❡ ② ❢ ♦ ♠ ❛ ✐ ❣ ❤ ✲
❤ ❛ ♥ ❞ ❡ ❞ ✐ ♣❧ ❡ ✐ ♥ Ẽ ( 3 ) ✳ ❍ ❡ ♥ ❝ ❡✱ 3 D ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇✐ ❤ ♠ ❡ ❛ ✉ ❡❧ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ✐ ♥ ⟨ E 3 ⟩✳ ❆ ♥ ② ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 u = r ot Θ ·Ẽ 1 ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡
❖ ❜ ❡ ✈ ❡ N 1 ✳ ■❢ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ♠ ♦ ✈ ❡ ✇✐ ❤ ❤ ❡ ✈ ❡ ❝ ♦ ✈ ❡❧ ♦ ❝✐ ② v = v · e α = c o n s t ✱
❤ ❡ ♥ ✐ ♣ ♦ ♣ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ❜ ❛ ❡ ✐ Ẽ m = V Ẽ 1 ✱ ✇ ❤ ❡ ❡ ✐ ♥ ❡ ✇ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
t ( m ) ❤ ❛ ✈ ❡ ❛❧ ♦ ❤ ❡

❤ ❡ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❧ ♦ ♣ ❡ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❤ ❡ ❡ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ♦❢ Ẽ
( 3 )
1 ✳ ❚ ❤ ❡ ❛ ✐ ♦

♦❢ ❤ ❡ ❡ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❡ ❛ ♦ ✇ ❛ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❜ ② ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✈ ❡ ❝ ♦ t a n ν
✭ ❛ ❛ ✇ ♦ ❧ ❞✲❧✐ ♥ ❡ ❧ ♦ ♣ ❡ ✐ ♥ ⟨ L 3 + 1 ⟩✮ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❤ ❡ ✈ ❡ ❝ ♦ ✈ ❡❧ ♦ ❝✐ ② v ♦❢ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M
✭✐❢ ❢ ❛ ♠ ❡ ❝ ❡ ♥ ❡ O ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ③ ❡ ♦ ✭ x 0 = 0 , t0 = 0) ❛ ♥ ❞ ❤ ❡ ♥ x = ∆ x , t = ∆ t > 0 ✮✿

t a n ν = t a n ν · e α = x /t ≡ v = v · e α , t a n ν j = x j /t ≡ v j , j = 1 , 2 , 3 . ( 1A )

❆ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❧✐ ♥ ❡ ❛ ⟨ L 3 + 1 ⟩ ❢ ♦ ♠ ❤ ❡ ❣ ♦ ✉ ♣ ⟨V G ⟩ ♦❢ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉
● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ❚ ❤✐ ✐ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❢ ♦ ✉ ♥ ❞ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❝✐ ♣❧ ❡
♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✳ ❚ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ V G ✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❛ d et V G = + 1 ✱ ❛ ♥ ❞ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
❣ ✉ ❛ ❛ ♥ ❡ ❡ ♣ ❡ ❡ ✈✐ ♥ ❣ ❜ ❛ ❡ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥✳ ■ ♥ ❈ ❛ ❡ ✐ ❛ ♥✲ ❛ ✣ ♥ ❡ ❜ ❛ ❡ Ẽ k ✱ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ L 3 + 1 ⟩
✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❤ ❡ ❞✐ ❡ ❝ ✉ ♠ ♦❢ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❛ ♥ ❛ ✣ ♥ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇✿

⟨ L 3 + 1 ⟩ ≡ ⟨ E 3 ⟩ ⊕
−→
t ( k ) ≡ ⟨ E 3 ⟩ ⊕

−→
t ( 1 ) ≡ ❈ ❖ ◆ ❙ ❚ , ( ∆ t > 0) ( 2 A )

⟨ E 3 ⟩ ≡ ❈ ❖ ◆ ❙ ❚ ′. ( 3A )

❙ ❡ ❡ ♠ ✱ ❤ ❡ ❡ ✐ ♣ ❛ ❛ ❞ ♦ ①✿ ❝ ♦ ♥ ✬ ✰ ✈ ❛ ✐ ❛ ❜❧ ❡ ❂ ❝ ♦ ♥ ✱ ❜ ✉ ✐ ✐ ♥ ♦ ✈ ❛❧✐ ❞ ❢ ♦ ❛ ❞✐ ❡ ❝ ✉ ♠✦

❚ ❤ ❡ ❡ ❤ ♦❧ ❞ ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ♦❢ ❈ ❤✳ ✶ ✶ ✭ q = 1 ✮✱ ❜ ✉ ✭ ✷ ❆✮ ✐ ♥ ♦ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧

✉ ♠✦ ❆❧❧ ✐ ♠ ❡✲ ❛ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♦❢ ❛ ✣ ♥ ❡ ❛ ① ❡ ⟨
−→
t ⟩ ❝ ♦ ♥ ✐ ✐ ♥ ❣ ♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ❧✐ ♥ ❡

✇✐ ❤ ❛ ♥ ❣ ✉❧ ❛ ❧ ♦ ♣ ❡ ♦
− →
t( 1 ) ❛ ♥ ❣✐ ♥ ❣ ✐ ♥ [ 0; ± π / 2 ❪✳ ❚ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ❝ ♦ ♥ ✐

♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❡❧ ❡ ♠ ❡ ♥ ✳ ❆❧❧ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ❡ ❡ ❛❧ ♥ ✉ ♠ ❜ ❡ ✳ ❚ ❤ ❡
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ❛ ❡ ♣ ❡ ❡ ✈ ❡ ❞ ✉ ♥ ❞ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ♦ ♥ ❡ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧

⟨ L 3 + 1 ⟩ ❛ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ❡ ① ❛ ❝ ❧ ② ❤ ❡ ❡ ♣ ✉ ❡ ② ♣ ❡ ✿
✶✮ ❛ ✉ ♦ ♠ ♦ ♣ ❤✐ ❝ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Θ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩✱

✷✮ ♣ ❡ ❝✐ ❛❧ ♣ ❛ ❛❧❧ ❡❧ ✭ ♦ ♠✐ ❞ ❞❧ ❡ ✮ ♦ ❛ ✐ ♦ ♥ f (t a n ν ) ♦❢
−→
t ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩✱

✸✮ ❧✐ ♥ ❡ ❛ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ❛ ♥ ❞
−→
t ❛ ♥ ❧ ❛ ✐ ♦ ♥ p ❞ ✉ ❡ ♦ ❤✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ②✳

❚ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧✐ ♥ ❡ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ V G ♦❢ ❛ ❈ ❛ ❡ ✐ ❛ ♥✲ ❛ ✣ ♥ ❡ ❜ ❛ ❡ Ẽ 0 ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

V G Ẽ 0 Ẽ

R a
0 ′ 1

·
R 0 a 0

0 ′ 1
=

R · R 0 R a 0 + a
0 ′ 1

, R ∈ ⟨ r ot Θ 3 × 3 ⟩. ( 4A )



❈ ❍ ❆ ❚ ❊ ❘ ✶ ❆✳ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ❖ ❋ ▲ ❆ ● ❘ ❆ ◆ ● ❊✱ ❖ ■ ◆ ❈ ❆ ❘ ✁❊✱ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ✶ ✻ ✾

❋ ♦ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ♦❢ ❤ ❡ ❜ ❛ ❡ ✱ ❤ ❡✐ ✜ ❤ ❡ ❡ ❝ ♦❧ ✉ ♠ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩✱

❤ ❡ ❢ ♦ ✉ ❤ ❝ ♦❧ ✉ ♠ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
t ✳ ■❢ a 0 = 0 ✱ ❤ ❡ ♥ Ẽ 0 = E 1 u ⟩ ✭ ❤ ❡

❜ ❛ ❡ ❛ ❡ ✉ ♥✐ ✈ ❡ ❛❧✮✱ ❛ ♥ ❞ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐❢ R 0 = I ✱ ❤ ❡ ♥ Ẽ 0 = E 1 ✳ ■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ✐ ♥ ✈ ❡ ❡
♠ ❛ ✐ ① V − 1

G ✭ ♦❢ ❤ ❡ ❛ ♠ ❡ ✉ ❝ ✉ ❡✮ ♠ ❛ ♣ ❛ ❜✐ ♥ ❛ ② ❈ ❛ ❡ ✐ ❛ ♥✲ ❛ ✣ ♥ ❡ ❜ ❛ ❡ Ẽ ✐ ♥ ♦ ✐ ✐ ♠ ♣❧ ❡

✉ ♥✐ ② ❢ ♦ ♠✱ ✐✳ ❡✳✱ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳ ❚ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ❛❧ ♦ ❡ ❛❧✐ ③ ❡ ♣ ❛ ✐ ✈ ❡
♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❛ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ❢ ♦ ♠ Ẽ 1 ✐ ♥ ♦ ❛ ♥ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❜✐ ♥ ❛ ② ❜ ❛ ❡ Ẽ ✳ ❆ ❧✐ ♥ ❡ ❛
❡❧ ❡ ♠ ❡ ♥ ♦❢ ⟨ L 3 + 1 ⟩ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ Ẽ ❛ ❤ ❡ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ✿

r = x ⊕ t =
x
t

.

❚ ❤ ✉ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠
❛ ❡ ❤ ❡ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ♣ ♦ ❞ ✉ ❝ ♦❢ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ♦❧ ❛ ❢ ♦ ♠ ✿

V G = F ( Θ 3 × 3 , t a n ν ) f (t a n ν ) r ot Θ

r ot Θ 3 × 3 t a n ν
0 ′ 1

=
I 3 × 3 t a n ν
0 ′ 1

·
r ot Θ 3 × 3 0

0 ′ 1
= r ot Θ · f [(t a n ν ) Θ ], ( 5A )

✇ ❤ ❡ ❡ d et V G = + 1 ✱ ❛ ♥ ❞ f (t a n ν ) ✐ ❤ ❡ 4 × 4 ✲ ♠ ❛ ✐ ① ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❛ ❛❧❧ ❡❧ ♦ ❛ ✐ ♦ ♥ ✱

f [(t a n ν ) Θ ] = r ot (− Θ) · f (t a n ν ) · r ot Θ , b ut(!) ( t a n ν ) Θ = r ot (− Θ 3 × 3 ) · t a n ν.

❆ ♥ ✐ ♥ ✈ ❡ ❡ ❛ ♥ ❞ ♣ ❛ ✐ ✈ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛

V − 1
G =

r ot (− Θ 3 × 3 ) r ot (− Θ 3 × 3 ) · (− t a n ν )
0 ′ 1

=

r ot (− Θ) f [t a n (− ν )]

=
r ot (− Θ 3 × 3 ) 0

0 ′ 1
·

I 3 × 3 − t a n ν
0 ′ 1

= f { [t a n (− ν )] Θ } · r ot (− Θ) . ( 6A )

❋ ♦ ♠ ✉❧ ❛ ✭ ✺ ❆✮ ✐ ❤ ❡ ❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✭ ✹ ✼ ✹✮ ❛ ♥ ❞ ✭ ✹ ✼ ✺✮ ✐ ♥
❡ ❝ ✳ ✶ ✶✳ ✸✳ ❖ ♥ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ❛ ❡ E 1 ✐ ✐ ♠✐❧ ❛ ♦ ✭ ✹ ✽ ✵✮✱ ✭ ✹ ✽ ✶✮✿

Ẽ = V G · Ẽ 1 = f (t a n ν ) · r ot Θ · Ẽ 1 = r ot Θ · f [(t a n ν ) Θ ] · Ẽ 1 . ( 7A )

❋ ♦ ♠ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ ( 3 ) ♠ ♦ ✈ ❡ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ✱

❛ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② ✭ ✶ ❆✮✳

■ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① ✭ ✻ ❆✮ ❛ ♥ ❢ ♦ ♠ ♣ ❛ ✐ ✈ ❡❧ ② ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❛ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ r ∈ ⟨ L 3 + 1 ⟩ ❛
❢ ♦❧❧ ♦ ✇ ✿

r = V − 1‘
G · r ( 1 ) = F − 1 ( Θ , t a n ν ) · r ( 1 ) =

r ot (− Θ 3 × 3 ) · (x ( 1 ) − t a n ν · t)
t

. ( 8A )

■❢ Θ = Z ✐ ♥ ✭ ✺ ❆✮ ✕✭ ✽ ❆✮✱ ❤ ❡ ♥ ✇ ❡ ❞ ❡ ❛❧ ✇✐ ❤ ♣ ✉ ❡ ♣ ❛ ❛❧❧ ❡❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠ ❛ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✿

x = x ( 1 ) − t a n ν · t = x ( 1 ) − v · t,

t = t( 1 ) .





( 9A )



✶ ✼ ✵ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ⟨ L 3 + 1 ⟩✱ ❤ ❡ ❝ ❛❧ ❛ ✐ ♠ ❡ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ♦ ❛ ♥ ❞ ♠ ❛ ② ❜ ❡ ❝ ♦ ✉ ♥ ❡ ❞ ♦ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ①✐
− →
t( 1 )

❛ ♥ ❞
− →
t( k ) ♣ ❛ ❛❧❧ ❡❧ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ⟨ E 3 ⟩✳ ❉ ✉ ❡ ♦ ❤✐ ❢ ❛ ❝ ✱ ♦ ❝ ❛❧❧ ❡ ❞ ♣ ❛ ❛❧❧ ❡❧ ♦ ❛ ✐ ♦ ♥ f (t a n ν )

♦❢ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
t ✭ ❛ ❤ ❡ ♦ ❞✐ ♥ ❛ ❡✮ ✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥ ❡ ✦ ◆ ♦ ❡✱ ❤ ❛ f (t a n ν ) ✐ ❡ ① ♣ ❡ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❛ ❛ 4 × 4 ✲ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡
3 × 1 ✲ ✈ ❡ ❝ ♦ ❡❧ ❡ ♠ ❡ ♥ t a n ν ✳ ❚ ❤ ❡ ❧ ❛ ❡ ✐ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ν ✳ ▼ ✉❧ ✐ ❡ ♣ ♣ ❛ ❛❧❧ ❡❧
♦ ❛ ✐ ♦ ♥ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❧ ❛ ✇ ♦❢ ❛ ♥ ❣ ❡ ♥ t a n ν ♦ ✈ ❡❧ ♦ ❝✐ ✐ ❡ v ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝
✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ❝ ♦ ✐ ❛❧ ♣ ❛ ❝ ❡ {⟨ E 3 ⟩ }✿

f (t a n ν 1 3 ) = f (t a n ν 1 2 )f (t a n ν 2 3 ) = f (t a n ν 2 3 )f (t a n ν 1 2 ) = f (t a n ν 1 2 + t a n ν 2 3 ) →

→ f (t a n ν ) = f (t a n
∠
ν ) = f (t a n ν k j ) = f ( t a n ν k j ), (ν =

∠
ν ). ( 1 0 A )

❚ ❤ ❡ ❡ ⟨t a n ν ⟩ ✐ ❤ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❣ ♦ ✉ ♣ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ♣ ❛ ❝ ❡ ♦❢ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✱ ✐✳ ❡✳✱
✧ ❛ ♥ ❣ ❡ ♥ ✧✳ ❚ ❤ ❡ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧ ♦ ❛ ✐ ♦ ♥ ⟨f (t a n ν )⟩ ✐ ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✉ ❜ ❣ ♦ ✉ ♣
♦❢ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ● ❛❧✐❧ ❡ ❛ ♥ ❣ ♦ ✉ ♣ ⟨V G ⟩✳ ■ ❛ ♥ ♦ ❤ ❡ ✉ ❜ ❣ ♦ ✉ ♣ ✐ ❤ ❡ ♥ ♦ ♥✲
❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❣ ♦ ✉ ♣ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✳ ◆ ♦ ❡✱ ❤ ❛ r ot Θ ✐ ❡ ① ♣ ❡ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❛ ❛
4 × 4 ✲ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ 3 × 3 ✲ ♠ ❛ ✐ ① ❡❧ ❡ ♠ ❡ ♥ r ot Θ 3 × 3 ✳ ❚ ❤ ❡ ❣ ♦ ✉ ♣ ⟨V G ⟩ ❝ ♦ ♥ ✐ ✐ ♥ ❣
♦❢ ❤ ❡ ❡ ✇ ♦ ✉ ❜ ❣ ♦ ✉ ♣ ✐ ❤ ❡ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ● ❛❧✐❧ ❡ ❛ ♥ ❣ ♦ ✉ ♣✳

❚ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✱ ❜ ✉ ♥ ♦ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝ ❡ ♥ ✐ ❡❧ ② ✭✐
✐ ❡ ♥ ♦ ✉ ❣ ❤ ❢ ♦ ❤✐ ✱ ❤ ❛ ✐ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❤ ❛ ✈ ❡ ❞✐ ✛ ❡ ❡ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ❡ ❛ ✉ ❡ ✮✱
❤ ♦ ✇ ❡ ✈ ❡ ✐ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ❛ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❡ ♣ ❛ ❛ ❡❧ ② ❞ ✉ ❡ ♦ ♣ ♦ ♣ ❡ ② ♦❢ ❝ ♦ ♥ ✐ ♥ ✉✐ ② ❛ ♥ ❞
❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ♦❢ ❛❧❧ ❤ ❡✐ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛ ♥ ② ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ 4 × 1 ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦
❡❧ ❡ ♠ ❡ ♥ ✐ ♥ Ẽ 1 ❝ ❛ ♥ ❜ ❡ ❝ ❤ ♦ ❡ ♥ ❛ ❤ ❡ ♥ ❡ ✇ ♦ ✐ ❣✐ ♥ ♦❢ ❛ ♥ ❛ ❞ ♠✐ ❡ ❞ ❈ ❛ ❡ ✐ ❛ ♥✲ ❛ ✣ ♥ ❡ ❜ ❛ ❡✱ ❛ ♥ ❞
❤ ❡ ❛ ❞ ♠✐ ✐ ❜✐❧✐ ② ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤✐ ❝ ❤ ♦✐ ❝ ❡✳ ❛ ❛❧❧ ❡❧ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ L 3 + 1 ⟩ ❢ ♦ ♠ ❤ ❡

❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❛ ♥ ❧ ❛ ✐ ♥ ❣ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ● ❛❧✐❧ ❡ ❛ ♥ ❣ ♦ ✉ ♣✳ ❚ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ❆✮✱ ✭ ✸ ❆✮
❣✐ ✈ ❡ ❛ ♥ ❛ ✣ ♥ ❡ ♥ ❛ ✉ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ✐ ♥ ✐ ✦

❚ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❤ ❛ ❛ ❧ ♦ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❤ ② ✐ ❝ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱
❛ ❧ ♦ ♥ ❣ ❛ ❣ ♦ ❛ ♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ❳■ ❳ ❝ ❡ ♥ ✉ ②✱ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ♦ ✐ ❤ ❛ ✈ ❡ ❡ ♥ ❝ ♦ ✉ ♥ ❡ ❡ ❞ ♦ ♠ ❡
❢ ❛ ❝ ❤ ❛ ❛ ❡ ✐ ♥ ❡ ① ♣❧✐ ❝ ❛ ❜❧ ❡ ✇✐ ❤✐ ♥ ✐ ❢ ❛ ♠ ❡ ✇ ♦ ❦✳ ❋✐ ❧ ②✱ ✐ ✐ ❤ ❡ ✧ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❡ ✉❧ ✧ ♦❢ ❤ ❡
❢ ❛ ♠ ♦ ✉ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ♦❢ ▼✐ ❝ ❤ ❡❧ ♦ ♥ ✖ ▼ ♦ ❧ ❡ ② ✭ ✶ ✽ ✽ ✼✮✱ ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ❛ ❞✐ ❝ ❡ ❞ ❤ ❡ ✉❧ ❡ ♦❢ ✈ ❡❧ ♦ ❝✐ ✐ ❡
✉ ♠ ♠✐ ♥ ❣ ✭✐ ♥ ❤ ❡ ♥ ❡ ❛ ✲❧✐ ❣ ❤ ❡ ❣✐ ♦ ♥✮✳ ❙ ❡ ❝ ♦ ♥ ❞❧ ②✱ ❤ ❡ ▼ ❛ ① ✇ ❡❧❧ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ✇ ❛ ✈ ❡ ❡ ✉ ❛ ✐ ♦ ♥

✇ ❡ ❡ ♣ ♦ ✈ ❡ ❞ ✐ ♥ ♦ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❡ ✐ ❛❧ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❧ ❛ ❡ ✱
❞ ✉ ❡ ♦ ▼ ❛ ① ✇ ❡❧❧✬ ❤ ❡ ♦ ②✱ ❡ ① ♣❧ ❛✐ ♥ ❤ ❡ ♥ ❛ ✉ ❡ ❛ ♥ ❞ ♣ ❡ ❛ ❞✐ ♥ ❣ ♦❢ ❧✐ ❣ ❤ ✳ ❚ ❤✐ ♥ ♦ ♥✲ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢
❤ ❡ ❣✐ ✈ ❡ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❤ ❛ ♠ ❡ ❛ ♥ ❤ ❡ ❝ ✐ ✐ ♦❢ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧

♣ ❤ ② ✐ ❝ ♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ❳■ ❳ ❝ ❡ ♥ ✉ ②✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ▲ ♦ ❡ ♥ ③ ✉ ❣ ❣ ❡ ❡ ❞ ✐ ♥ ✶ ✽ ✾ ✷ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ♣ ❛ ❝ ❡
❛ ♥ ❞ ✐ ♠ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ✐ ♥✐ ✐ ❛❧❧ ② ❢ ♦ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼✐ ❝ ❤ ❡❧ ♦ ♥ ✖ ▼ ♦ ❧ ❡ ② ❡ ✉❧ ❬ ✺ ✽❪✦

✯ ✯ ✯

■ ♥ ✶ ✾ ✵ ✹ ▲ ♦ ❡ ♥ ③✱ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ♣ ❤ ② ✐ ❝ ❛❧ ♦ ✉❧ ❛ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❛❧ ♦
❢ ♦ ♠ ❤ ❡ ❛ ♠ ❡ ✶ ✾ ✵ ✹✱ ✈ ❛❧✐ ❞ ❢ ♦ ❛❧❧ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ❤ ❡ ♥ ♦ ♠ ❡ ♥ ❛✱ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❤✐ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ❛ ♥ ✲
❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❢ ♦ ♠✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ▼ ❛ ① ✇ ❡❧❧ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ✇ ❛ ✈ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❬ ✺ ✾❪✦✦
❆ ♥ ❞ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ❤✐ ♣✐ ♦ ♥ ❡ ❡ ❛ ✐ ❝❧ ❡ ❢ ♦ ♠ ❏ ✉ ♥ ❡ ✺ ♦❢ ✶ ✾ ✵ ✺ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❛ ❣ ♦ ✉ ♣ ♥ ❛ ✉ ❡
♦❢ ♥ ❡ ✇ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ❜ ❡❢ ♦ ❡ ❜ ② ❍ ❡ ♥ ❞ ✐ ❝ ▲ ♦ ❡ ♥ ③✱ ❛ ♥ ❞ ❤ ❡ ♥ ❛ ♠ ❡ ❞ ❤ ❡ ♠ ❛ ❤ ❡
▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❬ ✻ ✸❪✱ ✇✐ ❤ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ② ✐ ❝ ❛❧ ❙ ❝✐ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♥ ❡ ✇ ♠ ♦ ❡
♣ ❡ ❢ ❡ ❝ ❛ ♥ ❞ ✉ ♥✐ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ❤ ❡ ◆ ❛ ✉ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠ ❛ ♥ ❞ ❤ ❛ ✈✐ ♥ ❣ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ②
❛ ♥ ❞ ✐ ♦ ♦ ♣ ②✱ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✦✦✦ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ● ❛❧✐❧ ❡✐ ✕ ♦✐ ♥ ❝ ❛ ✁❡ ♦ ✉❧ ❛ ❡
♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✭ ✶ ✻ ✸ ✻✱ ✶ ✾ ✵ ✹✮✱ ❢ ♦ ♠ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ✐ ♥ ❏ ✉ ♥ ❡ ✶ ✾ ✵ ✺✱ ✐ ♥ ❢ ❛ ❝ ✱ ❤ ❡
❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✉✐ ❡ ♥ ❡ ✇ ♣ ❤ ② ✐ ❝ ❛❧✲ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♦ ✉❧ ❛ ❡ ✇ ❡ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡✳

♦ ✉❧ ❛ ❡ ✶ ✿ ❇ ② ♥ ❛ ✉ ❡✱ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ✐ ✈ ❛ ✐ ♦ ✉ ♣ ❤ ② ✐ ❝ ❛❧ ✜ ❡❧ ❞ ✐ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞
✐ ♦ ♦ ♣✐ ❝ ❡ ♥ ✐ ❡❧ ②✳ ✭ ❚ ❤ ❡ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ✇ ❡ ❡ ✈ ❛❧✐ ❞ ❞ ✉ ❡ ♦ ♣ ❡ ❡ ❞ ❝ ❛❧ ❡ ❢ ❛ ❝ ♦ ” c ” ✱ ✉ ❡ ❞ ❜ ② ❍ ❡ ♥ ✐

♦✐ ♥ ❝ ❛ ✁❡ ❢ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ ❛ ❞✐ ❡ ❝ ❡ ❞ ✹✲ ❤ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡✳✮

♦ ✉❧ ❛ ❡ ✷ ✿ ❚ ❤✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ❤ ❡ ❜✐ ♥ ❛ ② ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ✹ ❉ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❛ ♥
✐ ♥ ❞ ❡ ① q = 1 ✱ ♦ ✐ ❡ ♥ ❡ ❞ ❜ ② ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ i ·

−→
ct ✱ ❛ ♥ ❞ ✇✐ ❤ ❤ ❡ ♠ ❛✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ❆✳ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ❖ ❋ ▲ ❆ ● ❘ ❆ ◆ ● ❊✱ ❖ ■ ◆ ❈ ❆ ❘ ✁❊✱ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ✶ ✼ ✶

❚ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥ ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ❙ ❚ ❘ ✇✐ ❤ ❤ ❡ ❡ ✇ ♦ ♦ ✉❧ ❛ ❡ ❤ ❛ ♥ ♦ ❛ ♥ ② ♠ ♦ ❡
❞ ❡❢ ❡ ❝ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧✱ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♦ ♥ ❡✳ ❆ ♥ ❞ ✐ ❡ ❛❧✐ ③ ❡ ❞ ❤ ❡ ♦ ♣ ♣ ♦ ✉ ♥✐ ② ♦ ❛ ♥ ❢ ❡ ♦ ✛
❤ ❡ ♥ ♦ ♥✲ ♣ ❡ ❢ ❡ ❝ ❛ ♥ ❞ ♥ ♦ ♥✲ ✉ ♥✐ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✲ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ L 3 + 1 ⟩ ✐ ♥ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞

✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ♦ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ✐ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝✦ ■ ♥
❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✇ ❡ ✉ ❡ ❤ ❡ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ♦❢ ❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ✦ ❚ ❤ ✉ ✱

✇ ❡ ♠ ❛ ② ❛ ♣ ♣❧ ② ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ γ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ✇✐ ❤ ❤ ❡
✉ ❡ ♦❢ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❣ ❡ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✺ ✺✮✱ ❡ ❝ ✳ ✻✳ ✹✱ ✇✐ ❤ ✈ ❡❧ ♦ ❝✐ ② ❞✐ ✈✐ ❞ ❡ ❞ ❜ ② ❝ ♦ ♥ ❛ ♥ ❝✿

t a n ν → t a n φ R = v / c,
t a n φ R ≡ t a n h γ = v / c.

(t → ct ) ( 1 1 A )

✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ♦ ✉ ❣ ❤ ❛ ♥ ② ✐ ♥✐ ✐ ❛❧ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✇✐ ❤ ❤ ❡
❝ ♦ ♠ ♠ ♦ ♥ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ± ♦❢ ❤ ❡✐ ♣ ❛ ❝ ❡ ⟨ Q 3 + 1 ⟩ ❛ ♥ ❞ ⟨ P 3 + 1 ⟩✱ ✇ ❡ ❝ ❛ ♥ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ②✱ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❛ ❜ ❛ ❝
❛ ♥ ❛❧ ♦ ❣ ② ❢ ♦ ♠ ❤ ❡ ❛ ♠ ❡ ❡ ❝ ✳ ✻✳ ✷✳ ❉ ✉ ❡ ♦ ♦ ✉❧ ❛ ❡ ✶ ❛ ♥ ❞ ✷✱ ✇✐ ❤ ✭ ✸ ✷ ✷✮ ❛ ♥ ❞ ✭ ✸ ✷ ✸❪✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

t a n (− φ R ) = v /i c → t a n h (− i φR ) = v / c,
( 1) φ R → i γ, t a n i γ = iv / c ; ( 2) − i φR → γ, t a n h γ = v / c.

(t → i ct) ( 1 2 A )

❚ ❤ ❡ ♥✱ ✉ ♥ ❞ ❡ ❧ ♦ ❣✐ ❝ ❛❧ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ✱ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ❝ ♦ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❛ ♥ ❣ ❡ ♥ ✭ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✮ ❛ ❡
❡ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ❡ ♥ ✭ ♦ ❑❧ ❡✐ ♥✐ ❛ ♥✮ ♠ ♦ ❞ ❡❧ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✭ ❡ ❝ ✳ ✶ ✷✳ ✶✮✳

❙ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ i γ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ♦ ♠ ✇ ❡ ❡ ✜ ❛ ♣ ♣❧✐ ❡ ❞ ❜ ②
♦✐ ♥ ❝ ❛ ✁❡ ❢ ♦ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✷✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠✳

❚ ❤ ❡ ♥ ❢ ♦ ❤ ❡✐ ❡ ❛❧✐ ✜ ❝ ❛ ✐ ♦ ♥✱ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✉ ❡ ❞ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❝ ❛❧ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ γ ✐ ♥ ❤ ❡
✷✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✐ ♥ ⟨ P 1 + 1 ⟩ ❬ ✻ ✺❪✳ ❇ ♦ ❤ ✉ ❡ ❞ ❤ ❡ ♣❧ ❛ ♥ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❢ ♦
♣ ❡ ❡ ♥ ✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❜ ② 2 × 2 ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ✳ ◆ ♦ ❡ ✭✦✮✱ ❤ ❛ ❤ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦❢

♦✐ ♥ ❝ ❛ ✁❡ ✇✐❧❧ ❣✐ ✈ ❡ ✉ ❝❧ ❡ ❛ ♦ ♣ ♣ ♦ ✉ ♥✐ ② ❢ ♦ ✐ ❣ ❤ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ✐ ❣ ♥ ♦❢ ✉ ❛ ❞ ✐ ❝ ✈ ❛❧ ✉ ❡ ❢ ♦ ♠
❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ❛ ♥ ❞ ✐ ❣ ❤ ❝ ❤ ♦ ❡ ♦❢ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ✱ I ∓ ✳

❲✐ ❤ ♦✐ ♥ ❝ ❛ ✁❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❙ ❚ ❘ ✇ ❛ ❢ ♦ ✉ ♥ ❞ ❡ ❞ ✇✐ ❤ ❤✐ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ♦ ✉❧ ❛ ❡
♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✭ ✶ ✾ ✵ ✹✮ ❛ ❝ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❡ ✐ ❛❧ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥
♦❢ ❤✐ ♥ ❡ ✇ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ✐ ♦ ♦ ♣✐ ❝ ❛ ♥ ❞ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ▲ ♦ ❣✐ ❝ ❛❧❧ ② ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ❡ ♣❧ ❛ ❝ ❡ ❞ ❛ ♥ ❞ ♥ ❛ ♠ ❡ ❞ ❜ ② ❤✐ ♠ ❛ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❣ ♦ ✉ ♣ ♦❢ ❤✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✦
❲✐ ❤ ❊✐ ♥ ❡✐ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❙ ❚ ❘ ✇ ❛ ❛ ♣ ♣ ❡ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ✐ ♠✐❧ ❛ ✐ ♥ ❝✐ ♣❧ ❡

♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✭ ✶ ✾ ✵ ✺✮ ❛ ♥ ❞ ❤✐ ♦ ✉❧ ❛ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ❝ ② ♦❢ ❤ ❡ ❧✐ ❣ ❤ ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❡ ✐ ❛❧
❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ②✳

❚ ❤ ❡ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✐ ❛ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ❛ ♣ ♣❧✐ ❡ ❞ ♦ ♥❧ ② ✐ ♥ ✐ ♣ ❤ ② ✐ ❝ ❛❧ ❡ ♥ ❡✱ ❛❧ ❤ ♦ ✉ ❣ ❤
❤ ❡ ❡ ❡ ①✐ ✐ ♦ ✐ ❣✐ ♥ ❛❧ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ♦ ♦ ② ♣ ❡✱ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶ ✷✳ ✸✳ ◆ ♦ ❡✱ ❤ ❛ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ❛ ❝ ❡✲
✐ ♠ ❡ ✭ ❤ ❡ ❡ ⟨ L 3 + 1 ⟩ ❛ ♥ ❞ ⟨ P 3 + 1 ⟩✮ ✐ ♦ ♥❧ ② ❛ ❝ ❡ ❛✐ ♥ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ❜ ❛ ❝ ✐ ♦ ♥✱ ❛ ♥ ❞ ✐ ❛ ❞ ♠✐ ✐ ❜❧ ❡

❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ❢ ♦ ❞ ❡ ❝ ✐ ❜✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❧ ❛ ✇ ♦❢ ♠ ❛ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ❛ ❞ ❡ ✉ ❛ ❡
✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❧ ❛ ✇ ✐ ♥ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♠ ❛ ♣ ❤ ❡ ✧ ❡ ❛❧✐ ② ✧ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳

❚ ❤ ❡ ♥ ❡ ✇ ❡ ❡ ♥ ✐ ❛❧ ❡ ♥ ♦ ✈ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥ ✐ ❡ ❛❧✐ ③✐ ♥ ❣ ✐ ♥ ✶ ✾ ✻ ✹ ❬ ✽ ✷❪✱
❜ ② ❤ ❡ ❡ ♠✐ ♥ ❡ ♥ ♥ ♦ ✇ ❡ ❡ ❍✐ ❣ ❣ ✱ ✇✐ ❤✐ ♥ ❤ ❡ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ♦❢ ❤ ❡ ❙ ❛ ♥ ❞ ❛ ❞ ▼ ♦ ❞ ❡❧ ❢ ♦ ❤ ❡ ❡ ♦❢
❡❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❛ ✐ ❝❧ ❡ ✱ ♣ ✉ ❢ ♦ ✇ ❛ ❞ ❛ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥ ❛ ②✱ ❜ ✉ ✉ ♣ ♦ ✷ ✵ ✶ ✷ ✐❧❧ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ❤ ❡ ♦ ②✱
❤ ❛ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❇✐ ❣ ❇ ❛ ♥ ❣ ❚ ❤ ❡ ♦ ② ❜ ② ❤ ❡ ❡ ♠✐ ♥ ❡ ♥

● ❡ ♦ ❣ ❡ ● ❛ ♠ ♦ ✇✱ ❛ ❤ ❡ ❛ ❣ ❡ ✇ ❤ ❡ ♥ ✐ ❢ ✉❧❧ ▼ ❛ ❛ ♣ ♣ ❡ ❛ ✱ ❤ ❡ ❧ ❛ ❡ ❝ ❡ ❛ ❡ ✐ ♥ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡
❛ ❝ ❡ ❛✐ ♥ ♥ ❡ ✇ ♠ ❛ ❡ ✐ ❛❧ ✜ ❡❧ ❞ ✇✐ ❤ ✐ ✉ ❛ ♥ ✉ ♠ ♣ ❛ ✐ ❝❧ ❡ ✏ ❜ ♦ ♦ ♥✑✳ ■ ✐ ❤✐ ✜ ❡❧ ❞ ❝ ❡ ❛ ❡ ❤ ❡
❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❢ ♦ ❝ ❡ ♦❢ ◆ ❛ ✉ ❡ ✉ ♥ ❞ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♥ ❛ ♠ ❡ ✏✐ ♥ ❡ ✐ ❛✑✱ ✇ ❤✐ ❝ ❤ ❛ ❝ ✱ ❞ ✉ ❡ ♦ ● ❛❧✐❧ ❡ ♦✱
♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ❡ ♠ ❛ ♦❢ ❛ ♥ ② ♠ ❛ ✐ ✈ ❡ ♦ ❜❥ ❡ ❝ ✭ ❛ ✐ ❝ ❤ ❛ ❣ ❡✮✱ ❜ ✉ ✐ ✛ ❤✐ ♦ ❜❥ ❡ ❝ ❞ ❡ ✈✐ ❛ ❡
❢ ♦ ♠ ✉ ♥✐❢ ♦ ♠ ❛ ♥ ❞ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥✳ ❚ ❤✐ ❤ ❡ ♦ ② ✇ ❛ ✐ ❝ ❧ ② ❝ ♦ ♥ ✜ ♠ ❡ ❞ ✇✐ ❤ ❤ ❡ ❞✐ ❝ ♦ ✈ ❡ ②
♦❢ ❤ ❡ ❍✐ ❣ ❣ ❜ ♦ ♦ ♥ ✐ ♥ ✷ ✵ ✶ ✷ ❛ ❤ ❡ ❍ ❛ ❞ ♦ ♥ ❈ ♦❧❧✐ ❞ ❡ ✐ ♥ ❙ ✇✐ ③ ❡ ❧ ❛ ♥ ❞✳ ❲ ❤ ❛ ✐ ✈ ❡ ② ✐ ♠ ♣ ♦ ❛ ♥ ✱
❤ ❡ ❍✐ ❣ ❣ ♠ ❛ ❡ ✐ ❛❧ ✜ ❡❧ ❞ ♦ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ✐ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❝ ✐ ♥ ❣

● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❡ ✐ ❛✳ ❚ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ✐ ❛❧ ♦ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞
✐ ♦ ♦ ♣✐ ❝✳ ❚ ❤ ❡ ♥✱ ✇✐ ❤ ❤ ❡ ◆ ❡ ✇ ♦ ♥✬ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❊ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧
♠ ❛ ❡ ✱ ❤ ❡ ❍✐ ❣ ❣ ❤ ❡ ♦ ② ♣ ♦ ✈ ❡ ❞ ✈ ❡ ② ✐ ❝ ❧ ② ❛ ❡ ❛❧✐ ② ♦❢ ❤✐ ✢ ❛ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ❤ ❡ ◆ ❛ ✉ ❡✳



✶ ✼ ✷ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ✉ ✱ ❜ ❡❢ ♦ ❡ ❤ ❡ ❡ ♥ ♦ ✈ ❛ ✐ ♦ ♥✱ ♠ ♦ ❞✐ ✣ ❝ ✉❧ ♣ ♦ ❜❧ ❡ ♠ ✐ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤ ❡ ♦ ② ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇ ❛
❝ ♦ ❡ ❝ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✇ ♦ ❧ ❞ ❡ ✈ ❡ ♥ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✳ ❍✐ ♦ ✐ ❝ ❛❧❧ ②
✜ ❛ ♥ ❞ ✉ ♣ ♦ ♥ ♦ ✇ ♣ ❡ ✈ ❛✐❧✐ ♥ ❣ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥ ✇ ❛ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ● ❚ ❘ ❢ ♦ ♠ ✶ ✾ ✶ ✻ ❬ ✻ ✾❪
✇✐ ❤ ❝ ✉ ✈ ❡ ❞ ❜ ② ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❆❧ ❡ ♥ ❛ ✐ ✈ ❡ ❇ ▼ ❚ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥
✭ ❇✐ ♠ ❡ ✐ ❝ ❚ ❤ ❡ ♦ ✐ ❡ ♦❢ ● ❛ ✈✐ ❛ ✐ ♦ ♥✮ ❛ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛ ❛ ❝ ✐ ♦ ♥ ♦❢
♦ ♠ ❡ ❡ ♥ ♦ ♣ ❤ ② ✐ ❝ ❛❧ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦ ② ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❙ ✉ ♣ ✐ ✐ ♥ ❣❧ ②✱ ❤ ❛ ❤✐ ♦ ✐ ❝ ❛❧❧ ② ❤ ❡

✜ ✈ ❡ ✐ ♦ ♥ ♦❢ ❇ ▼ ❚ ✇ ❛ ♣ ♦ ♣ ♦ ❡ ❞ ❜ ② ❤ ❡ ♦ ✐ ◆ ❛ ❤ ❛ ♥ ❘ ♦ ❡ ♥ ❬ ✼ ✽❪✱ ❛ ♥ ❛ ✐ ❛ ♥ ♦ ❊✐ ♥ ❡✐ ♥
❛ ✐ ♥ ❝ ❡ ♦ ♥ ❯ ♥✐ ✈ ❡ ✐ ② ❛ ♥ ❞ ❧ ❛ ❡ ❤✐ ❝❧ ♦ ❡ ❝ ♦❧❧ ❡ ❛ ❣ ✉ ❡✦ ❚ ❤✐ ❤ ♦ ✇ ❤ ♦ ✇ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ✇ ❛
❧ ♦ ② ❛❧ ♦ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ✐ ♥ ❝✐ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❡ ✈ ❡ ♥ ♦ ❤✐ ● ❚ ❘✳ ❚ ❤✐ ✐ ❛ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❤ ❡

✉ ❡ ❛ ♥ ❞ ♥ ♦ ❥ ✉ ✐ ♥ ✇ ♦ ❞ ✱ ❛ ✐ ✉ ❞ ❡ ♦ ❤ ❡ ❢ ❡ ❡ ❞ ♦ ♠ ♦❢ ❝✐ ❡ ♥ ✐ ✜ ❝ ❤ ♦ ✉ ❣ ❤ ✳ ❇ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❢ ♦ ♠
❤ ❡ ✶✲ ❡ ❞✐ ✐ ♦ ♥ ♦❢ ♦ ✉ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❬ ✶ ✺❪✱ ✇ ❡ ❛ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ✐ ♠✐❧ ❛ ❜✐ ♠ ❡ ✐ ❝ ♣ ♦✐ ♥

♦❢ ✈✐ ❡ ✇✱ ✐✳ ❡✳✱ ❛❧❧ ❡ ✈ ❡ ♥ ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ✢ ❛ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐✱ ❜ ✉
❛ ♥ ② ❖ ❜ ❡ ✈ ❡ ❡ ❡ ❤ ❡ ❛ ♠ ❡ ❡ ✈ ❡ ♥ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❧ ❡ ♥ ❡ ❞ ❣ ❛ ✈✐ ② ✜ ❡❧ ❞ ❛ ❞✐ ♦ ❡ ❞ ❢ ♦ ♠ ❝ ✉ ✈✐ ♥ ❣
❜ ② ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✳ ❖ ✉ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❛ ❣ ♦ ♦ ❞ ❝ ♦ ♠ ♣ ♦ ♠✐ ❡ ❤ ❛ ❞ ♦ ❡
♥ ♦ ❞ ❡ ♦ ② ❤ ❡ ❤ ❛ ♠ ♦ ♥ ② ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❛ ♥ ❞ ❡ ① ❝❧ ✉ ❞ ❡ ❤ ❡ ♣ ♦ ✐ ✐ ✈✐ ♠ ✐ ♥ ❡ ❛❧ ❛ ❡ ♠ ❡ ♥ ♦❢
✇ ♦ ❧ ❞ ❡ ✈ ❡ ♥ ✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱ ❤ ❡ ❛ ❣ ❣ ❡ ✐ ✈ ❡ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ♣ ❡ ❝✐ ✜ ❝ ❛ ♣ ♦❧ ♦ ❣✐ ♦❢ ❛ ❡ ❛❧❧ ② ❝ ✉ ✈ ❡ ❞
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐❧❧ ❡ ✐ ✉ ❝ ❤ ❛ ♣ ❡ ❛ ❝ ❡✲❧ ♦ ✈✐ ♥ ❣ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ❛ ♥ ❞ ❤ ❡ ② ❝ ♦ ♥ ✐ ♥ ✉ ❡ ♦ ♠ ❛ ❦ ❡ ❢ ♦ ♠

❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ❤ ❡ ♥ ❡ ✇ ♦❧ ❡ ♠ ② ❛ ✐❢ ❢ ♦ ♠ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ❆ ❣ ❡ ✳ ✭ ❙ ❡ ❡ ❤ ❡ ❞✐ ❝ ✉ ✐ ♦ ♥ ✐ ♥ ❈ ❤✳ ✾ ❆✮✳
❱❡ ❝ ♦ ♥ ❛ ✉ ❡ ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡

❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ❡ ✐ ♦ ♦ ♣✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✳
❚ ❤ ❡ ② ❛ ❡✿ ✭ ✶✮ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝ ♦ ♥✐ ❝ ❝ ❛ ✈✐ ② ❝ ♦ ♥ ✐ ✐ ♥ ❣ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❡❧ ❡ ♠ ❡ ♥ ✇✐ ❤ ❤ ❡✐
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✱ ✭ ✷✮ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❝ ♦ ♥✐ ❝ ❝ ❛ ✈✐ ② ❝ ♦ ♥ ✐ ✐ ♥ ❣ ♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❡❧ ❡ ♠ ❡ ♥ ✇✐ ❤ ❛ ♥
❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♠ ❡ ✐ ❝✱ ❛ ♥ ❞ ✭ ✸✮ ❤ ❡ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❧✐ ❣ ❤ ❝ ♦ ♥✐ ❝ ❞✐ ✈✐ ❞✐ ♥ ❣ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡
✇✐ ❤ ✐ ③ ❡ ♦ ♠ ❡ ✐ ❝✿ ✐ ❡ ♣ ❛ ❛ ❡ ❤ ❡ ❡ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧
❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❧✐ ♥ ❡ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ 4 × 4
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ 4 × 4 ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Γ ❛ ♥ ❞ Θ ✭ ❈ ❤ ✳ ✻ ❛ ♥ ❞ ✶ ✵ ✕ ✶ ✷✮✳

● ❡ ♥ ❡ ❛❧❧ ②✱ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❧ ❛ ♥ ❣ ✉ ❛ ❣ ❡ ✭ ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✮
♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ❢ ♦ ❡ ① ♣❧ ❛✐ ♥✐ ♥ ❣ ❛❧❧ ❡ ✛ ❡ ❝ ♦❢ ❙ ❚ ❘ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ✐ ♠ ❡ ❛ ♥ ❞ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
✉ ❜ ♣ ❛ ❝ ❡✳ ❚❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ✱ ✐✳ ❡✳✱ ✐ ♥ ❤ ❡✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠

✐ ♥ ⟨ P 3 + 1 ⟩ ✭ ❤ ❡ ② ✇ ❡ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❈ ❤ ✳ ✻✱ ✶ ✶ ❛ ♥ ❞ ✶ ✷✮ ❣✐ ✈ ❡ ✉ ❤ ❡ ✹✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❡ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❢ ♦ ❞ ❡ ❝ ✐ ❜✐ ♥ ❣ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ♦❢ ❙ ❚ ❘ ✭ ❡ ❡ ❈ ❤ ✳ ✺ ❆✱ ✼ ❆✱ ✶ ✵ ❆✮✳

❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉
▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳  ❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥
si n h 2 γ − c o s h 2 γ = i2 ✱ c o s h γ > 1 ✱ ✐ ♥ ❡ ♣ ❡ ❝❧ ❛ ✐ ② ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡✳
❚ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❝ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥
❡ ❝ ❤ 2 γ + t a n h 2 γ = 1 ✱ ❡ ❝ ❤ γ < 1 , ✐ ♥ ❡ ♣ ❡ ❝❧ ❛ ✐ ② ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❡ ① ❡ ♥ ✳ ■❢ ❤ ❡
✇ ♦ ♣ ❤ ❡ ♥ ♦ ♠ ❡ ♥ ❛ ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Γ ✱ ❤ ❡ ♥ ❛

♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❢ ♦ ❤ ❡ ♠ ✐ ♦❧ ✈ ❡ ❞ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✻✳ ✹✮✳ ❖ ✉ ♣ ❡ ❝✐ ❛❧
♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❡❧ ❛ ✐ ✈✐ ② ❢ ♦ ❛ ❞ ♠✐ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ❡ ❝ ✳ ✶ ✷✳ ✸✮ ✐ ✐ ♥
♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ♣ ❤ ② ✐ ❝ ❛❧ ♦ ✉❧ ❛ ❡ ♦❢ ❡❧ ❛ ✐ ✈✐ ②✳ ❚ ❤ ❡

♦✐ ♥ ❝ ❛ ✁❡ ✕ ❊✐ ♥ ❡✐ ♥ ▲ ❛ ✇ ♦❢ ♠ ✉ ✉ ❛❧ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❡ ❛ ♥ ❞ ❤ ❡✐ ❡❧ ❛ ✐ ✈✐ ②
♠ ❛ ② ❜ ❡ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ ❛ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦❢ ❡ ❛ ❝ ❤ ♦ ♦ ❤ ❡ ✱ ❤ ❡ ② ❝ ❤ ❛ ♥ ❣ ❡ ❛❧ ✇ ❛ ② ♦ ❣ ❡ ❤ ❡
✉ ♥ ❞ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✱ ❛ ♥ ❞ ❜ ♦ ❤ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ✉ ♥ ❞ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✿

⟨ P 3 + 1 ⟩ ≡ ⟨ E 3 ⟩ ( k ) ⊠
−→
ct ( k ) ≡ ❈ ❖ ◆ ❙ ❚ . ( 1 3 A )

❚ ❤✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ❤ ❡ ✉ ♥✐ ❡ ❞ ✐ ♥ ❞✐ ✈✐ ✐ ❜❧ ❡ ✹✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ✐ ♥ ✉ ✉ ♠✳ ❆ ❛ ✇ ❤ ♦❧ ❡ ❡ ✐ ✐
❛ ♥ ❛ ❜ ♦❧ ✉ ❡ ✱ ❜ ✉ ❝ ♦ ♥ ✐ ✐ ♥ ❣ ♦❢ ❤ ❡ ❡ ✇ ♦ ✈ ❛ ✐ ❛ ❜❧ ❡ ♦ ❣ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ♦❢ ✐ ♥ ❞ ❡ ① k ✳
❚ ❤ ❡ ❝ ❛❧✐ ♥ ❣ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ” c ” ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❍✳ ♦✐ ♥ ❝ ❛ ✁❡ ❢ ♦ ❤ ❡ ✐ ♠ ❡✱ ✐ ❡ ✉ ❛❧ ♦ ❤ ❡ ❧✐ ❣ ❤
♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦ ♠✐ ❝ ✈ ❛ ❝ ✉ ✉ ♠✳ ◆ ♦ ❡✱ ❤✐ ♠ ❛❧❧✱ ❜ ✉ ❣ ❡ ❛ ✐ ♠ ❡ ♠ ♦ ❞✐ ✜ ❝ ❛ ✐ ♦ ♥ ❧ ❡ ❞ ♦ ✐ ❞ ❡ ♥ ✐ ② ♦❢
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ✲

♠ ❛ ✐ ♦ ♥ ❛ ❞ ♦ ♣ ❡ ❞ ❜ ❡❢ ♦ ❡ ❢ ♦ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❝ ② ♦❢ ❤ ❡ ▼ ❛ ① ✇ ❡❧❧ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ✇ ❛ ✈ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❬ ✺ ✾❪✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ❆✳ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ❖ ❋ ▲ ❆ ● ❘ ❆ ◆ ● ❊✱ ❖ ■ ◆ ❈ ❆ ❘ ✁❊✱ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ✶ ✼ ✸

▲ ❛ ❡ ❛ ✉❧ ❉✐ ❛ ❝ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ❤ ❡ ❡ ✉❧ ✐ ♥ ❤✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡ ❙ ❝ ❤ ☎♦ ❞✐ ♥ ❣ ❡
✉ ❛ ♥ ✉ ♠ ✇ ❛ ✈ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❬ ✻ ✶❪✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❛ ♥ ❞ ▼ ♦ ♠ ❡ ♥ ✉ ♠

❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ◆ ♦ ❡ ❤ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ❬ ✶ ✵ ✷❪✱ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❙ ❚ ❘ ✐ ❝ ❧ ②
❢ ♦ ♠ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ② ❛ ♥ ❞ ✐ ♦ ♦ ♣ ② ♦❢ ✐ ❜ ❛ ✐ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ❝❧ ❡ ❛ ✐ ♠ ♣❧ ❡ ❡ ♥ ♦

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ❡ ❡ ✐ ♥ ❈ ❤ ✳ ✼ ❆✱ ✶ ✵ ❆ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❑ ✉ ♥ ❦ ❛ ♠ ♠ ❡ ✮✳
❆❧ ♦ ✇ ♦ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ♣ ♦ ✉❧ ❛ ❡ ♦ ♥ ♠ ❛ ①✐ ♠ ❛❧✐ ② ♦❢ ♠ ♦ ✈✐ ♥ ❣ ♠ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ❞ ✉ ❡ ♦ v < c

❛ ♥ ❞ ♦ ♥ ❝ ♦ ♥ ❛ ♥ ❝ ② ♦❢ ❤ ❡ ❧✐ ❣ ❤ ✈ ❡❧ ♦ ❝✐ ② c ✭ ♦ ♥❧ ② ❛ ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡✮ ✐ ♥ ❛❧❧ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❡ ✐ ❛❧
❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ❢ ♦❧❧ ♦ ✇ ❞✐ ❡ ❝ ❧ ② ❢ ♦ ♠ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ✉❧ ✉

||v / c || = ||t a n h γ || < 1 , ( 1 4 A )

❛ ♥ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ✈ ❡❧ ♦ ❝✐ ②

± ∞ ± γ = ± γ ± ∞ = ± ∞ , ( 1 5 A )

✈ ❛❧✐ ❞ ✐ ♥ ❛ ♥ ② ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k ♦❢ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❡❧ ❛ ✐ ✈ ❡❧ ② ✐ ♠ ♠ ♦ ❜✐❧ ❡ ❖ ❜ ❡ ✈ ❡ ✳ ❙ ❡ ❝ ♦ ♥ ❞
✉❧ ❡ ✭ ✶ ✺ ❆✮ ✐ ♠ ♣❧✐ ❡ ❛❧ ♦ ❤ ❛ ❤ ❡ ❧✐ ❣ ❤ ✈ ❡❧ ♦ ❝✐ ② ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ✐ ♦ ✉ ❝ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳

❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② v ∗ ♦❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ ✱ ❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇
♦❢ ❖ ❜ ❡ ✈ ❡ ♠ ♦ ✈✐ ♥ ❣ ✇✐ ❤ ✐ ✱ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ✉ ❡ ♦ ❡❧ ❛ ✐ ♦ ♥ ||v ∗ || < ∞ ✱ ❛ v ∗ = c · si n h γ ✳

■ ♥ ❈ ❤✳ ✼ ❆✱ ✇ ❡ ✉ ❡ ❞ ♦ ✉ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ♠ ✉❧ ✐ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ P n + q ⟩
✇✐ ❤ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♣ ♦ ✈ ❡ ❞ ❜ ② ✉ ❜ ❡❢ ♦ ❡ ✐ ♥ ❈ ❤✳ ✶ ✶ ❢ ♦ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♥ ♦ ♥✲
❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐ ♥ ❙ ❚ ❘ ❛ ♥ ❞ ❡ ❣ ♠ ❡ ♥ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥
❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ❡ ❢ ♦ ♠ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✐ ♠✐❧ ❛ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ✱ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ✈ ❛ ✐ ♦ ✉
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ✐ ♥ ● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❞ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❧ ②

● ❛❧✐❧ ❡ ❛ ♥ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ✭ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❈ ❤ ✳ ✺ ❆✱ ✻ ❆✱ ✼ ❆ ❛ ♥ ❞ ✶ ✵ ❆✮✳

✯ ✯ ✯

❋ ✉ ❤ ❡ ✱ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ♣ ❤ ② ✐ ❝ ❛❧ ❡❧ ❛ ✐ ✈✐ ✐ ❝
♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ✐ ✐ ♠ ♣❧ ❡ ❢ ♦ ♠✳ ❈ ❤ ♦ ♦ ❡ ❤ ❡ ✐ ❣ ❤ ✉ ♥✐ ✈ ❡ ❛❧✱ ✐✳ ❡✳✱ ✐ ♥ ❡ ✐ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I }
✇✐ ❤ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❖ ❜ ❡ ✈ ❡ N 1 ✳ ❖ ❤ ❡ ✐ ❣ ❤ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 u ❛ ❡ ❧✐ ♥ ❦ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

Ẽ 1 u = r ot Θ · Ẽ 1 = { r ot Θ } , ( 1 6 A )

✇ ❤ ❡ ❡ r ot ′ Θ · I ± · r ot Θ = I ± = r ot Θ · I ± · r ot ′ Θ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✹ ✼ ✵✮✳
❚ ❤ ❡ ❡ ♦❢ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜ ❛ ❡ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢

⟨ P 3 + 1 ⟩ ✐ ♥ ✇ ♦ ♣ ♦ ✐ ❜❧ ❡ ✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ✕ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❍ ❡ ♠ ❛ ♥ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❬ ✻ ✺❪
✭ ❜ ✉ ✇✐ ❤ ❤ ❡✐ ✐ ❣ ❤ ❛ ♥ ❞ ❝❧ ❡ ❛ ❝ ❤ ♦ ❡ ♦ ♥ ❤ ❡ ❜ ❛ ❡ ♦❢ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥✐ ✐ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇✐ ❤
✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ i γ ❢ ♦ ❝ ♦ ♥❥ ✉ ❣ ❛ ❝ ② ♦❢ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✐ ♥ ❈ ❤✳ ✶ ✷ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ✮✿

{ I ± } =







+ 1 0 0 0
0  + 1 0 0
0 0  + 1 0
0 0 0 − 1





 , { I ∓ } =







− 1 0 0 0
0 − 1 0 0
0 0 − 1 0
0 0 0  + 1





 = − { I ± } . ( 1 7 A − I, I I )

■ ♥ ❤ ❡ ✶✲ ❝ ❛ ❡✱ ♦ ✉ ♥ ❛ ✉ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ♣ ❡ ❡ ✈ ❡ ❞✱ ✐ ♥ ❤ ❡ ✷✲ ♥ ❞ ❝ ❛ ❡✱ ✐ ❛ ♥ ❢ ♦ ♠ ✐ ♥ ♦
❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ✇ ❤✐ ❝ ❤ ✐ ✈ ❡ ② ❛ ♥ ❣ ❡ ❢ ♦ ✉ ✕ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❤ ❡ ❧ ❛ ❈ ❤ ❛ ♣ ❡ ✶ ✵ ❆✳

■ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ❛❧❧ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✱ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ❛ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♦ ❤ ♦ ♥ ♦ ♠ ❛❧✱ ❤ ❡ ♥ ❝ ❡ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ❢ ♦ ♠ ❡ ❝ ✳ ✻✳ ✷ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞✱ ❛ ♥ ❞ ❤✐
✐ ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦ ♠ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✳ ❚✐❧❧ ❡ ❛❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ② ▼✐ ♥ ❦ ♦ ✇ ❦✐✱ ✐ ✇ ❛ ❛
❛ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜ ❛ ❡ ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✭ ❡ ❡ ❜ ❡❢ ♦ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❈ ❤✳ ✶ ✵ ✮✿

Ẽ ′ · I ± · Ẽ = I ± = (
√

I ± · Ẽ ) ′ · (
√

I ± · Ẽ ) , ( 1 8 A )

✇ ❤ ❡ ❡
√

I ± ✐ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝ ♦ ♦ ♦❢ ② ♣ ❡ ✭ ✹ ✹ ✸ ✮✳ ❚ ❤ ❡ ❧ ❛ ❡ ❣✐ ✈ ❡ ❛ ♥ ✐ ♥✐ ✐ ❛❧ ✈ ❛ ✐ ❛ ♥ ♦❢ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡
❬ ✻ ✸❪ ✇✐ ❤ ♦ ✉ I ± ✳ ❆ ♥ ❡ ✇ ❜ ❛ ❡✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ♦ ✉ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✭ ✹ ✽ ✵ ✮✱ ✭ ✹ ✽ ✶ ✮✱ ✐ ❤ ❡ ❡ ✉❧ ♦❢
❛ ✉ ♥✐ ✉ ❡ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✭✐ ♥ Ẽ 1 ✮ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✭✐ ♥ Ẽ 1 h ✮✱ ♦ ✐ ♥ ❤ ❡
❡ ✈ ❡ ❡ ♦ ❞ ❡ ✱ ✇ ❤ ❡ ❡ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ± ( 1 7 A − I ) ✿

Ẽ = r ot h Γ · r ot Θ · Ẽ 1 = { r ot Θ } ˜E 1 h
· Ẽ 1 h . ( 1 9 A )



✶ ✼ ✹ ❆ ❊ ◆ ❉ ■ ❳

❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ❛ ♥ ❡ ✇ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✐ ❤ ❡ ❡ ✉❧ ♦❢ ❛ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥

Ẽ 1 h = r ot h Γ · Ẽ 1 = { r ot h Γ } . ( 2 0 A )

❚ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ❛ ❡✱ ❞ ✉ ❡ ♦ ✭ ✸ ✻ ✸ ✮✱ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♥ ♦ ♥✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ❤ ❡✐ ❝ ❛❧ ❡ ✐ ♥

❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ❛ ❡ ❞✐❧ ❛ ❡ ❞ ✭ ❤✐ ❤ ♦❧ ❞ ❢ ♦ ❛ ❧ ❡ ❛ ✇ ♦ ♦❢ ❤ ❡ ❛ ① ❡ ✱ ♦ ♥ ❡ ♦❢ ❤ ❡ ♠ ✐ ✐ ♠ ❡✲ ❛ ♦ ✇ ✮✳

❚ ❤ ❡ ❡ ❛ ① ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✇ ❛ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❍ ❡ ♠ ❛ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦ ② ✐ ♥ ❬ ✻ ✻❪✳

✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❜ ❛ ❡ ♦ ❛ ✐ ♦ ♥ ✭ ✷ ✵ ❆✮ ❤ ❛ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❡ ♥ ❡ ♦❢ ✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥

♦❢ Ẽ
( 3 )
1 h ✇✐ ❤ ✐ N 1 h ❡❧ ❛ ✐ ✈ ❡❧ ② ♦❢ Ẽ

( 3 )
1 ✇✐ ❤ ✐ N 1 ❛ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② v = c · t a n h γ ✳ ❍ ② ♣ ❡ ❜ ♦❧✐ ❝

♦ ❛ ✐ ♦ ♥ ✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ②✱ ✐ ✐ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❡✐ ❣ ❡ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩ ⊂ ⟨ P 3 + 1 ⟩

❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❤ ❡ ❡ ❜ ② ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( 1 ) ❛ ♥ ❞ ❤ ❡ ✈ ❡ ❝ ♦ v = c · t a n h γ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✳

■ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ❝ ❛ ❡ ♦❢ 2 × 2 ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✭ ✸ ✷ ✹✮✱ ✇ ❡ ❤ ❛ ✈ ❡ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡

Ẽ I I = { r ot h Γ } 2 × 2 · Ẽ I =
c o s h γ si n h γ · c o s α

si n h γ · c o s α c o s h γ
, c o s α = ± 1 . ( 2 1 A )

■ ✐ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ① ❡ x ( 1 ) ❛ ♥ ❞ ct ( 1 ) ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ♦ ❤ ❡ ❜✐ ❡ ❝ ✐ ① ♦❢ ❤ ❡
✶✲ ✉ ❛ ❞ ❛ ♥ ✐❢ c o s α = + 1 ❛ ♥ ❞ ♦ ❤ ❡ ❜✐ ❡ ❝ ✐ ① ♦❢ ❤ ❡ ✷✲ ♥ ❞ ✉ ❛ ❞ ❛ ♥ ✐❢ c o s α = − 1 ✮✳

❋ ✉ ❤ ❡ ✱ ✇ ❡ ❜ ❡ ❣✐ ♥ ♦ ✉ ❡ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ❛ ✧ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✧ ❛ ❤ ❡ ❝ ✉ ✈ ❡✲❢ ✉ ♥ ❝ ✐ ♦ ♥
x (

−→
ct )✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❜ ② ❍ ❡ ♠ ❛ ♥ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✶ ✾ ✵ ✾ ❬ ✻ ✺❪✳ ■ ✐ ❛

❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✕ ❛ ✇ ♦ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ❛ ♥ ❞ ❜ ♦ ❤ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✭ ❈ ❤ ✳ ✶ ✶✱ ✶ ✷✮✳
❇ ✉ ❛❧❧ ❤ ❡ ② ❝ ❛ ♥ ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡❧ ❛ ✐ ✈ ❡ ❛ ❞ ♠✐ ❡ ❞ ❜ ❛ ❡ ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳

■ ♥ ✜ ✱ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ✐ ♠ ♣❧ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❤ ② ✐ ❝ ❛❧ ✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ❛
♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✳ ❆ ❤ ❡ ♠ ♦ ♠ ❡ ♥ t = 0 ❤ ❡ ♣ ♦✐ ♥ ♣ ❛ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♦ ✐ ❣✐ ♥ O ♦❢ ❤ ❡ ❢ ❛ ♠ ❡
♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ Ẽ 1 ✱ ✇ ❤✐ ❝ ❤ ❤ ❡ ❡ ✐ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♦ ✐ ❣✐ ♥ ❢ ♦ ❛❧❧ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ❜ ❛ ❡ ⟨ Ẽ k ⟩✳ ❚ ❤ ❡ ♥ ❤✐
✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ M ✐ ❛ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ♦ ✧❧✐ ❣ ❤ ✧ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✳ ❚ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡
✐ ❤ ❡ ❧ ♦ ❝ ✉ ♦❢ ❛❧❧ ❝ ❡ ♥ ❛❧ ❧✐ ❣ ❤ ❛ ② ♣ ♦ ❝ ❡ ❡ ❞✐ ♥ ❣ ❢ ♦ ♠ O ✳ ❆ ❝ ❡ ❛✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✱
✇ ❤ ❡ ❡ M ✐ ✐ ♠ ♠ ♦ ❜✐❧ ❡✱ ❤ ❛ ✐ ♦ ✇ ♥ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ❝ ♦✐ ♥ ❝✐ ❞✐ ♥ ❣ ✇✐ ❤ ❤ ❡ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ M

♠ ❛ ♣ ♣ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳ ✭■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❛❧❧ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ① ❡ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ②

❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ❢ ♦ ❛ ♥ ❡ ✇ ❜ ❛ ❡ Ẽ k ✳✮ ❚ ❤✐ ♥ ❡ ✇ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ✐ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞

✐ ♥ Ẽ 1 ❜ ② ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ✇✐ ❤
−→
ct ( 1 ) ❛ ♥ ❞ ❤ ❡ ✜ ① ❡ ❞ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦

t a n h γ ∈ ⟨ E 3 ⟩ ( 1 ) ♦ ❤ ❡ ♣ ♦✐ ♥ M ✈ ❡❧ ♦ ❝✐ ② v = v · e α = c · t a n h γ = c o n s t ✳
❆ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♠ ❛ ② ❜ ❡✱ ♦❢ ❝ ♦ ✉ ❡✱ ❛ ❜✐ ❛ ② ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ♦ ♥ ❡ ✭ ❛ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✮✱

❜ ✉ ✐ ❧ ♦ ♣ ❡ ♠ ✉ ❜ ❡ ❧ ❡ ❤ ❛ ♥ ❤ ❡ ❧ ♦ ♣ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡✱ ✐✳ ❡✳✱ ♦❢ ❛ ② ♦❢ ❧✐ ❣ ❤ ❡❧ ❛ ✐ ✈ ❡❧ ②
♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ( 1 ) ✳ ❲❡ ❡ ♣ ❡ ❡ ♥ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ♦ ♥❧ ②

❢ ♦ ✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✈✐ ✉ ❛❧✐ ② ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✇✐ ❤ ♦ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✱ ❛ ✇ ❡❧❧ ❛ ❛❧❧ ❤ ❡ ♦ ❤ ❡
♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛❧ ♦ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ 1 ✦ ❲✐ ❤ ❤ ❡ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ✱
❤ ❡ ❜ ❛ ❡ Ẽ 1 ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥✐ ✐ ❛❧❧ ② ❛ ✐❢ ❈ ❛ ❡ ✐ ❛ ♥ ♦ ♥ ❡ ♦ ♦✦ ❙ ✉ ❝ ❤ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❛ ✉ ❡ ❞ ❜ ❡❢ ♦ ❡

✐ ♥ ❈ ❤✳ ✶ ✷ ❢ ♦ ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ❤ ❡ ✇ ♦ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❍ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♣ ✉ ♣ ♦ ❡✳ ✭ ❆
✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✐ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ✐ ♦ ♥ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ✐ ♥ ❡ ✐ ❛❧ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❖ ❜ ❡ ✈ ❡ N 1 ✳✮

■ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ♦❢ ❙ ❚ ❘✱ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ Γ ♦❢ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ ✐ ♥ ✭ ✷ ✵ ❆✮ ❢ ♦
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛❧ ✇ ❛ ② ❤ ❛ ✈ ❡ ❤ ❡ ✐ ❣ ♥ + ✳ ❚ ❤ ❡ ✐ ❣ ♥ − ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ♣ ♦ ✐ ❜❧ ❡

♦ ♥❧ ② ✐ ♥ ♠ ❡ ♥ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ♣ ❛ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❛ ♥ ✐ ♣ ♦ ❞ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ✭ ❡ ❝ ✳ ✶ ✷✳ ✶✳✮
❚ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❞ ❡ ❡ ♠✐ ♥✐ ♠ ❢ ♦ ♠ ❛ ❡ ✐ ❛❧ ♣ ❤ ❡ ♥ ♦ ♠ ❡ ♥ ❛✳ ❚ ❤ ❡ ❡ ❢ ❛ ❝
❞✐ ✐ ♥ ❣ ✉✐ ❤ ♦ ❛ ♦ ♠ ❡ ❡ ① ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ♦❢ ❙ ❚ ❘ ❛ ♥ ❞ ❤ ❡ ❧ ❛ ✇ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥
✐ ♥ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ②✳ ❚ ❤ ❡ ❛ ♠ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ✭ ❛ ♥ ❞ ❤ ❡ ❛ ♠ ❡ ✇ ♦ ❧ ❞ ❛✐ ❣ ❤

❧✐ ♥ ❡ ✮ ✐ ♥ ❤ ❡ ✇ ♦ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♠ ❛ ✐ ❝ ❡ r ot h Γ
❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣✱ ❢ ♦ ♠ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ♦ ❤ ❡ ❛ ♠ ❡ ✈ ❡❧ ♦ ❝✐ ② ✈ ❡ ❝ ♦ ❛ ♥ ❞✱ ❢ ♦ ♠ ❤ ❡
❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ♦ ❤ ❡ ❛ ♠ ❡ ♠ ♦ ✐ ♦ ♥✿

r ot h Γ = F (γ, e α ) ≡ F (− γ, − e α ). ( 2 2 A )

❚ ❤ ❡ ❧ ❛ ❡ ① ♣ ❡ ✐ ♦ ♥ ❤ ❡ ❡ ✐ ✈ ❛❧✐ ❞ ♦ ♥❧ ② ✐ ♥ ❛ ♥ ✐ ♣ ♦ ❞ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ②✳ ❆ ♥ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
❤ ❛ ✐ ② ♠ ♠ ❡ ✐ ❝ ♦ ♦ ✐ ❣✐ ♥ ❛❧ ♦ ♥ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦

−→
ct ( 1 ) ✭ ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ♦ ✐ ✇ ♦ ❧ ❞ ❛✐ ❣ ❤

❧✐ ♥ ❡✮ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ①✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ❆✳ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ❖ ❋ ▲ ❆ ● ❘ ❆ ◆ ● ❊✱ ❖ ■ ◆ ❈ ❆ ❘ ✁❊✱ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ✶ ✼ ✺

■ ❤ ❛ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❡ ♥ ❡ ♦❢ ❛ ♥ ❛ ❞ ❞✐ ✐ ✈ ❡❧ ② ♦ ♣ ♣ ♦ ✐ ❡ ✈ ❡❧ ♦ ❝✐ ② ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣
♦ ✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡✿

r ot h − 1 Γ = F (γ, − e α ) = r ot h (− Γ) ≡ F (− γ, e α ). ( 2 3 A )

■ ♥ ✭ ✷ ✷ ❆✮✱ ✭ ✷ ✸ ❆✮✱ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ γ ✐ ♣ ♦ ✐ ✐ ✈ ❡ ❢ ♦ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ ♠ ♦ ✐ ♦ ♥
❛❧ ♦ ♥ ❣ ❤ ❡ ✐ ♠ ❡ ❛ ♦ ✇ ♦ ❤ ❡ ❋ ✉ ✉ ❡✱ ✐ ✐ ❢ ♦ ♠ ❛❧❧ ② ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❢ ♦ ♠ ❡ ♥ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ❤ ❡ ❛ ✳

❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✵ ❆✮✱ ✭ ✷ ✶ ❆✮ ✐ ♠ ♣❧ ② ❤ ❛ ❞ ✉ ❡ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢
♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ v ❛❧ ♦ ♥ ❣ x ( 1 ) ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❢ ♦ ♠ ❤✐ ❡❧ ❛ ✐ ♦ ♥✿

v

c
=

∆ x

c · ∆ t
=

si n h γ · c o s α

c o s h γ
= t a n h γ · c o s α, ( c o s α = ± 1) . ( 2 4 A )

● ❡ ♥ ❡ ❛❧❧ ②✱ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ❝ ♦ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② v ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ②
✐ ♠ ♦ ❞ ✉❧ ❡ ||v || ❛ ♥ ❞ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ c o s α j ✱ j = 1 , 2 , 3 ❀ ✐ ❤ ❡ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
♦ ♥ ♦ ❤ ❡ ❛ ① ❡ ❤ ❛ ✈ ❡ ❛❧ ♦ ♣ ❤ ② ✐ ❝ ❛❧ ❛ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✿

v j

c
=

∆ x j

c · ∆ t
= t a n h γ · c o s α j , j = 1 , 2 , 3 , (v = { v j } = v · e α = c · t a n h γ ), ( 2 5 A )

✇ ❤ ❡ ❡ v > 0; − 1 ≤ c o s α j ≤ + 1 ❛ ♥ ❞ c o s 2 α 1 + c o s 2 α 2 + c o s 2 α 3 = 1 ✳
❋ ♦ ♠ ❛ ♣ ♣✐ ♥ ❣ ♦❢ ❤ ❡ ✐ ♠ ♣❧ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ❛ ♣ ♦✐ ♥ M ❛

✈ ❡❧ ♦ ❝✐ ② v ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ⟨ P 1 + 1 ⟩✱ ✐ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ✇ ❤ ❡ ❡ M ✐ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡

✇✐ ❤ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ x ( 1 ) ❛ ♥ ❞
−→
ct ( 1 ) ✱ ♠ ✉ ❜ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❛ ❡ ❞ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ γ = ❛ ❛ ♥ ❤ v / c

✇✐ ❤ − e α ✐ ♥ ♦ ❤ ❡ ❜ ❛ ❡ Ẽ 2 ✱ ✇ ❤ ❡ ❡ M ❤ ❛ ♥ ❡ ✇ ✈ ❛❧ ✉ ❡ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ x ( 2 ) ❛ ♥ ❞
−→
ct ( 2 ) ✳ ❙ ✉ ❝ ❤

❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♣ ❛ ✐ ✈ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦ ♥ ♦ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❬ ✷ ✶✱ ♣✳ ✹ ✷ ✽❪✳
❚ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ❜ ❡ ✇ ❡ ❡ ♥ γ ❛ ♥ ❞ φ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ❛ ❡

✉ ✉ ❛❧❧ ② ❡✐ ❤ ❡ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ✭ ✸ ✸ ✶✲■✮ ♦ ✈✐ ✉ ❛❧ ❛ ❣ ❛ ♣ ❤✐ ❝ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ♥ ❣ ❡ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ✭ ✸ ✺ ✺✮✿

d x ( 1 ) / (d ct ( 1 ) ) = v / c = t a n h γ ≡ si n φ = t a n φ R i n Ẽ 1 , (γ > φ (γ ) > φ R (γ )) .

❚ ❤ ❡ ❡ ✐ ♥ ♦ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✈ ❡ ② ♠ ❛❧❧ ❛ ♥ ❣❧ ❡ γ, φ, φ R ✱ ✇ ❤ ❡ ♥ γ → 0
✭v ≪ c ✮✳ ■❢ ✇ ❡ ❛ ♥ ❛❧ ② ③ ❡ ✐ ♥ Ẽ 1 ✭ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❖ ❜ ❡ ✈ ❡ ✮ ♦ ♥ ❡✲ ❡ ♣ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥✱
❤ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ❡ ❡ ✉ ❛❧❧ ② ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ✇✐ ❤ ✐ ❣ ❤ ✐ ❣ ♥ ✳ ❇ ✉ ✐❢ ✇ ❡ ❞ ❡ ❛❧

✇✐ ❤ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ♦ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦ ♠ ❡ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦
♠ ♦ ✈✐ ♥ ❣ ❖ ❜ ❡ ✈ ❡ ✱ ♦ ✇✐ ❤ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♠ ✉❧ ✐ ❡ ♣ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✱ ❤ ❡ ♥ ♦ ♥❧ ② ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ♠ ♦ ✐ ♦ ♥
❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ✇✐ ❤ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ θ ✳

❇ ② ❤✐ ❝ ❛ ✉ ❡✱ ✐ ♥ ❙ ❚ ❘✱ ✇✐ ❤ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
✇✐ ❤ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♠ ❛ ② ❜ ❡ ✉ ❡❢ ✉❧✳ ■ ❝ ♦ ♥ ❝ ❡ ♥ ♥ ♦ ♦ ♥❧ ② ♦ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ②
❛ ♥ ❣❧ ❡ ✱ ❜ ✉ ❛ ♥ ❞ ♦ ❤ ❡ ✈ ❛ ✐ ♦ ✉ ② ♣ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ❛ ♥ ❣❧ ❡ ✱ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❡ ❝ ✳ ✻✳ ✹✳ ❚ ❤ ✉ ✱
❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ♦❢ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② Π( a ) ❬ ✹ ✵✱ ✹ ✶❪ ✉ ♣ ♦ ♥ ♦ ✇ ✐ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥

❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✳ ❋ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢
✈✐ ❡ ✇ ♦❢ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩ ✇✐ ❤ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛
❛ ❣ ✉ ♠ ❡ ♥ Π( a ) ❤ ❛ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ♦ ♥ ✐ ❛ ♥ ❞ ✐ ♥ ❙ ❚ ❘ ♦ ♥❧ ② ✐ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 u ❛ ♥ ❞ ♦ ♥❧ ②
❢ ♦ ♦ ♥ ❡✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✱ ❜ ✉ ♣ ✉ ❡❧ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠ υ
✐ ♥ ✭ ✸ ✻ ✹✲■ ❨✮✱ ❈ ❤✳ ✻✱ ✐ ❝ ♦ ♥ ✐ ❡ ♥ ✐ ♥ ❛ ♥ ② ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✇✐ ❤ ❡ ♥ ♦ { I ± } ♦ { I ∓ } ✿

γ, φ : si n h γ ≡ t a n φ ⇔ t a n h γ ≡ si n φ , (φ ≠ ± π / 2) ⇒ ξ (γ ) = π / 2 − φ (γ ),
γ, ξ : si n h γ ≡ c ot ξ ⇔ t a n h γ ≡ c o s ξ , ❡ ❝ ❤ γ ≡ si n ξ, (ξ ≠ 0 ) , d ξ = − d φ ;
Π( a ) ≡ ξ (γ ) = π / 2 − φ (γ ) = ar c c o s(t a n h γ ) = 2 ar ct a n [ e x p( − γ )],
P (a ) = υ (γ ) = 2 ❛ ❛ ♥ ❤ [ e x p(− γ ) − ❡ ❡ ❜ ♦ ❤ ♥ ❣❧ ❡ ❢ ♦ ♠ ✭ ✸ ✻ ✵✲■■✮ ✐ ♥ ❈ ❤✳ ✻ .





( 2 6 A )

■ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ ✿ v / c = t a n h γ ≡ si n φ = c o s ξ, 1 − (v / c ) 2 = ❡ ❝ ❤ γ ≡ si n ξ = c o s φ ✳
❇ ♦ ❤ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ ✱ ✉ ❡ ❞ ✉ ♣ ♦ ♥ ♦ ✇ ❜ ② ♣ ❤ ② ✐ ✐ ♥ ❤ ❡ ❛ ✱ ❤ ❛ ✈ ❡ ♥ ♦ ❛ ♥ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝
❡ ♥ ❡ ❛ ♥ ❞ ❛ ❡ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ❤ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ② ✐ ✇✐ ❤ ❣ ❡ ❛ ❞✐ ✣ ❝ ✉❧ ②✳



✶ ✼ ✻ ❆ ❊ ◆ ❉ ■ ❳

❲❡ ✉ ❡ ❛❧❧ ❤ ❡ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ❢ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♥ ❞
✐ ♥ ❙ ❚ ❘ ❛ ❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳
φ = l / R ✕ ✐ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ② ♣ ❡ ♦❢ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱
γ = λ / R ✕ ✐ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ♦❢ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳
❚ ❤ ❡ ② ❛ ❡ ❝ ♦ ❡ ❝ ❡✐ ❤ ❡ ✐ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 u ♦ ✐ ♥ ❛ ♥ ② Ẽ k ✐ ♥ ❤ ❡ ❛ ♠ ❡ ② ♣ ❡ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳

■ ♥ ♦ ❞ ❡ ♦ ❣ ❡ ❛ ❜ ♦❧ ✉ ❡ ✭✐✳ ❡✳✱ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ ❤ ❡ ✺✲ ❤ ❊ ✉ ❝❧✐ ❞✬ ♦ ✉❧ ❛ ❡✮ ❣ ❡ ♦ ♠ ❡ ②✱
❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ± α ❤ ♦ ✉❧ ❞ ♥ ♦ ❜ ❡ ✜ ① ❡ ❞✦ ■ ♥✐ ✐ ❛❧❧ ② ♣ ✉

α ≠ 0 ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❛ ❜ ❛ ❝ ♣ ❛ ❛❧❧ ❡❧ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳ ✭ ❋ ♦
❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ②✱ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ② ♣ ❡ ❛ ♥ ❣❧ ❡ α ✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ❤ ❡
▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ Π( a )✮ ✐❧❧ ❤ ❡ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ π / 2 ✳✮ ❆ ♥ ❞ ♦ ♥❧ ② ❛❢ ❡ ❤✐ ❢ ♦ ♠ ❛❧ ✜

❡ ♣✱ ✇ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ♦ ❤ ❡ ❞✐❧ ❡ ♠ ♠ ❛✿ ✇ ❤ ❛ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ α ❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ❤ ♦ ❡ ♥ ✉ ❄
■❢ α > 0 ✱ ✐ ✐ ❝ ❤ ♦ ❡ ♥ ❛ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡✱ ❤ ❡ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ② ♣ ❡

✐ ❣ ♦ ❡ ♥✱ ❛ ♥ ❞ ✐ ♣ ❛ ❛❧❧ ❡❧ ❛ ❡ ✐ ♥ ❡ ❡ ❝ ❡ ❞ ♦ ♥ ❤ ❡ ✐ ❞ ❡ ♦❢ ❛ ♥ ❣❧ ❡ α ❞ ✉ ❡ ♦ ●✳ ❙ ❛ ❝ ❝ ❤ ❡ ✐ ❬ ✸ ✺❪✳
■❢ α < 0 ✱ ✐ ✐ ❝ ❤ ♦ ❡ ♥ ❛ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡✱ ❤ ❡ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

② ♣ ❡ ✐ ❣ ♦ ❡ ♥✱ ❛ ♥ ❞ ✐ ♣ ❛ ❛❧❧ ❡❧ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ✐ ♥ ∞ ♦ ♥ ❤ ❡ ✐ ❞ ❡ ♦❢ ❛ ♥ ❣❧ ❡ α ❞ ✉ ❡ ♦ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ❬ ✹ ✵❪✳
■❢ α < 0 ✱ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ Π( a ) = π / 2 ✳
▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐❢ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❝ ❡ ♥ ❡ C ♦ ♥

❛ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛❧ ♦ ♥ ❣ ❛ ❜✐ ❣ ❝✐ ❝❧ ❡ ♦ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛❧ ♦ ♥ ❣ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶ ✷✱ ❛
❋✐ ❣ ✉ ❡ ✹✮✱ ❤ ❡ ♥ ❜ ♦ ❤ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❧ ② ♦ ❤ ❡ ♠ ♦ ✐ ♦ ♥✬ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛ ❢ ♦❧❧ ♦ ✇ ✿
+ α (a ) = φ ∈ [ 0 · · · ± π / 2] , − α (a ) = γ ∈ [ 0 · · · ± ∞)✱ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✳
■ ♥ ❜ ♦ ❤ ♣❧ ❛ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ✱ ❤ ❡ ✐ ♥ ❣❧ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ❛ ❣✐ ✈ ❡ ♥ ❧✐ ♥ ❡ ❛ ✐ ❣✐ ✈ ❡ ♥ ③ ❡ ♦ ♣ ♦✐ ♥
❞ ❡ ❡ ♠✐ ♥✐ ♥ ❣ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠ Π( a ) ❛ ❤ ❡ ♣ ♦✐ ♥ ✧ ❛ ✧ ♦ ✛ ❤ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ✱ ❛ ♥ ❞ ❤ ❡
✐ ♥ ❣❧ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❛❧❧ ❡❧ ♦ ❛ ❣✐ ✈ ❡ ♥ ❧✐ ♥ ❡✱ ♣ ❛ ✐ ♥ ❣ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ❧ ② ❤ ♦ ✉ ❣ ❤ ❤✐ ♣ ♦✐ ♥ ✧ ❛ ✧

♦❢ ❤✐ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ✐ ♥ ♦ ❞ ❡ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ✐ ♥ ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠ α ❛ ❡ ❢ ♦ ✉ ♥ ❞ ❜ ②
❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✉ ✐ ♥ ❣ ❛ ❝ ♦ ♠ ♣ ❛ ❛ ♥ ❞ ❛ ✉❧ ❡ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧
❜ ❛ ❡ Ẽ 1 ✱ ✇✐ ❤ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❡❧ ❛ ✐ ♦ ♥ Π( a ) − α = π / 2 ✦

✯ ✯ ✯

❈ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤✐ ❈ ❤ ❛ ♣ ❡ ✇✐ ❤ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✈ ❡ ② ❡ ❡ ♥ ✐ ❛❧ ❡ ♠ ❛ ❦✳ ❚ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧
❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✸❪ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✐ ❧ ♦ ❣✐ ❝ ❛❧❧ ② ✉✐ ❡
♣ ❡ ❢ ❡ ❝ ✱ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ♣ ❤ ② ✐ ❝ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦❢ ❊✐ ♥ ❡✐ ♥ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✼❪ ❜ ❛ ❡ ❞ ♦ ♥ ❤✐ ✇ ♦

♦ ✉❧ ❛ ❡ ❛ ❝ ✐ ♥ ❣ ✐ ♥ ❛❧❧ ● ❛❧✐❧ ❡ ♦✬ ✐ ♥ ❡ ✐ ❛❧ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✿ ✭ ✶✮ ❤ ❡ ❡ ① ❡ ♠ ✉ ♠ ❛ ♥ ❞ ❡ ✉ ❛❧✐ ②
♦❢ ❝ ❛❧ ❛ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ ✧ ❝ ✧ ❛ ♥ ❞ ✭ ✷✮ ❤ ❡ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✱ ❡ ♣ ❡ ❛ ❡ ❞ ❤ ❡ ❛ ♠ ❡ ♦ ✉❧ ❛ ❡
♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ❢ ♦ ♠ ✶ ✾ ✵ ✹ ✭ ✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ✐ ✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ♦ ✉❧ ❛ ❡ ✭ ✶✮ ❧ ❡ ❛ ❞
♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ❛ ♥ ✐ ♥ ✜ ♥✐ ❡ ❡ ♦❢ ✧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ✧ ❛ ♥ ❞ ❤ ❡✐ ✉ ❛ ✐ ♣ ❤ ② ✐ ❝ ❛❧
✐ ♦ ♠ ♦ ♣ ❤✐ ♠ ✇✐ ❤ ♣ ❡ ✉ ❞ ♦✲ ❍ ☎♦❧ ❞ ❡ ✐ ❛ ♥ ♠ ❡ ✐ ❝ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ♣ ♦ ✇ ❡ p ✭ ♥ ♦ ♥✲ ✉ ❛ ❞ ❛ ✐ ❝ ✐❢ p ≠ 2 ✮✿

|d s |p = |d ct |p − {| d x 1 |p + |d x 2 |p + |d x 3 |p } ≥ 0 , 1 ≤ p < ∞ ,

✇ ❤ ❡ ❡ c = ♠ ❛ ① (||d x ||p / dt ) ❛ ♥ ❞ ♦ ♥❧ ② ❢ ♦ ❤ ❡ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ ||d x ||p / dt = c, d s = 0 .
❍ ♦ ✇ ❡ ✈ ❡ ✱ ❊✐ ♥ ❡✐ ♥ ♣ ♦ ♣ ♦ ❡ ❞ ❤ ❡ ❣ ❛ ❝ ❡❢ ✉❧ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ❛ ♥ ♥ ❡ ❢ ♦ ❝❧ ❡ ❛ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥

✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✇ ♦ ❧✐ ❣ ❤ ❛ ② ✱ ❡ ❛❧✐ ③✐ ♥ ❣ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ✐ ❞ ❡ ❛ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ❛ ❜ ♦ ✉
✉ ✐ ♥ ❣ ❧✐ ❣ ❤ ❛ ② ❢ ♦ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ❢ ♦ ♠ ✶ ✾ ✵ ✵ ❬ ✻ ✷❪ ✭ ✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ✐ ✮✱
✇ ❤ ❡ ❡ ❛❧ ♦ ✐ ♥ ✜ ❢ ♦ ♠ ✉❧ ❛ m = E / c 2 ✇ ❛ ✐ ♥❢ ❡ ❡ ❞ ❛ ♥ ❞ ♣ ✉ ❜❧✐ ❤ ❡ ❞✳ ❙ ✉ ❝ ❤ ❛ ①✐ ♦ ♠ ❛ ✐ ❝ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥
♦❢ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ❛ ✐❢ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♠ ♣❧✐ ❝✐ ❧ ② ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ✇✐ ❤ p = 2
✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ❙ ❚ ❘✳ ❇ ✉ ❤✐ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♦ ♥❧ ② ❛ ❜ ❡ ❛ ✉ ✐❢ ✉❧ ❤ ❡ ♦ ❡ ♠ ✭ ❈ ❤✳ ✹ ❆✮
♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❢ ♦ ♠ ✶ ✾ ✵ ✾✱ ✇ ❤ ❡ ♥ ❤ ❡ ❡ ♥ ♦ ✈ ❛ ❡ ❞ ❢ ❛ ❝ ✉ ❛❧❧ ② ❤ ❡
♦ ✐ ❣✐ ♥ ❛❧ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ♦ ♥ ❡ ✇ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ■ ♥ ❈ ❤✳ ✹ ❆ ✇ ❡ ❝ ❤ ♦ ✇ ❡ ❞ ❤ ❛
❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ❧ ❡ ❛ ❞ ✐ ❝ ❧ ② ♦ ❞✐ ❝ ♦ ✈ ❡ ② ♦❢ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞

❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡✲ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✭✐✳ ❡✳✱
♥ ♦ ♥✲ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ♦ ♥ ❡ ✮✳ ■ ♥ ❤✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❡ ✈ ❡ ♥ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ②✱ ✇✐ ❤ ❡ ♣ ❡ ❝
♦ ❤ ❡ ❣✐ ✈ ❡ ♥ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❤✐ ❣ ❤❧ ② ✐ ♠ ♣❧ ② ❛ ♥ ❞ ❝❧ ❛ ✐ ②✳

❙ ❡ ❡ ❛ ❜ ♦ ✉ ✉ ❝ ❤ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❈ ❤✳ ✹ ❆✱ ❜ ✉ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❈ ❤ ✳ ✺✱ ✻✱ ✶ ✷✳



❈ ❤ ❛ ♣ ❡ ✷ ❆

❚ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢
▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥

▲ ❡ ❛ ♣ ❛ ✐ ❝❧ ❡ M ♠ ♦ ✈ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ♥ ❞ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❧ ② ❛❧ ♦ ♥ ❣ ✐ ❛✐ ❣ ❤
✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♣ ❛ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❝ ❡ ♥ ❡ O ♦❢ Ẽ 1 ✳ ❉ ✉ ❡ ♦ ✭ ✷ ✶ ❆✮✱ ✐ ✹ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧
❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ✐ ♥ Ẽ ✐ ❡ ❞ ✇✐ ❤ M ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❜ ② ❤ ❡
♣ ❛ ✐ ✈ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ Γ ✱ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ♦ ✐ ❣✐ ♥ ❛❧ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✱
❢ ♦ ✉ ♥ ❞ ❜ ② ❤✐ ♠ ✐ ♥ ✶ ✽ ✾ ✺ ❬ ✺ ✽❪ ❛ ♥ ❞ ♥ ❛ ♠ ❡ ❞ ♦ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✸❪ ❛ ♦❢ ♥ ❡ ✇ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❣ ♦ ✉ ♣✿

r ot h (− Γ) r { Ẽ 1 } r { Ẽ }




 .

c o s h γ 0 0 − si n h γ · c o s α
0 1 0 0
0 0 1 0

− si n h γ · c o s α 0 0 c o s h γ




 ·







x
( 1 )
1

x
( 1 )
2

x
( 1 )
3

ct ( 1 )





 =







c o s h γ · x
( 1 )
1 − si n h γ · c o s α · ct ( 1 )

x
( 1 )
2

x
( 1 )
3

c o s h γ · ct ( 1 ) − si n h γ · c o s α · x
( 1 )
1





 .

❘ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✹✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ② ❡ ♠ ④ t = 0 , x = 0 } ✿

x 1 = c o s h γ · x
( 1 )
1 − si n h γ · c o s α · ct ( 1 ) =

x
( 1 )
1 − t a n h γ · c o s α · ct ( 1 )

❡ ❝ ❤ γ
,

x 2 = x
( 1 )
2 , x3 = x

( 1 )
3 ,

ct = c o s h γ · ct ( 1 ) − si n h γ · c o s α · x
( 1 )
1 =

ct ( 1 ) − t a n h γ · c o s α · x
( 1 )
1

❡ ❝ ❤ γ
.






( 2 7 A )

❚ ❤✐ ✐ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❤ ❡ ✭✐ ♥ ❢ ❛ ❝ ✷✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧✮
▲ ♦ ❡ ♥ ③ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ✐ ♥ Ẽ 1 ❛ ♥ ❞ Ẽ ❬ ✻ ✸✱ ✻ ✺❪✳ ❚ ❤ ❡ ♠ ✉❧ ✐ ♣❧✐ ❡
c o s α = ± 1 ❞ ❡ ❡ ♠✐ ♥ ❡ ✇ ♦ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ✳ ■❢ ✭ ✷ ✹ ❆✮ ❛ ❡ ❛ ❦ ❡ ♥
✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✱ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠ ❬ ✺ ✽✱ ✺ ✾✱ ✻ ✸❪✿

x 1 =
x

( 1 )
1 − v · t( 1 )

1 − v 2 / c 2
, x2 = x

( 1 )
2 , x3 = x

( 1 )
3 , ct =

ct ( 1 ) − (v / c ) · x
( 1 )
1

1 − v 2 / c 2
.

❚ ❛ ❦ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✇✐ ❤ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ✭ ✸ ✻ ✸✮ ✐ ♥
❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❤ ❡ ♥ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❧✐ ♥ ❡ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ♣ ✉ ❡ ❤ ② ♣ ❡ ✲

❜ ♦❧✐ ❝✮ ♦❢ ❤ ❡ ❢ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ M ❛ ❤ ❡ ❤ ❡ ❡ ❝ ❛❧ ❛ ♣ ❛ ❝ ❡✲ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✭ ❛ i = 1 , 2 , 3 ✮
❛ ♥ ❞ ❤ ❡ ✐ ♠ ❡✲ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

x i = c o s α i · [ c o s h γ · S − si n h γ · ct ( 1 ) ] + [x
( 1 )
i − c o s α i · S ],

ct = c o s h γ · ct ( 1 ) − si n h γ · S,

(S = c o s α 1 · x
( 1 )
1 + c o s α 2 · x

( 1 )
2 + c o s α 3 · x

( 1 )
3 ),





( 2 8 A )

❛ ♥ ❞ ❤ ❡✐ ✈ ❡ ❝ ♦ ✐ ❛❧✲ ❝ ❛❧ ❛ ❢ ♦ ♠ ✇✐ ❤ ❛ ♥ ❛ ❜✐ ❛ ② ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✈ ❡ ❝ ♦

x = [ c o s h γ · e α e ′
α · x

( 1 )
− si n h γ · e α · ct ( 1 ) ] + (I − e α e ′

α ) · x
( 1 )

=

= [ c o s h γ ·
←− −−
e α e ′

α · x ( 1 ) − si n h γ · e α · ct ( 1 ) ] +
−− − →
e α e ′

α · x ( 1 ) ,

ct = c o s h γ · ct ( 1 ) − si n h γ · e ′
α · x

( 1 )
.





( 2 9 A )

←− −−
e α e ′

α = e α e ′
α =

← −
v v ′ = v v ′/ |v ′v | = v v ′/ ||v ||

2

, I − e α e ′
α =

−− − →
e α e ′

α =
− →
v v ′

❛ ❡ ❤ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ♦ ✐ ♥ Ẽ
( 3 )
1 ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✷✳ ✺✮ ✐ ♥ ♦ ⟨i m v ⟩ ❛ ♥ ❞ ⟨i m v ⟩ ⊥ ✐ ♥ ⟨ E 3 ⟩✳



✶ ✼ ✽ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ✐ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠✱ ❤ ❡ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ e α = { c o s α i } ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡

❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ✐ ♥ Ẽ
( 3 )
1 ♦❢ Ẽ 1 ❛ ✇ ❡❧❧ ❛ ♦❢ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ②✳

❚ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ✭ ✷ ✾ ❆✮ ✇ ❡ ❡ ❞ ❡ ✐ ✈ ❡ ❞ ❜ ② ●✳ ❍ ❡ ❣❧ ♦ ③ ❬ ✽ ✹❀ ✼ ✻✱ ♣✳ ✷ ✼❪ ❛

x = x v + ( x ( 1 ) − x v
( 1 ) ) =

← − − −
e α e α

′ · x ( 1 ) − v · t( 1 )

1 − || v ||2 / c 2
+

− − − →
e α e α

′ · x ( 1 ) , ct =
ct ( 1 ) − (v / c ) ′ · x ( 1 )

1 − || v ||2 / c 2
.

❍ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ x ( 1 ) ✐ ♥ ⟨ E 3 ⟩ ❛ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❞ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ v ✭ ❤ ❡
✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❍ ❡ ❣❧ ♦ ③ ✮✳ ❚ ❤ ❡ ② ❛ ❡ ✉ ♥ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❢ ♦ ♠ ✭ ✷ ✾ ❆✮ ✇✐ ❤ v / c = t a n h γ ✳

❚ ❤ ❡ ❝❧ ❡ ❛ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡
❡ ❡ ♥ ❢ ♦ ♠ ❤ ❡✐ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✇✐ ❤ ✭ ✷ ✼ ❆✮✳ ❲ ❤ ❡ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❛ ❡ ❞ ✐ ♥ ❤ ❡

♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨v , ct( 1 ) ⟩✱ ❤ ❡ ♥ ♦ ♥❧ ② ❤ ❡ ✐ ♠ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
← − − −
e α e α

′x ( 1 ) ❛ ❡ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ❤ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
− − − →
e α e α

′x ( 1 ) ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ v ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❞ ● ❛❧✐❧ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳

■ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ❝ ♦ ✐ ❛❧ ❛ ♥ ❣ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ❛ ❞✐ ✉ R = 1 ❤ ❡ ❡ ❤ ♦❧ ❞✿

||t a n h γ || = t a n h γ = ||v ||/ c = t a n h 2 γ 1 + t a n h 2 γ 2 + t a n h 2 γ 3 ✭γ ≥ 0 ✮✱ ❛ ♥ ❞

t a n h γ = t a n h γ · e α = v / c → t a n h γ i = c o s α i · t a n h γ = v i / c, (i = 1 , 2 , 3) , ( 3 0 A )

✇ ❤ ❡ ❡ γ i ❛ ❡ ❤ ❡ ♣ ❛ ✐ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❤ ❡✐ ✈ ❛❧ ✉ ❡ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

t a n h γ i = c o s α i · t a n h γ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦ t a n h γ ✐ ♥ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ✳

❚ ❤ ❡ ❛ ♠ ❡ ✇ ❡ ❣ ❡ ❢ ♦ ✐ ♥ ❡ ✐ si n h γ i = c o s α i · si n h γ = c o s h γ · t a n h γ i ✳ ❇ ✉ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡
✈ ❡ ❝ ♦ ✐ ❛❧ ✐ ♥ ❡ ♣ ❛ ❝ ❡ ✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡✱ ❜ ❡ ❝ ❛ ✉ ❡ ❢ ♦ ✐ R → ∞ ✳ ■ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ✈ ❡ ❝ ♦ ✐ ❛❧
♣ ❛ ❝ ❡ ✭ ♦❢ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ✮✱ ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ♠ ♦ ❞ ✉❧✐ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐

✐ ♥❢ ❡ ❡ ❞✳ ✭ ❇ ② ♠ ✉❧ ✐ ♣❧✐ ❡ c ✱ ❤ ❡ ② ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ♣ ❛ ❝ ❡ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✸ ❆✮✳

■ ♥ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❛ ♣ ❛ ✐ ❝❧ ❡ M ♠ ♦ ✈✐ ♥ ❣ ❛❧ ♦ ♥ ❣ ✐ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❛ ❛
✉❧ ❡✱ ✇ ♦ ❦✐ ♥ ❞ ♦❢ ❜ ❛ ❡ ❛ ❡ ✉ ❡ ❞✿ E 1 u = r ot Θ ·Ẽ 1 = { r ot Θ } ❛ ♥ ❞ Ẽ = r ot h Γ ·Ẽ 1 = { r ot h Γ } ✳

❚ ❤ ❡ ✜ ❜ ❛ ❡ ✐ ♦ ♥ ❡ ♦❢ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ♦ ♥ ❡ ✭ ✶ ✻ ❆✮✳ ■ ♥ ❙ ❚ ❘✱ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I }
✐ ❛ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ✐ ♦ ♥ ♦ ♦✳ ❍ ♦ ✇ ❡ ✈ ❡ ✐ ✐ ✐ ❡ ❞ ♦ ❤ ❡ ❣✐ ✈ ❡ ♥ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✐ ♥ ✐ ✐ ♥ ❡ ✐ ❛❧ ❖ ❜ ❡ ✈ ❡ ✱

❛ ② N 1 ❛ ✐❢ ✐ ♥ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ✳ ❈ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ① ❢ ♦ ♠ ❛ ❡

❡ ① ♣ ❡ ❡ ❞ ✐ ♥✐ ✐ ❛❧❧ ② ✉ ✉ ❛❧❧ ② ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✦ ❚ ❤ ❡ ❜ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥
❖ ❜ ❡ ✈ ❡ N 1 ❛ ♥ ❞ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k = T 1 k · Ẽ 1 ✇✐ ❤ ❖ ❜ ❡ ✈ ❡ N k ✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ♣ ✉ ❡ ✈ ❛ ✐ ❛ ♥ ❛ ❡ ♣ ♦ ✐ ❜❧ ❡✳

✭ ✶✮ T ′
1 k · T 1 k = I ✳ ❚ ❤ ❡ ♥ Ẽ 1 k ∈ ⟨ r ot Θ ⟩✱ ✐ ✐ ❛ ♥ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✱ ❜ ✉ ❢ ♦ N 1 k ✳

✭ ✷✮ T 2 k = T ′
2 k ✳ ❚ ❤ ❡ ♥ Ẽ 2 k ∈ ⟨ r ot h Γ ⟩✱ ❤✐ ❜ ❛ ❡ ✐ ❛ ♥ ♦ ❤ ❡ ♦ ♥ ❡ ❢ ♦ ✐ ♥ ❡ ✐ ❛❧❧ ② ♠ ♦ ✈✐ ♥ ❣ N 2 k ✳

■ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ✶✮✱ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
k ✐ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ N 1 ✱ ✐ ✐ ❤ ❡ ❡ ✉❧ ♦❢

♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♥ ❣ Ẽ
( 3 )
1 ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Θ 1 k ✳ ■ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ✷✮✱ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ

( 3 )
k ✐ ♠ ♦ ✈✐ ♥ ❣

❛ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② v = c · t a n h γ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ N 1 ✳ ❆ ♥ ② ❣ ❡ ♥ ❡ ❛❧ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ▲ ♦ ❡ ♥ ③✐ ❛ ♥
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❜ ❛ ❡ ✐ ♥ ⟨P 3 + 1 ⟩ ♠ ❛ ② ❜ ② ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ❡ ✇ ♦ ♣ ✉ ❡ ② ♣ ❡
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ✶✮ ❛ ♥ ❞ ✭ ✷✮ ❞ ✉ ❡ ♦ ❤ ❡ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✶ ✾ ❆✮✳

▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ♠ ❛ ✐ ① ❢ ♦ ♠ T ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ❛ ❝ ✐ ✈ ❡❧ ② ♦ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥
❜ ❛ ❡ ❢ ♦ ❡ ① ♣ ❡ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♠ ♦❢ ❛❧❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❢ ♦ ❤ ❡ ❣✐ ✈ ❡ ♥ ♣ ❛ ✐ ❝❧ ❡ M ♦ ♦ ❤ ❡
♦ ♠ ❡ ♦ ❜❥ ❡ ❝ ✱ ❛ ♣ ❛ ✐ ✈ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ✳ ❚ ❤ ❡ ♥ ❤ ❡ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡

✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① T − 1 ✳ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♠ ❛ ✐ ① T ♦
❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ❣✐ ✈ ❡ ♥ ♠ ♦ ✈✐ ♥ ❣ ♣ ❛ ✐ ❝❧ ❡ M ♦ ♦ ❤ ❡ ♦ ♠ ❡ ♦ ❜❥ ❡ ❝ ✐ ♥ ❤ ❡ ✜ ① ❡ ❞

❜ ❛ ❡✱ ❛ ❛ ❝ ✐ ✈ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ✳

❚ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ♣ ❤ ② ✐ ❝ ❛❧✲ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❡❧ ❛ ✐ ✈✐ ② ✭ ❡ ❝ ✳ ✶ ✷✳ ✸✮ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❢ ♦
❤ ❡ ♠✳ ■ ❝ ♦ ♥ ✐ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❢ ♦ ♠✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ♣ ❡ ✉ ❞ ♦✲

❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❢ ♦ ❛ ♠ ♦ ✈✐ ♥ ❣ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ♥ ❞ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❧ ② ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ ♦ ♥ ❛ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞
❧✐ ♥ ❡✳ ❖❢ ❝ ♦ ✉ ❡✱ ✐ ✐ ❤ ❡ ✐ ♠ ♣❧ ❡ ❝ ❛ ❡ ❢ ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✕ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨P 3 + 1 ⟩✳



❈ ❍ ❆ ❚ ❊ ❘ ✷ ❆✳ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ■ ❈ ▼ ❖ ❉ ❊ ▲ ❖ ❋ ▲ ❖ ❘ ❊ ◆ ❚ ❩ ❚ ❘ ❆ ◆ ❙ ❋ ❖ ❘ ▼ ❆ ❚ ■ ❖ ◆ ❙ ✶ ✼ ✾

❉ ✉ ❡ ♦ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ② ❛ ♥ ❞ ✐ ♦ ♦ ♣ ② ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❛❧❧ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ✲
❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐❢ ✇ ❡ ❞ ❡ ❛❧ ✇✐ ❤ ❛
♠ ♦ ✈✐ ♥ ❣ ♥ ♦ ♥✲ ♣ ♦✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✱ ❤ ❡ ♥✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ✉✐ ❡ ❛ ♥ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ② ♣ ❡ ♦❢
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞✳ ■ ❞ ❡ ❡ ♠✐ ♥ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝

✇✐ ❤ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❛ ♠ ❡ ❡ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ✐ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ✐ ♥ ❝ ❛❧ ❛ ❛ ♥ ❞
❡ ♥ ♦ ✈ ❛ ✐ ❛ ♥ ♦❢ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ✇ ♦ ❦✐ ♥ ❞ ✱ ❡✐ ❤ ❡ ✐ ♥ ❡ ✕ ❝ ♦ ✐ ♥ ❡ ♦
❛ ♥ ❣ ❡ ♥ ✕ ❡ ❝ ❛ ♥ ✱ ❛ ❡ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞✳ ❚ ❤ ❡✐ ❦✐ ♥ ❞ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❛ ♣ ♦ ❜❧ ❡ ♠ ❜ ❡✐ ♥ ❣ ♦❧ ✈ ❡ ❞✳ ❙ ♦✱ ✐ ♥ ❡ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

♠ ❛ ✐ ①✲❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡ ✉ ❡ ❞✳ ❚ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✇ ❡ ❡ ❣✐ ✈ ❡ ♥ ❜ ② ❢ ♦ ♠ ✉❧ ❛ ❡
✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮ ❛ ♥ ❞ ✭ ✸ ✻ ✹✮✱ ✭ ✸ ✻ ✺✮✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ⟨ P n + 1 ⟩ ❣ ❡ ♥ ❡ ❛❧❧ ② ✐ ♥ ❤ ❡ ❡ ❢ ♦ ✉ ❤✲ ❜❧ ♦ ❝ ❦ ❢ ♦ ♠ ✿

r ot h Γ = F h ( γ, e α ) , ( F = F ′ ) , d e f h Γ = D h ( γ, e α ) , ( D ≠ D ′ )

c o s h γ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ si n h γ · e α · · · ❡ ❝ ❤ γ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ − t a n h γ · e α

si n h γ · e ′
α c o s h γ · · · + t a n h γ · e ′

α ❡ ❝ ❤ γ
. ( 3 1 A − I, I I )

✭ ✸ ✶ ❆✲■✮ ❡ ♣ ❡ ❡ ♥ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❛ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ②
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜✐ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ✐ ♥ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ 4 D ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠✱ ❛ ♥ ❞ ✭ ✸ ✶ ❆✲■■✮ ❡ ♣ ❡ ❡ ♥
❤ ❡ ❜✐ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❡ ① ♣ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥✳

❙ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❈ ❤ ✳ ✸ ❆✱ ✹ ❆✱ ✺ ❆✱ ✼ ❆✳ ❆ ❤ ❡ ♥ ❡ ① ❞ ❡ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♦❢ ❤✐ ♦ ♣✐ ❝✱ ✇ ❡✬❧❧ ❡ ♣ ❡ ❡ ♥
✐ ♥ ❈ ❤✳❵ ✼ ❆ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❢ ♦ ♠✳

❚ ❤ ❡ ❡ ♠ ❛ ✐ ❝ ❡ ❡ ① ♣ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ② ♠ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❛ ♥ ✐✲ ② ♠ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ♣ ❡ ❝✐ ✜ ❝
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P n + 1 ⟩✿ r ot h Γ ❡ ❛❧✐ ③ ❡ ❛ ✇ ❡❧❧ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡

❛ ♥ ❣❧ ❡ γ ❛ ♦ ❤ ♦ ♣ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ e α ♦❢ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ Γ ✇✐ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ⟨ P n + 1 ⟩❀

❜ ✉ d e f h Γ ❡ ❛❧✐ ③ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ e α ✭ ❡ ❡ ❈ ❤✳ ✹ ❆✮✳
❘ ♦ ❛ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❛ ✐ ① ✭ ✸ ✶ ❆ ✲ ■✮ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ❛ ✐ ① ✭ ✹ ✾ ✼✮ ❢ ♦ ♠ ❤ ❡

❡ ❝ ✳ ✶ ✷✳ ✷ ✐ ♥ ❤ ❡ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ❛ ❡ ❤ ❡ ✇ ♦ ♣ ✉ ❡ ② ♣ ❡ ♦❢ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ▲ ♦ ❡ ♥ ③
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❜ ♦ ❤ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳ ❆ ♥ ❞

❛❧❧ ❤ ❡✐ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✭ ✶ ✼ ❆ ✲ ■✮
❢ ♦ ♠ ❤ ❡ ❣ ♦ ✉ ♣ ♦❢ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ❙ ✉ ❝ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
♠ ❛ ② ❜ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ❡✐ ♣ ♦❧ ❛ ❢ ♦ ♠ ❛ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ❡ ❡ ✇ ♦ ♠ ❛ ✐ ❝ ❡ ♦❢ ♣ ✉ ❡ ② ♣ ❡ ✳ ❆❧❧
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡✐ ♣ ♦ ♣ ❡ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣✳ ✭■ ♥ ❙ ❚ ❘ ❛ ♥ ❞ ✐ ♥
♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ②✱ ❤ ❡ ❡ ✇ ♦ ♣ ✉ ❡ ② ♣ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥
❛ ♥ ❞ ✉ ❡ ❞ ♦ ♥❧ ② ✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ✇✐ ❤ q = 1 ✱ ❛ ♥ ❞✱ ♠ ♦ ❡ ❝❧ ❡ ❛ ❧ ②✱ ❛ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮✱ ✭ ✹ ✾ ✼✮✳

❚ ❤ ❡ ❡ ♠ ✧ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✧ ✇ ❛ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ❤✐ ♣✐ ♦ ♥ ❡ ❡
♣ ❛ ♣ ❡ ♦ ♥ ❤ ❡ ♥ ❡ ✇ ❡❧ ❛ ✐ ✈✐ ② ❤ ❡ ♦ ② ❬ ✻ ✸❪ ✐ ♥ ❏ ✉ ♥ ❡ ♦❢ ✶ ✾ ✵ ✺✳ ❚ ❤ ❡ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♣❧ ❛ ② ❤ ❡ ❡ ❡ ♥ ✐ ❛❧ ♦❧ ❡ ✐ ♥ ❤✐ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ✉ ❣ ❣ ❡ ❡ ❞ ✐ ♥ ✶ ✾ ✵ ✹ ❤ ② ✐ ❝ ❛❧ ✐ ♥ ❝✐ ♣❧ ❡
♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❛ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❢ ♦ ♠ ✶ ✻ ✸ ✻✳

■ ♥ ✇ ♦ ♥ ❡ ① ❈ ❤ ✳ ✸ ❆ ❛ ♥ ❞ ✹ ❆✱ ✇ ❡ ❣✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✭ ✐ ♥ ❡ ✕ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞
❛ ♥ ❣ ❡ ♥ ✕ ❡ ❝ ❛ ♥ ✮ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ♦❢ ❙ ❚ ❘✳ ❚ ❤ ❡ ② ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧

❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡✱ ❤ ❡ ❧ ❛ ❡ ♦ ♥❧ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳
■ ♥ ❈ ❤✳ ✼ ❆✱ ✭ ✶ ✺ ✸ ❆✮✱ ✇ ❡ ❣✐ ✈ ❡ ❤ ❡ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ❛ ♥ ❞ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ (n + 1) × (n + 1) ♠ ❛ ✐ ① ✭ ♠ ❛✐ ♥❧ ②✱

✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛ n = 3 ✮ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❛ ♥ ❞ ♣ ♦❧ ❛ ❢ ♦ ♠ ♦❢ ❛ ❜✐ ❛ ② ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♦ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✐ ♥ ⟨ P n + 1 ⟩✳ ❆ ♥ ❞ ✐ ♥ ❈ ❤✳ ✽ ❆✱ ✭ ✷ ✵ ✷ ❆✮✱
✇ ❡ ❛ ❞ ❞ ❞ ❡ ❞ ✐ ❜ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❢ ♦ ♠ ❢ ♦ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ Q n + 1 ⟩
✭✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛ n = 2 ✮✳



❈ ❤ ❛ ♣ ❡ ✸ ❆

▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❡ ❛❧ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡

❛ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥

❆ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛ ❡ ❛ ❝ ❤ ♣ ♦✐ ♥ M ✇✐ ❤ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✇✐ ❤
✐ ❝ ❡ ♥ ❡ ✕ ❛ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ M ✱ ✇ ❤ ❡ ❡ ✇ ♦ ✐ ♥ ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❡ ❞✐ ✈ ❡ ❣ ❡ ❛ ❤ ❡ ❡ ❝ ♦ ♥ ❡
♦❢ ♣ ❛ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ♦❢ ❢ ✉ ✉ ❡ ✳ ❆ ♥ ② ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ❞✐ ❡ ❝ ❡ ❞ ❛❧ ♦ ♥ ❣ ♦ ✇ ♥ ♣ ♦ ♣ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
❢ ♦ ♠ ♣ ❛ ♦ ❢ ✉ ✉ ❡✳ ❍ ❡ ♥ ❝ ❡✱ ✐ ✐ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ♦❢ ❢ ✉ ✉ ❡ ✱ ✇ ❤ ❡ ❡ ❛ ❧ ♦ ♣ ❡ ♦❢
❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❛ ♥ ② ♣ ♦✐ ♥ ❛ ✐ ✜ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ 0 ≤ | t a n h γ | ≤ 1 ✕ ❋✐ ❣ ✉ ❡ ✶ ❆✭ ✶✮✳ ■ ♥ ⟨ P 3 + 1 ⟩✱
❛❧❧ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❬ ✻ ✸✱ ✻ ✺❪✱
❛ ♥ ❞ ♠ ♦ ❡ ❝❧ ❡ ❛ ❜ ② ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❞✐ ❛ ❣ ❛ ♠ ✳ ❚ ❤ ❡ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ❡ ♣ ❡ ❡ ♥ ✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛
♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ♦❢ ❙ ❚ ❘ ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞ ✐ ♥ ❈ ❤ ✳ ✶ ❆ ❛ ♥ ❞ ✷ ❆ ♥ ❡ ❡ ❞ ✐ ♥
❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦❢ ✶✲ ♦ ❞ ❡ ✇✐ ❤ ✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✦

■ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣✱ ❧ ❡ ✉ ♦ ✉ ❧✐ ♥ ❡ ❜ ✐ ❡ ✢ ② ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧ ❛ ♣ ❡ ❝ ✐ ♥ ❞✐ ❝ ♦ ✈ ❡ ② ♦❢ ❤✐ ❞✐ ❝ ✉ ❡ ❞
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✳ ■ ♥ ✶ ✽ ✽ ✼ ▼✐ ❝ ❤ ❡❧ ♦ ♥ ✕ ▼ ♦ ❧ ❡ ② ✉❧ ❛✲ ♣ ❡ ❝✐ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ❯ ❙ ❆

❞✐ ❞ ♥ ♦ ❡ ✈ ❡ ❛❧ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ♦❢ ❧✐ ❣ ❤ ❡❧ ❛ ✐ ✈ ❡❧ ② ♦ ❤ ❡ ❊ ❛ ❤✳ ❆ ❝ ✐ ✐ ❛ ♦ ❡ ✐ ♥ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧
❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ✳ ■ ♥ ✶ ✽ ✾ ✺ ▲ ♦ ❡ ♥ ③ ♠ ♦ ❞✐ ✜ ❡ ❞ ▼ ❛ ① ✇ ❡❧❧✬ ❡ ✉ ❛ ✐ ♦ ♥ ❜ ② ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❛ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✐ ♥
✐ ③ ❡ ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ❛❧ ♦ ♥ ❣ ✐ ♠ ♦ ✈✐ ♥ ❣✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ✧❧ ♦ ❝ ❛❧ ✐ ♠ ❡ ✧

❢ ♦ ❤ ❡ ❛ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ② ❡ ♠ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ❡❧ ❡ ❝ ♦ ♥ ❬ ✺ ✽❪✳ ❋ ❛ ❝ ✉ ❛❧❧ ② ✶ ✾ ✽ ✺✱
▲ ♦ ❡ ♥ ③ ❞ ✉ ✐ ♥ ❣ ❝ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ❡ ❝ ❤ ❡ ♦ ② ♦❢ ♠ ♦ ✈✐ ♥ ❣ ❡❧ ❡ ❝ ♦ ♥✱ ❤ ② ♣ ♦ ❤ ❡ ✐ ③ ❡ ❞ ❤ ❡ ❧ ♦ ❝ ❛❧
♠ ✉ ✉ ❛❧ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ✐ ♥ ❡ ✈ ❛❧ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✈✐ ♥ ❣✱ ❧ ❡ ❞ ❢ ✉ ❤ ❡ ♦ ❤✐
❡❧ ❛ ✐ ✈✐ ✐ ❝ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ■ ♥ ✶ ✾ ✵ ✵✱ ✐ ♥ ❤✐ ❛ ✐ ❝❧ ❡ ✏ ▲ ❛ ❚ ❤ ✁❡ ♦ ✐ ❡ ❞ ❡ ▲ ♦ ❡ ♥ ③ ❡ ❧ ❡

✐ ♥ ❝✐ ♣ ❡ ❞ ❡ ✁❡ ❛ ❝ ✐ ♦ ♥ ✧ ❬ ✻ ✷❪✱ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡✱ ✇✐ ❤ ❢ ♦ ♠ ✉❧ ❛ m = E / c 2 ✱ ❣✐ ✈ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦
❤ ❡ ✧ ❡ ♠ ♣ ❧ ♦ ❝ ❛❧ ❞ ❡ ▲ ♦ ❡ ♥ ③ ✧ ❛ ✿ ✏ ❈✬ ❡ ❧ ❡ ❡ ♠ ♣ ❞✬ ♦ ❜ ❡ ✈ ❛ ❡ ✉ ♠ ♦ ❜✐❧ ❡ ✉✐ ✁❡ ❣❧ ❡ ♥ ❧ ❡ ✉ ❤ ♦ ✲

❧ ♦ ❣ ❡ ♣ ❛ ❞ ❡ ✐ ❣ ♥ ❛ ✉ ① ♦ ♣ ✐ ✉ ❡ ❡ ♥ ✐ ❣ ♥ ♦ ❛ ♥ ❧ ❡ ♠ ♦ ✉ ✈ ❡ ♠ ❡ ♥ ❞ ❡ ❛ ❞ ✉ ❝ ✐ ♦ ♥ ❞ ♦ ♥ ✐❧ ♦ ♥ ❛ ♥✐ ♠ ✁❡ ✳✑
✭■ ✐ ❤ ❡ ✐ ♠ ❡ ♦❢ ♠ ♦ ❜✐❧ ❡ ♦ ❜ ❡ ✈ ❡ ✇ ❤ ♦ ❡ ❣ ✉❧ ❛ ❡ ❤ ❡✐ ❝❧ ♦ ❝ ❦ ❜ ② ♦ ♣ ✐ ❝ ❛❧ ✐ ❣ ♥ ❛❧ ✱ ✐ ❣ ♥ ♦ ✐ ♥ ❣ ❤ ❡

❛ ♥ ❧ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❜ ② ✇ ❤✐ ❝ ❤ ❤ ❡ ② ❛ ❡ ❛ ♥✐ ♠ ❛ ❡ ❞✳✮ ❚ ❤✐ ✐ ❞ ❡ ❛ ❜ ❡ ❝ ❛ ♠ ❡ ❜ ❛ ✐ ❢ ♦ ❊✐ ♥ ❡✐ ♥
✐ ♥ ♣ ❛ ♣ ❡ ✏ ❩ ✉ ❊❧ ❡ ❦ ♦ ❞ ② ♥ ❛ ♠✐ ❦ ❜ ❡ ✇ ❡ ❡ ❑ ☎♦ ♣ ❡ ✳✑ ♦❢ ❏ ✉ ♥ ❡ ✸ ✵✱ ✶ ✾ ✵ ✺ ❬ ✻ ✼❪✱ ✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦
♣ ❡ ✈✐ ♦ ✉ ♦✐ ♥ ❝ ❛ ✁❡ ❛ ♥ ❞ ▲ ♦ ❡ ♥ ③ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ✇ ♦ ❦ ✳ ❨ ♦ ✉ ♥ ❣ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❡ ❛❧✐ ②
♦❢ ✐ ♠ ❡ ❧ ♦ ✇ ❞ ♦ ✇ ♥ ✐ ♥ ♠ ♦ ✈✐ ♥ ❣ ② ❡ ♠ ✱ ❤ ♦ ✇ ❡ ✈ ❡ ❛❢ ❡ ❤ ❡ ♣✐ ♦ ♥ ❡ ❡ ❛ ✐ ❝❧ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✏ ❙ ✉ ❧ ❛
❞ ② ♥ ❛ ♠✐ ✉ ❡ ❞ ❡ ❧✬ ✁❡❧ ❡ ❝ ♦ ♥✳✑ ♦❢ ❏ ✉ ♥ ❡ ✺✱ ✶ ✾ ✵ ✺ ❬ ✻ ✸❪✱ ✇ ❤ ❡ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♥ ♦ ✐ ♦ ♥ ✕
❝ ♦ ♠ ♣❧ ❡ ① ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ✐ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣ ✇ ❡ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞✳

❚ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ❛ ❡ ❛❧ ❧ ❡ ♥ ❣ ❤ ② ♦ ❜❥ ❡ ❝ ✐ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ♥ ❡ ✐ ❛ ❝ ❡ ♥ ❡ ✭ ❤ ❡
❜ ❛ ② ❝ ❡ ♥ ❡ ✮✱ ✐✳ ❡✳✱ ❛ ❛ ♣ ❛ ✐ ❝❧ ❡✳ ❆ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✶ ❆✮ ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ♣ ❤ ② ✐ ❝ ❛❧❧ ②
✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❝ ❡ ❛✐ ♥ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ Ẽ 2 ❛ ♥ ❞ ✐ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ♠ ♦ ✈✐ ♥ ❣ ✇✐ ❤
❡ ♣ ❡ ❝ ♦ Ẽ 1 ✳ ❚ ❤ ❡ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ ❤ ❡ ♣ ❛ ✐ ❝❧ ❡ M ✐ ♥ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ 1

✐ ✐ ✐ ♠ ❡✲ ❛ ♦ ✇ ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( 2 ) ✭ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❜ ❛ ❡

❝ ❤ ♦ ❡ ♥✱ ❛ ✐ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✮✳ ❋ ♦ ❤ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ Ẽ 2 ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ Ẽ 2 = r ot h Γ 1 2 · Ẽ 1 ✳ ❋ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❖ ❜ ❡ ✈ ❡ N 1 ✱ ❤ ❡ ♣ ❛ ✐ ❝❧ ❡
M ✐ ♠ ♦ ✈✐ ♥ ❣ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ❛ ✈ ❡❧ ♦ ❝✐ ② v 1 2 = c · t a n h γ 1 2 ✳ ■ ♥ ❛ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ M ✱ ❛ ❝ ❡ ❛✐ ♥
♣ ♦ ❝ ❡ ♠ ❛ ② ❛ ❦ ❡ ♣❧ ❛ ❝ ❡✳ ❇ ② ❤ ❡ ❝❧ ♦ ❝ ❦ ♦❢ ❖ ❜ ❡ ✈ ❡ N 2 ✱ ❤ ❡ ♣ ♦ ❝ ❡ ❛ ❦ ❡ ✐ ♠ ❡ ✐ ♥ ❡ ✈ ❛❧ ∆ t( 2 )

❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❡ ❣ ♠ ❡ ♥ M ′M ′′ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( 2 ) ✇✐ ❤ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡

❝ ❛❧ ❡ ✐ ♥ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇✳ ■ ✐ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❙ ❚ ❘✱ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ∆ τ = ∆ t( 2 ) ♦❢ ❤ ❡ ♣ ♦ ❝ ❡ ✱
❛ ✐ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ❜ ② ❛ ❡❧ ❛ ✐ ✈ ❡❧ ② ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❝❧ ♦ ❝ ❦✳ ♦ ♣ ❡ ✐ ♠ ❡ ✐ ♥ ❛ ♥ ② ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✐ ✐
❛ ❜ ♦❧ ✉ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝✱ ♦ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❝ ♦ ♥ ❡ ♦❢ ❢ ✉ ✉ ❡✳
❲✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ❡ ❜ ❛ ❡ Ẽ 2 ✱ ✐ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ ∆ t( 2 ) ✳ ❲✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ 1 ✱
❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ ♦❢ ❤ ❡ ♣ ♦ ❝ ❡ ❝ ♦ ✉ ♥ ❡ ❞ ❜ ② ❖ ❜ ❡ ✈ ❡ N 1 ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
❡ ❣ ♠ ❡ ♥ M ′M ′′ ♦ ♥ ♦ ct ( 1 ) ✇✐ ❤ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ❝ ❛❧ ❡✱ ✐ ✐ ❡ ✉ ❛❧ ♦ ∆ t( 1 ) ❬ ✼ ✻✱ ♣✳ ✶ ✵ ✾❪✳

❈ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ ∆ t( 1 ) ♦❢ ❤ ❡ ♣ ♦ ❝ ❡ ✐ ♥ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✐ ✐ ❡❧ ❛ ✐ ✈ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❬ ✻ ✼❪✳



❈ ❍ ❆ ❚ ❊ ❘ ✸ ❆✳ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ❆ ◆ ❘ ❊ ❆ ▲ ❑ ■ ◆ ❊ ▼ ❆ ❚ ■ ❈ ❉ ■ ▲ ❆ ❚ ■ ❖ ◆ ❖ ❋ ❚ ■ ▼ ❊ ✶ ✽ ✶

Fi g u r e 1 A . ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❙ ❚ ❘ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✐ ♥ ✐ ❞ ❡ ❛ ♥ ❞ ♦ ✉ ✐ ❞ ❡
❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✐ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ { x , ct} ✇✐ ❤ ❛ ♥ ❣❧ ❡ γ ✱ υ ✱ δ ❛ ♥ ❞ ν ✭ ❈ ❤✳ ✻✮ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐

♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ♦✐ ♥ ❝ ❛ ✁❡✬ ❛ ♥ ❞ ❊✐ ♥ ❡✐ ♥✬ ❞✐ ✛ ❡ ❡ ♥ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✳

✭ ✶ ✮ ✳ ❘ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✇✐ ❤ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ✭✐ ♥ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ A B C ✮❀ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✿

g 2 = b 2 − a 2 = ∆ 2 c τ = ❝ ♦ ♥ ∼ 1 = c o s h 2 γ − si n h 2 γ,

b = ∆ ct ( 1 ) = c o s h γ · g > g = ct ( 2 ) → ∆ ct ( 2 ) = ∆ c τ = ∆ ct ( 1 ) / c o s h γ < ∆ ct ( 1 ) ,

a = si n h γ · g = t a n h γ · b = ∆ x ( 1 ) = ∆ χ,

v = ∆ x ( 1 ) / ∆ t( 1 ) = ∆ χ / ∆ t( 1 ) = c · t a n h γ, v ∗ = ∆ χ / ∆ τ = c · si n h γ → v ∗ > v.

v < c ❛ ♥ ❞ v < v ∗ < ∞ .

✭ ✷ ✮ ✳ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ♦ ❞ ❡ ① ❡ ♥ ✇✐ ❤ ✐ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ① ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ A ′B ′C ′❀ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ✇ ♦ ♠ ♦ ✈✐ ♥ ❣ ♦ ❞ ❝ ♦ ♥ ❛ ❝ ✿

b 2 = g 2 + a 2 = l20 = ❝ ♦ ♥ ∼ 1 = ❡ ❝ ❤ 2 γ + t a n h 2 γ ≡ c o s 2 φ (γ ) + si n 2 φ (γ ),

g = l = ❡ ❝ ❤ γ · b < b = l0 → l = ❡ ❝ ❤ γ · l0 ≡ c o s φ (γ ) · l0 < l 0 ,

a = t a n h γ · b = t a n h γ · l0 = ∆ ct ( 2 ) ≠ 0 , w = l0 / ∆ t( 2 ) = c · c ot h γ = c 2 / v > c.

✭ ✸ ✮ ✳ ❚ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❙ ❚ ❘ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ❤✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ②✱ ❜ ✉ ✇✐ ❤
❤ ❡ ✉ ❡ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❜ ♦ ♥ ❞ ❡ ❞ ❝ ♦ ❜ ❛ ❡ ✭ ❈ ❤✳ ✹ ❆✮✳

❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❤ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ❜ ② ❊✐ ♥ ❡✐ ♥
✇✐❧❧ ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✉ ✐ ♥ ❈ ❤ ✳ ✺ ❆ ❛ ♥ ❣ ✾ ❆ ✇✐ ❤ ❜ ♦ ❤ ❤ ❡✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ♦ ✐ ♥ ❡ ✳



✶ ✽ ✷ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ 1 ✱ ❤✐ ✐ ♠ ❡ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ♣ ❛ ✐ ✈ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ✇ ❡❧❧ ❛ ♦ ♥ ❡ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ Γ 1 2 ♦❢ Ẽ 1 ✐ ♥ ♦ Ẽ 2 ✿

∆ r ( 1 ) = r ot h Γ 1 2 · ∆ r ( 2 ) =

= r ot h Γ 1 2 ) ·







0
0
0

∆ c τ





 =







si n h γ 1 2 · c o s α 1 · ∆ c τ
si n h γ 1 2 · c o s α 2 · ∆ c τ
si n h γ 1 2 · c o s α 3 · ∆ c τ

c o s h γ 1 2 · ∆ c τ





 =








∆ x
( 1 )
1

∆ x
( 1 )
2

∆ x
( 1 )
3

∆ ct ( 1 )








, ( 3 2 A )

✇ ❤ ❡ ❡ ∆ c τ = ∆ ct ( 2 ) ✱ ❛ ♥ ❞ ❢ ♦ ♠ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ✉ ❤ ♦ ✇ ✇ ❡ ♦ ❜ ❛✐ ♥✿

∆ ct ( 1 ) = c o s h γ 1 2 · ∆ c τ → ∆ c τ = ∆ ct ( 1 ) / c o s h γ 1 2 < ∆ ct ( 1 ) . ( 3 3 A )

■ ♥ ❙ ❚ ❘ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✭ ✸ ✸ ❆✮ ✐ ❝ ❛❧❧ ❡ ❞ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ❬ ✻ ✼❀ ✼ ✻✱ ♣✳ ✸ ✵✱ ✹ ✽❪✳
❚ ❤ ❡ ♥ ♦ ✐ ♦ ♥ ✧ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ✧ ❛ ♥ ❞ ✧ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✧ ✭ ❡ ❡ ❤ ❡ ❡ ♠ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ❝ ✳ ✶ ✷✳ ✸ ✮
✇ ❡ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❍✳ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ❤✐ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❛ ✐ ❝❧ ❡ ❬ ✻ ✻❪✳ ❚ ❤ ❡ ❡ ❣ ♠ ❡ ♥ ∆ c τ ♦❢ ❤ ❡

❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✐✳ ❡✳✱ ♦❢ ❤ ❡ ♣ ♦ ❝ ❡ ✐ ♠ ❡ ✐ ♥ M ✱ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ✐ ❜ ❛ ❡
Ẽ 2 = { x ( 2 ) ,

−→
ct ( 2 ) } ✳ ● ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❤✐ ❡ ❣ ♠ ❡ ♥ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ❛ ❧✐ ♥ ❡ ❛ ❡ ♥ ♦ ❡❧ ❡ ♠ ❡ ♥ ❛

❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♦ ✐ ❡ ♥ ❡ ❞ ✈ ❡ ❝ ♦ ✐ ♥ ⟨ P 3 + 1 ⟩✳ ■ ✉ ❛ ❞ ❛ ✐ ❝ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✐ ♥ ✈ ❛ ✐ ❛ ♥
✐ ♥ ❤ ❡ ❢ ♦ ✉ ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❢ ♦ ♠ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ② ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ✐

− ( ∆ c τ ) 2 = − ( ∆ ct ) 2 + ( ∆ x 1 ) 2 + ( ∆ x 2 ) 2 + ( ∆ x 3 ) 2 = ❝ ♦ ♥ , ( 3 4 A )

✇ ❤ ❡ ❡ ∆ t > 0 , ∆ τ > 0 ✳ ❙✐ ♥ ❝ ❡ ∆ c τ = c o n st ✱ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ✸ ✹ ❆✮ ♠ ❛ ② ❜ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱
♦ ✐ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣ ❡ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤ ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❧ ♦ ❝ ❛❧❧ ②

❜ ② ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♦❢ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ♦❢ ❤ ❡ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❞
✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❢ ♦ ♠ ❈ ❤✳ ✶ ✷ ✭ ❡ ❡ ❛ ❜ ♦ ✉ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✐ ♥ ❈ ❤ ✳ ✼ ❆ ❛ ♥ ❞ ✶ ✵ ❆✮✿

(i) 2 = − 1 = − c o s h 2 γ + ( si n h 2 γ ′
1 + si n h 2 γ ′

2 + si n h 2 γ ′
3 ) = − c o s h 2 γ + si n h 2 γ. ( 3 5 A )

❍ ❡ ❡ γ ′
j ✭ ❛ j = 1 , 2 , 3 ✮ ❛ ❡ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❤ ❡✐ ✈ ❛❧ ✉ ❡ ✐ ♥ ❤ ❡

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ si n h γ ′
j = c o s α j · si n h γ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ✈ ❡ ❝ ♦ si n h γ ✐ ♥

❤ ❡ ❜ ❛ ❡ Ẽ 1 ✳ ❋ ♦ ♠ ✉❧ ❛ ✭ ✸ ✺ ❆✮ ❣✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❛ ❞ ❛ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ − 1 ✉ ♥ ❞ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ✉ ♥✐ ✐ ♠ ❡✲❧✐ ❦ ❡ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ∆ i✳

■ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❛❧ ❛ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❛ ♥ ② ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ❛

∆ τ = ∆ t / c o s h γ = mi n ⟨∆ t( k ) ⟩. ( 3 6 A )

❲ ❤ ❡ ♥ ♦ ♥ ❡ ❞ ❡ ❛❧ ✇✐ ❤ ❛ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❤ ❡ ✐ ♠✐❧ ❛ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐
✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ✱ ❛ ♥ ❞ ✭ ✸ ✷ ❆✮ ✐ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ✐ ❛ ❝ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❛ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ✿

d r ( 1 ) = { r ot h Γ } ( m ) d r ( m ) = { r ot h Γ } ( m ) ·







0
0
0

d c τ ( m )





 =








d x
( 1 )
1

d x
( 1 )
2

d x
( 1 )
3

d ct ( 1 )








. ( 3 7 A )

❍ ❡ ❡ ❤ ❡ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ d r ( m ) ✐ ❡ ① ♣ ❡ ❡ ❞ ❛❧ ♦ ✐ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡
Ẽ m = { x ( m ) , −→c τ ( m ) } ✳ ■ ♥ ❙ ❚ ❘ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡ ✱ ♦ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❧ ❡ ✈ ❡❧✱ ❛ ❡ ❛❧ ✇ ❛ ②
✐ ♥ ❡ ✐ ❛❧✱ ❜ ✉ ♦ ♥❧ ② ❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ✐ ♥ ❡ ✐ ❛❧ ❖ ❜ ❡ ✈ ❡ ✱ ❛ ② N 1 ✐ ♥ Ẽ 1 ✳ ❚ ❤✐ ❤ ❛ ♣❧ ❛ ❝ ❡✱
❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❛ ① ❡ −→c τ ( m ) ❛ ♥ ❞ x ( m ) ❛ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ♥ ♦ ♠ ❛❧ ♦ ❛ ✇ ♦ ❧ ❞
❧✐ ♥ ❡ ❛ ❛ ♣ ♦✐ ♥ M ✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❢ ♦ ♠ ✐ ♠✐❧ ❛ ♦ ✭ ✸ ✻ ❆✮ ✐

d τ ( m ) = dt ( 1 ) / c o s h γ = d λ ( m ) / (i c) = mi n ⟨dt ( k ) ⟩. ( 3 8 A )



❈ ❍ ❆ ❚ ❊ ❘ ✸ ❆✳ ▼ ■ ◆ ❑ ❖ ❲ ❙ ❑ ■ ❆ ◆ ❘ ❊ ❆ ▲ ❑ ■ ◆ ❊ ▼ ❆ ❚ ■ ❈ ❉ ■ ▲ ❆ ❚ ■ ❖ ◆ ❖ ❋ ❚ ■ ▼ ❊ ✶ ✽ ✸

■ ♥ ❡ ❣ ❛ ✐ ♥ ❣ ✭ ✸ ✽ ❆✮✱ ♦ ♥ ❡ ♦ ❜ ❛✐ ♥ ∆ τ = ∆ λ / (i c)✱ ✇ ❤ ❡ ❡ ∆ λ ✐ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢
❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❡ ❣ ♠ ❡ ♥ ❬ ✼ ✻✱ ♣✳ ✶ ✶ ✵❪✳ ❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✻ ❆✮✱ ✭ ✸ ✽ ❆✮ ❡ ① ♣ ❡ ✐ ♥ ❤ ❡ ❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❢ ♦ ♠ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ❛ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦
✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❖ ❜ ❡ ✈ ❡ ✱ ♥ ❛ ♠ ❡❧ ② ♦❢ ♦ ♠ ❡ ✐ ♠ ❡ ♣ ♦ ❝ ❡ ✐ ♥ ❤ ❡ ♦ ❜❥ ❡ ❝ ❬ ✻ ✻❪✳ ❚ ❤ ❡ ❡ ✛ ❡ ❝ ♠ ❛ ② ❜ ❡ ❡ ❛ ✐❧ ②
✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ♦❢ −→c τ ( m ) ✦ ❇ ✉ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❤ ❡ ❛ ♠ ❡
❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ x ( m ) ❛ ❝ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦❢ ❤✐ ♦ ❛ ✐ ♦ ♥ ❢ ♦ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✉ ❝ ✉ ❡✦✳ ❚ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✇ ❛ ✜ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❜ ②
❱✳ ❱ ♦✐ ❣ ❤ ✐ ♥ ✶ ✽ ✽ ✼ ❬ ✽ ✵❪ ✐ ♥ ❤✐ ❧✐ ❣ ❤ ❡❧ ❛ ✐ ❝✐ ② ❤ ❡ ♦ ② ❛ ♥ ❞ ❝ ♦ ❡ ❝ ❧ ② ❜ ② ❍✳ ▲ ♦ ❡ ♥ ③ ✐ ♥ ✶ ✽ ✾ ✺ ❬ ✺ ✽❪✳

❚ ❤ ❡ ❡ ❣ ♠ ❡ ♥ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ∆ r ( 2 ) ✐ ♥ Ẽ 1 ✱ ❞ ✉ ❡ ♦ ✭ ✸ ✷ ❆✮✱ ❤ ❛ ❡❧ ❡ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
a = ∆ χ ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ✕ ❋✐ ❣ ✉ ❡ ✶ ❆✳ ■ ✐ ❤ ❡ ♣ ❛ ❝ ❡ ❛❥ ❡ ❝ ♦ ② ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ M ✳ ■ ✐ ❡ ① ♣ ❡ ❡ ❞
✐ ♥ ❡ ♠ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ ❛ ✇ ❡❧❧ ❛ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ✇✐ ❤ ❤ ❡ ✇ ♦ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ✈ ❡❧ ♦ ❝✐ ②✿

∆ χ = ∆ 2 x
( 1 )
1 + ∆ 2 x

( 1 )
2 + ∆ 2 x

( 1 )
3 = t a n h γ ∆ ct ( 1 ) = v · ∆ t( 1 ) = si n h γ ∆ c τ = v ∗ · ∆ τ.

❚ ❤ ❡ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② v ∗ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② v ❛ ❛ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✳ ■ ✐ ♠ ❡ ❛ ✉ ❡ ❞ ✐ ♥ ♣ ♦ ♣ ❡ ❞✐ ❛ ♥ ❝ ❡ d χ = d x ( 1 ) ❜ ② ♣ ♦ ♣ ❡ ✐ ♠ ❡ d τ ✿

v ∗ = c · si n h γ = d χ / d τ = v · c o s h γ = d χ / d τ > v = c · t a n h γ ;
v ∗

j = c · si n h γ ′
j = c · c o s α j · si n h γ > v j = c · t a n h γ j (j = 1 , 2 , 3) .

( 3 9 A )

❚ ❤ ❡ ❢ ♦ ✉ ✈ ❡ ❝ ♦ v , v ∗ , t a n h γ, si n h γ ❛ ❡ ❝ ♦❧❧✐ ♥ ❡ ❛ ✳ ❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ j ❛ ♥ ❞ γ ′
j ✐ ♥

✭ ✸ ✵ ❆✮ ✕ ❈ ❤✳ ✷ ❆ ❛ ♥ ❞ ✭ ✸ ✺ ❆✮ ❛ ❡ ❡❧ ❛ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

(v j = c · t a n h γ j = v · c o s α j , v∗j = c · si n h γ ′
j = v ∗ · c o s α j ) → si n h γ ′

j = c o s h γ · t a n h γ j .

■ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥✱ ❤ ❡ ❣✐ ✈ ❡ ♥ ♣ ♦ ❜❧ ❡ ♠ ✐ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ♦❧ ✈✐ ♥ ❣ ❛ ♥
✧✐ ♥ ❡ ✐ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ✐ ❣ ❤ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❛ ♥ ❣❧ ❡ ✧ ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✻✳ ✹✮✱ ✇ ❤ ❡ ❡ ∆ c τ ✐
✐ ♠✐❧ ❛ ♦ ❤ ❡ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ g ✱ ❛ ♥ ❞ ∆ χ ✱ ∆ ct ( 1 ) ❛ ❡ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ❧ ❡ ❣ a, b ✳

■ ♥ ♣ ♦ ❞ ✉ ❝ ✭ ✸ ✷ ❆✮✱ ✭ ✸ ✼ ❆✮✱ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✐ ❢ ♦ ♠ ❛❧❧ ② ✉ ♥ ❝ ❛ ❡ ❞✱ ♦ ♥❧ ②
✐ ❧ ❛ ♦ ✇ ✐ ✉ ❡ ❞✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ∆ r ( 2 ) ✐ ♣ ❛ ❛❧❧ ❡❧ ♦ ✐ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( 2 ) ✱ ❛ ♥ ❞ ❛❧❧ ✐ ♣ ♦✐ ♥ ✐ ♥ Ẽ 2 ❤ ❛ ✈ ❡ ③ ❡ ♦ ❛ ❜ ❝✐ ❛ ✳ ❚ ❤ ❡ ✇ ❤ ♦❧ ❡ ♠ ❛ ✐ ① ✐ ✉ ❡ ❞ ✐❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧
❡❧ ❡ ♠ ❡ ♥ ✐ ♦ ♥ ❛ ♥ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ( 3 ) ✉ ♥ ❞ ❡ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ♥ ❣❧ ❡ γ 2 3 ❢ ♦ ♠ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ( 2 ) ✳ ■ ✐ ✈ ❛❧✐ ❞ ❢ ♦ ✇ ♦✲ ❛ ♥ ❞ ♠ ✉❧ ✐ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✼ ❆✮✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♠ ♣ ♦ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ♦❢ ❙ ❚ ❘ ❛ ♥ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ● ❡ ♦ ♠ ❡ ② ✐ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ❜ ✈✐ ♦ ✉ ✳
▲ ❡ M ′ ❛ ♥ ❞ M ′′ ❜ ❡ ✇ ♦ ❝ ❛ ✉ ❛❧❧ ②✲ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ✐ ♥ ⟨P 3 + 1 ⟩✳ ❚ ❤ ❡ ♥ ❤ ❡ ❛✐ ❣ ❤ ✲

❧✐ ♥ ❡ ❡ ❣ ♠ ❡ ♥ M ′M ′′ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ♦❢ ❢ ✉ ✉ ❡ ❤ ❛ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤
✭ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ✮ ❛ ♠ ♦ ♥ ❣ ❛❧❧ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✭ ❞✐ ❡ ❝ ❡ ❞ ✐ ♥ ❢ ✉ ✉ ❡ ✮ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♥ ❣ M ′ ❛ ♥ ❞ M ′′✄✿

ct 2 − ct 1 = ct |t 2
t 1

= ∆ ct > ∆ ct ′ =

t 2

t 1

d ct / c o s h γ ( t) =

t ′
2

t ′
1

d ct ′ ≥ 0 ,

✇ ❤ ❡ ❡ t ✐ ❤ ❡ ✐ ♠ ❡ ♦❢ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❖ ❜ ❡ ✈ ❡ N 1 ✐ ♥ Ẽ 1 ✱ t′ ✐ ❤ ❡ ✐ ♠ ❡ ♦❢ ♠ ♦ ✈✐ ♥ ❣ ❖ ❜ ❡ ✈ ❡ N m

✐ ♥ Ẽ m ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✶ ❆✳ ❇ ✉ ❛ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ M ′M ′′ ❝ ❛ ♥ ❤ ❛ ✈ ❡ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ λ = 0 ✐❢ ❤ ❡ ♣ ♦✐ ♥ M ′ ❛ ♥ ❞ M ′′ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡ ❧✐ ❣ ❤ ❡ ❣ ♠ ❡ ♥ ✱ ❛ ♥ ❞
♦ ♥❧ ② ✇ ♦ ♦❢ ❤ ❡ ♠ ❛ ❡ ❡ ♥ ♦ ✉ ❣ ❤✳ ❚ ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❛ ❜ ♦ ✈ ❡ ✐ ❛❧ ♦ ❤ ❡ ❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐❧❧ ✉ ❛ ✐ ♦ ♥
♦ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✧ ✇✐ ♥ ♣ ❛ ❛ ❞ ♦ ① ✧ [ 8 5], ✇ ❤ ❡ ♥ ✐ ♥ ✐ ❧ ❡❢ ♣ ❛ ∆ t ✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞

❛ ❤ ❡ ❊ ❛ ❤ ✐ ♠ ❡ ❛ ♥ ❞ ✐ ♥ ✐ ✐ ❣ ❤ ♣ ❛ ∆ t′ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ❜ ② ❛ ♦ ♥ ❛ ✉ ✳ ■ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✺ ❆✱
✇ ❡ ❝ ♦ ♠ ♠ ❡ ♥ ✐ ♦ ♥ ❤ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❝ ♦ ♠✐ ❝ ❛ ✈ ❡❧ ♦ ❤ ❡ ♥ ❡ ❛ ❡ ❛ ② ❡ ♠✳
❙✐ ♥ ❝ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨P 3 + 1 ⟩ ❛ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱
❤ ❡ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❡ ❣ ♠ ❡ ♥ M ′M ′′ ✐ ♥ Ẽ 1 ❛ ♥ ❞ ❛ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ M ′M ′′ ✐ ♥ ❤ ❡

♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ Ẽ m ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ♦✳ ❚ ❤✐ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ✇✐ ♥ ♣ ❛ ❛ ❞ ♦ ① ❤ ❛ ❛ ♣❧ ❛ ❝ ❡ ♦ ♥❧ ② ❜ ② ❤ ❡
❝ ❛ ✉ ❡✱ ❤ ❛ ✇ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ✇ ♦ ❞✐ ✛ ❡ ❡ ♥ ✇ ♦ ❧ ❞ ✇ ❛ ② ❜ ❡ ✇ ❡ ❡ ♥ M ′ ❛ ♥ ❞ M ′′ ✇✐ ❤ ❤ ❡✐ ♠ ❛❧❧ ❡
❛ ♥ ❞ ❜✐ ❣ ❣ ❡ ❧ ♦ ♣ ❡ ✐ ♥ ⟨P 3 + 1 ⟩✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱

−→
ct ( 1 ) ✳



❈ ❤ ❛ ♣ ❡ ✹ ❆

▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❡ ❡ ♠✐ ♥ ❣ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜ ❥ ❡ ❝ ❡ ① ❡ ♥
❛ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥

❚ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❡ ❡ ♠✐ ♥ ❣ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✬ ❡ ① ❡ ♥ ✇✐ ❤ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❡ ❝ ❤ γ (v )
✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✶ ❆ ✭ ✷✮✱ ✭ ✸✮✮ ✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❝ ♦ ❡ ❝ ❧ ② ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥
♦❢ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ②✳ ❚ ❤ ❡ ❧ ❛ ❡ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ⟨ P 3 + 1 ⟩ ♦ ♥❧ ② ❞ ✉ ❡ ♦ ✐ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✦ ❙ ♦✱ ✐ ♥ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ② ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✶ ❆✭ ✷✮✱
♦ ♥ ❡ ✉ ✉ ❛❧❧ ② ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♠ ❡ ❡ ♦❢ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ❜ ❡❧ ♦ ♥ ❣✐ ♥ ❣ ♦ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ♦ ❛ ❝ ❡ ❛✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( j ) ✳ ■ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ♣ ❛ ❝ ✐ ❝ ❛❧ ✈ ❛ ✐ ❛ ♥ ✱ ❤ ❡ ❡ ❝ ♦ ♥ ✐ ♦❢ ✇ ♦ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ❛ ✇ ♦

❡ ✈ ❡ ♥ ✇✐ ❤ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ✈ ❛❧ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧ ✈ ❛ ✐ ❛ ♥ ✱ ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦ ✉ ❜❥ ❡ ❝ ♦❢
❤✐ ❈ ❤ ❛ ♣ ❡ ✱ ❤ ❡ ❡ ❝ ♦ ♥ ✐ ♦❢ ♣ ♦✐ ♥ ♦❢ ❛ ❝ ♦ ♥ ❝ ❡ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( j ) ❛ ♥ ❞ ♠ ♦ ✈✐ ♥ ❣ ✇✐ ❤ ✐ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ♣ ✐ ♥ ❛ ♥ ♦ ❤ ❡ ❝ ❡ ❛✐ ♥ ❜ ❛ ❡ Ẽ i ❢ ♦ ♠
❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❖ ❜ ❡ ✈ ❡ N i ✳ ❖❢ ❝ ♦ ✉ ❡✱ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ j ❛❧❧ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✬ ♣ ♦✐ ♥

❛ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ✱ ❛ ❤ ❡ ② ❤ ❛ ✈ ❡ ❛❧ ✇ ❛ ② ❤ ❡ ❛ ♠ ❡ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦ ♥ ✐ ♦ ✇ ♥ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( j ) ✳

❋ ♦ ♠ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ❛❧❧ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ♦❢ ❛ ❣✐ ✈ ❡ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ❜ ❡❧ ♦ ♥ ❣ ♦ ❤ ❡✐ ✇ ♦ ❧ ❞
❧✐ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩✳ ■❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ ⟨ E 3 ⟩ ( j ) ❛ ♥ ❞ ✐ ✐ ✐ ♥ ✉ ♥✐❢ ♦ ♠
❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ Ẽ i ✱ ❤ ❡ ♥ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ ❛❧❧ ✐ ♣ ♦✐ ♥ ❛ ❡

♣ ❛ ❛❧❧ ❡❧ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( j ) ✳ ❖ ❜ ❡ ✈ ❡ N i ✜ ① ❡ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ♣ ♦✐ ♥ ✐ ♥ ❤✐ ♦ ✇ ♥

⟨ E 3 ⟩ ( i ) ❛ ❛ ❝ ❡ ❛✐ ♥ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♠ ❡ ♦ ♥ ❤✐ ♦ ✇ ♥ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( i ) ❛❧ ❤ ♦ ✉ ❣ ❤ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ②✱ ❜ ✉

✇✐ ❤ ❤ ❡ ♦ ❜❥ ❡ ❝ ✬ ✐ ③ ❡ ❞✐ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ❞✐ ❡ ❝ ✐ ♦ ♥✳ ❚ ❤✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❤ ❡ ♥ ♦ ♠ ❡ ♥ ♦ ♥
✐ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❛ ♥ ✐ ♠ ♣ ♦ ♣ ❡ ✇ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ♦ ♦❢ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✭ ❛ ❛
❡ ♦❢ ✐ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ✜ ① ❡ ❞ ✐ ♥ ⟨ E 3 ⟩ ( i ) ✮✳

⟨ E 3 ⟩ ( i ) ❛ ♥ ❞
−→
ct ( j ) ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ✛ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ♣ ❤ ② ✐ ❝ ❛❧❧ ②

✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❥ ✉ ✐ ♥ ⟨ E 3 ⟩ ( i ) ❛❧ ♦✳ ❚ ❤ ❡ ♥ i = j ❛ ♥ ❞ ❤ ❡ ✇ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ♣ ♦ ♣ ❡ ✳
■ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✉ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ❛ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ♦ ♥ ❡✳ ❆ ♥ ❞ ❤✐ ❣ ❛ ♣ ❤✐ ❝ ❛❧ ✇ ❛ ② ❢ ♦
❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ✜ ① ❛ ✐ ♦ ♥ ❞ ❡ ✜ ♥ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ❜ ❛ ❡✳

❚ ❤ ❡ ❊✐ ♥ ❡✐ ♥✬ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ❬ ✻ ✼❪ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❛ ❣ ❛ ❝ ❡❢ ✉❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❤ ❡ ♦ ❡ ♠
✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ❞ ♦ ♣ ❡ ❞ ❜ ② ❤✐ ♠ ✐ ♠ ♣❧✐ ❝✐ ❧ ②✳ ■ ♥ 2 ✲✱ 3 ✱ 4 ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❝ ❛ ❡ ✱ ✐ ✐ ❡ ① ♣ ❡ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✳

❚ ❤ ❡ ♦ ❡ ♠ ✶ ✳ ■❢ ❛ ✐ ❛ ♥ ❣❧ ❡ A B C ✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✶ ❆✮ ✐ ❢ ♦ ♠ ❡ ❞ ❜ ② ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❡ ❣ ♠ ❡ ♥ A B
❛ ♥ ❞ ✇ ♦ ❧✐ ❣ ❤ ❡ ❣ ♠ ❡ ♥ A C ❛ ♥ ❞ B C ✭✐✳ ❡✳✱ ✐ ♦ ♦ ♣✐ ❝ ③ ❡ ♦ ❧ ❡ ❣ ✮ ❝ ♦ ♠✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ♦ ♣ ♣ ♦ ✐ ❡
❞✐ ❡ ❝ ✐ ♦ ♥ ✱ ❤ ❡ ♥ ✐ ♠ ❡ ❞✐ ❛ ♥ ❛ ♥ ❞ ❤ ❡✐ ❣ ❤ ♣ ❛ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ♦✐ ♥ C ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✳
❈ ♦ ♦❧❧ ❛ ② ✳ ■❢ A B C ✐ ✉ ❝ ❤ ❛ ❧✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✱ ❤ ❡ ♥ ✐ ♠ ❡ ❞✐ ❛ ♥ ✭ ❛

❤ ❡✐ ❣ ❤ ✮ ❛ ♥ ❞ ✐ ❜ ❛ ❡ ✭ ❛ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡✮ ❛ ❡ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( k ) ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ①✐ x ( k ) ✳

❚ ❤ ❡ ♦ ❡ ♠ ✷ ✳ ■ ♥ ❤ ❡ ❝ ♦ ♥ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ✇✐ ❤ ❛ ♥ ② ❡❧❧✐ ♣ ✐ ❝ ❝ ✉ ♦❢ ❛ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ❤ ❡
♠ ❡ ❞✐ ❛ ♥ ♣ ❛ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ✐ ❛ ♣ ❡ ① C ❛ ♥ ❞ 2 ✲ ♦ 3 ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❜ ❛ ❡ ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ✲
❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✱ ❤ ❡ ♥ ❝ ❡ ✐ ❤ ❡✐ ❣ ❤ ❛ ♥ ❞ ♠ ❡ ❞✐ ❛ ♥ ♣ ❛ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ♦✐ ♥ C ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✳

❚ ❤ ❡ ❤ ❡ ♦ ❡ ♠ ✇✐ ❤ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❛ ✐❢ ♦ ♥❧ ② ♣ ❤ ② ✐ ❝ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ②✱ ♠ ♦ ✐ ✈ ❛ ❡
❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ✐ ♥ ❤✐ ✈ ❡ ✐ ♦ ♥ ♦❢ ❙ ❚ ❘✦ ❖❢ ❝ ♦ ✉ ❡✱ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ♦❢

❡ ✈ ❡ ♥ ❛ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ✜ ① ❛ ✐ ♦ ♥ ✐ ❛ ❡❧ ❛ ✐ ✈ ❡ ♥ ♦ ✐ ♦ ♥✳ ■ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❝ ❡ ❛✐ ♥
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( i ) ❛ ♥ ❞ ❛ ❝ ❡ ❛✐ ♥ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ( j ) ✐ ♥ ⟨ P 3 + 1 ⟩✳ ❚ ❤✐ ✐ ✐❧❧ ✉ ❛ ❡ ❞ ❝❧ ❡ ❛ ❧ ② ❛

❋✐ ❣ ✉ ❡ ✶ ❆✭ ✷✮✳ ❍ ❡ ❡ ❛ ♦ ❞ ❛ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ♦ ♥ ❤ ❡ ❛ ①✐ x 2 ✭✐✳ ❡✳✱ j = 2 ✮✱ ❛ ♥ ❞
✐ ✐ ♠ ♦ ✈✐ ♥ ❣ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ❛❧ ♦ ♥ ❣ ❤ ❡ ❛ ①✐ x 1 ✭✐✳ ❡✳✱ i = 1 ✮ ❛ ✈ ❡❧ ♦ ❝✐ ② ± v (t a n h γ = ||v ||/ c )✳ ❚ ❤ ❡

✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ ❤✐ ♦ ❞✬ ♣ ♦✐ ♥ ❛ ❡ ♣ ❛ ❛❧❧ ❡❧ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( j ) ✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❖ ❜ ❡ ✈ ❡ N i

✜ ① ❡ ❤ ❡ ♦ ❞✬ ♣ ♦✐ ♥ ♦ ♥ ✐ ❛ ①✐ x 1 ❛ ❤ ❡✐ ♦ ❜❧✐ ✉ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♣ ❛ ❛❧❧ ❡❧ ♦ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( j ) ✳

❋ ♦ ♠ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❤✐ ✐ ♠ ♣ ♦ ♣ ❡ ✜ ① ❛ ✐ ♦ ♥ ✐ ❛ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ x 1

♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( j ) ✕ ❡ ❡ ✜ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ❝ ✳ ✺✳ ✶ ✵✳ ❍ ❡ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❉ ✉ ❡ ♦ ❤✐ ✱ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ♦ ❞ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ❡ ❡ ♠ ♦ ❖ ❜ ❡ ✈ ❡ N i ✳



❈ ❍ ❆ ❚ ❊ ❘ ✹ ❆✳ ▲ ❖ ❘ ❊ ◆ ❚ ❩ ■ ❆ ◆ ❈ ❖ ◆ ❚ ❘ ❆ ❈ ❚ ■ ❖ ◆ ❖ ❋ ▼ ❖ ❱ ■ ◆ ● ❖ ❇ ❏ ❊ ❈ ❚ ❊ ❳ ❚ ❊ ◆ ❚ ✶ ✽ ✺

■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❛ ♥ ✐ ♠ ♣ ♦ ♣ ❡ ✇ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ❝ ❡ ❛✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥
❜ ❛ ❡ Ẽ i ✱ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❛ ❣ ❛ ♣ ❤✐ ❝ ❛❧❧ ② ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❝ ✉ ♦❢ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✇ ♦ ❧ ❞ ❛❥ ❡ ❝ ♦ ②
♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E 3 ⟩ ( i ) ❛ ❛ ❝ ❡ ❛✐ ♥ ♠ ♦ ♠ ❡ ♥ ♦❢ ✐ ♠ ❡ t( i ) ✳ ■❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✐ ♥

⟨ E 3 ⟩ ( j ) ✱ ❤ ❡ ♥ ✐ ✇ ♦ ❧ ❞ ❛❥ ❡ ❝ ♦ ② ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ♣ ❛ ❛❧❧ ❡❧ ♦ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( j ) ✳ ❍ ❡ ♥ ❝ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥

♦❢ ❛ ♥ ♦ ❜❥ ❡ ❝ ✬ ✇ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥ ✐ ♥ Ẽ i ✐ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ✐ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ♥ ♦ ⟨ E 3 ⟩ ( i ) ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( j ) ✱

✐✳ ❡✳✱ ♦ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ i, j ≡ { x
( i )
k ,

−→
ct ( j ) } ✭ ❡ ❝ ✳ ✺✳ ✶ ✵✮✳ ❙✐ ♥ ❣❧ ❡

❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲
♣❧ ❛ ♥ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ❤ ❛ ♦ ♠ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❛ ✉ ❛ ✐✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✱ ❜ ✉ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✱ ✉ ✉ ❛❧❧ ② ✐ ♥ ✐ ♥✐ ✐ ❛❧ Ẽ i ✱ ❛ ❤ ❡ ♥ ❤ ❡ ❝ ♦
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ✈ ❛❧✐ ❞ ✐ ♥ ❤✐ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✕
❡ ❝ ✳ ✺✳ ✶ ✵ ❛ ♥ ❞ ✶ ✷✳ ✷✳ ❋ ♦ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✱ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡ ♦❢ ✐ ✜ ① ❛ ✐ ♦ ♥ ✐ ♠ ❛ ①✐ ♠ ❛❧ ✐ ✛ ❤ ❡

✜ ① ❛ ✐ ♦ ♥ ✐ ♣ ♦ ♣ ❡ ✿

V = v ( i, j ) / ❡ ❝ ❤ γ = m a x ⟨v ( i, j ) ⟩ = c o n st. ( 4 0 A )

■❢ ❛ k ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✭k ≤ n ✮ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♠ ♦ ✈✐ ♥ ❣ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❧ ② ❛ ♥ ❞ ✉ ♥✐❢ ♦ ♠❧ ②✱ ❤ ❡ ♥
❡ ① ❛ ❝ ❧ ② ❢ ♦ ✉ ✈ ❛ ✐ ❛ ♥ ♦❢ ✐ ✇ ♦ ❧ ❞ ❛❥ ❡ ❝ ♦ ② ❛ ❡ ♣ ♦ ✐ ❜❧ ❡✿
✶✮ ❛ ❧✐ ♥ ❡ ✐❢ k = 0 ✱ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ❛ ♣ ❛ ✐ ❝❧ ❡ ❛ ❛ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ❀
✷✮ ❛ ❜ ❛ ♥ ❞ ✐❢ k = 1 ✱ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ❛ ♦ ❞ ❛ ❛ ❞✐ ❡ ❝ ❡ ❞ ❡ ❣ ♠ ❡ ♥ ✭ ❛ ✈ ❡ ❝ ♦ ✮❀
✸✮ ❛ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❜ ❛ ♥ ❞ ✐❢ k = 2 ✱ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ❛ ✐ ❛ ♥ ❣❧ ❡ ♦ ❛ ♣ ❛ ❛❧❧ ❡❧ ♦ ❣ ❛ ♠❀
✹✮ ❛ ✹✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❜ ❛ ♥ ❞ ✐❢ k = 3 ✱ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ❛ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ♦ ❛ ♣ ❛ ❛❧❧ ❡❧ ❡ ♣✐ ♣ ❡ ❞✳
❲❡ ❝ ♦ ♥ ✐ ❞ ❡ ♦ ♥❧ ② ✐ ♠ ♣❧ ❡ ♦ ❜❥ ❡ ❝ ✱ ❤ ❡ ② ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② 4 × k ✲❧✐ ♥ ❡ ♦ ✱ ❡ ❡ ❡ ❝ ✳ ✺✳ ✶✳

❚ ❤ ❡ ❡ ♦❢ ❛❧❧ ✇ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥ ❢ ♦ ❛ ❣✐ ✈ ❡ ♥ ♦ ❜❥ ❡ ❝ ✐ ✱ ❢ ♦ ♠ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱
❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ❡ ♦❢ ❛❧❧ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ✉ ♦❢ ✐ ✇ ♦ ❧ ❞ ❛❥ ❡ ❝ ♦ ② ✳ ❙ ♦✱ ❡❧ ❛ ✐ ✈ ❡❧ ② ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡
❖ ❜ ❡ ✈ ❡ N 1 ✜ ① ❡ ❛ ♦ ❞ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❛ ✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦

−→
ct ( 2 ) ✭ ❡ ❡

❋✐ ❣ ✉ ❡ ✶ ❆✮✳ ❆ ✇ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥✱ ❛ ✇ ❡❧❧ ❛ ❛ ✇ ♦ ❧ ❞ ❛❥ ❡ ❝ ♦ ②✱ ✐ ❛ ❡ ♥ ♦ ♥ ♦ ✐ ♦ ♥✱ ❤ ❡✐ ✈ ❛❧ ❡ ♥ ❝ ②
✐ ✶✳ ❲ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥ ♦❢ ♦ ❜❥ ❡ ❝ ♣ ♦✐ ♥ ❡ ❞ ♦ ✉ ❛ ❜ ♦ ✈ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛ ❡✐ ❤ ❡ 4 × 1 ✲ ✈ ❡ ❝ ♦ ✱ ♦
4 × 2 ✲❧✐ ♥ ❡ ♦ ✱ ♦ 4 × 3 ✲❧✐ ♥ ❡ ♦ ✳ ■❢ ❛ ♥ ♦ ❜❥ ❡ ❝ ✐ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✐ ♥ ⟨ E 3 ⟩ ( j ) ✱ ❤ ❡ ♥ ✐ ♣ ♦ ♣ ❡ ✇ ♦ ❧ ❞
✜ ① ❛ ✐ ♦ ♥ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ j ✳

■ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ j ✱ ❤ ❡ ❡ ♦ ♥ ❡✲✱ ✇ ♦✲✱ ❛ ♥ ❞ ❤ ❡ ❡✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝
❡ ❞ ✉ ❝ ❡ ❞ ♦ ❛ ❝ ✉ ❡ ♥ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ✭ ❤ ❡ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ❜ ♦ ❞ ②✮ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥✐ ✐ ❛❧❧ ②

❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ 4 × k ✲❧✐ ♥ ❡ ♦ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❧✐ ♥ ❡ ❛ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✿

a ( j ) =






∆ x
( j )
1

∆ x
( j )
2

∆ x
( j )
3

0




 ; A

( j )
4 × 2 =






∆ x
( j )
1 1 ∆ x

( j )
1 2

∆ x
( j )
2 1 ∆ x

( j )
2 2

∆ x
( j )
3 1 ∆ x

( j )
3 2

0 0




 ; A

( j )
4 × 3 =






∆ x
( j )
1 1 ∆ x

( j )
1 2 ∆ x

( j )
1 3

∆ x
( j )
2 1 ∆ x

( j )
2 2 ∆ x

( j )
2 3

∆ x
( j )
3 1 ∆ x

( j )
3 2 ∆ x

( j )
3 3

0 0 0




 . ( 4 1 A )

❲✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ j, i ✱ ✇ ❡ ❛ ❦ ❡ ♦ ✉ ♦ ♥❧ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♠ ❛ ❣ ❡ ✐ ♥ ⟨ E 3 ⟩ ( j ) ♦❢ ❤ ❡

❧✐ ♥ ❡ ♦ ❛ ❤ ❡✐ ♣ ♦ ♣ ❡ ✜ ① ❛ ✐ ♦ ♥ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ② ❛ ❡ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ j ✿

a ( j, i ) = a ( j ) ; A
( j, i )
4 × 2 = A

( j )
4 × 2 ; A

( j, i )
4 × 3 = A

( j )
4 × 3 . ( 4 2 A )

■❢ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ❡ ❡ ♥ ♦ ❛ ❡ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ d e f h Γ i j

❢ ♦ ♠ Ẽ j, i ✐ ♥ ♦ ❛ ♥ ♦ ❤ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ i, j ✭ ❡ ❡ ❜ ❡❧ ♦ ✇✮✱ ❤ ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✭ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ✮ ♦ ♥ ❡✲ ✐ ♠ ❡
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❝ ✳ ✶ ✷✳ ✷ ❤ ♦❧ ❞ ✭❢ ♦ ❤ ❡ ♦ ♥ ❡✲ ✐ ♠ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✮✳
❚ ❤✐ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ❡ ① ♣ ❡ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

[a ( j ) ]′ · a ( j ) = [ a ( i, j ) ]′ · a ( i, j ) = ||a ||2E = l20 = ❝ ♦ ♥ > 0 , ( 4 3 A )

[A ( j ) ]′ · A ( j ) = [ A ( i, j ) ]′ · A ( i, j ) = |A |2 = ❈ ♦ ♥ , ( 4 4 A )

✇ ❤ ❡ ❡ |A | ✐ ❤ ❡ k × k ✲ ♠ ❛ ✐ ① ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❤ ❡ 4 × k ✲❧✐ ♥ ❡ ♦ A ✭ ❡ ❝ ✳ ✾✳ ✹✮✳



✶ ✽ ✻ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤✐ ♦ ♥ ❡✲ ❡ ♣ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ✐ ♠✐❧ ❛ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❞ ✉ ❡ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✹ ✶✮ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ Ẽ i ❢ ♦ ❖ ❜ ❡ ✈ ❡ N i ✜ ① ❡ ❞ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥✿

Ẽ j = r ot h Γ i j Ẽ i → Ẽ i, j = d e f h Γ i j · Ẽ j, i , d e f h Γ i j ≡ r ot Φ( Γ i j ) ≡ d e f h − 1 Γ j i . ( 4 5 A )

❊ ① ♣ ❡ ✇✐ ❤ ❤ ❡ ♣ ❛ ✐ ✈ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❧✐ ♥ ❡ ♦ ✭ ✹ ✶ ❆✮ ✇✐ ❤
✐ ♥✐ ✐ ❛❧ ❡ ✉ ❛❧✐ ✐ ❡ ✭ ✹ ✷ ❆✮ ✐ ♥ ❡ ♠ ♦❢ ❜ ♦ ❤ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✿

a ( i, j ) = d e f h Γ i j · a ( j ) = r ot Φ i j · a ( j ) =








∆ x
( i, j )
1

∆ x
( i, j )
2

∆ x
( i, j )
3

∆ ct ( j, i )








, ( 4 6 A )

A
( i, j )
4 × 2 = d e f h Γ i j · A

( j )
4 × 2 = r ot Φ i j · A

( j )
4 × 2 =








∆ x
( i, j )
1 1 ∆ x

( i, j )
1 2

∆ x
( i, j )
2 1 ∆ x

( i, j )
2 2

∆ x
( i, j )
3 1 ∆ x

( i, j )
3 2

∆ ct
( j, i )
1 ∆ ct

( j, i )
2








, ( 4 7 A )

A
( i, j )
4 × 3 = d e f h Γ i j · A

( j )
4 × 3 = r ot Φ i j · A

( j )
4 × 3 =








∆ x
( i, j )
1 1 ∆ x

( i, j )
1 2 ∆ x

( i, j )
1 3

∆ x
( i, j )
2 1 ∆ x

( i, j )
2 2 ∆ x

( i, j )
2 3

∆ x
( i, j )
3 1 ∆ x

( i, j )
3 2 ∆ x

( i, j )
3 3

∆ ct
( j, i )
1 ∆ ct 1 2 ( j, i ) ∆ ct

( j, i )
3








. ( 4 8 A )

❚ ❤ ✉ ✇ ❡ ❤ ❛ ✈ ❡ ✇ ♦ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❛ ❣ ❡ ♥ ❡ ❛❧ ✇ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥ ✇✐ ❤
♦ ♥ ❡✲ ✐ ♠ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣✱ ❛ ♥ ❞ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✇ ♦ ❦✐ ♥ ❞ ♦❢ ❤ ❡ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❡❧ ❛ ✐ ♦ ♥
✭ ✹ ✺ ❆✮✿ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❡ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❡✳ ■ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧
✈ ❛ ✐ ❛ ♥ ✱ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡✲ ❛ ♥ ❛❧ ♦ ❣ Φ( Γ) ❜ ② ❤✐ ❛ ♥ ❛❧ ♦ ❣ ②✳ ❚ ❤ ❡
❡ ❝ ♦ ♥ ❞ ✈ ❛ ✐ ❛ ♥ ✐ ✉ ❡ ❞ ❢ ♦ ✈✐ ✉ ❛❧ ❣ ❛ ♣ ❤✐ ❝ ❛❧ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥✳ ❲❡

❝ ❤ ♦ ♦ ❡ ♠ ❛✐ ♥❧ ② ❤ ❡ ✜ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ ❛ ♥ ❣❧ ❡ Γ i j ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✐ ♠ ♣❧ ② ✇✐ ❤ ✈ ❡❧ ♦ ❝✐ ② v ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱
❡ ① ♣ ❡ ❜ ② ♣ ❛ ✐ ✈ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ✹ ✻ ❆✮ ❤ ❡ ♥ ❡ ✇ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ♦ ❞ ✐ ♥ ❡ ♠ ♦❢
♦ ✐ ❣✐ ♥ ❛❧ ♦ ♥ ❡ ❢ ♦ ♠ ✭ ✹ ✶ ❆✮✱ ✭ ✹ ✷ ❆✮ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ✭ ✸ ✻ ✹✮ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ①✿

a ( i, j ) =








∆ x
( i )
1

∆ x
( i )
2

∆ x
( i )
3

∆ ct ( j )








=








∆ x
( j )
1 − c o s α 1 · c o s ε · l0 · ( 1 − ❡ ❝ ❤ γ )

∆ x
( j )
2 − c o s α 2 · c o s ε · l0 · ( 1 − ❡ ❝ ❤ γ )

∆ x
( j )
3 − c o s α 3 · c o s ε · l0 · ( 1 − ❡ ❝ ❤ γ )

c o s ε · l0 · t a n h γ








=

=
e α · [ 1 − c o s ε · ( 1 − ❡ ❝ ❤ γ )] · l0

c o s ε · t a n h γ · l0
, ( 4 9 A )

✇ ❤ ❡ ❡ ✐ ♥ ❤ ❡ ♦ ❞ ✜ ① ❛ ✐ ♦ ♥✱ ❤ ❡ ✜ ❤ ❡ ❡ ♦ ✇ ❞ ❡ ❡ ♠✐ ♥ ❡ ✐ ♥ ❡ ✇ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥
❤ ❡ ❜ ❛ ❡ Ẽ i ✱ ❤ ❡ ❢ ♦ ✉ ❤ ♦ ✇ ❞ ❡ ❡ ♠✐ ♥ ❡ ✐ ♥ ♦ ♥✲ ③ ❡ ♦ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦

−→
ct ( j ) ❛ ❤ ❡

❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✐ ♠ ❡✲❧✐ ❦ ❡ ❡ ✛ ❡ ❝ ✭ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ❞ ❡ ❛✐❧ ✇✐❧❧ ❜ ❡ ❧ ♦ ✇ ❡ ✮❀

l0 = ||a ( j ) || ✐ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ♦ ❞ ✐ ♥ ✐ ❡ ❛ ❡ ✐ ♥ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
j ✱

ε ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ ✐ ♥ Ẽ
( 3 )
j ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♦ ❞ ❛ ♥ ❞ ❤ ❡ ❛ ♥ ✐ ✈ ❡❧ ♦ ❝✐ ② ✈ ❡ ❝ ♦ v j i = ( − e α · v i j )

( j )

✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✭❢ ♦ ♠ ❛❧❧ ② ❤ ❡ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ❡ ❡ ✉ ❛❧ ♦

♦ ♥ ❡ ♦❢ v i j ✱ ❜ ✉ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ
( 3 )
i ✮✳ ❆ ♥ ❞ ❤ ❡ ❡ ❤ ♦❧ ❞

c o s α 1 · ∆ x
( j )
1 + c o s α 2 · ∆ x

( j )
2 + c o s α 3 · ∆ x

( j )
3 = e ′

α · a ( j ) = c o s ε · l0 = ||
← −
v v ′ · a ( j ) ||. ( 5 0 A )



❈ ❍ ❆ ❚ ❊ ❘ ✹ ❆✳ ▲ ❖ ❘ ❊ ◆ ❚ ❩ ■ ❆ ◆ ❈ ❖ ◆ ❚ ❘ ❆ ❈ ❚ ■ ❖ ◆ ❖ ❋ ▼ ❖ ❱ ■ ◆ ● ❖ ❇ ❏ ❊ ❈ ❚ ❊ ❳ ❚ ❊ ◆ ❚ ✶ ✽ ✼

◆ ♦ ❡ ♦ ♥ ❡ ♠ ♦ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✿ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② ❛ ♥ ❞ ❛ ♥ ✐ ✈ ❡❧ ♦ ❝✐ ② ✐
♥ ♦ ♥✲ ③ ❡ ♦ ❛ ♥ ❞ ❡ ✉ ❛❧ ♦ γ i j ✳ ■❢ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② ❛ ♥ ❞ ❤ ❡ ❛ ①✐ x 1 ❛ ❡ ♣ ❛ ❛❧❧ ❡❧✱ ❤ ❡ ♥ c o s α 1 = 1 = c o s ε ✱
c o s α 2 = c o s α 3 = 0 ✱ ❛ ♥ ❞ ❤ ❡ ♥ ❡ ✇ ♦ ❞ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❡

a ( i, j ) =








∆ x
( i )
1

∆ x
( i )
2

∆ x
( i )
3

∆ ct ( j )








=








0 + ❡ ❝ ❤ γ · ∆ x
( j )
1

∆ x
( j )
2 + 0

∆ x
( j )
3 + 0

0 + t a n h γ · ∆ x
( j )
1








, ( ∆ x
( j )
1 = c o s ε · l0 = l0 ) . ( 5 1 A )

❍ ❡ ❡ ❤ ❡ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❛ ❡ ♣ ♦✐ ♥ ❡ ❞ ♦ ✉ ❛ ❤ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ❢ ♦ ♠ ❤ ❡
❧ ❡❢ ❛ ♥ ❞ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ▼ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧❧ ②✱ ✐❢ ✐ ♥ ✭ ✹ ✾ ❆✮ ❛❧ ♦ ❤ ❡ ♦ ❞ ❛ ♥ ❞ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ②

❛ ❡ ❢ ♦ ♠ ❛❧❧ ② ❝ ♦ ❛ ①✐ ❛❧ ✭ c o s ε = 1 ✮ ✐ ♥ Ẽ
( 3 )
j ✱ ❤ ❡ ♥ ❤ ❡ ❡ ❤ ♦❧ ❞

a ( i, j ) =
e α · ❡ ❝ ❤ γ · l0

t a n h γ · l0
. ( 5 2 A )

❚ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ✭ ✺ ✶ ❆✱ ✺ ✷ ❆✮ ❡ ① ♣ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ♦❢ ♦✲ ❝ ❛❧❧ ❡ ❞ ▲ ♦ ❡ ♥ ③✐ ❛ ♥
❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❡ ① ❡ ♥ ❬ ✺ ✽✱ ✺ ✾❀ ✼ ✻✱ ♣✳ ✶ ✵ ✾❪✱ ✇ ❤✐ ❝ ❤ ❡ ❛❧✐ ③ ❡ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ✈ ❡❧ ♦ ❝✐ ②✿

l( i, j ) = l( i ) = ❡ ❝ ❤ γ i j · l0 = 1 − (v / c ) 2 · l0 < l 0 . ( 5 3 A )

❖ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❡ ♥ ♦ ♠ ❛❧ ♦ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ②✱ ❤ ❡ ② ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡✳ ❚ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ♥ ❞ ♥ ❡ ✇
❢ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ♦ ❞ ✐ ♥ ✭ ✹ ✾ ❆✮ ❛ ♥ ❞ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✭ ✺ ✶ ❆✮ ❛ ✐ ❢ ② ✭ ✹ ✸ ❆✮✱ ✐✳ ❡✳✱ ❤ ❡ ② ❢ ♦ ♠
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❤✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✹ ✺ ❆✮✳ ❚ ❤ ❡ ✉ ♠ ♦❢ ❛❧❧ ❤ ❡ ❡ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡
✉ ❛ ❡ ✐ ❤ ❡ ✉ ❛ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❤ ❡ ♦ ❞ ❝ ♦ ♥ ❛ ❝ ❡ ❞✳ ■ ♥ ❤✐ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧

❝ ❛ ❡✱ ❢ ♦ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ❡ ❞ ♦ ✐ ❡ ♥ ❡ ❞ ♦ ❞✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

l( i, j ) = l( i ) = ||∆ x ( i ) || = l0 c o s 2 ε · ❡ ❝ ❤ 2 γ i j + si n 2 ε =

= l0 1 − c o s 2 ε · t a n h 2 γ i j = l0 1 − c o s 2 ε · (v / c ) 2 < l 0 . ( 5 4 A )

❆ ♣ ♣❧ ② ❤ ❡ ❍ ❡ ❣❧ ♦ ③ ✐ ♥ ❝✐ ♣❧ ❡ ❛ ♥ ❞ ❡ ✈ ❛❧ ✉ ❛ ❡ ✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❞ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✉ ♠ ♠ ❛ ♥ ❞ ✳
❚ ❤ ❡ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ✭ ❤ ❛ ✐ ♥ ♦ ♠ ❛❧ ♦ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② ✈ ❡ ❝ ♦ ✮ ✐ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✿

a
( i, j )
i n v = a ( j ) − c o s ε · l0 ·

e α

0
=

∆ x ( j ) − e α c o s ε · l0
0

. ( 5 5 A )

❙ ✉ ❜ ❛ ❝ ✐ ♥ ❣ ✭ ✹ ✾ ❆✮ ❛ ♥ ❞ ✭ ✺ ✺ ❆✮ ❣✐ ✈ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ✿

a
( i, j )
r el =

e α · c o s ε · ❡ ❝ ❤ γ · l0
c o s ε · t a n h γ · l0

=
∆ x

( i )
r el

∆ ct ( j )
. ( 5 6 A )

❆ ♣ ♣❧ ② ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ♦ ✐ ❈ ❛ ❡ ✐ ❛ ♥ ♣ ❛ ❛ ♥ ❞ ♦ ❜ ❛✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛
| c o s ε · ❡ ❝ ❤ γ · l0 | ❢ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ♦ ❞✳ ❋ ♦ ♠ ✭ ✺ ✺ ❆✮ ❛ ♥ ❞ ✭ ✺ ✵ ❆✮ ❤ ❡
♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ | si n ε · l0 | ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ♦ ♦✳ ❚ ❤✐ ✐ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✇ ❛ ② ❢ ♦ ❡ ① ♣❧ ❛✐ ♥✐ ♥ ❣

✉ ❝ ✉ ❡ ♦❢ ✭ ✺ ✹ ❆✮✱ ❛ ♥ ♦ ❤ ❡ ✇ ❛ ② ✐ ❣ ❛ ♣ ❤✐ ❝ ❛❧✳ ❚ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ♦ ❞ ✐ ✱ ❞ ✉ ❡
♦ ✭ ✺ ✹ ❆✮✱ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ✐ ♥ ⟨ E 3 ⟩ ( i ) ♦❢ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ si n ε · l0 ❛ ♥ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝

♣ ♦❥ ❡ ❝ ✐ ♦ ♥ c o s ε · ❡ ❝ ❤ γ · l0 ✳ ❚ ❤ ❡ ✜ ✉ ♠ ♠ ❛ ♥ ❞ ✐ ♥ ♦ ♠ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❞ ❡❧ ❛ ✐ ✈ ❡❧ ② ♦
❤ ❡ ❛ ♥ ✐ ✈ ❡❧ ♦ ❝✐ ② v j i ✳ ■ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❤✐ ♣ ❛ ♦❢
❤ ❡ ♦ ❞ ✜ ① ❛ ✐ ♦ ♥ ✐ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❜ ♦ ❤ ✈ ❡ ❝ ♦ v i j ✐ ♥ ⟨ E 3 ⟩ ( i ) ❛ ♥ ❞ v j i ✐ ♥ ⟨ E 3 ⟩ ( j ) ✳

❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✉ ♠ ♠ ❛ ♥ ❞ ✐ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ♠ ♣ ❛ ❛❧❧ ❡❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❞ ✇✐ ❤ ✐
❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ♥ ♦ ⟨ E 3 ⟩ ( i ) ♣ ❛ ❛❧❧ ❡❧ ♦

−→
ct ( j ) ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♥ ✭ ✺ ✷ ❆✮ ♦ ♥ ♦ ✈ ❡❧ ♦ ❝✐ ② v i j ✳



✶ ✽ ✽ ❆ ❊ ◆ ❉ ■ ❳

❙ ✉ ❛ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✜ ① ❛ ✐ ♦ ♥ ✭ ✺ ✷ ❆✮ ❛ ♥ ❞ ✭ ✺ ✻ ❆✮ ❢ ♦ ❤ ❡ ♦ ❞✱ ❞ ✉ ❡ ♦
✭ ✹ ✸ ❆✮ ❛ ♥ ❞ ✭ ✹ ✺ ❆✮✱ ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ♦ ♥ ❡✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥✳
❚ ❤ ❡ ② ❛ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ❞ ❛ ✐ ❝ ♦ ♥ ❡✲ ❡ ♣ ❝ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ✐❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ✿

[l( j ) ]2 = ||∆ x ( i, j ) ||2 + ∆ 2 ct ( j, i ) = [ l( i, j ) ]2 + ∆ 2 ct ( j, i ) = l20 = ❝ ♦ ♥ , ( 5 7 A )

[l( j ) ]2r el = ||∆ x ( i, j ) ||2r el + ∆ 2 ct ( j, i ) = [ l( i, j ) ]2r el + ∆ 2 ct ( j, i ) = l20 c o s 2 ε = ❝ ♦ ♥ . ( 5 8 A )

❚ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ❝ ❛ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ❢ ♦ ♠ ♦❢ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ✺ ✽ ❆✮ ✐

( ❡ ❝ ❤ 2 γ ′′
1 + ❡ ❝ ❤ 2 γ ′′

2 + ❡ ❝ ❤ 2 γ ′′
3 ) + t a n h 2 γ = ||s e c h 2 γ || + t a n h 2 γ = 1 , ( 5 9 A )

✇ ❤ ❡ ❡ γ ′′
k ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✈ ❡ ❝ ♦ − v j i ✐ ♥ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ

( 3 )
j ❛ ♥ ❞ ❤ ❡ ❛ ①✐ x k

✐ ♥ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
i ❛ ♥ ❞ ❡ ❝ ❤ γ ′′

k = c o s α k · ❡ ❝ ❤ γ ✳ ❚ ❤✐ ✐ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ❛ ✉ ♥✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡
❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ♣ ♦ ♣ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ♦ ❞ ✭✐ ♥ ❤ ❡ ❡ ❛ ❡✮ ✐ ❛ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝
✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ❛❧❧ ♦ ❤ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ k j ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ♥ Ẽ i j ✿

l0 =
l( i, j )

1 − c o s 2 ε · t a n h 2 γ i j

= m a x ⟨l( i, j ) ⟩. ( 6 0 A )

❚ ❤✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✺ ✹ ❆✮✳ ❚ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❡ ❡ ♠✐ ♥ ❣ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ❛ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ❤ ❛
❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♥ ❛ ✉ ❡✱ ✐✳ ❡✳✱ ✐ ❞ ♦ ❡ ♥ ♦ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ② ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ❡ ❝ ❤✳ ❋ ♦ ♠ ❛❧❧ ②✱ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢
♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ♦❢ ② ♣ ❡ ✭ ✺ ✸ ❆✮ ✇ ❛ ✜ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❜ ② ●✳ ❋✐ ③ ● ❡ ❛❧ ❞ ✐ ♥ ✶ ✽ ✽ ✾ ❬ ✽ ✾❪ ✐ ♥ ❢ ❛ ♠ ❡
♦❢ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼✐ ❝ ❤ ❡❧ ♦ ♥✲ ▼ ♦ ❧ ❡ ② ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✕ ❡ ❡ ❛ ❜ ♦ ✈ ❡✱ ❛ ♥ ❞ ❧ ❛ ❡ ❜ ② ❍✳ ▲ ♦ ❡ ♥ ③
✐ ♥ ✶ ✽ ✾ ✺ ❬ ✺ ✽❪ ✐ ♥ ❢ ❛ ♠ ❡ ♦❢ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼ ❛ ① ✇ ❡❧❧ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ✇ ❛ ✈ ❡ ❡ ✉ ❛ ✐ ♦ ♥✳

❚ ❤ ❡ ❡ ♦❢ ❛❧❧ ✇ ♦ ❧ ❞ ✜ ① ❛ ✐ ♦ ♥ ♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ♦ ❞ ✐ ❡ ♠✐ ♦ ♣ ❡ ♥✱ ❛ ✐ ❞ ♦ ❡ ♥ ♦ ❝ ♦ ♥ ❛✐ ♥ ❡ ① ❡ ♠ ❛❧
❝ ✉ ♦❢ ✐ ✇ ♦ ❧ ❞ ❛❥ ❡ ❝ ♦ ② ❜ ② ❤ ❡ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡✱ ❡ ❡ ❋✐ ❣ ✉ ❡ ✶ ❆✳ ❚ ❤ ❡ ❡
❡ ① ❡ ♠ ❛❧ ❝ ✉ ❢ ♦ ❛ ♦ ❞ ❤ ❛ ✈ ❡ ③ ❡ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✱
♦ ♥ ❡ ❢ ♦ ♦ ❜❥ ❡ ❝ ♦❢ ❛ ♥ ❦ ❣ ❡ ❛ ❡ ❤ ❛ ♥ ✶ ❤ ❛ ✈ ❡ ③ ❡ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ♦❢ ♦ ❞ ❡ ✶ ❛ ♥ ❞ ✷ ❢ ♦ ❤ ❡✐
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ❞ ❡ ✸ ❢ ♦ ❤ ❡✐ ♣ ❛ ❝ ❡ ✈ ♦❧ ✉ ♠ ❡ ✜ ① ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡ ❝ ✉

❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♦ ❜❥ ❡ ❝ ❛ ✐❢ ♠ ♦ ✈✐ ♥ ❣ ❛ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② ❝✳
❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❤✐ ♦ ❞✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❛ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ i j ✱

❤✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✺ ✻ ❆✮✳ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( j ) ✱ ❤ ✉ ✐ ✐ ❡ ① ♣ ❡ ❡ ❞

✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ j ✳ ❚ ❤✐ ❡ ✛ ❡ ❝ ❤ ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥✳ ❖ ❜ ❡ ✈ ❡ N j ❝ ❛ ♥ ❡ ❡

❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ❞ ❛ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ♦ ♥ ❤ ❡ ❛ ①✐ x
( i )
1 ❛ ♥ ❞ ♠ ♦ ✈✐ ♥ ❣ ❛ ❤ ❡ ❛ ♠ ❡ ✈ ❡❧ ♦ ❝✐ ② v j i ✐ ♥ Ẽ j ✱

✇✐ ❤ ❡ ❡ ♠✐ ♥ ❣ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ✭ ✺ ✹ ❆✮✳ ■ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡✱ ✇ ❤ ❡ ♥ ❤ ❡ ✇ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❞ ♠ ❡ ❡ ✱
❤ ❡✐ ✇ ♦ ❧ ❡❢ ❡ ♥ ❞ ❛ ♥ ❞ ✇ ♦ ✐ ❣ ❤ ❡ ♥ ❞ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❡ ♣ ❛ ❛ ❡❧ ② ♠ ❡ ❡ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✺ ✻ ❆✮✱ ✇✐ ❤
❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♠ ❡ ❧ ❛ ❣✿

∆ ct ( i, j ) = ∆ ct ( j ) = c o s ε · l0 · t a n h γ i j ≠ 0 . ( 6 1 A )

■ ✐ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ♦❢ ♥ ♦ ♥✲ ② ♥ ❝ ❤ ♦ ♥ ♦ ✉ ♠ ❡ ❡ ✐ ♥ ❣ ♦❢ ✇ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❛ ♥ ❞ ♠ ♦ ✈✐ ♥ ❣
❝ ♦ ❛ ①✐ ❛❧ ♦ ❞ ♣ ❛✐ ❡ ❞ ♣ ♦✐ ♥ ✳ ❈ ♦ ♥ ❛ ❝ ♦❢ ❤ ❡ ♣ ♦✐ ♥ ♣ ❛✐ ♦❢ ♠ ❡ ❡ ✐ ♥ ❣ ♦ ❞ ✭✐❢ ε = 0 ✮ ✐ ♣ ❡ ❛ ❞✐ ♥ ❣

❛ ❤ ❡ ❧ ❡❢ ♦ ❤ ❡ ✐ ❣ ❤ ❛❧ ♦ ♥ ❣ ❤ ❡ ❛ ①✐ x
( j )
1 ❛ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② w ❣ ❡ ❛ ❡ ❤ ❛ ♥ ❝✿

s = l0 / ∆ t( j ) = c / t a n h γ i j = c · c ot h γ i j = c · c o s h υ i j = c 2 / v > c. ( 6 2 A )

✭ ❙ ❡ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ υ ✐ ♥ ✭ ✸ ✻ ✵✮✱ ❡ ❝ ✳ ✻✳ ✹✳✮
❉ ✉ ✐ ♥ ❣ ❤✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ❞ ❡ ❝ ❡ ❛ ❡ ❢ ♦ ♠ ∞ ♦ c ✭❢ ♦
❤ ❡ ❛ ♥ ❣❧ ❡ γ ✮ ❛ ♥ ❞ ✐ ♥ ❝ ❡ ❛ ❡ ❢ ♦ ♠ c ♦ ∞ ✭❢ ♦ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ υ ✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❤ ❡

❝❧ ❛ ✐ ❝ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ✱ ❤ ❡ ♣ ❛✐ ♦❢ ♣ ♦✐ ♥ ♠ ❡ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ②✳



❈ ❍ ❆ ❚ ❊ ❘ ✹ ❆✳ ▲ ❖ ❘ ❊ ◆ ❚ ❩ ■ ❆ ◆ ❈ ❖ ◆ ❚ ❘ ❆ ❈ ❚ ■ ❖ ◆ ❖ ❋ ▼ ❖ ❱ ■ ◆ ● ❖ ❇ ❏ ❊ ❈ ❚ ❊ ❳ ❚ ❊ ◆ ❚ ✶ ✽ ✾

◆ ♦ ❡✱ ❤ ❛ ❤ ❡ ❢ ✉❧❧ ❡ ⟨w · e α ⟩ ❢ ♦ ♠ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ♣ ❛ ❝ ❡ ❤ ❛ ✐ ❤ ❡
❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝✐ ❝❧ ❡ ♦ ❜ ❛❧❧ ♦❢ ❛ ❞✐ ✉ 1 ✭ ❤ ❡ ✉ ♥✐ ② ❈ ❛ ②❧ ❡ ②✬ ♦ ✈ ❛❧✮
♦ c ❢ ♦ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ②✱ ✇ ❤ ❡ ❡ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ γ ✐ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✭ ❡ ❡ ❈ ❤✳ ✶ ✷✱ ✻ ❆✱ ✼ ❆✮✳

■ ♥ ♣ ♦ ❞ ✉ ❝ ✭ ✹ ✻ ❆✮ ✕✭ ✹ ✽ ❆✮ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✐ ❢ ♦ ♠ ❛❧❧ ② ✉ ♥ ❝ ❛ ❡ ❞✱
♦ ♥❧ ② ❤ ❡ ❡ ✜ ♦ ✇ ❛ ❡ ✉ ❡ ❞ ✭ ❝ ♦ ♠ ♣ ❛ ❡ ✇✐ ❤ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ♣ ♦ ❞ ✉ ❝ ✭ ✸ ✷ ❆✮✱ ✭ ✸ ✼ ❆✮
✐ ♥ ❈ ❤✳ ✸ ❆✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♦ ❜❥ ❡ ❝ ✭❧✐ ♥ ❡ ♦ ✮ ✐ ♥ ❢ ♦ ♠ ✭ ✹ ✶ ❆✮ ❛ ❡ ♣ ❛ ❛❧❧ ❡❧ ♦ ❤ ❡✐ ♣ ♦ ♣ ❡
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( j ) ✳

■ ♥ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ r ot h Γ i j ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ i ❛ ♥ ❞ ❤ ❡

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ d e f h Γ i j ✐ ♥ ❤ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ i j ❛ ❋✐ ❣ ✉ ❡ ✶ ❆✱ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ✐ ❡ ❞ ✉ ❝ ❡ ❞ ♦
♦❧ ✈✐ ♥ ❣ ❤ ❡ ❡ ① ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✿ ❡✐ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ A B C ✭ ❡ ❝ ✳ ✻✳ ✹✮✱ ✇ ❤ ❡ ❡ l( i )

✐ ✐ ♠✐❧ ❛ ♦ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ A B = g ❛ ♥ ❞ l0 ✱ ∆ ct ( j ) ❛ ❡ ✐ ♠✐❧ ❛ ♦ ❧ ❡ ❣ a ✱ b ❀ ♦ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡
A ′B ′D ′ ✭ ❋✐ ❣ ✉ ❡ ✶ ❆✭ ✷✮✮✱ ✇ ❤ ❡ ❡ a = A ′D ′ ✐ ✐ ♠✐❧ ❛ ♦ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ❛ l0 ✱ g = A ′B ′ ✐ ✐ ♠✐❧ ❛
♦ ❧ ❡ ❣ l( i ) ❛ ❝ ♦ ♥ ❛ ❝ ❡ ❞ ♦ ❞ ❧ ❡ ♥ ❣ ❤✱ b = B ′D ′ = ∆ ct ( j ) ❀ i = 1 ✱ j = 2 ✮✳ ❚ ❤ ❡ ♥ ▲ ♦ ❡ ♥ ③✐ ❛ ♥

❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✐ ❡ ① ♣ ❡ ❡ ❞ ❢ ♦ ♠ ❛❧❧ ② ✐ ♥ ❤ ❡ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ❜ ② ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Φ( Γ i j ) ✐ ♥

✭ ✹ ✺ ❆✮ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ i ✱ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❞ ✉ ❡ ♦ ❤ ❡
② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠✳

■ ♥ ❛ ❝ ♦ ❜ ❛ ❡ Ẽ i j ✱ ❢ ♦ ✇ ♦ ✈ ❡ ❝ ♦ ✭ ♦ ❞ ✮ ❛ ♣ ♣❧✐ ❡ ❞ ✐ ♥ ♦ ♥ ❡ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ M ✱ ❤ ❡ ❡ ❤ ♦❧ ❞

c o s β
( i, j )
1 2 = [ a

( i, j )
1 ]′ · a

( i, j )
2 / ||a

( i, j )
1 || · ||a

( i, j )
2 || = [ e

( i, j )
1 ]′ · e

( i, j )
2 , (β 1 2 ∈ [ 0; π ]).

❍ ❡ ❡ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ✈ ❡ ❝ ♦ ✐ ❛❧ ✜ ① ❛ ✐ ♦ ♥ ✐ ♥
⟨ E 3 ⟩ ( i ) ✐ ❣✐ ✈ ❡ ♥✳ ❆ ♣ ♣❧ ② ✭ ✺ ✹ ❆✮ ♦ ❤✐ ❡ ① ♣ ❡ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦
❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♠ ♦ ✈✐ ♥ ❣ ✈ ❡ ❝ ♦ ✭ ♦ ❞ ✮ ❛ ♣ ♣❧✐ ❡ ❞ ✐ ♥ ♦ ♥ ❡ ♣ ♦✐ ♥ M ✿

− 1 ≤ c o s β
( i )
1 2 =

c o s β
( j )
1 2 − c o s ε 1 · c o s ε 2 · t a n h 2 γ

1 − c o s 2 ε 1 · t a n h 2 γ · 1 − c o s 2 ε 2 · t a n h 2 γ
≤ + 1 , ( 6 3 A )

✇ ❤ ❡ ❡ β
( j )
1 2 ❛ ♥ ❞ β

( i )
1 2 ❛ ❡ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✈ ❡ ❝ ♦ ♠ ❡ ❛ ✉ ❡ ❞ ❜ ② ❖ ❜ ❡ ✈ ❡ N j

❛ ♥ ❞ N i ✳ ❚ ✇ ♦ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✈ ❡ ❝ ♦ ✇✐ ❤ ❤ ❡ ❛ ♥ ✐ ✈ ❡❧ ♦ ❝✐ ② ✈ ❡ ❝ ♦ ❢ ♦ ♠ ❛ ✐ ♣❧ ❡ ✐ ♥ ⟨ E 3 ⟩ ( j ) ✳
❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❍ ❛ ❞ ❛ ♠ ❛ ❞ ■ ♥ ❡ ✉ ❛❧✐ ② ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✸✮✱ ❢ ♦ ❤ ❡✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ● ❛ ♠

❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞

0 ≤ d et { [e 1 e 2 e 3 ]′ · [e 1 e 2 e 3 ]} = s 2
1 2 3 ≤ 1 .

❆ ♥ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ❤ ❡ ✐ ♣❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦❧❧ ♦ ✇ ✿

2 c o s α 1 2 · c o s α 1 3 · c o s α 2 3 ≤ c o s 2 α 1 2 + c o s 2 α 1 3 + c o s 2 α 2 3 ≤ 1 + 2 c o s α 1 2 · c o s α 1 3 · c o s α 2 3 .

■ ♥ ♦ ✉ ❝ ❛ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡ α 1 3 = ε 1 ✱ α 2 3 = ε 2 ✱ α 1 2 = β 1 2 ✳ ❚ ❤ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
t a n h 2 γ < 1 ✐ ♥❢ ❡ ✭ ✻ ✸ ❆✮ ❛ ✐ ♥ ❡ ✉ ❛❧✐ ② ♦ ♦✳

■❢ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✈ ❡ ❝ ♦ ✐ β
( j )
1 2 = π / 2 → c o s β

( j )
1 2 = 0 ✱ ❤ ❡ ♥ ❤ ❡ ♥ ❡ ✇

❛ ♥ ❣❧ ❡ β
( i, j )
1 2 ✐ ❡✐ ❤ ❡ ❛ ❝ ✉ ❡ ✭ c o s ε 1 · c o s ε 2 < 0 ✮✱ ♦ ♦ ❜ ✉ ❡ ✭ c o s ε 1 · c o s ε 2 > 0 ✮✱ ♦ ③ ❡ ♦

✭c o s ε 1 · c o s ε 2 = 0 ✮✳

■❢ β
( j )
1 2 = 0 ✱ ❤ ❡ ♥ ε 1 = ε 2 ❛ ♥ ❞ β

( i, j )
1 2 = 0 ✳

■❢ ❜ ♦ ❤ ❤ ❡ ✈ ❡ ❝ ♦ ✭ ❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✮ ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❤ ❡ ❛ ♥ ✐ ✈ ❡❧ ♦ ❝✐ ②
✈ ❡ ❝ ♦ ✱ ❤ ❡ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ❝ ❤ ❛ ♥ ❣✐ ♥ ❣ ❞ ♦ ❡ ♥ ♦ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡❀ ♥ ❛ ♠ ❡❧ ② ✇ ❡

❤ ❛ ✈ ❡✿ c o s ε 1 = c o s ε 2 = 0 → β
( i, j )
1 2 = β

( j )
1 2 ✳

■❢ ♦ ♥ ❡ ♦❢ ❤ ❡ ❡ ✇ ♦ ✈ ❡ ❝ ♦ ✐ ❝ ♦❧❧✐ ♥ ❡ ❛ ♦ ❤ ❡ ❛ ♥ ✐ ✈ ❡❧ ♦ ❝✐ ② ✈ ❡ ❝ ♦ ✱ ❤ ❡ ♥ | c o s β 1 2 | ❞ ❡ ❝ ❡ ❛ ❡ ✱

❛ ♥ ❞ ❤ ❡ ❛ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ✱ ❤ ❡ ♦ ❜ ✉ ❡ ❛ ♥ ❣❧ ❡ ❞ ❡ ❝ ❡ ❛ ❡ (ε 1 = 0 → β
( j )
1 2 = ε 2 )✿

0 < c o s β
( i )
1 2 = c o s β

( j )
1 2 ·

1 − t a n 2 γ

1 − c o s 2 ε 2 · t a n h 2 γ
< c o s β

( j )
1 2 . ( 6 4 A )



✶ ✾ ✵ ❆ ❊ ◆ ❉ ■ ❳

❘ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ❡ ❛ ♦❢ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ♦ ❣ ❛ ♠ ♦ ♥ ✇ ♦ ❤ ❡ ✈ ❡ ❝ ♦ ✐

S
( i, j )
1 2 = l

( i, j )
1 · l

( i, j )
2 · si n β

( i, j )
1 2 =

=
S

( j )
1 2

si n β
( j )
1 2

· si n 2 β
( j )
1 2 − ( c o s 2 ε 1 + c o s 2 ε 2 − 2 c o s β

( j )
1 2 · c o s ε 1 · c o s ε 2 ) · t a n h 2 γ. ( 6 5 A )

❚ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦❢ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ♣ ❛ ❛❧❧ ❡❧ ♦ ❣ ❛ ♠ ❛ ❡ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✉ ♥❧ ❡
❤ ❡ ② ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ②✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❢ ♦ ❤ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

[L ( i, j ) ]21 ,2 = [ L ( j ) ]21 ,2 − [l
( j )
1 · c o s ε 1 ± l

( j )
2 · c o s ε 2 ]2 · t a n h 2 γ. ( 6 6 A )

❚ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡ ♦❢ ❛ ♣ ❛ ❛❧❧ ❡❧ ❡ ♣✐ ♣ ❡ ❞ ✭ ❛ ✇ ❡❧❧ ❛ ♦❢ ♦ ❤ ❡ ❜ ♦ ❞ ②✮ ❞ ❡ ❝ ❡ ❛ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ❡
❡ ❝ ❛ ♥ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ♦❢ ♠ ♦ ✐ ♦ ♥ ✲ ❡ ❡ ✐ ♥ ✭ ✹ ✵ ❆✮✳ ❲✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✺ ✹ ❆✮✱ ✭ ✹ ✵ ❆✮ ❛ ♥ ❞
❤ ❡ ❍ ❛ ❞ ❛ ♠ ❛ ❞ ■ ♥ ❡ ✉ ❛❧✐ ② ❤ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❧✐ ♥ ❡ ♦ ❛ ♥ ❣❧ ❡ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞✿

s
( i, j )
1 2 3 =

s
( j )
1 2 3 · ❡ ❝ ❤ γ

1 − c o s 2 ε 1 · t a n h 2 γ · 1 − c o s 2 ε 2 · t a n h 2 γ · 1 − c o s 2 ε 3 · t a n h 2 γ ·
,

s
( i, j )
1 2 3 ∈ ( 0; 1) . ( 6 7 A )

■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ 0 < s
( i, j )
1 2 3 < 1 ♠ ❛ ② ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ❜ ② ❛ ♥ ♦ ❤ ❡ ✇ ❛ ②✱ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✻ ✸ ❆✮

❛ ♥ ❞ ❤ ❡ ❍ ❛ ❞ ❛ ♠ ❛ ❞ ■ ♥ ❡ ✉ ❛❧✐ ②✱ ❜ ❡ ❝ ❛ ✉ ❡ ✇ ❡ ❤ ❛ ✈ ❡✿

[s
( i, j )
1 2 3 ]2 = 1 + 2 · c o s β

( i, j )
1 2 · c o s β

( i, j )
1 3 · c o s β

( i, j )
2 3 − c o s 2 β

( i, j )
1 2 − c o s 2 β

( i, j )
1 3 − c o s 2 β

( i, j )
2 3 .

❚ ❤ ❡ ❡ ❡ ♥ ✐ ❛❧ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❙ ❚ ❘ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❡ ① ❡ ♥ ❛ ♥ ❞ ❤ ❡
▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ❝ ♦ ♥ ✐ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✳ ❋ ♦ ♣ ♦❧ ② ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✱ ❤ ❡ ❧ ❛ ❡ ♠ ❛ ②
❜ ❡ ❛❧ ✇ ❛ ② ❡ ① ♣ ❡ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ♦❢ ❛❧❧ ♣ ❛ ✐ ❝ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥
✇✐ ❤ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ✐ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛❢ ❡ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ❡ ❡ ✐ ♥ ❈ ❤ ✳ ✺ ❆
❛ ♥ ❞ ✼ ❆✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥✱ ❢ ♦ ♣ ♦❧ ② ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✱ ✐ ♥ ♦ ❡ ① ♣ ❡ ❡ ❞ ✐ ♠✐❧ ❛ ❧ ②
❤ ♦ ✉ ❣ ❤ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ♣ ❛ ✐ ❝ ✉❧ ❛ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ❡ ♥ ♦ ✉ ♠ ♠ ❛ ❜❧ ❡✳ ❇ ✉ ✐ ♠ ❛ ② ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✲

❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✜ ♥ ❛❧ ♠ ♦ ✐ ✈ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ①✲❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛❢ ❡
♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❛ ❡ ✉❧ ✳

▼ ♦ ❡ ♦ ✈ ❡ ✱ ❞ ✉ ❡ ♦ ✭ ✹ ✺ ❆✮✱ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ✉❧ ♦❢ ♦ ♥ ❡✲ ❡ ♣ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✐ ✈✐✲
✉ ❛❧❧ ② ✐ ♠✐❧ ❛ ♦ ♠ ❛ ✐ ✈ ❡ ♦ ❜❥ ❡ ❝ ✬ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ( Γ) ✇✐ ❤ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣
♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣✳ ❆❧ ♦✱ ❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❤ ❡

❡ ✉✐ ✈ ❛❧ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ❛ ✐ ❝ ❡ d e f h Γ i j ≡ r ot Φ( Γ i j ) ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ❝❧ ❡ ❛ ✐ ♥ ❡ ♣ ❡ ❡❧ ❛✲
✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ❛ ❤ ❡ ✧ ❚❡ ❡❧❧✲ ❡ ♥ ♦ ❡ ✈✐ ✉ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✧ ✉ ♥ ❞ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥

❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✭✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ♦❢ ❛ ♥ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❖ ❜ ❡ ✈ ❡ ✮✳ ❋ ♦ ❣ ❡ ♥ ❡ ❛❧ ✹ ❉ ❛ ♥ ❛❧ ♦ ❣ ②✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿

{ d e f h (± Γ) } ( n + 1 ) × ( n + 1 ) { r ot (± Φ) } ( n + 1 ) × ( n + 1 ) . ( 6 8 A )

I n × n + ( ❡ ❝ ❤ γ − 1) · e α e ′
α ∓ t a n h γ · e α

± t a n h γ · e ′
α ❡ ❝ ❤ γ

≡
I n × n + ( c o s φ − 1) · e α e ′

α ∓ si n φ · e α

± si n φ · e ′
α c o s φ

.

(e α e ′
α =

←− −−
e α e ′

α )

❲❡ ❤ ❛ ✈ ❡ ❛ ♥ ✐ ♠ ♣ ♦ ❛ ♥ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ②✿ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❡ ❡ ♠✐ ♥ ❣ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✐ ❛ ② ♣✐ ❝ ❛❧ ❛ ❡❢ ❛ ❝ ✱
✐✳ ❡✳✱ ✐ ✐ ❛ ❡ ❛❧❧ ② ♦ ❜ ❡ ✈ ❛ ✐ ♦ ♥ ❛❧ ❜ ✉ ❡ ❡ ♠✐ ♥ ❣ ♦ N 1 ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❤ ❡ ♥ ♦ ♠ ❡ ♥ ♦ ♥ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✐ ♥ ❛
❝ ❡ ❛✐ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✭✐ ♥ ❝ ♦ ♥ ❛ ♦ ❤ ❡ ♠ ✉ ✉ ❛❧ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦ ❣ ❡ ❤ ❡
✇✐ ❤ ❤ ❡ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❛ ❡ ✉❧ ♦❢ ❤ ❡ ▲ ♦ ❡ ♥ ③ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✕ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶ ✷✳ ✸✮✳ ❲ ❤ ❡ ♥
❤ ❡ ♦ ❜❥ ❡ ❝ ❡ ✉ ♥ ♦ ❤ ❡ ❡ ❛ ❡✱ ✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ③ ❡ ❛ ♥ ❞ ❛ ♥ ❣❧ ❡ ❛ ❡ ♣ ❡ ❡ ✈ ❡ ❞✳ ❆ ♥ ② ✐ ♥ ❡ ♥ ❛❧

♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ❡ ❝ ❤ ❡ ✐ ♥ ❛ ♥ ♦ ❜❥ ❡ ❝ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ♥❧ ② ♦ ✐ ♥ ❡ ✐ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱ ❛ ❡ ✐ ♠ ♣ ♦ ✐ ❜❧ ❡✦



❈ ❤ ❛ ♣ ❡ ✺ ❆

❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ✇ ♦✲ ❡ ♣ ✱ ♣ ♦❧ ② ❡ ♣ ✱ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧
❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❙ ❚ ❘ ❛ ♥ ❞ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡

❈ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧✐ ♥ ❣ ♦❢ ❤ ❡ ✈ ❛ ✐ ♦ ✉ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❤ ② ✐ ❝ ❛❧
♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ② ❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ❜ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥
♦❢ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡✐ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ❢ ♦ ♠ ✭ ❈ ❤✳ ✷ ❆✮✳ ■ ♥ ♣ ♦ ❝ ❡ ♦❢ ❤ ❡ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐
❝ ❤ ❛ ♥ ❣✐ ♥ ❣ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ♠ ✉ ♣ ❡ ❡ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ♦ ♠ ♣ ❛ ✐ ❜✐❧✐ ②✳ ❉ ✉ ❡ ♦ ❘ ✉❧ ❡ ✷ ✭ ❡ ❝ ✳ ✺✳ ✼✮✱
❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❝ ♦ ♠ ♠ ✉ ❡✱ ✐ ♥ ❤ ❡✐ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❤ ❡ ❡ ♥ ♦ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ♥ ❣❧ ❡
♦❢ ♠ ♦ ✐ ✈ ❡ ② ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ✉ ♠✳ ❍ ❡ ♥ ❝ ❡✱ ✐ ♥ ❤✐ ❈ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ✉ ❡ ♠ ❛✐ ♥❧ ② ❤ ❡ ❝ ❛❧ ❛ ❢ ♦ ♠
❢ ♦ ❤ ❡ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ♠ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✳
❚ ❤ ❡ ❧ ❛ ❡ ♠ ❛ ② ❜ ❡ ✉ ❜❥ ❡ ❝ ❡ ❞ ❛❧ ♦ ♦ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥ ✭✐ ♥ ♦ ♦ ♠ ❡ ❞✐ ❛ ♥ ❝ ❡ ✮ ❛ ♥ ❞
❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✭✐ ♥ ♦ ♦ ♠ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✮✱ ❛ ♥ ❞ ✇ ❤ ❛ ✬ ♠ ♦ ❡✱ ❤ ❡ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞
✐ ♥ ✐ ❞ ❡ ♦❢ ❛ ❝ ❡ ❛✐ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ♠ ♦ ✐ ♦ ♥ ✦ ❙ ♦ ♠ ❡ ❡ ① ❛ ♠ ♣❧ ❡
♦❢ ✐ ♠✐❧ ❛ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❢ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ♥ ❛❧ ② ✐ ❛ ❡ ❡ ① ♣ ♦ ❡ ❞ ❛ ❋✐ ❣ ✉ ❡ ✷ ❆✳

❇ ② ❤✐ ❡ ❛ ♦ ♥✱ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ❊✐ ♥ ❡✐ ♥ ▲ ❛ ✇ ♦❢ ✇ ♦ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❬ ✻ ✸❪✱
❬ ✻ ✼❪ ❛ ✇ ❡❧❧ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❝ ♦❧❧✐ ♥ ❡ ❛ ✉ ♠ ♠ ❛ ♥ ❞ ❤ ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ Γ j k ✿

r ot h Γ 1 3 = r ot h Γ 1 2 · r ot h Γ 2 3 = r ot h ( Γ 1 2 + Γ 2 3 ) ⇒

⇒ c o s α ( 1 3 ) · γ 1 3 = c o s α ( 1 2 ) · γ 1 2 + c o s α ( 2 3 ) · γ 2 3 ,





( c o s α = ± 1 , γ > 0) ( 6 9 A )

c o s α ( 1 3 ) · t a n h γ 1 3 = t a n h [ c o s α ( 1 2 ) · γ 1 2 + c o s α ( 2 3 ) · γ 2 3 ] =

=
c o s α ( 1 2 ) · t a n h γ 1 2 + c o s α ( 2 3 ) · t a n h γ 2 3

1 + c o s ε · t a n h γ 1 2 · t a n h γ 2 3
⇒

⇒ v 1 3 =
c o s α ( 1 2 ) · v 1 2 + c o s α ( 2 3 ) · v 2 3

1 + c o s ε · v 1 2 v 2 3 / c 2 ,






( 7 0 A )

✇ ❤ ❡ ❡ c o s ε = c o s α ( 1 2 ) · c o s α ( 2 3 ) .
❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞✬ ❢ ♦ ♠ ♦❢ ❤✐ ▲ ❛ ✇ ✇ ❛ ✜ ❞ ❡ ✐ ✈ ❡ ❞ ❜ ② ❡ ♠✐ ♥ ❡ ♥ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞

♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ❆ ♥ ♦❧ ❞ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ✇✐ ❤ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥❢ ❡ ✐ ♥ ❣ ❛ ✐❢ ♦ ♥ ❛ ♣ ❤ ❡ ❡ ♦❢ ✐ ♠ ❛ ❣✐ ♥ ❛ ②
❛ ❞✐ ✉ i c ❬ ✽ ✻✱ ✼ ✻✱ ♣✳ ✶ ✶ ✶❪✱ ✐✳ ❡✳✱ ✐ ♥ ❢ ❛ ❝ ♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶ ✷✳ ✶✮✳

❚ ❤✐ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ✉❧ ❡ ❢ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✲❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②
❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✳ ❚ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ❡ ✈ ❡ ❛❧ ❝ ♦❧❧✐ ♥ ❡ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐
❡ ① ♣ ❡ ❡ ❞ ❛❧ ♦ ✐ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠✿

c o s α · γ =
m

t = 1

c o s α ( t ) · γ ( t ) , ( c o s α = ± 1 , γ > 0) ( 7 1 A )

v = c · c o s α · t a n h γ = c · t a n h
m

t = 1

c o s α ( t ) · ❛ ❛ ♥ ❤ v t / c. ( 7 2 A )

❚ ❤ ❡ ❡ ♠ ✧ ❝ ♦❧❧✐ ♥ ❡ ❛ ✧ ❤ ❛ ❤ ❡ ❡ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ❛ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✱ ✐ ♠ ❡ ❛ ♥ ♠ ❡ ❡❧ ②
❤ ❛ ❛❧❧ ❤ ❡ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ♣ ❛ ✐ ❝ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ v t ❛ ❡ ❞✐ ❡ ❝ ❡ ❞ ✐ ♥ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ❝ ♦ ✐ ❛❧ ♣ ❛ ❝ ❡ ❝ ♦ ❛ ①✐ ❛❧❧ ② ✇✐ ❤ ❤ ❡ ♥ ♦ ♥✲ ❞✐ ❡ ❝ ❡ ❞ ✈ ❡ ❝ ♦ e α = ⟨c o s α i ⟩ = c o n s t ✱
(i = 1 , 2 , 3) ✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ② v t ❝ ❛ ♥ ❤ ❛ ✈ ❡ ♦ ♥❧ ② ♦ ♥ ❡ ♦❢ ✇ ♦ ✈ ❛❧ ✉ ❡ ♦❢ ❞✐ ❡ ❝ ❡ ❞
✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ± e α ✱ ✐✳ ❡✳✱ ✐ ♥ ❝ ♦ ♥ ❛ ② ❞✐ ❡ ❝ ✐ ♦ ♥ ✳ ■ ♥ ✭ ✻ ✾ ❆✮ ✕✭ ✼ ✷ ❆✮✱ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✈ ❛❧ ✉ ❡ c o s α = ± 1 ✳



✶ ✾ ✷ ❆ ❊ ◆ ❉ ■ ❳

❆ ♥ ✐ ♥ ❡ ❣ ❛❧ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ❛ ❛ ❝ ✉ ✈ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ♣ ♦❥ ❡ ❝ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ②
✐ ♥ ♦ ♦ ♠ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜✲ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( m ) ❛ ❛ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ▼ ♦ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✱
✉ ❝ ❤ ♠ ♦ ✐ ♦ ♥ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ♦ ♠ ❡ ♦ ♥❧ ② ♦ ♥ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩ ✇✐ ❤ ✐ ♣ ❡ ❝✐ ✜ ❝ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧

✈ ❡ ❝ ♦ e α ✱ ❜ ✉ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ❤ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♣ ♦❥ ❡ ❝ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ❛ ❛ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✐ ♥ ♦ ❛ ♥ ② ✐
♣ ❛ ❝ ❡ ❛ ①✐ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ x ( 1 ) = χ ✐ ♥ ♣ ❛ ❛❧❧ ❡❧ ♦

−→
ct ( 1 ) ✳ ❍ ❡ ♥ ❝ ❡✱ ♣ ❡ ❛ ❦✐ ♥ ❣ ✐ ❝ ❧ ②✱ ✧ ❡ ❝ ✐❧✐ ♥ ❡ ❛

♠ ♦ ✈ ❡ ♠ ❡ ♥ ✧ ✐ ❛ ♣ ❤ ② ✐ ❝ ❛❧ ❡ ♠✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ❛ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ♦ ♦ ✐ ♥ ⟨ P 3 + 1 ⟩✳ ✭■ ♥
❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❛ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✐ ♣ ♦❥ ❡ ❝ ❡ ❞ ❛❧ ✇ ❛ ② ✐ ♥ ♦ ✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡

❛ ✐ ♥ ❣❧ ❡ ♦ ♥ ❡ ❢ ♦ ❛❧❧ ❤ ❡ ❜ ❛ ❡ ✐ ♥ ♣ ❛ ❛❧❧ ❡❧ ♦ ❛ ♥ ②
−→
ct ✳✮

❈ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ = d γ ( m ) ✐ ❛ ❝ ❝ ♦ ♠ ♣✲
❧✐ ❤ ❡ ❞ ✇✐ ❤ ✐ ♥ ❡ ❣ ❛ ✐ ♥ ❣ ❡✐ ❤ ❡ ❛❧ ♦ ♥ ❣ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❛ ①✐ x ( m ) ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ = d v ( m ) / c
♦❢ ✐ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜✲ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( 1 ) ♦ ❛❧ ♦ ♥ ❣ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❛ ♥ ❣ ❡ ♥ ♦ ❛

✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ ♦❢ ✐ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( 1 ) ✳ ◆ ♦ ❡✱ ❤ ❛ ❤ ❡ ❡

✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ ❛ ♥ ❞ d v ( m ) ✱ ❛ ❛❧ ✇ ❛ ② ✱ ♦ ♥❧ ② ❛ ❡ ❧✐ ♥ ❡ ❛ ♣ ❛ ♦❢ ❝ ✉ ✈ ❡ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ∆ γ ❛ ♥ ❞
∆ v ( m ) ✭ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦✐ ♥ M ❤ ❡ ❡ ❤ ♦❧ ❞ ✿ v ( m ) = 0 ✮✳

❚ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ①✐ x ( 1 ) ❝ ♦❧❧✐ ♥ ❡ ❛ ✇✐ ❤ ± e α ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❡ ❛ ♦ ✇
−→
ct ( 1 ) ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❝ ♦ ♥ ❛ ♥

♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩ ✇✐ ❤ ❤✐ ✇ ♦✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✳ ❙ ✉ ❝ ❤ ❜ ❛ ❡ Ẽ 1 ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦
❤ ❡ ❡ ❛ ❡ ♦❢ ✐ ♥ ❡ ✐ ❛❧ ❖ ❜ ❡ ✈ ❡ N 1 ♦❢ ❙ ❚ ❘✳ ■ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✷ ✻ ❆✮ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ❢ ♦ ✈ ❡ ② ✐ ♠ ♣ ♦ ❛ ♥
❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✳ ❋ ✉ ❤ ❡ ✱ ✇ ❡ ❤ ❛❧❧ ❞ ❡ ❝ ✐ ❜ ❡ ✇ ♦✲ ❡ ♣ ✱ ♣ ♦❧ ② ❡ ♣ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥
♠ ❛✐ ♥❧ ② ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✷ ❆✳

■ ♥ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✈ ❡ ✐ ♦ ♥ ♦❢ ❙ ❚ ❘✱ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ γ
❤ ❛ ❛❧ ♦ ❡❧ ❛ ✐ ✈ ❡ ♥ ❛ ✉ ❡ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡✳ ❍ ❡ ❡ ❤✐ ❛ ♥ ❣❧ ❡ ✐ ❝ ♦ ✉ ♥ ❡ ❞
✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ♦ ✛

−→
ct ( 1 ) ✉ ♥❧ ❡ ❛ ♥ ♦ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ❛ ❝ ❝ ❡ ♣ ❡ ❞✳ ❙ ♦✱ ❢ ♦ ❛ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱

❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✈ ❡❧ ♦ ❝✐ ② ❜ ❡ ✇ ❡ ❡ ♥ ❖ ❜ ❡ ✈ ❡ N 1 ❛ ♥ ❞ N 2 ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ❡ ♥ ♦❢ ❤ ❡
❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ γ i j ❢ ♦ ♠ ✇ ♦ ♦ ♣ ♣ ♦ ✐ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ✕ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✶✮✿

t a n h γ 1 2 =
v 1 2

c
=

∆ x ( 1 )

∆( ct ( 1 ) )
=

∆ x ( 1 ) / c o s h γ 1 2

∆( ct ( 1 ) )/ c o s h γ 1 2
=

− ∆ x ( 2 )

∆( ct ( 2 ) )
= − t a n h γ 2 1 . ( 7 3 A )

❚ ❤ ❡ ❛ ♠ ❡ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ♦ ♥ ❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ M ✐ ♠ ♦ ✈✐ ♥ ❣
♣ ❤ ② ✐ ❝ ❛❧❧ ② ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❧ ② ✇✐ ❤ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦ ❞ ❡ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ± e α

✇✐ ❤ ✐ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ m ✭❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❖ ❜ ❡ ✈ ❡ N 1

✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✮✳ ❋ ♦ ❡ ❛ ❝ ❤ ♣ ♦✐ ♥ M ♦❢ ✐ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❤ ❡ ♦ ✐ ❣✐ ♥ ♦❢ Ẽ m ✐
❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ M ✳ ❲❡ ❤ ❛ ✈ ❡

Ẽ m = r ot h Γ · Ẽ 1 = F 1 (γ, e α ) · Ẽ 1 . ( 7 4 A )

❚ ❤ ❡ ❧ ♦ ♣ ❡ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ t a n h γ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱ ❛ ♥ ❞
❤✐ ✈ ❡❧ ♦ ❝✐ ② ♠ ❛ ② ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ✇ ♦ ✇ ❛ ② ✿ ❢ ♦ ♠ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❖ ❜ ❡ ✈ ❡ N 1 ❛ ♥ ❞ N m ✿

t a n h γ =
v

c
=

d χ

d (ct ( 1 ) )
=

d x ( 1 ) / c o s h γ

d (ct ( 1 ) )/ c o s h γ
=

− d x ( m )

d (c τ )
= − t a n h ( − γ ). ( 7 5 A )

❚ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ✐ ♥ ❡ ✈ ❛❧ ✐ ♥ ❤ ❡
♠ ♦ ✈✐ ♥ ❣ ② ❡ ♠ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ Ẽ m ✭ ❈ ❤✳ ✸ ❆✮ ✇✐ ❤ ❤ ❡ ❡ ✉ ❛❧ ✧ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ ✧ ❛ c o s h − 1 γ ✳
✭ ❚ ❤✐ ❝ ❛ ♥ ❜ ❡ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❜ ♦ ❤ ❤ ❡ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ❛ ❡ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ② ❡ ♠ ❛ ❡ Ẽ 1 ✐ ♥ ♦ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ② ❡ ♠ Ẽ m ✕
❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶ ✷✳ ✸✳✮ ■ ♥ ❞ ❡ ❡ ❞✱ ❖ ❜ ❡ ✈ ❡ N 1 ✐ ✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ⟨ E 3 ⟩ ( 1 ✱ ❖ ❜ ❡ ✈ ❡ N m ✐ ✐ ♥ ❡❧ ❛ ✐ ✈ ❡

⟨ E 3 ⟩ ( m ✱ ❛ ♥ ❞ ❜ ♦ ❤ ❤ ❛ ✈ ❡ ♦ ✇ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❡ ❢ ♦ ✈ ❡❧ ♦ ❝✐ ② ✭ ✇✐ ❤
✐ ❡ ✉ ❛❧ ♠ ♦ ❞ ✉❧ ❡✮✳ ✭ ❋ ✉ ❤ ❡ ✐ ♠✐❧ ❛ ● ❡ ❡ ❦ ♥ ♦ ❛ ✐ ♦ ♥ χ = x ( 1 ) ✱ c τ = ct ( 2 ) ❛ ♥ ❞ ❢ ♦ ♣ ♦ ♣ ❡
❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✳✮ ❚ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d c τ ✐ ❛❧ ♦ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❝✱ ✐✳ ❡✳✱ ❛❧ ♦ ♥ ❣ ❛ ♥ ② ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✭ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❈ ❤✳ ✸ ❆✮✳



❈ ❍ ❆ ❚ ❊ ❘ ✺ ❆✳ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✶ ✾ ✸

Fi g u r e 2 A . ❚ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ❢ ♦ ✐ ♠ ♣❧ ❡ ❦✐ ♥ ❞ ♦❢ ❡ ❝ ✐❧✐ ♥ ❡ ❛
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ♣ ♦ ♣ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❡ ❡ ❞ ❜ ❛ ❡ ✿

✭ ✶ ✮✱ ✭ ✷ ✮ ✕ ✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱

✭ ✸ ✮✱ ✭ ✹ ✮ ✕ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✭ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥✮✳

◆ ♦ ❡ ✭✦✮✱ ❤ ❛ ❛ ♦ ✉ ✐ ❝ ✉ ❡ ✷ ❆✭ ✹✮✱ ✇ ❡ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ❛ ♥ ❞ ❞✐ ♣❧ ❛ ② ❡ ❞ ❬ ✶ ✺✱ ♣✳ ✷ ✷ ✸❪ ❤ ❡ ❚ ✐ ❛ ❞ ❡ ■
❢ ♦ ♠ ❤ ❡ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✕ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ✇✐ ❤ ✐ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ②✱
❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✭ ❛ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡✮ ✇✐ ❤ ✐ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ✇✐ ❤ ❤ ❡
❛ ♠ ❡ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ❛ ♥ ❞ ❡ ✈ ♦❧ ✈✐ ♥ ❣ ❛ ①✐ − →c τ R ✭ ♦ −→y ✮✱ ❛ ♥ ❞ ❤ ❡ ❛ ❞❥ ❛ ❝ ❡ ♥ ♦ ✉ ✇✐ ❤ ✐

❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❝✐ ❝❧ ❡ ❛❧ ♦ ♦❢ ❛ ❞✐ ✉ R ✳ ❚ ❤✐ ❚ ✐ ❛ ❞ ❡ ✇ ❛ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ✉ ❢ ♦ ♠ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ✐ ❝ ✉ ❡ ✷ ❆✭ ✸✮✳ ■ ❤ ❡ ❡ ♦ ❜❥ ❡ ❝
❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ❡ ✉❧ ♦❢ ✉ ✐ ♥ ❣ ❡ ✈ ♦❧ ✉ ❡✲✐ ♥ ✈ ♦❧ ✉ ❡
♠ ❡ ✐ ❝✬ ❛ ♥ ❢ ❡ ✭ ❈ ❤✳ ✻ ❆✮✳ ❚ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✐ ♦ ♥ ❡✲ ❡ ♣ ✐ ♦ ♠ ❡ ✐ ❝ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ♥ ❤ ❡
✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ♦❢ ❤ ❡✐ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✳ ❲✐ ❤ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱
♦ ♥ ❡ ♠ ❛ ② ❛❧ ♦ ♣ ♦ ❞ ✉ ❝ ❡ ❛ ♥ ❞ ❞✐ ♣❧ ❛ ② ❤ ❡ ❚ ✐ ❛ ❞ ❡ ■■ ❢ ♦ ♠ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳



✶ ✾ ✹ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ✱ ✐ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ✐ ♣ ♦ ♣ ❡ ✲ ✐ ♠ ❡✲ ❛ ♦ ✇
− − − − − − →
t

0

d (ct ( m ) ) ≡ −→c τ (γ )✱ ❡ ❡ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✸✮✳ ❆ ♣ ❡ ✉ ❞ ♦✲ ♥ ♦ ♠ ❛❧ ❛ ♥ ❞ ❛ ❛ ♥ ❣ ❡ ♥ ♦ ❛ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ✇ ♦ ❧ ❞

❧✐ ♥ ❡ ❛ ♣ ♦✐ ♥ M ❢ ♦ ♠ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❞✐ ❡ ❝ ❡ ❞ ❛ ① ❡ x ( m ) ❛ ♥ ❞
−→
ct ( m ) ♦❢ ❤ ❡ ❜ ❛ ❡ Ẽ m ✳

■ ♥ ✭ ✼ ✸ ❆ ✮✱ ✭ ✼ ✺ ❆ ✮✱ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✈ ❡❧ ♦ ❝✐ ② v 1 2 ✐ ♥ Ẽ 1 ♦❢ ❖ ❜ ❡ ✈ ❡ N 2 ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ N 1 ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞
✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✐ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ t ( 1 ) ❛ ♥ ❞ ✐ ♣ ♦ ♣ ❡ ❞✐ ❛ ♥ ❝ ❡ x ( 1 ) = χ ✳ ❙✐ ♠✐❧ ❛ ❧ ②✱ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡
✈ ❡❧ ♦ ❝✐ ② v 2 1 ✐ ♥ Ẽ 2 ♦❢ ❖ ❜ ❡ ✈ ❡ N 1 ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ N 2 ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✐ ❞ ❡ ❝ ❡ ❛ ❡ ❞ ♣ ♦ ♣ ❡
✐ ♠ ❡ t ( 2 ) ✭ dt ( 2 ) = ❡ ❝ ❤ γ 2 1 dt ( 1 ) ✮ ❛ ♥ ❞ ✐ ♠ ♦ ✈✐ ♥ ❣ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❞✐ ❛ ♥ ❝ ❡ x ( 1 ) ✭ d x ( 1 ) = ❡ ❝ ❤ γ 2 1 d x ( 2 ) ✮ ✕
❤ ❡ ❧ ❛ ❡ ✐ ❢ ♦ ♠ ❛❧❧ ② ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ❊✐ ♥ ❡✐ ♥✬ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ♥ ♦ ✐ ♦ ♥ v ✐ ✱ ✐ ♥ ❢ ❛ ❝ ✱ ❤ ❡

❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ②✳

❚ ❤ ❡ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✭ ✸ ✾ ❆ ✮ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❛❧ ♦ ♣ ♦ ♣ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✱
✐✳ ❡✳✱ ♣ ♦ ♣ ❡ ✐ ♠ ❡ d ( c τ ) ✐ ♥ ❛ ♠ ♦ ✈✐ ♥ ❣ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ♥ Ẽ m ❛ ♥ ❞ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ♣ ♦ ♣ ❡ ❞✐ ❛ ♥ ❝ ❡
d χ = d x ( 1 ) ✐ ♥ Ẽ 1 ✳ ■ ✐ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡✿

v ∗ =
d x ( 1 )

d ( t ( m ) )
=

d χ

d τ
= c · c o s h γ · t a n h γ = c · si n h γ > v. ( 7 6 A )

■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✱ ✇ ❡ ✉ ❡ ❛ ♥ ❛ ❡ ✐ ❦ ✐ ♥ ♥ ♦ ❛ ✐ ♦ ♥ ♦❢ ♣ ♦ ♣ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✦ ❚ ❤ ❡ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❛
❧✐ ❣ ❤ ❛ ② ✐ ✐ ♥ ✜ ♥✐ ❡✱ ❜ ❡ ❝ ❛ ✉ ❡ d ( c τ ) = 0 ✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❧ ❛ ✇ ♦❢ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥
❢ ♦ ❝ ♦❧❧✐ ♥ ❡ ❛ ✉ ♠ ♠ ❛ ♥ ❞ ❤ ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥✱ ❤ ♦ ✉ ❣ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡
❛ ❡ ✉ ♠ ♠ ❡ ❞ ❛ ❜ ❡❢ ♦ ❡✱ ❡ ❡ ✐ ♥ ✭ ✼ ✵ ❆ ✮✿

v ∗
1 3 = c · si n h[ c o s α ( 1 3 ) · γ 1 3 ] = c · si n h[ c o s α ( 1 2 ) · γ 1 2 + c o s α ( 2 3 ) · γ 2 3 ] =

= c · [ c o s α ( 1 2 ) · si n h γ 1 2 · c o s h γ 2 3 + c o s α ( 2 3 ) · si n h γ 2 3 · c o s h γ 1 2 ], ⇒

⇒ v ∗
1 3 = v ∗

1 2 · 1 + ( v ∗
2 3 / c ) 2 + v ∗

2 3 · 1 + ( v ∗
1 2 / c ) 2 ,

v 1 2 v 2 3 > 0 ↔ | v ∗
1 3 | > |v ∗

1 2 + v ∗
2 3 |.






( 7 7 A )

❚ ❤ ✉ ✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿ v ∗ = v / 1 − ( v / c ) 2 → 1 / c 2 = 1 / v 2 − 1 / ( v ∗ ) 2 ✳ ❚ ❤ ❡ ❧ ❛ ❡ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦
❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ❞ ❡ ♥ ✐ ②✿ 1 = ❝ ♦ ❤ 2 γ − ❝ ❝ ❤ 2 γ ✳ ■ ✐ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❡ ❝ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ❛❧

♠ ❛ ✐ ①✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦❢ ✭ ✸ ✻ ✶ ✮ ❢ ♦ ♠ Γ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ♥ ❤ ❡ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦❢ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✭ ♦✱
❡ ❡ ✐ ♥ ❈ ❤ ✳ ✻✱ ✻ ❆ ✮✦ ❚ ❤ ❡ ❞✐ ❡ ❝ ❡ ❞ ❝ ♦ ✐ ♥ ❡ ♦❢ ✈ ❡ ❝ ♦ v ∗ ❛ ♥ ❞ si n γ ❛ ❡ ❡ ✉ ❛❧ ♦ ❤ ♦ ❡ ♦❢ v ❛ ♥ ❞ t a n γ ✱

❛ ❤ ❡ ② ❛ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❛ ♠ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d x ✐ ♥ ❤ ❡ ♥ ✉ ♠ ❡ ❛ ♦ ♦❢ ❤ ❡✐ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✳

▲ ❡ ❤ ❡ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ✇✐ ❤ ❖ ❜ ❡ ✈ ❡ N m ♠ ♦ ✈ ❡ ❛❧ ♦ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ❧ ②✱ ❜ ✉ ♥ ♦ ♥✲ ✉ ♥✐❢ ♦ ♠❧ ②✳ ❚ ❤ ❡ ♥
N m ❤ ❛ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ N 1 ❛

v
( m )
2 1 =

d x ( m )

d τ
=

− d x ( 1 ) / c o s h γ

dt / c o s h γ
=

− d x ( 1 )

dt
= − v

( 1 )
1 2 .

❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ N m ✐ ♥ Ẽ m ✱ ❛ ✐ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ❢ ♦ ♠ ③ ❡ ♦ ✈ ❛❧ ✉ ❡

✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ♣ ❡ ✈✐ ♦ ✉ ❝ ✉ ❡ ♥ ♦ ✐ ❣✐ ♥ M ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✐ ❡ ① ♣ ❡ ❡ ❞ ❛ d 2 x ( m )

d τ
= d v ( m ) ❛ ♥ ❞ ❡ ① ❛ ❝ ❧ ②

✐ ♥ M ✐ ✐ ③ ❡ ♦✿ v
( m )
M = 0 ✳ ❚ ❤ ❡ ✐ ♥ ♥ ❡ ✈ ❡❧ ♦ ❝✐ ② v ( m ) → 0 ❤ ❛ ❛ ♥ ♦ ❤ ❡ ❡ ♥ ❡ ✐ ♥ ❝ ♦ ♥ ❛ ♦ ❛ ❜ ♦ ✈ ❡ ♦ ♥ ❡✳

❋ ♦ ❤ ❡ ✇ ♦ ❧ ❞ ❛❥ ❡ ❝ ♦ ② ♣ ❛ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ♦✐ ♥ M ✱ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ M ❛ ♥ ❞ ✐ ♥ ♦ ❞ ✉ ❝ ❡
✐ ♥ ✐ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✿ γ ( 1 ) = γ ✐ ❛ ❣ ❡ ♥ ❡ ❛❧ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ✐ ♥ Ẽ 1 ✱ ❛ ♥ ❞ γ ( m ) ✐ ❛ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧
✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ m ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦ ❞ ❡ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦❢
♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ M ✳ ❋ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ✇ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝
♦ Ẽ 1 ❛ ♥ ❞ Ẽ m ✐ ♥ ❤ ❡ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ M ✱ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛ ✿

d d x ( 1 )

d ( ct ( 1 ) )
= d

d χ

d ( ct ( 1 ) )
= d t a n h γ = ❡ ❝ ❤ 2 γ d γ = d γ / c o s h 2 γ,

d d x ( m )

d ( ct ( m ) )
= d d x ( m )

d ( c τ )
= d t a n h γ ( m ) = d γ ( m ) = d γ,






( 7 8 A

✇ ❤ ❡ ❡ γ ( m ) → 0 ✐ ❝ ♦ ✉ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ m ❢ ♦ ♠ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦✐ ♥ M ✱ ❜ ✉ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✐ ❝ ♦ ✉ ♥ ❡ ❞

✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❢ ♦ ♠ ❤ ❡ ♦ ✐ ❣✐ ♥ O ❛❧ ♦ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ❛❧ ♦ ❢ ♦ ♠ ❤ ❡

❛ ① ❡ x ( 1 ) ❛ ♥ ❞
−→
ct ( 1 ) ♦❢ Ẽ 1 ✉ ♣ ♦ x ( m ) ❛ ♥ ❞ −→c τ ♦❢ Ẽ m ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❤ ❡ ♣ ♦✐ ♥ M ✳



❈ ❍ ❆ ❚ ❊ ❘ ✺ ❆✳ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✶ ✾ ✺

❋ ♦ ❛ ❝ ✉ ✈ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❡ ❣ ♠ ❡ ♥ ✱ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ❛ ♥ ❣❧ ❡ γ ( m ) ✐ ❝ ♦ ✉ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥
♣ ♦✐ ♥ M ❢ ♦ ♠ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ −→c τ ✭ ❛ ❛ ❛ ♥ ❣ ❡ ♥ ✮ ♦ ❢ ♦ ♠ ❤ ❡ ❛ ①✐ x ( m ) ✭ ❛ ❛ ♣ ❡ ✉ ❞ ♦✲ ♥ ♦ ♠ ❛❧✮
✐ ♥ ❤ ❡ ❡ ✇ ♦ ♦ ♣ ♣ ♦ ✐ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✳ ■ ♥ ❛ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ ❤ ❡

♣ ♦✐ ♥ M ✱ ❤ ❡ ❡ ❤ ♦❧ ❞ γ ( m ) → 0 ❛ v
( m )
M = 0 ✳ ✭ ❋ ♦ ❛ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❡ ❣ ♠ ❡ ♥ ✱ ❛ ♥ ❣❧ ❡ d γ

❛ ♥ ❞ γ ( m ) ❛ ❡ ③ ❡ ♦✳✮ ❋ ♦ ❛ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✐ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✱ d γ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❛ ♠ ❡
✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡ Ẽ m ❛ d γ ( m ) = d γ ✳ ❆ M ❤ ❡ ✐ ♥ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ Ẽ m ✐

d 2 x ( m )

d τ 2
=

d v ( m )

d τ
= c ·

d (t a n h γ ( m ) )

d τ
= c ·

d (t a n h d γ )

d τ
= c ·

d γ

d τ
= c · η ∗

γ = g ( m ) (τ ). ( 7 9 A )

❋ ♦ ♠ ❤ ❡ ❡✱ ❢ ♦ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ✿

d 2 x ( m ) = d γ · d (c τ ) = d v ( m ) · d τ = g ( m ) d τ 2 , d v( m ) = c d γ = g ( m ) d τ, d x ( m ) = 0 . ( 8 0 A )

✐ ♥ ⟨ P 3 + 1 ⟩ : d 2 x ( m ) = d 2 x ( m ) · e α = d γ · d (c τ ) · e α , dx ( m ) = 0 , e α = ± c o n s t , d(c τ ) ≠ 0 .

d (c τ ) = d λ ✐ ✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❡ ❣ ♠ ❡ ♥ ❀ d γ ✐
♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♦ ✐ ♠ ❡ ❧✐ ❦ ❡✳ ■ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ❢ ♦ ♠ M ❛❧ ♦ ♥ ❣ ❤ ❡ ❝ ✉ ❡ ♥ x ( m ) ♦ ❛ ♥ ❣ ❡ ♥ ✳ ❋ ♦ ♠ ✉❧ ❛ ❡

✭ ✽ ✵ ❆✮ ❝ ♦ ♥ ♥ ❡ ❝ ❤ ❡ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥✳ ❙ ♦✱ ✇ ❡ ♦ ❜ ❛✐ ♥
❤ ❡ ✐ ♥ ♥ ❡ ✈ ❡❧ ♦ ❝✐ ② ❛ ♥ ❞ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ v ( m ) = c · γ ( m ) → 0 ❛ ♥ ❞ g ( m ) = d v ( m ) / d τ = c d γ / d τ ✳

❲❡ ✉ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ♣ ♣ ♦ ✉ ♥✐ ✐ ❡ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❢ ♦ ❝❧ ❡ ❛
❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ❤ ❡ ❡ ❝ ♦❧❧✐ ♥ ❡ ❛ ♦ ♥ ❡ ✱ ✇✐ ❤ ❤ ❡✐ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝
❛ ♥ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ✐ ♥ ✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ✭ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♦ ❞ ❡ ❝ ❡❧ ❡ ❛ ❡ ❞✮ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ❜ ✉
❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ✐ ♥ ❡ ✐ ❛❧ ✭ ● ❛❧✐❧ ❡ ❛ ♥✮ ✉ ♥✐ ✈ ❡ ❛❧ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ Ẽ 1 ✳ ❚ ❤ ✉ ✐ ♥ ❙ ❚ ❘
❤ ❡ ❜ ❛ ❡ Ẽ m ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ Ẽ 1 ❛ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❧ ② ✐ ♥ ❡ ✐ ❛❧ ❬ ✼ ✻❪✳ ❆ ❛ ♠ ♦ ♠ ❡ ♥ ♦❢ ❤ ❡
✐ ♠ ❡ τ ✱ ❛ ♥ ✐ ♥ ♥ ❡ ✸✲❢ ♦ ❝ ❡ F ❛ ❝ ❡ ❞ ♦ ♥ M ✱ ✇✐ ❤ ❝ ❛ ✉ ❡ ❞ ❜ ② ✐ ❤ ❡ ✐ ♥ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ( m ) ❛ ♥ ❞
❤ ❡ ✐ ♥ ♥ ❡ ✸✲ ✈ ❡❧ ♦ ❝✐ ② d v ( m ) ✭✐✳ ❡✳✱ ❛ ❝ ♦❧❧✐ ♥ ❡ ❛ ✸✲ ✈ ❡ ❝ ♦ ✐ ♥ ⟨ E 3 ⟩ ( m ) ✮✱ ❛ ❡ ❞✐ ❡ ❝ ❡ ❞ ✐ ♥ Ẽ m ❛❧ ♦ ♥ ❣
❤ ❡ x ( m ) ✲ ❛ ①✐ ✳ ❍ ❡ ♥ ❝ ❡ ✐ ♥ Ẽ m ❤ ❡ ❡ ❤ ❡ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❡ ❛❧ ✇ ❛ ② ❝ ♦❧❧✐ ♥ ❡ ❛

✇✐ ❤ ❝ ♦ ♠ ♠ ♦ ♥ ❞✐ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ❝ ♦ e ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ✷✲ ♥ ❞ ◆ ❡ ✇ ♦ ♥✬ ▲ ❛ ✇ ♦❢ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛ ♥ ❞
❡❧ ❛ ✐ ♦ ♥ ✭ ✼ ✾ ❆✮ ✇✐ ❤ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❞✐❧ ❛ ❡ ❞ ✐ ♠ ❡ τ ❛ ♥ ❞✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✇✐ ❤ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉

❛ ❞✐ ✉ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❝ ✉ ✈ ❛ ✉ ❡ R = 1 / K ✭ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❤ ❡ ❡✮ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✇ ❡ ❣ ❡ ✿

g (τ ) =
F (τ ) · e α

m 0
=

d 2 x ( m ) · e α

d τ 2
= c 2 d γ

d (c τ )
·e α = c ·η ∗

γ , d γ = K d (c τ ) ⇒ g = c 2 / R. ( 8 1 A )

|F | = m 0 · |g | ✐ ❤ ❡ ❛ ♠ ❡ ❢ ♦ ❖ ❜ ❡ ✈ ❡ ✐ ♥ ❛❧❧ ✐ ♥ ❡ ✐ ❛❧ ❜ ❛ ❡ ✳ ✭■❢ F ✐ ❛ ♥ ❛ ❝ ✐ ✈ ❡ ❢ ♦ ❝ ❡✱ ❤ ❡ ♥ |F |

✐ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ❤ ♦ ✇ ❡ ❞ ❛ ❤ ❡ ❝ ❛❧ ❡ ♦❢ ❛ ❞ ② ♥ ❛ ♠ ♦ ♠ ❡ ❡ ✐ ♥ Ẽ
( 3 )
m ✳✮ ❚ ❤ ❡ ❡ ♦ ✇ ♥ ♠ ❛ m 0 ≠ 0 ♦❢

❛ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ ✭ ♦ ❜❥ ❡ ❝ ✮ M ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❣✐ ✈ ❡ ♥ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✳ ❚ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡
✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✭ ✼ ✾ ❆✮ ❛ ♥ ❞ ✭ ✽ ✶ ❆✮ ✐ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ♦ ♥ ❣❧ ② ❛
❝ ♦ ♥ ❛ ♥ ❡ ♠ ♣ ❡ ❛ ✉ ❡ m 0 = ❝ ♦ ♥ ✮✳ ■ ♥ Ẽ m ✱ ✐ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ γ ✭ ♦ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✮
❝ ♦ ♥ ❛ ② ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❡❧ ❛ ✐ ✈ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✳ ❉ ✉ ❡ ♦ ❤✐ ✱ ❡ ① ❛ ❝ ❧ ② g (τ ) ✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞

✐ ♥ ❙ ❚ ❘ ❛ ❤ ❡ ✐ ♥ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ✇ ♥ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜✲ ❜ ❛ ❡ Ẽ
( 3 )
m ✭ ❤ ❡ ❡ ❛ ❝ ♦❧❧✐ ♥ ❡ ❛ ♦ ♥ ❡✱

❜ ✉ ❣ ❡ ♥ ❡ ❛❧❧ ② ❛ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ✕ ❡ ❡ ✐ ♥ ✭ ✶ ✹ ✺ ❆✮✱ ❈ ❤✳ ✼ ❆✮✳ ■❢ g ✐ ❝ ♦❧❧✐ ♥ ❡ ❛ ♦ ✈ ❡❧ ♦ ❝✐ ② v ✱ ❤ ❡ ♥
❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ② ✐ ♥ ❤ ❡ ❛ ♠ ❡ ♦ ✇ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✭ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ❝ ♦ ♣❧ ❛ ♥ ❛ ✮✳ ❚ ❤ ❡ ❝ ♦ ♥ ❛ ♥

❝ ♦❧❧✐ ♥ ❡ ❛ ♦ v ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ❞ ❡ ❡ ♠✐ ♥ ❡ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♦ ❞ ❡ ❝ ❡❧ ❡ ❛ ❡ ❞
♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ❙ ✉ ❝ ❤ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛❧ ♦ ♥ ❣ ❛ ✐ ♠ ❡✲

❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❝ ✉ ✈ ❛ ✉ ❡ R = d λ / d γ = 1 / K ✱ ✇ ❤ ❡ ❡ d γ ≠

0 , d(c τ ) = d λ = R d γ ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ❝ ✇✐ ❤ ✐ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ♥ ♦ ♠ ❛❧ ❛ ❞✐ ❛ ❡ ❞
♦ ✉ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❝ ❡ ♥ ❡ O ❛❧ ♦ ♥ ❣ ✈ ❡ ❝ ♦ g ✳ ❋ ♦ ❝ ♦❧❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉
♣ ❛ ❛ ♠ ❡ ❡ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✈ ❡❧ ♦ ❝✐ ② η ✱ ✭ ✼ ✾ ❆✮ ❣✐ ✈ ❡ ❤ ❡ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ❢ ♦❧❧ ♦ ✇

g =
d 2 x ( m )

d τ 2
=

d v ( m )

d τ
= c ·

d γ

d τ
= c ·η ∗

γ = c 2 d γ

d λ
= c 2 K = c 2 / R = ❝ ♦ ♥ ⇒ d 2 x ( m ) = R (d γ ) 2 .



✶ ✾ ✻ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤ ❡ ❡ ❛ ❡ ❡❧ ❡ ✇ ♦ ② ♣ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❢ ♦ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✳
❚ ❤ ❡ ♣ ♦ ♣ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ Ẽ = ( χ, −→c τ )✱ ✇✐ ❤ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✭ ✼ ✻ ❆✮ ❛ ♥ ❞ ✭ ✽ ✵ ❆✮✱ ✐

g ∗ (τ ) =
d 2 χ

d τ 2
=

d v ∗

d τ
= c ·

d si n h γ

d τ
= c · c o s h γ ·

d γ

d τ
= c o s h γ · g (τ ) > g (τ ). ( 8 2 A )

■ ✐ ❣ ❡ ❛ ❡ ❤ ❛ ♥ ✐ ♥ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✼ ✾ ❆✮✱ ❛ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d 2 x ( m ) ✐ ❞ ❡ ❝ ❡ ❛ ❡ ❞
♣ ♦ ♣ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d 2 χ ❞ ✉ ❡ ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❞✐❧ ❛ ✐ ♦ ♥ ❛ ❡ ✉❧ ♦❢ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ①✐ x ( m ) ✳
❈ ♦ ♥ ❛ ②✱ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ Ẽ 1 ❞ ✉ ❡ ♦ ✭ ✼ ✽ ❆✮ ✐ ✈ ❡ ② ❧ ❡ ❤ ❛ ♥ ✐ ♥ ♥ ❡ ♦ ♥ ❡✿

g ( 1 ) (t( 1 ) ) =
d v

dt ( 1 )
=

d 2 χ

(dt ( 1 ) ) 2
= c ·

d t a n h γ

dt ( 1 )
= c · ❡ ❝ ❤ 2 γ ·

d γ

dt ( 1 )
= c · ❡ ❝ ❤ 3 γ ·

d γ

d τ
= c ·

d γ

d τ
/ c o s h 3 γ ⇒

⇒ g ( 1 ) (t( 1 ) ) = g [τ (t) ( 1 ) ]/ c o s h 3 γ ⇒ { g [τ (t) ( 1 ) ] ≪ g [τ (t) ( 1 ) ] < g ∗ [τ (t) ( 1 ) ]} . ( 8 3 A )

❚ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g
( 1 )

(t) ✐ ❦ ♥ ♦ ✇ ♥ ✐ ♥ ❙ ❚ ❘ ✐ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠✱ ❜ ✉
♥ ♦ ✐ ♥ ❤✐ ✐ ♠ ♣❧ ❡ ❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭✦ ✮ ✳ ❚ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ct ( 1 ) ❛ ♥ ❞ c τ ❛ ❡ ✉ ❡ ❞ ❛

❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ✈ ❛ ✐ ♦ ✉ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳ ❇ ♦ ❤ ❛ ❡ ② ♥ ❝ ❤ ♦ ♥ ♦ ✉ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✐❢ ❤ ❡ ② ❛ ❡
✜ ① ❡ ❞ ✇✐ ❤ ❝❧ ♦ ❝ ❦ ♦❢ N 1 ❛ ♥ ❞ N m ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ②✳ ❙✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞
✐ ♥ ❡ ❣ ❛❧ ❢ ♦ ♠ ❞ ❡ ✐ ✈ ❡ ❞ ❢ ♦ ♠ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✐ ♥ ♣ ❛ ❛❧❧ ❡❧ ♦ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✹ ❆✮✿

d ( c τ ) = d ( ct ( 1 ) ) / c o s h γ < d ( ct ( 1 ) ) , c τ =

c t ( 1 )

0

d ( ct ( 1 ) ) / c o s h γ < ct ( 1 ) ; ( 8 4A )

d ( ct ( 1 ) ) = c o s h γ d ( c τ ) > d ( c τ ) , ct( 1 ) =

c τ

0

c o s h γ d ( c τ ) > c τ. ( 8 5 A )

❚ ❤ ❡ ② ❛ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ✇✐ ❤ ❝ ✉ ♣ ❛ ❛❧❧ ❡❧ ♦ ❤ ❡ ❛ ①✐ x ( 1 ) = χ ✳ ❍ ❡ ❡ c τ ✐ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✽ ✹ ❆✮✱
❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❝ ♦ ✉ ♥ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ♦ ✐ ❣✐ ♥✳

■❢ ♠ ♦ ✐ ♦ ♥ ✐ ✐ ♥ ❡ ❣ ❛❧ ❛ ♥ ❞✱ ❛ ❜ ❡❢ ♦ ❡✱ v ❛ ♥ ❞ g ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ 3 D ✲ ✉ ❜ ♣ ❛ ❝ ❡ ❛ ❡ ❝ ♦❧❧✐ ♥ ❡ ❛ ✱
❤ ❡ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✱ v ❛ ♥ ❞ v ∗ ✈ ❛ ② ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❧ ② ✇ ❤ e α = ⟨c o s α i ⟩ = c o n s t ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥✱ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♦ ❞ ❡ ❝ ❡❧ ❡ ❛ ❡ ❞ ✭ ❛ ❤ ❡ ✶✲ ② ♣ ❡ ♦❢ ✉ ❝ ❤ ♠ ♦ ✐ ♦ ♥✮
❤ ❡ ❡ ❤ ♦❧ ❞ g = ❝ ♦ ♥ ✳ ❚ ❤✐ ✜ ✐ ♠ ♣❧ ❡ ❦✐ ♥ ❞ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✇ ❛ ✜

❛ ♥ ❛❧ ② ③ ❡ ❞ ❜ ② ❍✳ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❬ ✼ ✻✱ ♣✳ ✶ ✶ ✶❪✱ ▼✳ ❇ ♦ ♥ ❬ ✽ ✸❪ ❛ ♥ ❞ ❆✳ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ❬ ✽ ✻❪✳ ❙ ❡ ❝ ♦ ♥ ❞ ❦✐ ♥ ❞ ❡ ❡
✐ ♥ ❈ ❤✳ ✶ ✵ ❆✳ ❲❡ ❣✐ ✈ ❡ ❤ ❡ ❡ ❛ ♥ ❞ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆ ♦ ✉ ❛ ✉ ❤ ♦ ✬ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❛ ♣ ♣ ♦ ❛ ❝ ❤✳ ❚ ❤ ✉ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✼ ✾ ❆✮ ❛ ♥ ❞ ✭ ✽ ✺ ❆✮✱ ✇ ❡ ❤ ❛ ✈ ❡ ❢ ♦ ✐ ❛ ❧ ♦ ♦❢ ✐ ♠ ♣ ♦ ❛ ♥ ❡❧ ❛ ✐ ♦ ♥ ✳

d γ = g d τ / c ⇒ d (c τ ) = R d γ, τ 0 = 0 ,

γ = g τ / c ⇒ c τ = R · γ (g τ = c · γ ),
(g = c 2 / R = ❝ ♦ ♥ ). ( 8 6 A )

d si n h γ = g dt / c ⇒ R d si n h γ = d (ct ), t0 = 0 ,

si n h γ = g t / c ⇒ ct = R · si n h γ (g t = c · si n h γ ),
(g = c 2 / R = ❝ ♦ ♥ ). ( 8 7 A )

❋ ♦ ♠ ✭ ✽ ✻ ❆ ✮ ❛ ♥ ❞ ✭ ✽ ✼ ❆ ✮✱ ✇ ❡ ❣ ❡ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❡❧ ❛ ✐ ♦ ♥ ✇✐ ❤ ② ♥ ❝ ❤ ♦ ♥✐ ③ ❡ ❞ ✐ ♠ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✳

d ( c τ ) = R d γ =
d ( ct ( 1 ) )
c o s h γ

=
d ( ct ( 1 ) )

1 + g t ( 1 ) / c
2

=
d ( ct ( 1 ) )

1 + ct ( 1 ) / R
2

,

c τ = R · γ = ( c 2 / g ) · γ = ( c 2 / g ) · ❛ ✐ ♥ ❤ [g · t ( 1 ) / c ] = R · ❛ ✐ ♥ ❤ ct ( 1 ) / R .






( 8 8 A )

d ( ct ( 1 ) = R · c o s h γ d γ = c o s h γ d ( c τ ) = c o s h ( g · τ / c ) d ( c τ ) ,

ct ( 1 ) = R · si n h γ = ( c 2 / g ) · si n h γ = ( c 2 / g ) · si n h ( g · τ / c ) .





( 8 9 A )



❈ ❍ ❆ ❚ ❊ ❘ ✺ ❆✳ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✶ ✾ ✼

❲✐ ❤ ❤ ❡ ❡ ❡❧ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❢ ♦ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱
❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❛ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ❡ ① ♣ ❡ ❡ ❞

❛❧ ♦ ② ♥ ❝ ❤ ♦ ♥✐ ❝ ❛❧❧ ②✿

v = v (t( 1 ) ) = c · t a n h γ = g ·t ( 1 )

1 + [g ·t ( 1 ) / c ]
2

< g · τ < g · t( 1 ) ,

v ∗ = v ∗ (τ ) = c · si n h γ = c · si n h( g · τ / c ) ≡ v ∗
t (t( 1 ) ) = g · t( 1 ) > g · τ.





( 9 0 A )

❚ ❤ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❛ ✿ t a n h γ < γ < si n h γ < c o s h γ ✳
▲ ❡ ✬ ✜ ♥ ❞ ♦ ✉ ❤ ♦ ✇ ❛❧ ♦ ✇ ♦ ② ♣ ❡ ♦❢ ❞✐ ❛ ♥ ❝ ❡ x ⋆ ✐ ♥ Ẽ m ❛ ♥ ❞ χ ✐ ♥ Ẽ 1 ❛ ❡ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ✉ ♣ ✐ ♥

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❄ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✼ ✺ ❆✮✱ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐ ♥ ❤ ❡ ♠ ❛ ❡ ❡ ✉ ❛❧ v 1 2 = v 2 1 ✱
❜ ✉ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♥ ❡ ✐ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ❤ ❡✐ ✐ ♠ ❡ ct ✐ ♥ ✭ ✽ ✻ ❆✮ ❛ ♥ ❞ c τ ✐ ♥ ✭ ✽ ✼ ❆✮ ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ✳

❚ ❤ ❡ ✷✲ ♥ ❞ ❞✐ ❛ ♥ ❝ ❡ ❛ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡ τ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ❝❧ ♦ ❝ ❦ ♦❢ N m ❛ ❢ ♦❧❧ ♦ ✇ ✿

x ⋆ =

τ

0

v (c τ ) d τ = R

γ

0

t a n h γ (τ ) d γ (τ ) = L R (γ ) = L R (τ ) = R · l n c o s h γ (τ ). ( 9 1 A )

❲❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞✱ ❤ ❛ ✉ ❝ ❤ ❛ ✇ ❛ ② ✐ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ①✳ ■ ✐ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣
❝ ✉ ✈ ❡ ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■■ ❜ ② ✐ ❡ ✈ ♦❧ ✈✐ ♥ ❣ ❛ ♦ ✉ ♥ ❞ ✐ ♠ ❡ ❛ ①✐ ✐ ♥ ❤ ❡ ✉ ♥✐ ♥ ❡ ✐ ❛❧
❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✻ ❆ ✇✐ ❤ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ✕ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❧✐ ♥ ❡
❢ ♦ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■✳ ❇ ♦ ❤ ❛ ❝ ✐ ❝ ❡ ❤ ❛ ✈ ❡ ❡ ✉ ❛❧ ❧ ❡ ♥ ❣ ❤ ❢ ♦ ♠ ❛ ♥ ❣ ✉❧ ❛ ❛ ❣ ✉ ♠ ❡ ♥ γ ♦ φ (γ )✱ ❜ ✉
❤ ❡✐ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜✲ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❧ ♦ ♣ ❡ ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ✦

❚ ❤ ❡ ② ❤ ❛ ✈ ❡ ♥ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ ♣ ❛ ❝ ❡ ✱ ❜ ✉ ♦ ♥❧ ② ♦ ♥ ❡✲ ❡ ♣ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳
❚ ❤ ❡ ♣ ♦ ♣ ❡ ❞✐ ❛ ♥ ❝ ❡ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡ t( 1 ) = t ♦ τ ❜ ② ❤ ❡ ❝❧ ♦ ❝ ❦ ♦❢ N 1 ♦ N m ❛ ❡✿

χ =

t

0

v (t) dt = R · 1 + ct / R
2

− 1 ≡

τ

0

v ∗ (τ ) d τ = R · [ c o s h(c τ / R − 1)] . ( 9 2 A )

✇✐ ❤ ✭ ✽ ✻ ❆✮ ❛ ♥ ❞ ✭ ✽ ✼ ❆✮✳ ❲❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞✱ ❤ ❛ ✱ ✐ ♥ ❤ ❡ ✶✲ ❝ ❛ ❡✱ ✐ ✐ ❞✐ ❡ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❦✐ ♥ ❡✲
♠ ❛ ✐ ❝ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛✳ ■ ♥ ❤ ❡ ✷✲ ♥ ❞ ❝ ❛ ❡✱ ✐ ✐ ❞✐ ❡ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ❛ ❡ ♥ ❛ ②✱ ✐✳ ❡✳✱ ✉ ❝ ❤
❛ ✇ ❛ ② ✐ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ②✳ ■ ✐ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❝ ✉ ✈ ❡ ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
❝ ❛ ❡ ♥ ♦✐ ❞ ■ ❜ ② ✐ ❡ ✈ ♦❧ ✈✐ ♥ ❣ ❛ ♦ ✉ ♥ ❞ ✐ ♠ ❡ ❛ ①✐ ✐ ♥ ❤ ❡ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✕
❡ ❡ ❜ ❡❧ ♦ ✇✳ ❇ ♦ ❤ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ❛❧ ♦ ❤ ❛ ✈ ❡ ♥ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❜ ✉ ♦ ♥❧ ② ♦ ♥ ❡✲ ❡ ♣ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ◆ ♦ ❡

✐ ♥ ✭ ✾ ✶ ❆✮ ❛ ♥ ❞ ✭ ✾ ✷ ❆✮ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ❤ ❡ ❡ ✇ ❛ ② ✐❢ γ → 0 ✿
{ x ⋆ (τ ) & χ (τ )} → R γ 2 / 2 = g τ 2 / 2 ✱ ✇ ❤ ❡ ❡ g = F / m 0 = c 2 / R ✐ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✭ ✽ ✶ ❆✮✳
❚ ❤✐ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❤ ❛ ❤ ❡ ❝ ♦ ✐ ♥ ❡✲ ✐ ♥ ❡ ♣ ♦❧ ②✲ ❡ ♣ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ✐ ♥ ❡ ✐ ❛❧
♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩✱ ✐ ❢ ♦❧❧ ♦ ✇ ❝❧ ❛ ✐ ② ❢ ♦ ♠ ✐ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ γ ❛ ❜ ❡❧ ♦ ✇✿

χ + R = R · c o s h γ,

ct ( 1 ) = R · si n h γ,
⇒ (χ + R ) 2 − (ct ( 1 ) ) 2 = R

2
· ( c o s h 2 γ − si n h 2 γ ) = R

2
. ( 9 3 A )

■ ❡❧ ❛ ❡ ❛❧ ♦ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❛ ❤ ❡ ✉ ♥✐❢ ♦ ♠ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡
✇✐ ❤ ✐ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ si n h 2 γ −| c o s h γ |2 = i2 = − 1 ✐ ♥ ❛ ♥ ② ❜ ❛ ❡ Ẽ = { x,

−→
ct } ✳

■ ❤ ❛ ❝ ♦ ♥ ❛ ♥ ♣ ❡ ✉ ❞ ♦✲ ❝ ✉ ✈ ❛ ✉ ❡ K R = 1 / R ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ✉❧ ❛ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ❛ ✿

η ∗
γ = d γ / d τ = c / R = c K R = g / c (r a d / s e c ).

■ ❡ ① ♣ ❡ ❡ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣ ❡ ♥ i ✇✐ ❤ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p ❛ ❞✐ ❛ ❡ ❞
❢ ♦ ♠ ❤ ❡ ❝ ❡ ♥ ❡ O ✭ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✸✮✮ ❢ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ♦❢ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❦✐ ♥ ❞
♦❢ ❤ ❡ ✐ ♠ ♣❧ ❡ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ❛ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✇✐❧❧
❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ✐ ❡ ① ❡ ❝ ✉ ❡ ❞ ✇✐ ❤ ♦ ❛ ❡ ❞ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥✳



✶ ✾ ✽ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ❡❧ ❛ ✐ ♦ ♥ ✭ ✽ ✻ ❆✮✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ γ ❛ ❛
♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✳ ❙ ♦✱ ✐ ✐ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❛ ❣ ✉ ♠ ❡ ♥ ✐ ♥ ❡ ♥ ♦

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✭ ❈ ❤✳ ✶ ✷✮ ❛ ♥ ❞ ❙ ❚ ❘ ✭ ❈ ❤✳ ✶ ❆✮✳
❙ ✉ ❝ ❤ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ❛ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ❝ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ♦❢

▼✐ ♥ ❦ ♦ ✇ ① ❦✐✳ ❲✐ ❤ ✭ ✽ ✻ ❆✮✱ ✭ ✽ ✼ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✈ ❛ ✐ ♦ ✉ ❢ ♦ ♠ ❢ ♦ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ✐ ♠✐❧ ❛ ✐ ② R ✿

R =
χ

c o s h γ − 1
=

χ + R

c o s h γ
=

ct ( 1 )

si n h γ
=

c τ

γ
=

c 2

g
= ❝ ♦ ♥ . ( 9 4 A )

❚ ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✐ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ♣ ❛ ❛ ❜ ♦❧ ❛ ✐ ♥ t( 1 )

❛ ♥ ❞ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❛ ② ❣ ♦✐ ♥ ❣ ♦ ✉ ♦❢ ❤ ❡ ♣ ♦✐ ♥ O ✱ ❡ ❡ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✸✮✿

ct ( 1 ) − R < χ = χ t (t
( 1 ) ) < g · (t( 1 ) ) 2 / 2 ( si n h γ − 1 < c o s h γ − 1 < ( si n h 2 γ )/ 2) .

✯ ✯ ✯

❈ ♦ ♥ ❛ ② ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❢ ✉ ♥ ❝ ✐ ♦ ♥ χ (c τ ) ✐ ♥ ✭ ✾ ✸ ❆✮✱ ✭ ✾ ✹ ❆✮✱ ♠ ❡ ❛ ✉ ❡ ❞ ❜ ② ❛
❝❧ ♦ ❝ ❦ ♦❢ N m ✱ ♣ ♦ ❞ ✉ ❝ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥❧ ② ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R

χ (τ ) =

τ

0

v ∗ (τ )d τ = c

τ

0

si n h γ (τ )d τ = R

γ

0

si n h γ d γ =

= R · [ c o s h(c τ / R ) − 1] = R · ( c o s h γ − 1) ≡ R · [ s e c φ (γ ) − 1] ⇒ ( 9 5 A − I )

✇✐ ❤ ✈ ❡ ② ✐ ♠ ♣ ♦ ❛ ♥ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ❢ ♦ ♠ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ c o s h γ = 1 + χ / R = 1 + g χ / c 2 ✦

❋ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ✐❢ ✐ ♥ ✐ ✇ ❡ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❡ ✐ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g a ✐ ♥ ♦ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✐ ♥ ❡ ♥ ✐ ② g f ♦❢
❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ♠ ❛ ▼✱ ❤ ❡ ♥ ❤✐ ♣ ♦ ❞ ✉ ❝ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ c o s h γ ( f ) ≡ c o s h γ ( a )

✇✐ ❤ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ✐ ♠ ❡ ❢ ♦ ♠ ✐ ♥ ❡ ✐ ❛ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✕ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❈ ❤✳ ✾ ❆✱ ✇ ❤ ❡ ❡
♦ ♥❧ ② ✇✐ ❤ ❤ ❡ ❡ ❝ ♦ ✐ ♥ ❡ ✇ ❡✬❧❧ ❡ ① ♣❧ ❛✐ ♥ ❤ ❡ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤✐❢ ✐ ♥ ❢ ❛ ♠ ❡ ♦❢ ❙ ❚ ❘✳

■ ♥ ❈ ❤✳ ✻ ✇ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞✱ ❤ ❛ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ♦✲ ❝ ❛❧❧ ❡ ❞
✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ♦❢ ❤ ❡✐ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✱ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❤ ❡ ❡ ❛ ❡ ❛ ♥ ❣ ✉❧ ❛
❛ ♥ ❞ ♠ ❡ ✐ ❝ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ❣ ❡ ♥ ❡ ❛❧ ❡ ♥ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✭ ✸ ✸ ✹✮✱ ✭ ✸ ✸ ✺✮ ✐ ♥ ❤ ❡ ✉ ❛ ❝✐ ❝❧ ❡
✭ ✸ ✹ ✶✮ ❞ ✉ ❡ ♦ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✭ ✸ ✸ ✶✮✳

❲❡ ❡ ① ❡ ♥ ❞ ❤✐ ❝ ♦ ♥ ❝ ❡ ♣ ♦ ♥ ♦ ♦ ♥ ❡✲ ❡ ♣ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ⟨ P 1 + 1 ⟩ ⇒ ⟨ Q 1 + 1 ⟩ ✐ ♥
❡❧ ❛ ✐ ♦ ♥ ✭ ✾ ✺ ❆✲■✮ ✕ ❡ ❡ ✈✐ ✉ ❛❧❧ ② ♦ ♥ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✸ → ✹✮ ❜ ② ❡ ❝ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ✇✐ ❤ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢

✐ ♥✐ ✐ ❛❧ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❧✐ ♥ ❡ −→c τ ✐ ♥ ♦ ❛✐ ❣ ❤ ❛ ①✐ −→c τ ✭ ♦ −→y 2 ✮ ✐ ♥ ❡ ❛ ❞ ♦❢ ♣ ❡ ✈✐ ♦ ✉
−→
ct

✭ ♦ −→y 1 ✮✳ ❋ ♦ ♠ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ✐ ♥ ⟨ P 1 + 1 ⟩ ✇ ❡ ❤ ❛ ✈ ❡ ✈ ❡❧ ♦ ❝✐ ② v = d χ / dt = t a n h γ · c
❛ ♥ ❞✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ♣ ♦ ♣ ❡ ✐ ♠ ❡✱ ✐ ✐ v ∗ = d χ / d τ = si n h γ · c ≡ t a n φ (γ ) · c ✇✐ ❤ ❛ ♥ ❣ ❡ ♥
❧ ♦ ♣ ❡ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ⟨ Q 1 + 1 ⟩ ⊂ ⟨ Q 3 + 1 ⟩✳ ■ ♥ ⟨ P 1 + 1 ⟩ ❛ ♥ ❞ ⟨ Q 1 + 1 ⟩✱ ❤ ❡ ❡ ✉ ♥✐ ✈ ❡ ❛❧

♦ ✐ ❣✐ ♥ ❛❧ ❛ ♥ ❞ ♥ ❡ ✇ ❜ ❛ ❡ ❛ ❡✿ Ẽ 1 = { χ, ct } ❛ ♥ ❞ Ẽ C = { χ, c τ } = Ẽ ( 1 ,2 ) ✳ ❋ ♦ ♠ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧
♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ✇ ❡ ❞✐ ❞ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ✐ ♥✐ ✐ ❛❧ ♣ ♦❧ ② ❡ ♣ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ♥ ❤ ❡
♦ ♥ ❡✲ ❡ ♣ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ⟨ Q 3 + 1 ⟩ ↕ ✭ ❡ ❡ ❡ ❛ ❧✐ ❡ ❤ ❡ ❛ ♠ ❡ ✐ ♥ ❈ ❤ ✳ ✺✱ ✻ ❛ ♥ ❞ ✹ ❆✮✿

[d (c τ )] 2 = [ d (ct (γ ))] 2 − [d χ (γ )] 2 → [d (ct )] 2 = { d (c τ [φ (γ )]) } 2 + { d χ [φ (γ )]} 2 .

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤✐ ❣✐ ✈ ❡ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞✐ ✛ ❡ ✲
❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡
❝ ❛ ❡ ♥ ❛ ②✱ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ❛ ❣ ❛✐ ♥ ❡❧ ❛ ✐ ♦ ♥ ✭ ✽ ✼ ❆✮✱ ♥ ♦ ✇ ♦ ♥ ❛ ❡ ♥ ♦ ❧ ❡ ✈ ❡❧ ❛ ♥ ❞ ✇✐ ❤ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ φ (γ )✿

d χ = R si n h γ d γ,
d c τ = R d γ,
χ = R ( c o s h γ − 1 ) ,
c τ = R γ.






⇒






( d χ ) 2 + ( d c τ ) 2 = ( d ct ) 2 = R 2 c o s h 2 γ d γ 2 =
= d C 2

R ( γ ) ≡ d C 2
R [φ ( γ )] = R 2 s e c 4 φ ( γ ) d [φ ( γ )] 2 →

→ C R ( γ ) = ct = R si n h γ ≡ C R [φ ( γ )] = R t a n[ φ ( γ )] .
❯ ♥ ❞ ❡ γ 0 = 0 , φ0 = 0 − ❢ ♦ ♠ O I ❛ ❋✐ ❣ ✉ ❡ ✷ ❆ ✭ ✹ ✮ .

( 9 5 A − I I )



❈ ❍ ❆ ❚ ❊ ❘ ✺ ❆✳ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✶ ✾ ✾

❆❧❧ ❤✐ ✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ♣ ❛ ❛ ❣ ❡ ✐ ♥ ♦ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ♦ ✉ ♥✐ ♥ ❡ ✐ ❛❧
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ❛ ♥ ❞ ❝ ❛ ❡ ♥ ♦✐ ❞ ■✳ ❙ ✉ ❝ ❤ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✐ ❞✐ ❡ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ②

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ♦❢ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( 1 ) ❛ ♥ ❞ ❤ ❡ ♥ ❡ ✇ ❡ ❝ ✐ ✜ ❡ ❞ ✐ ♠ ❡✲ ❛ ♦ ✇ −→c τ ✿

⟨ Q 3 + 1
C ⟩ ↕ ≡ ⟨ E 3 ⟩ ( 1 ) ⊞ −→c τ , ✇ ❤ ❡ ❡ ⟨ E 3 ⟩ ( 1 ) ≡ ❈ ❖ ◆ ❙ ❚ , −→c τ ≡ ❈ ♦ ♥ . ( 9 5 A − I I I )

❙ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 3 + 1
C ⟩ ↕ ❛ ♥ ❞ ⟨ P 3 + 1 ⟩ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧

♦ ❛ ✐ ♦ ♥ r ot Θ ✳ ❆ ✐❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ −→c τ ✱ ❛ ❤ ❡ ♥ ❡ ✇ ✐ ♠ ❡ ❛ ①✐ −→c τ ✐ ♥ Ẽ C ✱
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♣ ♦ ♣ ❡ ✐ ♠ ❡❀ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡

−→
ct ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡✳

❲✐ ❤ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ✭ ✾ ✺ ❆✲■■✮ ♣ ♦ ❝ ❡ ❞ ✉ ❡✱ ❢ ♦ ♠ ❤ ❡ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ❛ ♥ ❞ ❈ ❛ ❡ ♥ ♦✐ ❞ ■■ ✐ ♥ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

C ⟩ ↔ ✳
❲✐ ❤ ✭ ✾ ✺ ❆✲■■✮✱ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶✲■✮✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝

♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✭ ✾ ✸ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ♥ ⟨ Q 2 + 1
C ⟩ ↕ ❤ ❡ ♦ ♥ ❡✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ❝ ❛ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ✉ ❛ ✐✲

✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❝ ❛ ❡ ♥ ❛ ② ❢ ♦ ✐ ♣ ♦✐ ♥ ♦ ✛ ✐ ♥✐ ✐ ❛❧ O 1 ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♣ ❛ ❛ ♠ ❡ ❡ R
✭ ❞ ✉ ❡ ♦ ✐ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ❛ ✉ ❡ ♦ ♥ ❤ ❡ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛✮✱ ❛ ♥ ❞ ✐ ♦ ♥ ❡✲ ❡ ♣ ❝ ♦ ✐ ♥ ❡✲ ✐ ♥ ❡ ✉ ❛ ✐✲
✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡✱ ❛ ♥ ❢ ❡ ❡ ❞ ♦ ❛ ❝✐ ❝❧ ❡ ❛ ♥ ❣ ❡ ♥ ♦ ✐ ❛ O 1 ✭ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✹✮✮✿

R 2

χ + R

2

+
t a n h γ

γ · c τ
2

= R 2 = R 2 · ( ❡ ❝ ❤ 2 γ + t a n h 2 γ ) =

= R 2 · ( t a n h 2 υ + ❡ ❝ ❤ 2 υ ) ≡ R 2 · [ c o s2 φ ( γ ) + si n 2 φ ( γ )] .





(c τ = R γ, φ ≠ ± π / 2) ( 9 6 A )

❚ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ E 2 ⟩ ⊂ ⟨ Q 2 + 1
C ⟩ ↕ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡

❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳ ❆❧ ♦ ♥ ❣ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ②✱ ✐ ✐ ♦ ♥ ❡✲ ❡ ♣ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥
♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✐ ♥ ⟨ P 1 + 1 ⟩✳ ■ ♥ ⟨ Q 1 + 1

C ⟩ ↕ ⊂ ⟨ Q 2 + 1
C ⟩ ↕ ✐ ✐ ♦ ♥ ❡✲ ❡ ♣ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡

✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ φ (γ )✱ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝✐ ❝❧ ❡ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡ ❝ ❛ ❡ ♥ ❛ ② ✐ ♥
♣ ♦✐ ♥ O I ✱ ❛ ✐ ✉ ❛ ❡ ❞ ♦ ♥ ❛ ♦ ✉ ❛ ♦ ✉ ♥ ❞ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ✕ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✹✮✳ ❬ ❆ ✐
❛ ♥ ❣❧ ❡ γ ✐ ❡ ① ♣ ❡ ❡ ❞ ❜ ② φ ✇✐ ❤ ✭ ✸ ✻ ✵✲■■✮✳❪ ❆❧ ♦ ♥ ❣ ❤ ❡ ❝✐ ❝❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ φ (γ ) ✐ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞✦
❆ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶✮ ❜ ❡ ❛ ❦ ❛ φ = ± π / 2 ✐ ♥ C I I ✳ ❆ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ υ ❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ❜ ② ✭ ✸ ✻ ✵✲■ ❨✮✳

❇ ② ♦ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ❛ ♦ ✉ ♥ ❞ y 1 = −→c τ = R γ ✇ ❡ ❣ ❡ ♦ ♥ ❡ ❤ ❡ ❡ ✧ ❤ ♦ ♥ ❤ ❛ ♣ ❡ ❞ ✧
❝ ❛ ❡ ♥ ♦✐ ❞ ■ ✭ ♦❢ ❊ ✉❧ ❡ ✮❀ ❛ ♥ ❞ ❜ ② ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ❛ ♦ ✉ ♥ ❞ y 2 = R c o s h γ ✇ ❡ ❣ ❡
✇ ♦ ❤ ❡ ❡ ✧ ② ♠ ♠ ❡ ✐ ❝ ❝ ✉ ♣ ❤ ❛ ♣ ❡ ❞ ✧ ❝ ❛ ❡ ♥ ♦✐ ❞ ■■ ❛ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ✉ ♣ ❢ ❛ ❝ ❡ ❢ ♦ ♠ ❡ ❞ ❛❧ ♦ ❜ ② ❤ ❡

❧✐ ♥ ❡ ♦❢ ❛ ❣ ✳ ❇ ❡❧ ♦ ✇ ✇ ❡ ❣✐ ✈ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ✐ ❛❧ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲
❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ❜ ② ❡ ❡ ♠ ♠✐ ♥ ❣ ♦ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ Π / 2 ✇✐ ❤ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡✐ ♣ ❛ ❝ ❡ ❛ ♥ ❞
✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ Ẽ ( C 1 ) = { χ, c τ } = { x 1 , y1 } ↔ Ẽ ( C 2 ) = { R γ, R c o s h γ } = { x 2 , y2 } ✇✐ ❤

❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ❛ ♥ ❞ ■■✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❜ ♦ ❤ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ❛ ❞✐ ✉ ❛ ♥ ❞ ❧ ❡ ♥ ❣ ❤
❛ ❡ ❤ ❡ ❛ ♠ ❡ ❢ ♦ ❜ ♦ ❤ ❝ ❛ ❡ ♥ ♦✐ ❞ ✳ ❆❢ ❡ ❝ ✉ ✈ ❡✬ ♦ ❛ ✐ ♦ ♥ ❛ Π / 2 ✱ ❤ ❡ ▼ ❡ ✉ ♥✐ ❡ ❛ ♥ ❣❧ ❡ ❝ ❤ ❛ ♥ ❣ ❡
✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ②✱ ❜ ✉ ✐ ♥ ❜ ♦ ❤ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

C ⟩ ↕ ❛ ♥ ❞ ⟨ Q 2 + 1
C ⟩ ↔ ✱

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛ ❡ ♣ ❡ ❡ ✈ ❡ ❞ ✇✐ ❤ φ ❛ ♥ ❞ ξ ✳ ◆ ♦ ✇ ✇ ❡ ❝ ❛ ♥
♦ ❜ ❛✐ ♥ ❢ ♦ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ❤ ❡✐ ❡ ✉ ❛ ✐ ♦ ♥ ❡ ✈ ❡ ♥ ✐ ♥ (n + 1) ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥
❜ ❛ ❡ Ẽ C ❛ ♥ ❞ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✇✐ ❤ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ ✐ ③ ❛ ✐ ♦ ♥ ✐ ♥ γ ❛ ♥ ❞ φ ✳

❋ ♦ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ✐ ♥ ⟨ Q 2 + 1
C ⟩ ↕ ✭ ❛ ▼ ❡ ✉ ♥✐ ❡ ❛ ♥ ❣❧ ❡ φ ❜ ❡ ✇ ❡ ❡ ♥ ♥ ♦ ♠ ❛❧ ♦ ❝ ❛ ❡ ♥ ❛ ② ❛ ♥ ❞ r 1 ✮✱

✇ ❡ ❣ ❡ ✉ ❜ ❡ ✉ ❡ ♥ ❧ ② ✐ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✐ ♥ ✐ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✈ ✮ ❢ ♦ ♠ ❢ ♦ ♠ ③ ❡ ♦ ♦ ♥ ❤ ❡ ❊ ✉ ❛ ♦ ✿

x ( I ) = χ · e α = R · c o s h γ · e α ≡ R · s e c φ · e α ,
y ( I ) = c τ = ± R · γ ≡ ± R · γ ( φ ) .

⇒ ( 9 7 A − I )

d x ( I ) = d ( χ · e α ) = R d ( c o s h γ · e α ) = R ( si n h γ d γ · e α + c o s h γ d α · e µ ) ,
d y ( I ) = d c τ = R d γ.

⇒

d x ( I ) = d ( χ · e α ) = R d ( s e c φ · e α ) = R ( s e c φ · t a n φ d φ · e α + s e c φ d α · e µ ) ,
d y ( I ) = d c τ = R d γ ( φ ) = R s e c φ d φ.

⇒

dl 2
1 ( γ ) = [ − R C ( d γ )] 2 d γ 2 + [ R n ( γ )] 2 d α 2 = R 2 ( c o s h 2 γ d γ 2 + c o s h 2 γ d α 2 ) = R 2 { [d C ( I ) ( γ )] 2 + c o s h 2 γ d α 2 } ≡

≡ dl 2
1 ( φ ) = [ − R C ( d φ )] 2 d φ 2 +[ R n ( φ )] 2 d α 2 = R 2 ( s e c 4 φ d φ 2 + s e c 2 φ d α 2 ) = R 2 { [d C ( I ) ( φ )] 2 + s e c 2 φ d α 2 } .

❚ ❤ ❡ ♥ R 1 = − R C ( d φ ) = − R s e c 2 φ, R 2 = R n ( φ ) / c o s φ = + R s e c 2 φ, 1 / K G = R 1 R 2 = − R 2 s e c 4 φ ✳



✷ ✵ ✵ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■■ ✐ ♥ ⟨ Q 2 + 1
C ⟩ ↔ ✭ ❛ ▼ ❡ ✉ ♥✐ ❡ ❛ ♥ ❣❧ ❡ ξ ❜ ❡ ✇ ❡ ❡ ♥ ♥ ♦ ♠ ❛❧ ♦ ❝ ❛ ❡ ♥ ❛ ② ❛ ♥ ❞ r 2 ✮✱

✇ ❡ ❣ ❡ ✉ ❜ ❡ ✉ ❡ ♥ ❧ ② ✐ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✐ ♥ ✐ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✈ ✮ ❢ ♦ ♠ ❢ ♦ ♠ ③ ❡ ♦ ♦ ♥ ❤ ❡ ♦❧ ❡✿

x ( I I ) = R · γ · e α ≡ R · γ ( φ ) · e α = R · l n c o t[ (π / 2 − φ ) / 2] · e α ,
y ( I I ) = R · c o s h γ ≡ R · s e c φ.

⇒ ( 9 7 A − I I )

d x ( I I ) = R d ( γ · e α ) = R ( d γ · e α + γ d α · e ν ) ,
d y ( I I ) = R · si n h γ d γ.

⇒

d x ( I I ) = R d [γ ( φ ) · e α ] = R d { l n c o t[ (π / 2 − φ ) / 2] · e α } = R [ s e c φ d φ · e α + l n c o t[ ( π / 2 − φ ) / 2] d α · e ν ],
d y ( I I ) = R d s e c φ = R · s e c φ · t a n φ d φ.

⇒

dl 2
2 ( γ ) = R 2 ( c o s h 2 γ d γ 2 + γ 2 d α 2 ) = R 2 { [d C ( I I ) ( γ )] 2 + γ 2 d α 2 } ≡

≡ dl 2
2 ( φ ) = R 2 { s e c 4 φ d φ 2 + l n 2 c o t[ ( π / 2 − φ ) / 2] d α 2 } = R 2 { [d C ( I I ) ( φ )] 2 + l n 2 c o t[ ( π / 2 − φ ) / 2] d α 2 } .

❚ ❤ ❡ ♥ R 1 = R C ( d φ ) = R s e c 2 φ, R 2 = R n ( φ ) / c o s ξ = R · γ ( φ ) / si n φ, 1 / K G = R 1 R 2 = R 2 s e c φ t a n φ · γ ( φ ) .

■ ♥ ♥ ❡ ① ❈ ❤✳ ✻ ❆ ✇ ❡✬❧❧ ♦ ❜ ❛✐ ♥ ♥ ❛ ✉ ❛❧❧ ②✱ ✇✐ ❤ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❛ ♥ ❞ ❤ ❡
❛ ♠ ❡ ❛ ♥ ❣❧ ❡ ✲ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ γ ❛ ♥ ❞ φ ✭ ✇✐ ❤ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ②✮✱
✇ ♦ ❦✐ ♥ ❞ ♦❢ ❛ ❝ ✐ ❝ ❡ ✇✐ ❤ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ❛ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ♦ ❜❥ ❡ ❝ ❢ ♦ ♠

❜ ♦ ❤ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ✇✐ ❤ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ✐ ♠✐❧ ❛ ✐ ② R ✳

❆ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦✐ ♥ χ F ♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ②✱ ❤ ❡ ❢ ♦ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ❢ ♦
❤ ❡ ❡ ❝ ❛ ❡ ♥ ❛ ② ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✭ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✷ ❆ ✭ ✸✮ ❛ ♥ ❞ ✭ ✹✮✮ ❛ ❡ γ F = ω = ❛ ✐ ♥ ❤ 1 ≈ 0 .8 8 1

❛ ♥ ❞ φ F (γ F ) = π / 4 ✳ ❚ ❤ ❡ ② ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ②✱ ✇ ❤ ❡ ❡ ω =
❛ ✐ ♥ ❤ 1 ✐ ❤ ❡ ❊ ♣ ❡ ❝✐ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❡ ❝ ✳ ✻✳ ✹✱ ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢
❤ ❡ ❊ ♣ ❡ ❝✐ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ✉ ♠ ❜ ❡ π / 4 ✳ ❚ ❤ ❡ ♣ ♦ ♣ ❡ ❞✐ ❛ ♥ ❝ ❡ ❢ ♦ ❤ ❡ ❝ ❛ ❡ ♥ ❛ ② χ = R ·( c o s h γ − 1)
❡ ♥ ❞ ♦ ♣ ❛ ❛ ❜ ♦❧ ❛ f (c τ ) = g τ 2 / 2 = R γ 2 / 2 ✭ ❛ τ → ∞ ✮ ❞ ✉ ❡ ♦ ( c o s h γ − 1) ≈ γ 2 / 2 ✳ ❚ ❤ ❡
✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ❧✐ ❡ ✉ ♥ ❞ ❡ ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ♣ ❛ ❛ ❜ ♦❧ ❛ ✐ ♥ τ ❛ ♥ ❞ ❤ ❡ ❢ ♦ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ ♦ ❝ ❛ ❡ ♥ ❛ ②

✭ ✇✐ ❤ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ π / 4 ✮✱ ❜ ✉ ✐ ❧✐ ❡ ❛ ❜ ♦ ✈ ❡ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ❝✐ ❝❧ ❡ ✭ ✉ ♣ ♦ χ = R ✮ ✐ ♥ ⟨ Q 1 + 1
C ⟩ ↕ ✿

g τ 2 / 2 < χ, c τ − k R ≤ χ, χ = χ τ (τ ) < R − (R ) 2 − (c τ ) 2 ✐❢ c τ ≤ | R |.

❚ ❤ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❛ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿ γ 2 / 2 < c o s h γ − 1 < 1 − 1 − γ 2 (γ ≤ 1 ✮✳

■ ♥ ♣ ❡ ✉ ❞ ♦✲ ❛ ♥ ❞ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 ✱ ❜ ♦ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❧✐ ❡ ❛
❞✐ ✛ ❡ ❡ ♥ ✐ ❞ ❡ ♦❢ ✇ ♦ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ♣ ❛ ❛ ❜ ♦❧ ❛ ❡✱ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✸✮✱ ✭ ✹✮✳ ■❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ γ
✐ ❡ ✉ ❛❧ ♦ γ F = ω ✭ ❛ ♥ ❞ φ (γ F ) = π / 4 ✮✱ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② v ❛ ❝ ❤✐ ❡ ✈ ❡ ✈ ❛❧ ✉ ❡
v F = c · t a n h ω = c /

√
2 ✭❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛✮✱ ❛ ♥ ❞ ❤ ❡ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② v ∗ ❛ ❝ ❤✐ ❡ ✈ ❡ ✈ ❛❧ ✉ ❡

v ∗
F = c · si n h ω = c ✭❢ ♦ ❤ ❡ ❝ ❛ ❡ ♥ ❛ ②✮✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ v ∗ > c ✐❢ γ > ω ❛ ♥ ❞ φ (γ ) > π / 4 ✳ ❇ ✉

♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❧✐ ❣ ❤ ✐ ✐ ♥ ✜ ♥✐ ❡✳ ❚ ❤ ❡ ♠ ❛ ①✐ ♠ ✉ ♠ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ♠ ❛ ❡ ✐ v ∗ → ∞ ✦ ✭■ ✐
❛ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❛ ♦ ♥ ❛ ✉ ❜ ② ❤ ❡✐ ❝❧ ♦ ❝ ❦ ✕ ❡ ❡ ♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ❤✐ ❈ ❤ ❛ ♣ ❡ ✳✮ ❚ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡
♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ♣ ♦✐ ♥ ❛ ✐ ❢ ♦ ❝ ✉ χ F ✐ ♥ ❤ ❡ ❡ ❜ ❛ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❞✐ ✉ R = c 2 / g ✿

χ F = (
√

2 − 1) R ≈ 0 .4 1 R ; ct
( 1 )
F = R, c τ F = ω R ≈ 0 .8 8 1 R, (❜ ✉ c τ = R ❛ γ = 1);

k R = c τ F − χ F ⇒ k = ω + 1 −
√

2 ≈ 0 .4 6 7 , ❛ γ = ω ❛ ♥ ❞ φ (ω ) = π / 4 ❛ F.

▲ ❡ ✉ ♣ ❛ ② ❛ ❡ ♥ ✐ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✐ ♥ ♦ ✉ ❚ ✐ ❛ ❞ ■ ❛❧❧ ❤ ❡ ♦ ❜❥ ❡ ❝ ❞✐ ❝ ✉ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❤ ❛ ✈ ❡
❝ ♦ ♠ ♠ ♦ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✳ ❚ ♦ ✈✐ ✉ ❛❧❧ ② ❞✐ ♣❧ ❛ ② ❤ ❡ ♠✱ ✇ ❡ ✉ ❡ ❛ ♥ ❛ ❞❥ ❛ ❝ ❡ ♥ ♦ ✉ ✱
♦ ♥ ✇ ❤ ♦ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ♠ ❛❧❧ ❝✐ ❝❧ ❡ ❤ ❡ ❡ ❛ ♥ ❣❧ ❡ ❛ ❡ ❞✐ ♣❧ ❛ ② ❡ ❞ ✇✐ ❤ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶✮ ❛ ♥ ❞
✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ✾ ✻ ❆✮✱ ✭ ✶ ✵ ✺ ❆✮ ✐ ♥ Ẽ 1 ♦ ✛ ❤ ❡ ❛ ❞✐ ✉ ✲ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ❞✐ ❡ ❝ ❡ ❞ ♦ ❤ ❡ ❛ ♥ ❣ ❡ ♥

✭ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧✮ ▼ ▼✬ ❛ ✐ ❝ ✉ ❡ ✷ ❆✭ ✹✮✳ ❚ ❤ ❡ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❈ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ② ◆✐ ❡❧ ❇ ♦ ❤ ✐ ♥
♦ ✉ ❙ ❚ ❘✲ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✭ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ● ❚ ❘✦✮ ♠ ❡ ❛ ♥ ❤ ❛ ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝
❤ ② ♣ ❡ ❜ ♦❧ ❛✱ ❝ ❛ ❡ ♥ ❛ ②✱ ❛ ♥ ❞ ✇ ♦ ❝❧ ❛ ✐ ❝ ♣ ❛ ❛ ❜ ♦❧ ❛ ❡ ✭ ♦❢ t ❛ ♥ ❞ ♦❢ τ ✮ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣ ❡ ♥ ❝✐ ❝❧ ❡ ♦❢
❛ ❞✐ ✉ R ❛ ❤ ❡✐ ③ ❡ ♦ ♣ ♦✐ ♥ O 1 ✱ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✸✮✱ ✭ ✹✮✳ ❚ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛
❤ ❡ ❡ ❝ ✉ ✈ ❡ ❤ ❛ ✈ ❡ ❛ ♣ ♦✐ ♥ O 1 ❤ ❡ ❛ ♠ ❡ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ♦❢ ❤ ❡ ✶✲ ✭ ③ ❡ ♦✮ ❛ ♥ ❞ ✷✲ ♥ ❞ ♦ ❞ ❡ ✱ ❤ ❡ ❡
✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ❝ ❛ ❡ ♥ ❛ ② ✇✐ ❤ ✇ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♥ ❣ ❤ ❡ ♠ ♣ ❛ ❛ ❜ ♦❧ ❛ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥
❛ ❞✐ ✉ ♦❢ ❝ ✉ ✈ ❛ ✉ ❡ R ✐ ♥ ❤ ❡ ♦ ✇ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ Ẽ 1 ✇✐ ❤ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♥ ❣ ❡❧ ❛ ✐ ♦ ♥ ✿

| (g · τ 2 )/ 2 < χ = ( c 2 / g ) · {c o s h [ g · τ (t)/ c ] − 1 } < (g · t2 )/ 2 | ⇒ (g · t2 )/ 2 , ✐❢ v / c → 0 .
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✯ ✯ ✯
❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ❢ ♦ ❝❧ ❡ ❛ ❛ ♥ ❞ ✐ ♠ ♣❧ ❡ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ♦❢ ♠ ❛✐ ♥ ❞ ② ♥ ❛ ♠✐ ❝ ❛❧

❡❧ ❛ ✐ ✈✐ ✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦ ♦✳ ❙ ♦✱ ❢ ♦ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ♠ ❛ M ✱
✇ ❡ ❞ ❡ ✜ ♥ ❡ ❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛
◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ♦ ♥ ❡ ❜ ♦ ❤ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ❜ ❛ ❡ Ẽ m ✇✐ ❤ ❤ ❡ ♣ ♦ ♣ ❡
✐ ♠ ❡ ✭ ✸ ✻ ❆✮✳ ❚ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ♠ ❛ ❡ ✐ ❛❧ ❜ ♦ ❞ ② ✐ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ✐ ❜ ❛ ② ❝ ❡ ♥ ❡ ❛ ❛ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✳

❚ ❤ ❡ ♥✱ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ✷✲ ♥ ❞ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ▲ ❛ ✇✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✿

F = F τ ( τ ) = m 0 g ( τ ) = m 0 ·
d v ( m )

d τ
=

d [m 0 v ( m ) ]

d τ
=

d p ( m )

d τ
= m 0 c ·

g ( τ )

c
= m 0 c ·

d γ

d τ
≡

≡ m 0 c ·
c o s h γ d γ

dt ( 1 )
=

d ( m 0 c · si n h γ )

dt ( 1 )
=

d [ ( c o s h γ · m 0 ) · ( t a n h γ · c )]

dt ( 1 )
=

=
d ( m 0 v ∗ )

dt ( 1 )
=

d ( m v )

dt ( 1 )
=

d p ( m )

d τ
=

d p ( 1 )

dt ( 1 )
= F t ( t

( 1 ) ) . ( A )

❋ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❤ ❡ ✜ ♦ ✇ ❤ ♦❧ ❞ ♦ ♥❧ ② ✐ ♥ ❛ ♥ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✇ ❤ ❡ ❡
m 0 = ❝ ♦ ♥ ✐ ❤ ❡ ♦ ✇ ♥ ♠ ❛ ✳ ❍ ❡ ♥ ❝ ❡✱ ❤✐ ❢ ♦ ♠ ♦❢ ❤ ❡ ✷✲ ♥ ❞ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ▲ ❛ ✇ ✐ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ✦

✭ ❆ ♥ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡ |F | ✐ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ❤ ♦ ✇ ❡ ❞ ❛ ✐❢ ❛ ❤ ❡ ❝ ❛❧ ❡ ♦❢ ❛ ❞ ② ♥ ❛ ♠ ♦ ♠ ❡ ❡ ✐ ♥ Ẽ
( 3 )
m ✳✮

❈ ❛ ♣ ❛ ❝✐ ② ♦❢ ❤✐ ✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡✱ ❞ ✉ ❡ ♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ✱ ✐ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛

N = F · v = m 0 c 2 ·
c o s h γ d γ

dt ( 1 )
· t a n h γ =

d ( c o s h γ · m 0 c 2 )

dt ( 1 )
=

d ( m c 2 )

dt ( 1 )
=

d E

dt ( 1 )
. ( B )

❋✐ ❜ ♦ ❤ ❤ ❡ ❡ ❙ ❚ ❘ ❡ ✉ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ✐ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠ ❜ ② ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ❬ ✻ ✸✱ ✻ ✹❪✳
❚ ❤ ❡ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❛❧❧ ♦ ✇ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❞ ② ♥ ❛ ♠✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ Ẽ m ❛ ♥ ❞ Ẽ 1 ✿
❤ ❡ ♦ ✇ ♥ 4 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 = P 0 i = m 0 c ✱ ❤ ❡ ♦ ❛❧ ❝ ❛❧ ❛ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P = m c = c o s h γ ·P 0 ❛ ♥ ❞
❤ ❡ ❡ ❛❧ 3 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ p = m v = m 0 v ∗ = si n h γ ·m 0 c p = si n h γ ·P 0 p ✳ ❍ ❡ ❡ c ✐ 4 ✲ ✈ ❡❧ ♦ ❝✐ ② ❜ ②
♦✐ ♥ ❝ ❛ ✁❡✱ i ❛ ♥ ❞ p ❛ ❡ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳ ❚ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡

♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ✭P = m c, m, E = m c 2 ✮ ❛ ❡ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡

✐ ♠ ❡✲ ❛ ♦ ✇
− − →
ct ( 1 ) ✱ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❡ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ✐ ❛ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( 1 ) ❢ ♦ ♠ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳ ❈ ♦ ♥ ❛ ② ♦ ♥ ♦ ♥✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠✱ P 0 = m 0 c ✐
✐ ♥ ✈ ❛ ✐ ❛ ♥ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ 4 D ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢ ❤ ❡ ❡ ♠ ♦ ♠ ❡ ♥ ❛ ✐ ♥ ❤ ❡
✐ ♥ ❡ ♥ ❛❧ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❢ ♦ ❤ ❡ ❞ ② ♥ ❛ ♠✐ ❝ ♦❢ M ✇✐ ❤ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ P 0 ✱ ❧ ❡ ❣ P ❛ ♥ ❞ p ✐ ♥ ⟨ P 3 + 1 ⟩✿

P 0 = P 0 · i = P · i1 + p · j ⇒ (i P0 ) 2 = ( i P ) 2 + p 2 ⇒ { P 2
0 = P 2 − p 2 } ( 9 8 A − I )

✕ ❤ ❡ ❡ ✉ ♥ ❞ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ∓ } ✇✐ ❤ ✐ ♥ ✈ ❛ ✐ ❛ ♥ 1 = c o s h 2 γ − si n h 2 γ ✭ ❡ ❡ ✐ ♥ ❈ ❤ ✳ ✼ ❆✱ ✶ ✵ ❆✮✳
❚ ❤ ❡ ♦ ✇ ♥ ❡ ♥ ❡ ❣ ② ♦ ♥ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ E 0 = P 0 c = m 0 c 2 ✳ ❆ ♥ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ♥ ♦ ♥✲✐ ♥ ✈ ❛ ✐ ❛ ♥

♦ ❛❧ ❡ ♥ ❡ ❣ ② E = P c = m c 2 ✐ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❡ ① ❛ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ✇✐ ❤ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✿

k E = ( c o s h γ − 1) = ∆ P / P 0 = ∆ E / E 0 = ( E − E 0 )/ E 0 = A / E 0 ≈ t a n h 2 γ / 2 . ( 9 9 A )

❚ ❤ ❡ ❡ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ✈ ❡ ② ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❈ ❤ ✳ ✼ ❆✱ ✾ ❆✱ ✶ ✵ ❆✳
❋ ♦ ♠ ❤ ❡ ❡ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ❊✐ ♥ ❡✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ♥ ♦ ♥✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ♠ ❛ ✲ ❡ ♥ ❡ ❣ ② ❢ ♦❧❧ ♦ ✇ ❬ ✻ ✷❪✱ ❬ ✻ ✽❪✿

E = P c = m c 2 = E 2
0 + ( p c ) 2 ≈ E 0 + m 0 (v ∗ ) 2 / 2 ≈ E 0 + m 0 v 2 / 2 . (C )

❲✐ ❤ ✉ ❝ ❤ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ✇ ❛ ②✱ ✐ ✇ ❛ ✐ ♥❢ ❡ ❡ ❞ ❜ ② ●✳ ▲ ❡ ✇✐ ✐ ♥ ✶ ✾ ✵ ✽ ❬ ✽ ✽❪✳ ❚ ❤ ❡ ❢ ♦ ♠ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡
✈ ❛❧ ✉ ❡ ✐ ♥ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ m ✱ P ❛ ♥ ❞ E ❛ ❡ ✉ ♣ ♣ ❡ ❜ ♦ ✉ ♥ ❞ ❢ ♦ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✱ ❡ ❝ ♦ ♥ ❞ ♦ ♥ ❡
❛ ❡ ❧ ♦ ✇ ❡ ❜ ♦ ✉ ♥ ❞ ✳ ❚ ❤✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✿ 1 + si n h 2 (γ / 2) > c o s h γ > 1 + t a n h 2 (γ / 2) ✳

◆ ♦ ❡ ❡ ❡ ♥ ✐ ❛❧❧ ②✱ ❤ ❛ ❤ ❡ ✉ ❡ ♦❢ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❞ ② ♥ ❛ ♠✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❣✐ ✈ ❡ ♥ ❛ ❜ ♦ ✈ ❡
✭ P 0 , P, p ✮ ✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✐ ♥ ❡ ❛ ❞ ♦❢ ❤ ❡ ❡ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♦ ♥ ❡ ✇✐ ❤ ✭ m 0 , E0 , m, E✮
❤ ❛ ❤ ❡ ♦ ❜ ✈✐ ♦ ✉ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❤ ❛ ❤ ❡ ② ❛ ❡ ❛❧❧ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ❛ ❝ ♦ ♠ ♠ ♦ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛ ❤ ❡
♦ ✐ ❣✐ ♥ ❛❧ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✇✐ ❤ ✐ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❤ ❡ ❡ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳
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▲ ❛ ❡ ① ♣ ❡ ✐ ♦ ♥ ✐ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❍ ❛ ♠✐❧ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ γ ❛ E = E 2
0 + ( p c ) 2 =

E 2
0 + ( E 0 · ||si n h γ ||) 2 = c o s h γ · E 0 = E 0 + A ✳ ❇ ✉ ❜ ♦ ❤ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧

✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ❡ P 0 = m 0 c = + P 2 − (p ) 2 ∼ E 0 = m 0 c 2 = + E 2 − (p c ) 2 ✳

❇ ❡ ✐ ❞ ❡ ✱ ✇ ❡ ❡ ① ♣ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❤ ❡ ♣ ❤ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡ ❞ ❡ ❇ ♦ ❣❧✐ ❡ ✇ ❛ ✈ ❡ ❛ ❤ ❡
✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② s = E / p = c ot h γ · c = c 2 / v ❛ ♥ ❞ ✐ ❡ ❛❧ ✈ ❡❧ ♦ ❝✐ ② ❛ v = d E / d p = t a n h γ · c ✳

❆ ♥ ❞ ♦ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ✭ ✾ ✽ ❆✲■✮ ❛ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❞ ② ♥ ❛ ♠✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ ❙ ❚ ❘ ❝ ❛ ♥ ❜ ❡
❡ ♣ ❡ ❡ ♥ ❡ ❞ ♦ ♥ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❛ ❛❧ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛❧ ♦ ♥ ❣ ✐

4 × 1 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 ✭ ♣ ❛ ❛❧❧ ❡❧ ♦ 4 ✲ ✈ ❡❧ ♦ ❝✐ ② ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ c = c · iα ✮ ♦❢ ❛ ♣ ❛ ✐ ❝❧ ❡ ♦ ❛ ❜ ♦ ❞ ② M
✇✐ ❤ ✐ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ 3 ✲ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✿

P 0 = P 0 · iα = m 0 · c = P 0 ·
si n h γ · e α

c o s h γ
=

p
P

=
p

E / c
. ( 9 8 A − I I )

■ ✐ ♣ ❡ ❡ ✈ ❡ ❞ ✉ ♥ ❞ ❡ F = 0 ↔ P 0 = ❈ ♦ ♥ ✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡ P 0 = m 0 c = E 0 / c ✐ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ❤ ❡ ♣ ❛ ✐ ❝❧ ❡ ♦ ❜ ♦ ❞ ② M ✳ ❆ ✈ ❡ ❝ ♦ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝✱ ✐
❤ ❛ ❤ ❡ ✶✲ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♦ ✐ ✳ ■ ♥ ❈ ❤✳ ✶ ✵ ❆ ✇ ❡✬❧❧
❝ ♦ ♥ ✐ ❞ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❛❧❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ♦❢ M ❛❧ ♦ ♥ ❣ ✐ ✇ ♦ ❧ ❞
❧✐ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ✉ ♣ ♦ ❤ ❡ ✉ ♣ ❡ ✐ ♦ ✹✲ ❤ ♦ ❞ ❡ ✳

❚ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ♦❢ ❤ ❡ ❞ ② ♥ ❛ ♠✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ♠ ▲ ❛ ✇ ♦❢ ❤ ❡
◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ✱ ❜ ✉ ✇✐ ❤ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♠ ❡ ✐ ♥ Ẽ m ❢ ♦ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝
♣ ❛ ❛❧❧ ❡❧ ♦ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ Ẽ 1 ✭ ❛ ❛ ❜ ♦ ✈ ❡✮✳ ❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ❜✐ ✈ ❛❧ ❡ ♥
4 × 4 ✲ ❡ ♥ ♦ Γ ❛ ♥ ❞ d Γ ✐ ♥ Ẽ 1 ✳ ❚ ❤ ❡ ❢ ♦ ♠ ❡ ✐ ❛ ♠ ❛✐ ♥ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ❤ ❡ ♠ ❡ ❛ ✉ ❡❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ❝ ✐ ♥ ❣ ✐ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ✕ ❡ ❡ ❛ ❜ ♦ ✉ ✐ ❛❧ ♦

✐ ♥ ❈ ❤ ✳ ✻✳ ■ ✐ ❛ ♣ ❡ ✉ ❞ ♦ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♥ ♦ ✳ ■ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❛ ♥ ❞
❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ❞ ✉ ❡ ♦ ✭ ✸ ✷ ✹✮✱ ✭ ✸ ✹ ✽✮ ❛ ♥ ❞ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮ ❛ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

{ r ot h (± Γ) } ( 3 + 1 ) × ( 3 + 1 ) = c o s h Γ ± si n h Γ = F (γ, e α )

c o s h γ ·
← − − − −
e α · e α

′ +
− − − − →
e α · e α

′ ± si n h γ · e α

± si n h γ · e ′
α c o s h γ

=

⟨r ot h Γ ⟩ : r ot h Γ · I ± · r ot h Γ = I ± (e α e ′
α =

←− −−
e α e ′

α ) ( 1 0 0 A )

=
I 3 × 3 + ( c o s h γ − 1) · e α e ′

α ± si n h γ · e α

± si n h γ · e ′
α c o s h γ

= I 3 × 3 + ( c o s h γ − 1) ·
←− −−
e α e ′

α ± si n h γ · e α

± si n h γ · e ′
α c o s h γ

.

■ ✐ ♣❧✐ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡❧ ② ✐ ♥ 3 × 3 ✲ ❡ ♥ ♦ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ✱ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦✲

♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦
− − →
ct ( 1 ) ❛ ♥ ❞ ✇ ♦ ♠ ✉ ✉ ❛❧❧ ② ❛ ♥ ♣ ♦ ❡ ❞ ✐ ♥ ❡ ✈ ❡ ❝ ♦ ♦ ❜❧✐ ✉ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✳ ▲ ♦ ❣✐ ❝ ❛❧❧ ②✱

❤ ❛ ✐ ♥ ❤ ❡ ❧✐ ♠✐ ❝ ❛ ❡ γ → 0 ✱ ✇ ❡ ❤ ❛ ✈ ❡ r ot h Γ → I 4 × 4 ✳
❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ❛ ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ M ✐ ♠ ♦ ✈✐ ♥ ❣ ♣ ♦ ❣ ❡ ✐ ✈ ❡❧ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ 1 ✐ ♥ ⟨ P 3 + 1 ⟩

❛ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ✈ ❡❧ ♦ ❝✐ ② v = v · e α = c · t a n h γ = c · t a n h γ · e α ♦ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ②
v ∗ = v ∗ · e α = c · si n h γ = c · si n h γ · e α ✐ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( 1 ) ✳ ❖ ♥ ❛ ♥ ❛ ❜✐ ❛ ② ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ❛ ❡ ♥ ♦ ♦❢ ❛ ♥ ❛ ❜ ♦❧ ✉ ❡
4 × 4 ✲ ✈ ❡❧ ♦ ❝✐ ② T C = c · r ot h Γ ✳ ❆ ✐ ✐ ❣ ❤ ❝ ♦❧ ✉ ♠ ♥✱ ✇ ❡ ❣ ❡ ❤ ❡ ✈ ❡ ❝ ♦ ♦❢ ✹✲ ✈ ❡❧ ♦ ❝✐ ② c = c i
❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✇✐ ❤ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ c ✳ ❘ ❡ ❝ ❛❧❧ ✭ ❡ ❝ ✳ ✻✳ ✹✮✱ ❤ ❛ ❛ γ = ω ✇ ❡ ❤ ❛ ✈ ❡
v ∗ = c, v = c /

√
2 ✳ ■ ♥ ✐ ✉ ♥✱ ❛❧ ♦ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ♣ ❤ ② ✐ ❝ ❛❧✲ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠

✭ ❡ ❝ ✳ ✶ ✷✳ ✸✮✱ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❞ ② ♥ ❛ ♠✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ❛ ♥ ❞ ❡ ♥ ❡ ❣ ② ❛ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦
♦ ✉ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✵ ✵ ❆✮ ❛ ❤ ❡✐ ♠ ❡ ❛ ✉ ❡❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ♦ ② ♣ ❡ ✱ ♥ ❛ ♠ ❡❧ ② ✇✐ ❤ ✉ ✐ ♥ ❣
❝ ♦ ♥ ❛ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ c ❛ ♥ ❞ m 0 ✳ ▼ ❛✐ ♥❧ ②✱ ❤ ❡ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❞ ② ♥ ❛ ♠✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢
♠ ♦ ♠ ❡ ♥ ✉ ♠ ✕ ❡ ♥ ❡ ❣ ② T P ❛ ♥ ❞ ♦❢ ❡ ♥ ❡ ❣ ② ✕ ♠ ♦ ♠ ❡ ♥ ✉ ♠ T E ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ❛

T P = P 0 · r ot h Γ = m 0 c · r ot h Γ = m 0 · TC , T E = P 0 c · r ot h Γ = E 0 · r ot h Γ = m 0 c 2 · r ot h Γ .



❈ ❍ ❆ ❚ ❊ ❘ ✺ ❆✳ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✵ ✸

■❢ ✇ ❡ ❧ ❡ ✱ ❤ ❛ c = ❝ ♦ ♥ ✱ ❤ ❡ ♥ T E ∼ T P )✳ ❖❢ ❝ ♦ ✉ ❡✱ ❛❧❧ ❤ ❡ ❡ ❡ ♥ ♦ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡
✇✐ ❤ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ② ❛ ❡
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ♣ ❡ ❡ ✈ ❡ ❤ ❡✐ ② ♠ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉ ♥ ❞ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ✲
❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ Ẽ 1 ✱ ✐✳ ❡✳✱ ✐ ♥ ⟨ Ẽ 1 u ⟩✳ ❆ ② ♠ ♠ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ✱ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛❢ ❡ ✇ ♦✲ ❡ ♣ ♦ ♠ ✉❧ ✐ ❡ ♣
♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡✐ ♣ ♦❧ ❛ ❢ ♦ ♠ ✭ ✶ ✾ ❆✮ ✕ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶ ✶✳ ✸
❛ ♥ ❞ ❢ ✉ ❤ ❡ ✐ ♥ ❈ ❤✳ ✼ ❆✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ♠ ❡ ♥ ❛ T P ❡ ❛ ✐❧ ② ❛ ♥ ❞ ❝❧ ❛ ✐ ②
♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ♠ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥❧ ❡ ❡ ♥ ♦ ✭ ✶ ✵ ✵ ❆✮✳ ■ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❡ ♥ ♦ ❢ ♦ ♠ ✐ ♣ ❡ ❡ ✈ ❡ ❞ ✉ ♥ ❞ ❡
F = 0 ↔ T P = ❈ ❖ ◆ ❙ ❚✳ ❚ ❤ ❡ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ✐ ❤ ❛ ❤✐ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠✿

T P = P ·
← − − − −
e α · e α

′ + P 0 ·
− − − − →
e α · e α

′ p
p ′ E / c

= m c ·
← − − − −
e α · e α

′ + m 0 c ·
− − − − →
e α · e α

′ m v
m v ′ m c

. ( 1 0 1 A )

❚ ❤ ❡ ( 3 + 1) × ( 3 + 1) ✲ ❡ ♥ ♦ ✐ ♣❧✐ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡❧ ② ✐ ♥ ❤ ❡ 3 × 3 ✲ ❡ ♥ ♦ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

{ [ c o s h γ ·
← − − − −
e α · e α

′ +
− − − − →
e α · e α

′] · P 0 } ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ✱ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ P = P 0 · c o s h γ

♦ ♥ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
− − →
ct ( 1 ) ✭ ❛ ❝ ❝ ♦ ❞✐ ♥❧ ② E = E 0 · c o s h γ = m 0 c 2 · c o s h γ ✮✱ ❛ ♥ ❞ ✇ ♦ ♠ ✉ ✉ ❛❧❧ ②

❛ ♥ ♣ ♦ ❡ ❞ 3 × 1 ✲ ❛ ♥ ❞ 1 × 3 ✲ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ p = P 0 · si n h γ · e α = m 0 v ∗ = m v ❛ ♥ ❞ p ′✳
■ ♥ ❛❧❧ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✱ ❤ ❡ ✈ ❛❧ ✉ ❡ P 0 = m 0 c ❛ ♥ ❞ E 0 = m 0 c 2 ❢ ♦ ❛ ♠ ❛ ✐ ✈ ❡
♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ ❛ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ❛❧ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❜ ✉ P 0 = m 0 c ✭ ✾ ✽ ❆✲■■✮ ❛ ❛ ✐ ❣ ❤
❝ ♦❧ ✉ ♠ ♥ P 0 ✐ ♥ ✭ ✶ ✵ ✶ ❆✮ ✐ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✐ ♠✐❧ ❛ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳

■ ♥ ✐ ✉ ♥✱ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ ❡ ① ❡ ♥ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤✐
♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱ ✜ ① ❡ ❞ ❜ ② ❖ ❜ ❡ ✈ ❡ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ✱ ❤ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♥ ❛ ✉ ❡✳ ■ ✐ ❞ ❡ ❝ ✐ ❜ ❡ ❞
✐ ♥ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✈ ❛ ✐ ❛ ♥ ❜ ② ❤ ❡ ♠ ❡ ❛ ✉ ❡❧ ❡ ( 3 + 1) × ( 3 + 1) ✲ ❡ ♥ ♦ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥
✭ ❈ ❤✳ ✹ ❆✮✳ ❉ ✉ ❡ ♦ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❡ ❡ ♠✐ ♥ ❣ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ♦❢ ♠ ♦ ✈✐ ♥ ❣ ❜ ♦ ❞ ② ✈ ♦❧ ✉ ♠ ❡✱ ✐ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡
❞ ❡ ♥ ✐ ② ❡ ❡ ♠ ♦ ✐ ♥ ❝ ❡ ❛ ❡✳ ❇ ✉ ❤ ❡ ❡ ✐ ♥ ♦ ♣ ❡ ✐ ♥ ❣ ❢ ♦ ❝ ❡ ❛ ❝ ✐ ♥ ❣ ♦ ♥ ❤ ❡ ❜ ♦ ❞ ② ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥
♦❢ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ■ ♥ ♥ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ❝ ❡ ✐ ❛ ❜ ♦❧ ✉ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ ✭ ✽ ✶ ❆✮✱ ✐ ✈ ❛❧ ✉ ❡ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞
♦ ♥❧ ② ✐ ♥ ♦ ✇ ♥ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ✐ ♥ ❡ ✐ ❛❧ ❜ ❛ ❡ Ẽ m ✇✐ ❤ ❤ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ F / m 0 ✳

■ ♥ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❙ ❚ ❘✱ ❛❧❧ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢
♣ ❤ ② ✐ ❝ ❛❧ ✈ ❛❧ ✉ ❡ ♠ ❛ ② ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ♠ ♦ ❡ ❝❧ ❛ ✐ ② ❛ ♥ ❞ ❜ ✐ ❡ ✢ ② ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❡ ♠ ❡ ❛ ✉ ❡❧ ❡

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ② ✐ ♦ ✈ ❡ ❤ ❡ ♠✳ ❲❡ ✉ ❡ ❞
❤ ❡ ✐ ❣ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✇✐ ❤ { I ± } ✐ ♥ ✭ ✾ ✸ ❆✮✱ ✭ ✶ ✵ ✵ ❆✮✱ ✭ ✶ ✵ ✶ ❆✮✱ ❡ ❝✳

❚ ❤✐ ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❤✐ ♦ ✐ ❝ ❛❧❧ ② ❜ ② ❤ ❡ ❢ ❛ ❝ ✱ ❤ ❛ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡✱ ❞✐ ❝ ♦ ✈ ❡ ✐ ♥ ❣ ✐ ♥ ✶ ✾ ✵ ✺ ❤ ❡ ♥ ❡ ✇
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ✐ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥✱ ❛ ♥ ❞

❧ ❛ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✶ ✾ ✵ ✽ ❬ ✻ ✻✱ ✻ ✺❪ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ✐ ❜ ② ✉ ✐ ♥ ❣ ❤✐ ✉ ♥✐ ② ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ± } ✳ ■ ✐ ✐ ♥
❤ ❡ ❝ ❛ ❡✱ ❛ ✐ ❣ ♥ ❛ ✉ ❡ ♦❢ ❤✐ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✐ ♠ ❡✲ ❛ ♦ ✇

✇✐ ❤ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ c ❛ ♥ ❞ ♦ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱
❊✐ ♥ ❡✐ ♥ ❧ ❛ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❤✐ ♦ ❤ ❡ ❡ ① ❛ ❝ ♦ ♣ ♣ ♦ ✐ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❬ ✻ ✾❪✳ ❚ ❤ ❡ ❛ ♠ ❡ ✐ ❣ ♥ ❛ ✉ ❡
✇✐ ❤ { I ± } ✇✐❧❧ ❜ ❡ ✉ ❡ ❞ ❜ ② ✉ ✐ ♥ ❤ ❡ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ♦✲ ❝ ❛❧❧ ❡ ❞ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢
❘ ❡❧ ❛ ✐ ✈✐ ② ✕ ❜ ❡ ② ♦ ♥ ❞ ❤ ❡ ❤ ♦ ✐ ③ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥ ❛ ✐❢ ✐ ♥ ❛ ♥ ♦ ❤ ❡ ❛ ❞❥ ❛ ❝ ❡ ♥ ♦ ❤ ❡ ✐ ❞ ❡ ❞ ✇ ♦ ❧ ❞ ✐ ♥ ❤ ❡
❡ ♥ ✐ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❜ ② ▼✐ ♥ ❦ ♦ ✇ ❦✐✳ ❙ ❡ ❡ ❤✐ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✳

✯ ✯ ✯

▲ ❡ ✉ ❡ ✭ ✼ ✾ ❆✮✱ ✭ ✽ ✶ ❆✮✱ ✭ ✽ ✻ ❆✮ ❢ ♦ ❞ ❡ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❩✐ ♦❧ ❦ ♦ ✈ ❦ ② ❢ ♦ ♠ ✉❧ ❛ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱
❢ ♦ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ♦ ❝ ❦ ❡ ♦❢ ❊ ✉ ❣ ❡ ♥ ❙ ☎❛ ♥ ❣ ❡ ❬ ✶ ✶ ✷❪ ♠ ♦ ✈✐ ♥ ❣ ❞ ✉ ❡ ♦ ❡ ❛ ❝ ✐ ✈ ❡ ❢ ♦ ❝ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ✳

F = m 0 (τ ) · g (τ ) = u ·
d m 0 (τ )

d τ
⇒ u ·

d m 0 (τ )

m 0 (τ )
= g (τ )d τ = c d γ (τ ) ⇒

⇒ m 0 (τ ) = m 0 e x p[ − (c / u ) · γ (τ )] = m 0 e x p { − (c / u ) · ❛ ✐ ♥ ❤ [v ∗ (τ )/ c ]} ,

✇ ❤ ❡ ❡ m 0 ❛ ♥ ❞ m ❛ ❡ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❛ ♥ ❞ ❝ ✉ ❡ ♥ ♠ ❛ ♦❢ ❤ ❡ ♦ ❝ ❦ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ m ✱ ❛ ♥ ❞ u ✐ ❤ ❡
❢ ✉ ❡❧ ♦ ✉ ✢ ♦ ✇ ✈ ❡❧ ♦ ❝✐ ②✱ γ (τ ) = ❛ ✐ ♥ ❤ [v ∗ (τ )/ c ]✳ ❲❡ ❞ ❡ ❛❧ ✇✐ ❤ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥✦ ❋ ♦ ❛
❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ♣ ❤ ♦ ♦ ♥ ♦ ❝ ❦ ❡ ✭ ❛ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ✐ ❞ ❡ ❛❧ ✈ ❛ ✐ ❛ ♥ ✮✱ ❤ ❡ ❡ ❤ ♦❧ ❞ u = c ✱ ❛ ♥ ❞

m 0 (τ ) = m 0 e x p[ − γ (τ )] = m 0 e x p { − ❛ ✐ ♥ ❤ [v ∗ (τ )/ c ]} = m 0 e x p { − ❛ ❛ ♥ ❤ [v (t)/ c ]} .



✷ ✵ ✹ ❆ ❊ ◆ ❉ ■ ❳

❈ ♦ ♠ ♣ ❛ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♦ ✇ ♥ ♠ ❛ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ♦❢ ❤ ❡
♣ ❤ ♦ ♦ ♥ ♦ ❝ ❦ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❩✐ ♦❧ ❦ ♦ ✈ ❦ ② ❢ ♦ ♠ ✉❧ ❛ ❛ ♥ ❞ ✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✈ ❛ ✐ ❛ ♥ ❛ ❜ ♦ ✈ ❡✿

m 0 e x p( − v ∗ / c ) < m 0 e x p[ − ❛ ✐ ♥ ❤ (v ∗ / c )] = m 0 e x p[ − ❛ ❛ ♥ ❤ (v / c )] < m 0 e x p( − v / c ),

❛ ♥ ❞ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ si n h γ > γ > t a n h γ ✳

▲ ❡ ❤ ❛ ❤ ❡ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ♣ ❤ ♦ ♦ ♥ ♦ ❝ ❦ ❡ ✢✐ ❡ ♦ ❤ ❡ ❛ ♦ ①✐ ♠ ❛ ✭✐✳ ❡✳✱ ♥ ❡ ❛ ❡ ✮ ❈ ❡ ♥ ❛ ✉ ✐
❛ ♥ ❞ ❡ ✉ ♥ ♦ ❤ ❡ ❊ ❛ ❤✳ ❚ ❤ ❡ ♥ ❤ ❡ ✐ ❞ ❡ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ✭ ❜ ② ❛ ❦ ❡ ♥ ✐ ♠ ❡✮ ♦❢ ❤ ❡ ✢✐ ❣ ❤ ❛ ❡✿

• ❤ ❡ ❢ ✉ ❡❧ ♦ ✉ ✢ ♦ ✇ ✈ ❡❧ ♦ ❝✐ ② u = c ❢ ♦ ❛ ♣ ❤ ♦ ♦ ♥ ♦ ❝ ❦ ❡ ✭ ❛ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ♠ ❛ ①✐ ♠ ✉ ♠✮✱

• ❝ ♦ ♥ ❛ ♥ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g = 1 0 ♠ ✴ ❡ ❝
2

❛ ♦ ♥ ❤ ❡ ❊ ❛ ❤ ✕ ❛❧ ♦ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ❝ ❛ ❡ ♥ ❛ ②✱
• ❤ ❡ ♦ ♥ ❡✲ ✇ ❛ ② ❞✐ ❛ ♥ ❝ ❡ L = 2 χ ≈ 4 0 .3 · 1 0 1 5 m ≈ 4 .2 5 ❧✐ ❣ ❤ ② ❡ ❛ ✳
❈ ♦ ♥ ✐ ❞ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❡ ✈ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❝ ❦ ❡ ✕

❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✸ ❆✳ ❚ ❤✐ ❡ ① ❛ ♠ ♣❧ ❡ ✐❧❧ ✉ ❛ ❡ ❝❧ ❡ ❛ ❧ ② ❤ ❡ ✇✐ ♥ ♣ ❛ ❛ ❞ ♦ ① ✳ ❋ ♦ ❤✐ ✢✐ ❣ ❤ ✱ ♦❢ ❝ ♦ ✉ ❡✱
❛ ❛ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ❛ ✈ ❡❧✱ ✇✐ ❤ ✭ ✽ ✻ ❆✮✱ ✭ ✽ ✼ ❆✮✱ ✭ ✾ ✹ ❆✮ ❛ ♥ ❞ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ❢ ♦ ♠ ✭ ✾ ✺ ❆✲■✮✱ ✇ ❡ ❤ ❛ ✈ ❡✿

χ = L / 2 = R ·( c o s h γ m a x − 1) , c o s h γ = 1 + g x / c 2 = 1 + x / R → ( c o s h γ − 1) ∼ x, (R = c 2 / g );

τ = 4( c / g )γ m a x , t( 1 ) = 4( c / g ) si n h γ m a x , t( 1 ) / τ = si n h γ m a x / γ m a x ;

v m a x = c · t a n h γ m a x , v∗m a x = c · si n h γ m a x ;

m 0 (τ )/ m 0 = e x p[ 4( − c / u )γ m a x ], ❛ u = c : m 0 (τ )/ m 0 = e x p[ − 4 γ (τ )], (γ = c τ / R ).

❈ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❣✐ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉❧ ♠ ❛ ♣ ♣✐ ♥ ❣ ❜ ❡❧ ♦ ✇ ❛ ❋✐ ❣ ✉ ❡ ✸ ❆✿

χ ≈ 2 0 .1 5 · 1 0 1 5 ♠ , (L = 2 χ ≈ 4 0 .3 · 1 0 1 5 m ),  R ≈ 9 · 1 0 1 5 ♠ , tF ≈ 3 0 5 ❞ ❛ ② ;

c o s h γ m a x ≈ 3 .2 3 9 , si n h γ m a x ≈ 3 .0 8 1 , t a n h γ m a x ≈ 0 .9 5 1 , γm a x ≈ 1 .8 4 4

✉ ♥ ❞ ❡ ❛ ❝ ✐ ♥ ❣ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ✉ ❛❧✐ ② c o s h γ > si n h γ > γ > t a n h γ ❀

v m a x ≈ 0 .9 5 1 c ❛ ♥ ❞ v ∗
m a x ≈ 3 .0 6 1 c ✇✐ ❤ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❜ ♦ ❤ ✐ ♠ ❡

t( 1 ) ≈ 3 .7 0 · 1 0 8 ❡ ❝ ≈ 1 1 .7 ② ❡ ❛ , τ ≈ 2 .2 1 · 1 0 8 ❡ ❝ ≈ 7 , 0 1 ② ❡ ❛ < 2 L ≈ 8 , 5 0 ❧✐ ❣ ❤ ② ❡ ❛ !

❱ ❛ ✐ ♦ ✉ ❝ ♦ ♠✐ ❝ ❙ ❚ ❘✲ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ✜ ❛ ♥ ❛❧ ② ③ ❡ ❞ ❜ ② ✳ ▲ ❛ ♥ ❣ ❡ ✈✐ ♥ ✐ ♥ ❬ ✽ ✺❪✳ ❖ ✉ ❙ ❚ ❘✲
❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ✈ ❡ ② ❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇✐ ♥ ♣ ❛ ❛ ❞ ♦ ① ✐ ♥ ✐ ❞ ❡ ❛❧ ❡ ❣✐ ♠ ❡
♦❢ ❤ ❡ ❝ ♦ ♠✐ ❝ ✢✐ ❣ ❤ ✇✐ ❤ ❤ ❡ ❊ ❛ ❤ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥✿ ✇ ❡ ♦ ❜ ❛✐ ♥ ❢ ♦ ❤ ❡ ✶✲ ✇✐ ♥✲ ❛ ♦ ♥ ❛ ✉
♣ ♦ ♣ ❡ ✐ ♠ ❡ τ ≈ 7 ② ❡ ❛ ❛ ♥ ❞ ❢ ♦ ❤ ❡ ✷✲ ♥ ❞ ✇✐ ♥ ♦ ♥ ❤ ❡ ❊ ❛ ❤ t( 1 ) ≈ 1 1 .7 ② ❡ ❛ ❛ ✐ ♠ ❡
❡❧ ❛ ✐ ♦ ♥ t( 1 ) / τ ≈ 1 .6 7 ✳ ❈ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ t( 1 ) ♦ ♥ ❤ ❡ ❊ ❛ ❤ ♦❢ ❧✐ ❣ ❤ ♣ ❡ ❛ ❞✐ ♥ ❣ ❤ ❡ ❡ ❛ ♥ ❞ ❜ ❛ ❝ ❦

✇✐ ❤ ✈ ❡❧ ♦ ❝✐ ② c ✭2 L ≈ 8 .5 0 ❧✐ ❣ ❤ ② ❡ ❛ ✮ ✐ ❣ ❡ ❛ ❡ ❤ ❛ ♥ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ♦❢ ❤ ❡ ✇✐ ♥✲ ❛ ♦ ♥ ❛ ✉ ✦
❘ ❡❧ ❛ ✐ ✈ ❡ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ♦ ✇ ♥ ♠ ❛ ❞ ✉ ❡ ♦ ♦ ♥❧ ② ❡ ① ♣ ❡ ♥ ❞✐ ✉ ❡ ♦❢ ❢ ✉ ❡❧✱ ❞ ✉ ❡ ♦ ♦ ✉ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛✱
✐ m 0 (τ )/ m 0 = e x p( − 4 γ m a x ) ≈ 1 / 1 6 0 0 ✦✦✦ ✭■ ♥ ❈ ❤✳ ✾ ❆✱ ❜ ② ✭ ✷ ✵ ✾ ❆✮✱ ✇ ❡✬❧❧ ❤ ♦ ✇ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ②
♦❢ ❤✐ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ✐ ♠ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ✇✐ ❤ ❤ ❡ ✐ ♠ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ❢ ♦ ♠ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦❢ ♦ ♥❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✦✮

❆ ♣ ❤ ♦ ♦ ♥ ♦ ❝ ❦ ❡ ✇✐ ❤ ❡ ❡ ✐ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❡ ❛ ❝ ❤ ❡ ❤ ❡ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② c ❢ ♦ ♣ ❡ ✐ ♦ ❞ ❧ ❡
❤ ❛ ♥ ♦ ♥ ❡ ② ❡ ❛ ✱ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② ✐ ♥ ❝ ❡ ❛ ❡ ✉ ♣ ♦ 3 c ✱ ❜ ✉ ❛ ❤ ❡ ❡ ♥ ❞ ♦❢ ❤ ❡ ✐ ♣ ❤ ❡ ♦ ✇ ♥

♠ ❛ ♦❢ ❤ ❡ ♦ ❝ ❦ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ✐ ♥ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ♠ ❛❧❧ ✭ m 0 / 1 6 0 0 ✮✳ ❍ ❡ ♥ ❝ ❡ ✉ ❝ ❤ ❝ ♦ ♠✐ ❝ ✢✐ ❣ ❤ ❡ ✈ ❡ ♥
♦ ♥ ❡ ❛ ❡ ❛ ✇✐ ❤ ❡ ✉ ♥ ♦❢ ❛ ♦ ♥ ❛ ✉ ♦ ♥ ♦ ❤ ❡ ❊ ❛ ❤ ❜ ② ❙ ❚ ❘ ▲ ❛ ✇ ❛ ❡ ✐ ♠ ♣ ♦ ✐ ❜❧ ❡ ❢ ♦

❝ ♦ ♥ ❡ ♠ ♣ ♦ ❛ ② ♣ ❡ ♦ ♣❧ ❡ ✭ ♥ ♦ ❢ ♦ ♦ ❜ ♦ ✮ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❡ ♠ ♣ ② ♣ ♦❥ ❡ ❝ ♦❢ ✈ ♦ ② ❛ ❣ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ● ❚ ❘
❤ ♦ ✉ ❣ ❤ ✧ ✇ ♦ ♠ ❤ ♦❧ ❡ ✲ ✉ ♥ ♥ ❡❧ ✧ ✐ ♥ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❛ ❛ ♣ ❡ ✉ ❞ ♦✲ ❝✐ ❡ ♥ ✐ ✜ ❝ ❘✲ ♣ ♦ ♣ ✉❧✐ ♠✱ ❡ ❝✳✦

❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ♣ ❛ ❛ ❞ ♦ ①✐ ❝ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② τ ≈ 7 , 0 1 ② ❡ ❛ < 2 L ≈ 8 , 5 0 ❧✐ ❣ ❤ ② ❡ ❛ ✭ ❣ ♦ ❡ ♥ ❞ ✉ ❡
♦ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ✐ ♥✐ ✐ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ✢✐ ❣ ❤ ✮ ❤ ♦ ✇ ✱ ❤ ❛ ❛ ♦ ♥ ❛ ✉ ❞ ✉ ✐ ♥ ❣ ✉ ❝ ❤ ❡ ✈ ❡ ❡

❝ ♦ ♠✐ ❝ ✢✐ ❣ ❤ ❛ ✐❢ ♦ ✉ ✐ ♣ ❤ ❡ ❧✐ ❣ ❤ ✦✦✦ ■ ♥ ❞ ❡ ❡ ❞✱ ❛ ❛ ❞✐ ♦✲ ✐ ❣ ♥ ❛❧ ❡ ♥ ❜ ② ❤ ❡ ❛ ♦ ♥ ❛ ✉ ❛ ❤ ❡
♠ ♦ ♠ ❡ ♥ ♦❢ ❤ ❡✐ ❞ ❡ ♣ ❛ ✉ ❡ ❢ ♦ ♠ ❤ ❡ ❊ ❛ ❤ ♦ ❤ ❡ ❙ ❛ ♦ ①✐ ♠ ❛ ❈ ❡ ♥ ❛ ✉ ✐ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ❛❢ ❡
✐ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❙ ❛ ♠ ✉ ❡ ✉ ♥ ♦ ❤ ❡ ❊ ❛ ❤ ✐ ♥ 2 L = 4 χ ≈ 8 , 5 0 ❧✐ ❣ ❤ ② ❡ ❛ ✳ ❇ ✉ ❤ ❡
❛ ♦ ♥ ❛ ✉ ❡ ✉ ♥ ♦ ♥ ♦ ❤ ❡ ❊ ❛ ❤ ✐ ♥ τ ≈ 7 ② ❡ ❛ < 2 L ❜ ② ❤ ❡✐ ❛ ♠ ❡ ❝❧ ♦ ❝ ❦ ✦ ❚ ❤✐ ✉ ♥ ✉ ✉ ❛❧
♣ ❛ ❛ ❞ ♦ ① ♦❢ ❙ ❚ ❘✱ ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✳



❈ ❍ ❆ ❚ ❊ ❘ ✺ ❆✳ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✵ ✺

Fi g u r e 3 A . ❘ ❡ ✈ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ❜ ♦ ❞ ② ✭ ❛ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ♦ ❝ ❦ ❡ ✮ ✐ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✿
♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ✭ ❛ ❤ ❡ ❧ ❡❢ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ❛✮ ❛ ♥ ❞ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ✭ ❛ ❤ ❡ ✐ ❣ ❤ ♦ ♥ ❝ ❛ ❡ ♥ ❛ ②✮

✉ ♥ ❞ ❡ ❛ ❝ ✐ ♥ ❣ ❡ ❛ ❝ ✐ ✈ ❡ ❢ ♦ ❝ ❡ ❝ ❛ ✉ ✐ ♥ ❣ ❝ ♦ ♥ ❛ ♥ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥✳

■ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( m ) ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ♦ ❝ ❦ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( 1 ) ✱
❧✐ ❣ ❤ ♣ ❡ ❛ ❞ ❛ ✉ ✉ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② c = d x ( m ) / d τ = d χ / d (ct ( 1 ) )✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❢ ♦ ♠ ❤ ❡
♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❤ ❡ ❛ ♦ ♥ ❛ ✉ ❜ ② ❤ ❡✐ ❝❧ ♦ ❝ ❦ ✐ ♥ ❤ ❡ ♦ ❝ ❦ ❡ ✱ ❡❧ ❛ ✐ ✈ ❡ ♦❢ ❤ ❡ ♠ ✈ ❡❧ ♦ ❝✐ ② ♦❢
❧✐ ❣ ❤ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✐ d χ / d τ = d x ( 1 ) / d (ct ( m ) ) = c o s h γ · c > v ∗ = si n h γ · c ✱ ✐✳ ❡✳✱ ❤ ❡ ❛ ♦ ♥ ❛ ✉
❞ ♦ ♥ ♦ ♦ ✉ ✐ ♣ ❤ ❡ ❧✐ ❣ ❤ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✦ ✭■ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❡ ❛ ♦ ♥✱ ❤ ❛ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( m )

❛ ♥ ❞ ✐ ♠ ❡
−− − →
ct ( m ) ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ♦ ♥ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ❡ ♦ ❛ ❡ ❞ ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡

γ = ❛ ✐ ♥ ❤ (v ∗ / c ) = ❛ ❛ ♥ ❤ (v / c ) ✇✐ ❤ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ♦ ❝ ❦ ❡ ✭ ❈ ❤✳ ✸ ❆✮✳
❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ❛ ❞✐ ♦✲ ✐ ❣ ♥ ❛❧ ❡ ✉ ♥ ♦ ♣ ❡ ♦ ♣❧ ❡ ♦❢ ❤ ❡ ❊ ❛ ❤ ✐ ♥ t( 1 ) = 2 L ≈ 8 .5 0 ② ❡ ❛ ✱ ❤ ❡ ②
✇✐❧❧ ♠ ❡ ❡ ❤ ❡ ❛ ♦ ♥ ❛ ✉ ♦ ♥ ❤ ❡ ❊ ❛ ❤ ✐ ♥ t( 1 ) ≈ 1 1 .7 ② ❡ ❛ ✳ ❚ ❤✐ ♣ ❛ ❛ ❞ ♦ ① ✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛❧ ♦
❜ ② ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ✐ ♠✐❧ ❛ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❡ ✛ ❡ ❝ ♦❢ ❙ ❚ ❘✱ ✇✐ ❤ ❡ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢
✐ ♠ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ❛ ❡ ♣ ♦ ✐ ❜❧ ❡ ♦ ♥❧ ② ✉ ♥ ❞ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ✇ ♦ ❣ ❡ ❛ ✐ ♥ ❝✐ ♣❧ ❡

♦❢ ◆ ❛ ✉ ❡✳ ❚ ❤ ❡ ② ❛ ❡ ❤ ❡ ♦ ✉❧ ❛ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ❬ ✻ ✸❪ ❛ ♥ ❞ ❤ ❡ ▼ ❛ ❝ ❤ ✐ ♥ ❝✐ ♣❧ ❡ ❬ ✺ ✺❪
✭ ❡ ❝ ✳ ✶ ✷✳ ✸ ❛ ♥ ❞ ❈ ❤✳ ✾ ❆✮✳ ❙ ❡ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❛ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✵ ✾ ❆✮✳



❈ ❤ ❛ ♣ ❡ ✻ ❆
■ ♦ ♠ ♦ ♣ ❤✐ ❝ ♠ ❛ ♣ ♣✐ ♥ ❣ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦❢ ✐ ♥ ❞ ❡ ① ✶
✐ ♥ ♦ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡

❙ ♣ ❛ ❝ ❡ ✐ ❡❧❢✱ ✇✐ ❤ ♦ ✉ ♠ ❛ ❡ ♠ ♦ ✈✐ ♥ ❣ ♦ ✜ ❡❧ ❞✱ ❤ ❛ ♥ ♦ ❛ ♥ ② ♣ ❤ ② ✐ ❝ ❛❧ ❡ ♥ ❡✳ ■ ✇✐ ❤ ✐ ❣ ❡ ♦ ♠ ❡ ②
❛ ❡ ❛ ❜ ❛ ❝ ♠ ❛ ❤ ♠ ♦ ❞ ❡❧ ✱ ✉ ❡ ❞ ❢ ♦ ♠ ❛ ①✐ ♠ ❛❧ ❛ ❞ ❡ ✉ ❛ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣
♦ ❍✳ ♦✐ ♥ ❝ ❛ ✁❡ ❬ ✻ ✶❪✱ ♦❢ ❧ ❛ ✇ ♦❢ ♠ ❛ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❢ ♦ ♠ ✳ ❙ ♦✱ ✐ ♥ ❈ ❤✳ ✺ ❆✱ ✇✐ ❤ ❤✐

❛ ♣ ♣ ♦ ❛ ❝ ❤ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 ♦❢ ⟨ P 2 + 1 ⟩ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡
✉ ♥✐ ♥ ❡ ✐ ❛❧ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

C ⟩ ↕ ✭ ✾ ✻ ❆✮ ✇✐ ❤ ♦ ✇ ♥ ❊ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥

❝ ♦ ❜ ❛ ❡ Ẽ C = { χ, −→c τ } ❢ ♦ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❜ ② ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ②
−→
ct ✳

■ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 2 ⟩ ( 1 ) ✐ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ❛ ♥ ✳ ■ ♥ ❤ ❡ ❧ ❛ ❡ ✱ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦✲
❛ ✐ ♦ ♥ r ot Θ ❛ ❡ ♣ ❡ ❡ ✈ ❡ ❞✱ ❜ ✉ ❛ ♦ ✉ ♥ ❞ −→c τ ✳ ❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡✲

❛ ♦ ✇ −→c τ ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✇✐ ❤ ▲ ❛ ♠ ❜ ❡ ✐ ❛ ♥ γ (φ ) ✐ ♥ Ẽ 1 ✐ ♥ ♦ ♥ ❡ ✇ ❡ ❝ ✐ ✜ ❡ ❞ ✐ ♠ ❡ ❛ ①✐ −→c τ ✱ ❛ ✐ ✐
♣ ❡ ♠ ❛ ♥ ❡ ♥ ❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❡ ❞✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ⟨ E 2 ⟩ ( 1 ) ≡ ❈ ❖ ◆ ❙ ❚ ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✶✮ ✕✭ ✹✮✳
❈ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ♣ ♦✐ ♥ ♦ ♥ ❝ ❛ ❡ ♥ ❛ ② ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❝ ♦ ❜ ❛ ❡ Ẽ 1 ,2 = { χ, −→c τ } ✜ ① ♣ ♦ ♣ ❡ ✐ ♠ ❡ c τ

❛ ♥ ❞ ♣ ♦ ♣ ❡ ❞✐ ❛ ♥ ❝ ❡ χ ✐ ♥ Ẽ 1 ✳ ❙ ② ♥ ❝ ❤ ♦ ♥✐ ♠ ♦❢ ❡ ✈ ❡ ♥ ❢ ♦ N 1 ❛ ♥ ❞ N m ✐ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ♦ ⟨ E 3 ⟩ ( 1 ) ✳

❚✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1
C ⟩ ↕ ✐ ② ♥ ❤ ❡ ✐ ③ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ✭❧✐ ❣ ❤ ✮ ❝ ♦ ♥✐ ❝ ❝ ❛ ✈✐ ✐ ❡ ✇✐ ❤ ♦ ♥❧ ②

❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✇✐ ❤ ♦ ✉ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ♣ ❛ ✐ ♥ ❤ ❡
❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ②✮ ❜ ② ❛ ♥ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡

−→
ct ❛ ♥ ❞ −→c τ ❛ ⟨ E 2 ⟩ ( 1 ) ≡ ❈ ❖ ◆ ❙ ❚✳ ❙ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

C ⟩ ↔

✐ ② ♥ ❤ ❡ ✐ ③ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝ ♦ ♥✐ ❝ ❝ ❛ ✈✐ ② ✇✐ ❤ ❤ ❡ ❡ ♥ ✐ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ⟨ P 2 + 1 ⟩ ❢ ♦ ✐

❜ ② ❛ ♥ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ⟨ E 2 ⟩ ( 1 ) ❛ ♥ ❞ ⟨ E 2 ⟩ ( 2 ) ❛
−→
ct = ❝ ♦ ♥ ✳ ❙ ♦✱ ♦ ♥ ❡ ♠ ❛ ② ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ♠ ❡ ♥ ❛❧❧ ② ✉ ❝ ❤

♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ❋✐ ❣ ✉ ❡ ✹ ❛ ♥ ❞ ✷ ❆✭ ✹✮✦ ❇ ♦ ❤ ♣ ❛ ❝ ❡ ❤ ❛ ✈ ❡ ♦ ✇ ♥ ❣ ♦ ✉ ♣ ♦❢ r ot Θ ✐ ♥ ⟨ E 2 ⟩ ( 1 ) ❛ ♥ ❞
⟨ E 2 ⟩ ( 2 ) ✱ ❜ ✉ ♦ ♥❧ ② ♦ ♥ ❡✲ ❡ ♣ ♦ ✇ ♥ ❛ ❞ ♠✐ ✐ ❜❧ ❡ r ot Φ( Γ) ✇✐ ❤ ♦ ✇ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳

■ ♥ ✶✲ ✈ ❛ ✐ ❛ ♥ ✱ ♦ ♥ ❡✲ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❛ ❧ ♦ ❝ ✉ ♦❢ ♣ ❛ ❛❧❧ ❡❧ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ± −→c τ (γ )

✐ ♥ Ẽ 1 = { χ,
−→
ct } ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ❛ ❝ ❡ ♥ ❡ ❡ ❞ ❝ ②❧✐ ♥ ❞ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❝ ♦ ❜ ❛ ❡ Ẽ C = { χ, −→c τ } ❀

✐ ❣ ❡ ♥ ❡ ❛ ✐ ① ❧✐ ♥ ❡ ❛ ❡ ❡ ❝ ✐ ✜ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ❛ ❤ ❡ ♥ ❡ ✇ ✐ ♠ ❡ ❛ ① ❡ −→c τ ✳ ❆ ❝✐ ❝ ✉❧ ❛ ❡ ♦❢
❛ ① ❡

−→
ct ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ Ẽ 1 ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✇✐ ❤ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❝ ❡ ♥ ❛❧ ❛ ①✐

−→
ct ✐ ♥

❛ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ❛ ❛ ❧ ♦ ❝ ✉ ✐ ♥ ⟨ Q 2 + 1
C ⟩ ↕ ♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ±

−→
ct (φ ) ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✺ ❆✮ ❡ ① ♣ ❡ ❡ ❞

✐ ♥ Ẽ C = { χ, −→c τ } ✭ ❛ ct ↔ c τ ✮✳ ❚ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✇✐ ❤ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ♦ ♥ ❡ ♥
❛ ❡ ❝ ♦ ♥ ❝ ❡ ♥ ❛ ❡ ❞ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ♥ ❡ ✇ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ❛ ①✐ −→c τ ✇✐ ❤ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♦ ♥✳ ❆ ❝ ❛ ❡ ♥ ♦✐ ❞
■ ✐ ❛ ♠✐ ♥✐ ♠ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

C ⟩ ↕ ✳ ■ ❤ ❛ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ✭ ❛ ❛ ♦ ♥ ❡ ❤ ❡ ❡

❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✮ ❛ ♥ ❞ ✐ ✐ ♦ ❜ ❛✐ ♥ ❡ ❞ ✇✐ ❤ ❡ ✈ ♦❧ ✈✐ ♥ ❣ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ±
−→
ct (φ ) ❛ ♦ ✉ ♥ ❞ ❤ ❡

♥ ❡ ✇ ✐ ♠ ❡ ❛ ①✐ −→c τ ❛ O ✱ ❡ ❡ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✹✮✳ ❚ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
−→
ct (φ )

✐ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ ct ❞ ✉ ❡ ♦ ✭ ✾ ✺ ❆✲■■✮✳ ❚ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡ c τ ✐ ♠ ❡ ❛ ✉ ❡ ❞ ❜ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✇ ❛ ②
❛❧ ♦ ♥ ❣ ❛ ①✐ −→c τ ✳ ❚ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ⟨ P 2 + 1 ⟩ → ⟨ Q 2 + 1

C ⟩ ↕ ✱ ✇✐ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ✐ ♥
❝ ❛ ❡ ♥ ❛ ✐ ❡ ✱ ❣ ♦ ✇✐ ❤ ❡ ♣❧ ❛ ❝✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ❛ ✉ ❡ ❢ ♦ ✐ ♠ ❡ ❜ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ✐ ♥ ❤ ❡
❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ✐ ♠ ❡✲❧✐ ❦ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 2 + 1

C ⟩ ↕ ♦❢ ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝

❝ ✉ ✈ ❡ ❛ ❛ ❧ ♦ ❝ ✉ ♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♦ ✇ ±
−→
ct (φ ) ✇✐ ❤ ❛ ♥ ② ❧ ♦ ♣ ❡ ✳ ❚ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ✐ ❛ ❡ ✉❧ ♦❢

❞✐❧ ❛ ✐ ♥ ❣ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ♠ ❡ ❛ ① ❡ ✇✐ ❤ ❧ ♦ ❝ ❛❧ k = d τ / dt = ❡ ❝ ❤ γ ✳

■ ♥ ✷✲ ♥ ❞ ✈ ❛ ✐ ❛ ♥ ✱ ❛ ✇ ♦✲ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ❛ ✇ ❛✐ ♥ ❧ ♦ ❝ ✉ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡
± λ (γ ) ✐ ♥ Ẽ 1 = { χ,

−→
ct } ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ❛ ✇ ❛✐ ♥ ❝✐ ❝ ✉❧ ❛ ❡ ♦❢ ❡ ❝ ✐ ✜ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ λ

❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦ ❜ ❛ ❡ Ẽ C = { x 2 ,
−→
ct } ❛ ♥ ❞ ❛ ❞✐ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡✐ ✇ ♦ ❝ ❡ ♥ ❡ C I I ✭ ❋✐ ❣ ✉ ❡ ✹✮

❛ ❤ ❡ ♥ ❡ ✇ ♣ ❛ ❝ ❡ ❛ ① ❡ λ ✐ ♥ ❤ ❡ ♥ ❡ ✇ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( 2 ) ✳ ❆ ✇ ❛✐ ♥ ❝✐ ❝ ✉❧ ❛ ❡ ♦❢ ❛ ① ❡ χ

❡ ① ♣ ❡ ❡ ❞ ✐ ♥ Ẽ 1 ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✇✐ ❤ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ✐ ♠ ❡ ❛ ①✐
−→
ct ✐ ♥ ❛ ✇ ♦✲ ❤ ❡ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■■

❛ ❛ ✇ ❛✐ ♥ ❧ ♦ ❝ ✉ ✐ ♥ ⟨ Q 2 + 1
C ⟩ ↔ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ± χ (φ ) ✐ ♥ Ẽ C = { λ,

−→
ct } ✭ ❛ χ ↔ λ ✮✳

❚ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❝ ❛ ✈✐ ② ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡ ✇✐ ❤ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❡ ❝ ♦ ♥ ❝ ❡ ♥ ❛ ❡ ❞ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ♥ ❡ ✇
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 2 ⟩ ( 2 ) ✇✐ ❤ ❛ ♥ ♥✐ ❤✐❧ ❛ ✐ ♦ ♥✳ ❆ ❝ ❛ ❡ ♥ ♦✐ ❞ ■■ ✐ ❛ ✇ ♦✲ ❤ ❡ ❡ ❛ ❣ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡
✐ ♥ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

C ⟩ ↔ ✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ♣ ❡ ✈✐ ♦ ✉ ♦ ♥ ❡✳ ■ ✇ ♦ ❤ ❡ ❡
❤ ❛ ✈ ❡ ❛❧ ♦ ❛ ✣ ♥ ❡ ♦ ♣ ♦❧ ♦ ❣ ② ✭ ❛ ✇ ♦ ❤ ❡ ❡ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✮ ❛ ♥ ❞ ✐ ✐ ♦ ❜ ❛✐ ♥ ❡ ❞ ✇✐ ❤ ❡ ✈ ♦❧ ✈✐ ♥ ❣

✇ ♦ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ✐ ❡ χ (φ ) ❛ ♦ ✉ ♥ ❞ ❤ ❡ ♣ ❡ ❡ ✈ ❡ ❞ ✐ ♠ ❡ ❛ ①✐
−→
ct ✳ ❚ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■■ ✐ ❛ ❡ ✉❧

♦❢ ❞✐❧ ❛ ✐ ♥ ❣ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ♣ ❛ ❝ ❡ ❛ ① ❡ ✇✐ ❤ ❧ ♦ ❝ ❛❧ k = d λ / d χ = ❡ ❝ ❤ γ ✳



❈ ❍ ❆ ❚ ❊ ❘ ✻ ❆✳ ■ ❙ ❖ ▼ ❖ ❘ ❍ ■ ❈ ▼ ❆ ■ ◆ ● ❖ ❋ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ◆ ❙ ❆ ❈ ❊ ✷ ✵ ✼

❋ ✉ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ❝ ❛ ♥ ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ❛❧ ♦ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ❛❧❧ ② ✐ ♥ ♦ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛ ♥ ❞ ■■
❜ ② ❝ ♦ ♠ ♣ ❡ ❡ ❞ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ♣ ❛ ❝ ❡ ✇✐ ❤ ❜ ❛ ❡ ✐ ♥ ♥ ❡ ✇ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ♥ ❡ ✇ ❊ ♣ ❡ ❝✐ ❛❧ ✉ ♥✐ ✈ ❡ ❛❧ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✳ ❲❡✬❧❧ ❞ ♦ ✐ ❜ ② ♦ ✉ ✈ ❡ ②
✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ♥ ♥ ❡ ✕ ♦ ♥ ❤ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ❈ ❛ ❡ ♥ ♦✐ ❞ ■ → ❚ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✭ ❛
❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✮ ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✹✮✳

◆ ❛ ♠ ❡❧ ②✱ ❤ ❡ ✐ ♥ ✈ ♦❧ ✉ ❡ ♦❢ ❛ ❝ ❛ ❡ ♥ ❛ ② C R = ct (c τ ) ✭ ❛ c τ = R γ ✐ ♥ ❈ ❤✳ ✺ ❆✮ ✐ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣
❛ ❝ ✐ ① L R ❬ ✹ ✸❪✳ ❆ ✇ ❡ ❛ ✇ ✐ ♥ ❈ ❤✳ ✺ ❆✱ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ❝ ❛ ❡ ♥ ❛ ② ✐❧❧ M ✐ ❡ ✉ ❛❧ ♦

ct = R si n h γ ≡ t a n φ (γ )✱ ❡ ❡ ✭ ✾ ✺ ❆✲■■✮❀ ❤✐ ❧ ❡ ♥ ❣ ❤ ✐ ❤ ❡ ❛ ♠ ❡ ❢ ♦ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♦ ❝ ❛ ❡ ♥ ❛ ②

❛ M ✭✐ ✐ ❡ ❝ ✐ ✜ ❡ ❞
−→
ct ✮✳ ❚ ❤ ❡ ❛ ♥ ❣ ❡ ♥ M M ′ ✐ ♥ ♦ ♠ ❛❧ ♦ ❤ ❡ ❛ ❝ ✐ ① ❛ ♥ ❞ ✐ ✐ ✐ ❛ ❞✐ ✉

♦❢ ❝ ✉ ✈ ❛ ✉ ❡ R T = R t a n φ ✳ ■ ✐ ❛ ✈ ❡ ❝ ♦ ✲ ❞✐ ❛ ♥ ❝ ❡
−→
ct ❜ ❡ ✇ ❡ ❡ ♥ ❜ ♦ ❤ ❝ ✉ ✈ ❡ ✱ ❛ ♥ ❧ ❛ ✐ ♥ ❣

✐ ❝ ✉ ❡ ♥ ❧ ❡ ♥ ❣ ❤ ♦ ♥ ♦ ❤ ❡ ❛ ❝ ✐ ① ❛ d L R = R t a n φ d φ ✭ ❜ ♦ ❤ ❝ ✉ ✈ ❡ ❛ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛
❡ ❛ ❝ ❤ ♦ ❤ ❡ ❛ ♣ ♦✐ ♥ M ❛ ♥ ❞ M ′✮✳ ❆ ❡ ✈ ♦❧ ✉ ❡✲✐ ♥ ✈ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✬ ❛ ♥ ❢ ❡ ✱ ✐ ♣ ❛ ❝ ❡
❛ ♥ ❞ ✐ ♠ ❡ ❧ ♦ ♣ ❡ ❛ ❡ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ❞ ✦ ❘ ❡ ✈ ♦❧ ✈✐ ♥ ❣ ❞ ♦ ✉ ❜❧ ❡ ❝ ❛ ❡ ♥ ❛ ② ❛ ♦ ✉ ♥ ❞ ❤ ❡ ♥ ❡ ✇ ✐ ♠ ❡ ❛ ①✐ − →c τ R

♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■✳ ❘ ❡ ✈ ♦❧ ✈✐ ♥ ❣ ✐ ✇✐ ❤ ❞ ♦ ✉ ❜❧ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■
❛ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✱ ❝ ♦ ♠ ♣ ❡ ❡ ❞ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■✳ ■ ♥ ❡ ✉❧ ✇ ❡ ♦ ❜ ❛✐ ♥✱ ❤ ❛
⟨ Q 2 + 1

T ⟩ ↕ ⊂ ⟨ Q 2 + 1
C ⟩ ↕ ✳ ■ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❞ ♦ ✉ ❜❧ ❡ ❛ ❝ ✐ ① ✐ ❛ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❝ ✉ ✈ ❡✱ ❜ ✉ ✇✐ ❤ ❛ ♠✐ ❞ ❞❧ ❡

❝ ✉ ♣ ♣ ♦✐ ♥ ✳ ■ ✐ ❡ ① ♣ ❡ ❡ ❞ ❝ ♦ ❡ ❝ ❧ ② ♦ ♥❧ ② ✐ ♥ ❝ ♦ ♠ ♣ ❡ ❡ ❞ ⟨ Q 1 + 1
T ⟩ ↕ ❛ ♥ ❞ ✐ ♥ ♦ ✇ ♥ ❊ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲

❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ T = { χ R , − →c τ R } ✇✐ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ①✐ x = χ R ✐ ♥ ✐ ♥ ❡ ✈ ❛❧ − R ÷ + R ❛ ♥ ❞ ❤ ❡
❡ ♣ ❡ ❛ ①✐ y = − →c τ R } ✳ ❙ ✉ ❝ ❤ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ✭✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❍ ✉ ② ❣ ❡ ♥ ♦ ♥ ❡✮ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡

✇ ❡ ❡ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ❜ ② ❋❡ ❞✐ ♥ ❛ ♥ ❞ ▼✐ ♥ ❞✐ ♥ ❣ ✐ ♥ ✶ ✽ ✸ ✽ ❬ ✹ ✸❪✱ ❤ ❡ ❧ ❛ ❡ ❛ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡
❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡✳

❚ ❤✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✇ ❛ ❛ ♣ ♣❧✐ ❡ ❞ ❜ ② ❊ ✉ ❣ ❡ ♥✐ ♦ ❇ ❡❧ ❛ ♠✐ ❢ ♦ ✜ ✱ ❤ ♦ ✉ ❣ ❤ ✈ ❡ ② ♣ ❛ ✐ ❛❧ ✐ ♥ ❡ ✲
♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ♣❧ ❛ ♥ ❡ ❬ ✹ ✹❪ ✕ ✐ ♥ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ♦ ♥❧ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥
❛ d γ ❛ ♥ ❞ d φ (γ )✱ ❞ ✉ ❡ ♦ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳ ❍ ♦ ✇ ❡ ✈ ❡ ❤ ❡ ❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✈ ✮✲
❢ ♦ ♠ ♦❢ ❤ ❡✐ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ✭ ❛ n > 1 , q = 1 ✮ ✇✐ ❤ ♦ ✉ ♣ ♦ ✐ ❜✐❧✐ ② ♦❢ ❤ ❡✐
❡ ✈ ❡ ♥ ❧ ♦ ❝ ❛❧ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠✱ ❛ ❢ ♦ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ❧✐ ❦ ❡ ♣ ❛ ✐ ❛❧ ❝ ✉ ✈ ❡ ♦ ♦✳ ❚ ❤ ❡ ❡ ✈ ✲❢ ♦ ♠ ❛ ❡
✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❢ ♦ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■✱ ❜ ✉ ❛ ♦ ♥ ❡ ❡ ♣✱ ✐ ♥ ❤ ❡✐
❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✭✐✳ ❡✳ ❛ n > 1 ✮ ✕ ❡ ❡ ❜ ❡❧ ♦ ✇✳ ❇ ♦ ❤ ✐ ♥ ⟨ P n + 1 ⟩ ❛ ♥ ❞ ⟨ Q n + 1

T ⟩ ↕ ✱ ✇✐ ❤
✐ ♥ ❣❧ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ♣❧ ✉ n ♣ ✉ ❡❧ ② ❝✐ ❝ ✉❧ ❛ ❡ ① ❡ ♠ ❛❧ ✱ ✇✐ ❤ ❡ ✉ ❛❧

❛ ♥ ❞ ❝ ♦ ♥ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ♥ ❞ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ❛ ❛ ♥ ② ♣ ♦✐ ♥
♦ ♥ ❤ ❡ ♠✱ ❤ ❡ ② ❛ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝✱ ❜ ✉ ❞ ✉ ❡ ♦ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❚ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✷ ❉ ✉ ❢ ❛ ❝ ❡
❬ ✶ ✺✱ ♣✳ ✷ ✹ ✵❪✳ ■ ♥ ❤✐ ❈ ❤ ❛ ♣ ❡ ✇ ❡✬❧❧ ♣ ♦ ✈ ❡ ✐ ❝ ❧ ② ❤ ❡✐ ❣❧ ♦ ❜ ❛❧ ✐ ♦ ♠ ❡ ②✱ ❜ ✉ ♦ ♥❧ ② ❛ ♦ ♥ ❡✲ ❡ ♣ ✦

❚ ❤ ❡ ❝ ❡ ♥ ❛❧ ❝✐ ❝ ✉❧ ❛ ③ ♦ ♥ ❡ ✕ ❛ ♥ ❡ ✉ ❛ ♦ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ♦❢ ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡
✭ ✇ ❤ ❡ ❡ γ = 0 ↔ φ (γ ) = 0 ❛ ❤ ❡ ♣ ♦✐ ♥ C I ❛ ❋✐ ❣ ✉ ❡ ✹✮ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡❧ ② ❢ ❛
❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ❜ ♦ ❞ ❡ ♦❢ ❤ ❡ ✇ ❤ ♦❧ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ♣ ❛ ✐ ♥ ❤ ❡ ✢ ❛
❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✭ ❈ ❤✳ ✶ ✷✮✳ ❋✐ ❣ ✉ ❡ ❝ ❛ ♥ ♥ ♦ ♣ ❛ ❤ ♦ ✉ ❣ ❤ ❤✐ ❡ ✉ ❛ ♦ ♦❢
❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✉ ♥ ❞ ❡ ❡ ❣ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ✱ ❜ ✉ ❤ ❡ ② ♣ ❛ ✐ ❛ ❜ ❡ ♥ ❞ ❡ ❞ ✉ ♥ ❞ ❡ 1 8 0 ◦ ✱ ❤ ❡ ♥ ♠ ❡ ✐ ❝

❛ ♥ ❞ ♦ ♣ ♦❧ ♦ ❣ ② ❛ ❡ ♣ ❡ ❡ ✈ ❡ ❞✳ ❋✐ ❣ ✉ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ♣ ❛ ❢ ❡ ❡❧ ② ❤ ♦ ✉ ❣ ❤ ❤✐ ❡ ✉ ❛ ♦
✇✐ ❤ ♦ ✉ ❤ ❡ ❜ ♦ ❦ ❡ ♥ ✭ ❛ ❛❧ ♦ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❜ ♦ ❞ ❡ ✐ ♥ ✐ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ♦ ❞ ❡❧✮✳

▲ ❡ ✬ ❡ ① ♣❧ ❛✐ ♥ ❤ ♦ ✇ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ✇ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ✉ ❡ ♥ ✐ ❛❧ ❜ ❛ ❡
✉ ♥ ❞ ❡ ✐ ❣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ♥ ❡ ① ❝ ❛ ❡ ♥ ❛ ②✳ ■ ♥ ❡ ✉❧ ✱ ❤ ❡ ❛ ❝ ✐ ①
✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ✐ ♥ ✐ ❊ ♣ ❡ ❝✐ ❛❧ ❜ ❛ ❡ Ẽ T = { χ R , − →c τ R } ❛ ♥ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ♥✐ ✐ ❛❧ Ẽ 1 = { χ,

−→
ct } ♦❢

♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ Ẽ C = { χ, −→c τ } ♦❢ ♥ ❡ ① ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ②✳ ❚ ❤ ❡ ✐ ♠ ❡ ❛ ①✐ − →c τ R ✱ ❛ ② ♠ ♣ ♦ ✐ ❝
❢ ♦ ❤ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ① ❛ ❝ ✐ ① ♦❢ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡✱ ✐ ❤ ❡ ❛ ①✐ ♦❢ ✐ ♣ ♦ ♣ ❡ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥✳
❚ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ① ❡ ❢ ♦ ❤ ❡ ❡ ❛ ❝ ✐ ①✱ ❝ ❛ ❡ ♥ ❛ ② ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡
❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ e α ✱ ❤ ❡ ❜ ❛ ❡ Ẽ C ❛ ♥ ❞ Ẽ T ❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❝ ❡ ♥ ❡ O 1 ❛ ③ ❡ ♦ ♣ ♦✐ ♥

♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❝ ❛ ❡ ♥ ❛ ②
− →
C R (c τ ) =

−→
ct ❛ ♥ ❞ ❛ ❝ ✐ ①

− →
L R (c τ R )✳ ❚ ❤ ❡ ♣ ♦✐ ♥ O 1 ✐ ❛ ❝ ✉ ♣

❢ ♦ ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ❛ ❝ ✐ ①✱ ❤ ❡ ❡❢ ♦ ❡ ✐ ❜ ❡❧ ♦ ♥ ❣ ♦ ❤ ❡ ❝ ✉ ✈ ❡✳ ■ ✐ ❤ ❡ ♠ ❛ ♣ ♣✐ ♥ ❣ ♦❢ ❛ ③ ❡ ♦
♣ ♦✐ ♥ C I ♦❢ ❤ ❡ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ −→c τ ✐ ♥ Ẽ 1 ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩✳ ❙ ❡ ❡ ❛❧❧ ❛ ❋✐ ❣ ✉ ❡ ✹ ❛ ♥ ❞
✷ ❆✭ ✹✮✳ ❯ ♥ ❞ ❡ ❙ ❚ ❘ c τ > 0 ❛ ♥ ❞✱ ✐ ♥ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ♣ ❛ ♦❢ ❤ ❡ ❛ ❝ ✐ ①✱ ✇ ❡ ❤ ❛ ✈ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡
v > 0 ❛ ♥ ❞ v < 0 ✱ d γ > 0 → g = ❝ ♦ ♥ > 0 ❀ ❛ ♥ ❞ ❛ ❤ ❡ ♣ ♦✐ ♥ O 1 ✿ γ = 0 , χR = 0 , c τ = c τ R = 0 ✳



✷ ✵ ✽ ❆ ❊ ◆ ❉ ■ ❳

❚ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✭ ✽ ✻ ❆✮✱ ✭ ✽ ✼ ❆✮✱ ✭ ✾ ✹ ❆✮✱ ✐ ♥ ⟨ Q 1 + 1
T ⟩ ↕ ✱ ❤ ❡ ❛ ❝ ✐ ① ❛ ❞✐ ✉ ♦❢ ❝ ✉ ✈ ❛ ✉ ❡ ✐

ct = R · si n h γ ✭c τ = R γ ✮ ❛ ♥ ❞ ✐ ❝ ♦ ♠ ♣ ❡ ❡ ❞ ✇ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ✇✐ ❤ ✉ ❝ ❤ ♦ ♥ ❡ ♦❢
❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ❤ ❡ ♥ ❡ ① ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ✐ ♥ Ẽ 1 ❛ ♥ ❞ Ẽ C ❛ ❢ ♦❧❧ ♦ ✇ ✿

χ R = si n φ (γ )ct − χ ≡ t a n h γ · ct − χ = ❡ ❝ ❤ γ · χ = k 1 · χ < χ,
c τ R = c τ − c o s φ (γ )ct ≡ c τ − ❡ ❝ ❤ γ · ct = ( 1 − t a n h γ / γ )c τ = k 2 · c τ < c τ.

( 1 0 2 A )

❚ ❤ ✉ ✱ γ = 0 → χ R = 0 , c τR = 0 ✱ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❝ ♦ ♠ ♣ ❡ ✐ ♦ ♥ ♠ ♦ ♥ ♦ ♦ ♥✐ ❝ ❛❧❧ ②
❝ ❤ ❛ ♥ ❣ ❡ ❢ ♦ ♠ ✶ ♦ ✵ (k 1 ) ❛ ♥ ❞ ❢ ♦ ♠ ✵ ♦ ✶ (k 2 ) ❛ ❤ ❡ ♣ ♦✐ ♥ M ✐ ❤ ❡ ❡ ♠ ♦ ✈✐ ♥ ❣ ❢ ♦ ♠ O 1 ♦ O ✳
❚ ❤ ❡ ② ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♠ ❛ ♣ ♣✐ ♥ ❣ χ → χ R ✱ c τ → c τ R ❛ ♥ ❞ ❛ ♥ ❢ ♦ ♠ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ✇ ♦

❝ ✉ ✈ ❡ ✐ ♥ ♦ ❤ ❡ ❡ ✈ ❡ ❡ ❞ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❛ ❝ ✐ ①
− →
L R (c τ R ) ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦✐ ♥

M ❛ ♥ ❞ M ′ ✭ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✹✮✮ ♦ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② χ R (c τ R )✦ ❉ ✉ ❡ ♦ ✭ ✽ ✻ ❆✮ ❛ ♥ ❞ ✭ ✽ ✼ ❆✮ ❢ ♦
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥✱ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✶ ✵ ✷ ❆✮ ♠ ❛ ② ❜ ❡ ❛❧ ♦ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠
✭ ✇✐ ❤ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ✐ ♠✐❧ ❛ ✐ ② R ✮ ❛ ❤ ❡ ❞ ❡ ✜ ♥✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ♦ ♥❧ ② ❤ ❡ ❛ ♥ ❣❧ ❡ γ ( 0 ≤ | γ | ≤ ∞)✳

▲ ❡ ✬ ❡ ❞ ✉ ❝ ❡ ♦❢ ❤ ❡ ❛ ❝ ① ❡❧ ❛ ✐ ♦ ♥ ✭ ✶ ✵ ✷ ❆✮ ✐ ♥ ♦ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡
Ẽ T = { χ R , − →c τ R } ♦❢ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ⟨ Q 1 + 1

T ⟩ ↕ ✐ ♥ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❢ ♦ ♠ γ ♦ c τ

χ R = R · x = R ( 1 − ❡ ❝ ❤ γ ) = R ( 1 − ❡ ❝ ❤ c τ
R ),

c τ R = R · y = R (γ − t a n h γ ) = R ( c τ
R − t a n h c τ

R ) > 0 .
⇒ d L R = R t a n h γ d γ ( 1 0 3 A )

❈ ♦ ♦❧❧ ❛ ② ✶✳ ❈ ♦ ♥ ❞✐ ✐ ♦ ♥ R = 1 ❝ ♦ ♠ ❡ ♦ ❤ ❡ ✉ ♥✐ ② ❛ ❝ ✐ ① ❛ ✉ ♥✐ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✳
❆❧❧ ✉ ❝ ❤ ❛ ❝ ✐ ❝ ❡ χ R (c τ R ) ❢ ♦ ♠ ✭ ✶ ✵ ✸ ❆ ✮ ❛ ❡ ❤ ♦ ♠ ♦ ❤ ❡ ✐ ❝ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✇✐ ❤ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ R
♦ ✛ ✉ ♥✐ ② ♦ ♥ ❡ ❛ ✇ ❡❧❧ ❛ ❤ ♦ ♠ ♦ ❤ ❡ ✐ ❝ ❝ ✉ ✈ ❡ ✿ ❝✐ ❝❧ ❡ ✱ ❡ ✉✐❧ ❛ ❡ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡✱ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ❡ ❝✳ ✳

• ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ♥✐ ② ❞ ♦ ✉ ❜❧ ❡ ❛ ❝ ✐ ① ✐ ♥ ♣ ❛ ❛ ♠ ❡ ❡ γ ✱ φ ✱ ξ ✇✐ ❤ ✭ ✸ ✻ ✵✲■■✮ ❛ ❡

± z = 1 − x = ❡ ❝ ❤ γ ≡ c o s φ = si n( π / 2 − φ ) = si n ξ, ( 0 < |z | ≤ 1) ,
± y = γ − t a n h γ ≡ γ (φ ) − si n φ = γ (ξ ) − c o s ξ = l n c ot( ξ / 2) − c o s ξ ;
(✇✐ ❤ ✐ ♥ ❡ ✉ ❛❧✐ ② γ > t a n h γ ; 0 ≤ | φ (γ )| ≤ π / 2 , π /2 ≥ | ξ (γ )| ≥ 0) .





( 1 0 3 A − I )

• ❞✐ ❡ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ♥✐ ② ❞ ♦ ✉ ❜❧ ❡ ❛ ❝ ✐ ① ✐ ♥ ❤ ❡ ♣ ❛ ✐ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ z ✐

± y = ± y (|z |) = ❛ ❡ ❝ ❤ (z ) − 1 − z 2 . ( 1 0 3 A − I I )

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ z R = R · z = r ✕ ❤ ❡ ❧ ♦ ❝ ❛❧ ❛ ❞✐ ✉ ♦❢ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✳
❈ ♦ ♠ ♣ ❛ ❡ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ✇✐ ❤ ♦ ♥ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ② ❝❧ ♦✐ ❞✿

z R = R · z = r = R c o s φ,
± y R = ± R · y = R ( φ − si n φ ) ,

d L R = 2 R · si n ( φ / 2 ) d φ, L R = R · L( φ ) = 4 R [ 1 − c o s ( φ / 2 )] .

❈ ♦ ♦❧❧ ❛ ② ✷✳ ❆ ❛ ❝ ✐ ① ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ② ❝❧ ♦✐ ❞ ✇✐ ❤ ♦ ♥ ❡ ❝ ② ❝❧ ❡✳ ❆❧❧ ❝ ② ❝❧ ♦✐ ❞
y R ( z R ) ❛ ❡ ❤ ♦ ♠ ♦ ❤ ❡ ✐ ❝ ✇✐ ❤ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ R ✱ ✐❢ R = 1 ❤ ❡ ❝ ② ❝❧ ♦✐ ❞ ✐ ✉ ♥✐ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✳

❋ ♦ ♠ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ❜ ② ❡ ✈ ♦❧ ✉ ❡✲✐ ♥ ✈ ♦❧ ✉ ❡ ❛ ♥ ♣ ❤ ❡ ✇ ❡ ❣ ❡ ❤ ❡ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ① ✐ ♥ ⟨ Q 2 + 1
T ⟩ ↔ ✳

❇ ② ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ❛ ♦ ✉ ♥ ❞ ✐ y R ✇ ❡ ❣ ❡ ❤ ❡ ♦ ♥ ❡ ❤ ❡ ❡ ✧ ❤ ♦ ♥ ❤ ❛ ♣ ❡ ❞ ✧ ❛ ❝ ✐ ❝ ♦✐ ❞ ■✳
❇ ② ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ① ❛ ♦ ✉ ♥ ❞ ✐ y R ✇ ❡ ❣ ❡ ❤ ❡ ✧ ✢ ②✐ ♥ ❣ ❛ ✉ ❝ ❡ ❤ ❛ ♣ ❡ ❞ ✧ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ■✳
❚ ❤ ❡ ② ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛❧ ♦ ❜ ② ♦ ❛ ✐ ♦ ♥ ❛ Π / 2 ✭ ❡ ❡ ❈ ❤✳ ✺ ❆ ✮✦ ❲❡ ❡ ① ♣ ❡ ❤ ❡ ♠ ❜ ② ❛ ♥ ❣❧ ❡ γ ( φ ) ❛ ♥ ❞ υ ( ξ ) ✱
❜ ♦ ♥ ❞ ❡ ❞ ❜ ② ✭ ✸ ✻ ✵✲■ ❨ ✮✱ ❈ ❤✳ ✻✳ ❲✐ ❤ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶ ✮✱ ✭ ✸ ✸ ✹ ✮✱ ✇ ❡ ❛ ♥ ❧ ❛ ❡ ❤ ❡ ♠ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ♦ ♠ ✳
◆ ♦ ✇ ✇ ❡ ❝ ❛ ♥ ❣✐ ✈ ❡ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧❧ ② ❛ ♥ ❞ ♦ ❣ ❡ ❤ ❡ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣

❛ ❝ ✐ ① ❛ ♥ ❞ ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧❧ ② ✜ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ① ✇✐ ❤ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡✐ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡
✐ ♥ ⟨ Q 2 + 1

T ⟩ ↕ ❛ ♥ ❞ ⟨ Q 2 + 1
T ⟩ ↔ ❢ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛ ♥ ❞ ■ ■ ✇✐ ❤ ♣ ❛ ❛ ♠ ❡ ❡ R ✿

x R = R · d = R · [ 1 − ❡ ❝ ❤ γ ( υ )] · e α = R · [ 1 − t a n h υ ( ξ )] · e α ,
y R = R · h = R · [γ ( υ ) − t a n h γ ( υ )] = R · [l n c o t h υ ( ξ ) / 2 − ❡ ❝ ❤ υ ( ξ )] .

( 1 0 3 A − I I I )

x R = R · d = R · [γ ( υ ) − t a n h γ ( υ )] · e α = R · [l n c o t h υ ( ξ ) / 2 − ❡ ❝ ❤ υ ( ξ )] · e α ,
y R = R · h = R · [ 1 − ❡ ❝ ❤ γ ( υ )] = R · [ 1 − t a n h υ ( ξ )] .

( 1 0 3 A − I Y )



❈ ❍ ❆ ❚ ❊ ❘ ✻ ❆✳ ■ ❙ ❖ ▼ ❖ ❘ ❍ ■ ❈ ▼ ❆ ■ ◆ ● ❖ ❋ ❙ ❊ ❯ ❉ ❖ ✲ ❊ ❯ ❈ ▲ ■ ❉ ❊ ◆ ❙ ❆ ❈ ❊ ✷ ✵ ✾

❆❧❧ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛ ♥ ❞ ❛ ❝ ✐ ❝ ♦✐ ❞ ■■ ✇✐ ❤ ♠ ✉ ✉ ❛❧❧ ② ✐ ♥ ✈ ❡ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❛ ❝ ✐ ❝ ❡ ✭ ❛ ❜ ♦ ❤
❝ ❛ ❡ ♥ ♦✐ ❞ ✇✐ ❤ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ✮ ❛ ❡ ❤ ♦ ♠ ♦ ❤ ❡ ✐ ❝ ✇✐ ❤ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ✐ ♠✐❧ ❛ ✐ ② R ✭ ♦
✉ ♥✐ ② ♦ ♥ ❡ ✮ ✐ ♥ ♦ ✇ ♥ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

T ⟩ ↕ ❛ ♥ ❞ ⟨ Q 2 + 1
T ⟩ ↔ ✳ ❇ ♦ ❤

❜ ❛ ♥ ❝ ❤ ❡ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ♥ ❞ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ❝ ❡ ❛ ❡ ♠ ❡ ❡ ✐ ♥ ❣ ❛ ❤ ❡✐ ❝ ✉ ♣ ♣ ♦✐ ♥ ✱ ❜ ✉
❞ ❛ ✐ ♥ ❣ ❡ ❡ ❛ ❝ ❤ ❡ ♠ ❛ ② ✉ ❡ s ✲ ❛ ♥ ❞ u ✲ ❤ ❛ ♣ ❡ ❛ ❝ ✐ ❝ ❡ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✇✐ ❤ ♦ ✉ ✉ ❝ ❤ ♣ ♦✐ ♥ ✳

❋ ❡ ❛ ✉ ❡✿ ■ ♥ ♣ ♦ ❝ ❡ ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❢ ❡ ♦❢ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❡ ✈ ♦❧ ✉ ❡ ✐ ♥ ♦ ✐ ♣ ❛ ❛ ♠ ❡ ✐ ❝
✐ ♥ ✈ ♦❧ ✉ ❡✱ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡✲ ❛ ❣ ✉ ♠ ❡ ♥ ❢ ♦ ❤ ❡ ✜ ❝ ✉ ✈ ❡ ✐ ✐ ♥ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ②
♦ ♥ ❡ ❢ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❝ ✉ ✈ ❡ ✭ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❛❧ ♦ ♥ ❣ ❡ ✈ ♦❧ ✉ ❡ ✐ ♥ ♦ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❛❧ ♦ ♥ ❣ ✐ ♥ ✈ ♦❧ ✉ ❡ ✮✳

❚ ❤ ❡ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ χ R ↔ L R ❣✐ ✈ ❡ ❧ ♦ ❣✐ ❝ ❛❧❧ ② d L R / d c τ R = c · t a n h γ = si n φ ( γ ) = v / c ❞ ✉ ❡ ♦ ✭ ✶ ✵ ✸ ❆ ✮✱
❜ ✉ ♥ ♦ ✇ ❛❧ ♦ ♥ ❣ ❤ ❡ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ①✳ ❚ ❤✐ ✐ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ct ↔ c τ ❛ ♣ ♦ ❞ ✉ ❝✐ ♥ ❣ ✐ ♠ ❡✲
❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ✐ ♥ ❈ ❤✳ ✺ ❆✳ ❚ ❤ ❡ ♥ ❤ ❡ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ① ✐ ✐ ♥ ✈ ♦❧ ✉ ❡ ♦❢ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ②✦ ■ ✐ ❛
❣ ❡ ♥ ❡ ❛ ✐ ① ❢ ♦ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ■ ✇✐ ❤ ♦ ♣ ♦❧ ♦ ❣ ② ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■✳ ■ ✐ ♠ ❛ ♣ ♣✐ ♥ ❣ ✐ ♥ ❤ ❡ ❧ ❛ 4 ✲ ❤
❙ ♣ ❡ ❝✐ ❛❧ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1

T ⟩ ↔ ⊂ ⟨ Q 2 + 1
C ⟩ ↔ ✳ ❚ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ■ ✐ ❣ ♦ ❡ ♥ ❜ ②

❡ ✈ ♦❧ ✈✐ ♥ ❣ ❤ ❡ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ① ❛ ♦ ✉ ♥ ❞ ♦ ✇ ♥ ❤ ♦ ❡ ♥ ❡ ❞ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡✲ ❛ ①✐ ± −→y R ✐ ♥ ✐ ♥ ❡ ✈ ❛❧ − R ÷ + R ✳
❚ ❤ ❡ ❛ ①✐ ❤ ❛ ❛ ♣ ♦✐ ♥ ❡ ❞ ❝ ✉ ♣ ♦ ♣ ❛ ♥ ❞ ✐ ❞✐ ❡ ❝ ❡ ❞ ♦ ❝ ❡ ♥ ❡ O ✉ ♥ ❞ ❡ ❛ ② ♠ ♣ ♦ ✐ ❝ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✳

❋ ✉ ❤ ❡ ✇ ❡ ♠ ✉ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✱ ❤ ❛ ✐ ♥✐ ✐ ❛❧ ❛ ♥ ❣❧ ❡ γ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② υ ❛ ♥ ❞ ❤ ❡✐ ♣ ❤ ❡ ✐ ❝ ❛❧
❛ ♥ ❛❧ ♦ ❣ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ♦ ✇ ♥ ♥ ❛ ✉ ❡ ✐ ♥ ♦ ❝ ♦ ♥ ❛ ②✱ ❜ ② ❛ ❡ ❛ ♦ ♥ ♦❢ ❤ ❡ ❡ ✈ ♦❧ ✉ ❡✲✐ ♥ ✈ ♦❧ ✉ ❡ ♠ ❡ ✐ ❝✬ ❛ ♥ ❢ ❡ ✦
❙ ♦✱ ♥ ♦ ✇ υ ✐ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇✱ ❛ ♥ ❞ γ ✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ✐ ✳ ❇ ♦ ❤
♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✐ ♥ ✭ ✸ ✸ ✶ ✮ ❛ ❡ ❝ ♦ ♥ ❡ ✈ ❡ ❞ ❜ ❡ ✇ ❡ ❡ ♥ γ ❛ ♥ ❞ φ ✱ γ ❛ ♥ ❞ ξ ✐ ♥ Ẽ T = { χ R , − →c τ R }

❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❢ ♦ ♠ ③ ❡ ♦ ♣ ♦✐ ♥ O 1 ✭✐✳ ❡✳✱ ❛ χ R = 0 , c τR = 0 : γ = 0 , φ( γ ) = 0 , υ( γ ) = ∞ , ξ( γ ) = π / 2 ✮✳
Ẽ T ✐ ✉ ♥✐ ✈ ❡ ❛❧ ❛ ❣ ❛✐ ♥ ❢ ♦ ❤ ❡ ❛ ♠ ❡ ✽ ♣ ❡ ❝✐ ✜ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ γ ( φ ) ✱ φ ( γ ) ✱ γ ( ξ ) ✱ ξ ( γ ) ✱ υ ( ξ ) ✱ ξ ( υ ) ✱ υ ( φ ) ✱ φ ( υ )
✇✐ ❤ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ✐ ♠ ♣❧ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ♦❢ ② ♣ ❡ ✭ ✸ ✸ ✷✲■ ■ ■ ✮✿ d φ = ❡ ❝ ❤ γ d γ, d γ = s e c φ d φ ✳

❲❡ ❤ ❛ ✈ ❡ ❢ ♦ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ❡ ❛❧ ❛ ♥ ❞ ♣ ❡ ❝✐ ✜ ❝ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ♥ ♦ ❢ ♦ ♠ ✭ ❈ ❤✳ ✻ ✮✿

r ot h [ Γ, Υ] = r ot h [ Υ, Γ] ( 1 0 3 A − Y )

c o t h[ γ, υ ] ·
← − − −
e α e α

′ +
− − − →
e α e α

′ ❝ ❝ ❤ [γ, υ ] · e α · · · c o s h[ υ, γ ] ·
← − − −
e α e α

′ +
− − − →
e α e α

′ si n h[ υ, γ ] · e α

❝ ❝ ❤ [γ, υ ] · e ′
α c o t h[ γ, υ ] · · · si n h[ υ, γ ] · e ′

α c o s h[ υ, γ ]
≡

d e f [ Φ, Ξ] = d e f [ Ξ, Φ] ( 1 0 3 A − Y I )

≡
c s c[ φ, ξ ] ·

← − − −
e α e α

′ +
− − − →
e α e α

′ ❝ ♦ [φ, ξ ] · e α · · · s e c[ ξ, φ ] ·
← − − −
e α e α

′ +
− − − →
e α e α

′ t a n[ ξ, φ ] · e α

❝ ♦ [φ, ξ ] · e ′
α c s c[ φ, ξ ] · · · t a n[ ξ, φ ] · e ′

α s e c[ ξ, φ ]
.

❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ❣✐ ✈ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥✱ ❜ ✉ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ υ ❛ ♥ ❞
❞✐ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✱ ❜ ♦ ♥ ❞ ❡ ❞ ❛ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❜ ② ❡❧ ❛ ✐ ♦ ♥ ✭ ✸ ✻ ✵ ✮ ❛ ♥ ❞ ✇✐ ❤ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✐ ♥ Ẽ T

♦❢ ⟨ Q 2 + 1
T ⟩ ↕ ✳ ❊ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛❧ ♦ ♥ ❣ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ✭ ✶ ✵ ✸ ❆ ✮✱ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✇✐ ❤ ♦ ♥ ❡ ❢ ♦

♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ❝ ❛ ❡ ♥ ❛ ② ✐ ♥ ❈ ❤✳ ✺ ❆✱ ✉ ♥ ❞ ❡ ♥ ❡ ✇ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❤ ❡ ❡ ✐ ♥ ⟨ Q 2 + 1
T ⟩ ↕ ✿

( d c τ R ) 2 = ( d L R ) 2 − ( d χ R ) 2 ⇔ 1 =
d L R

d c τ R

2

−
d χ R

d c τ R

2

= c o t h 2 γ − ❝ ❝ ❤ 2 γ ⇒ ( 1 0 3 A − Y I I )

s ∗ =
d χ R

d τ R
= c · ❝ ❝ ❤ γ ≡ c · c o t φ ( γ ) = ❝ 2

✈ ∗ = c · si n h υ ≡ c · t a n ξ ( υ ) ,

s = d L R
d τ R

= c · ❝ ♦ ❤ γ ≡ c · c s c φ ( γ ) = ❝ 2

✈ = c · c o s h υ ≡ c · ❡ ❝ ξ ( υ ) .






→ s 2 − ( s ∗ )
2

= c 2

❆ ❡ ❡ ♥ ❢ ♦ ♠ ❤ ❡ ✜ ❡ ① ♣ ❡ ✐ ♦ ♥✱ ❤ ❡ ❡ ✇ ❡ ✉ ❡ ❛ ✐❢ ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ❙ ❚ ❘ ✐ ♠ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱
✐ ♥ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ❜✐❢ ✉ ❝ ❛ ✐ ♦ ♥ ❛ γ = υ = ω ( π / 4 ) ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✻✳ ✹ ✮✱ ❤ ❡ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ❧ ♦ ♣ ❡ ♦❢ ❤ ❡
❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ❝ ✐ ① ❛ ❡ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ❞✳ ❲❡ ❤ ❛ ✈ ❡ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦❢ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ s ∗ ❛ ♥ ❞ s ✭✐ ♥ ❡ ♠ ♦❢
❤ ❡ ❛ ♥ ❣❧ ❡ γ ✮ ✐ ♥ ♦ ❤ ❡ ✈ ❡ ❝ ♦ ♣ ❛ ❝ ❡ ✕ ♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ♦❢ ❛ ❞✐ ✉ c ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤✐

❣✐ ✈ ❡ ❤ ❡ ❡ ❤ ❡ ■ ❞ ❡ ♥ ✐ ② ❢ ♦ ✉ ✉ ❛❧ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✿ 1 / c 2 = 1 / v 2 − 1 / ( v ∗ ) 2 ✭ ❡ ❡ ✐ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ❈ ❤✳ ✺ ❆ ✮✳ ❙ ♦✱
s ∗ = c · ❝ ❝ ❤ γ ❞ ❡ ❝ ❡ ❛ ❡ ❢ ♦ ♠ ∞ ✉ ♣ ♦ ✵✳ ■❢ ✐ ✐ ❡ ① ♣ ❡ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ υ ✱ ❤ ❡ ♥ s ∗ = c · si n h υ
✐ ♥ ❝ ❡ ❛ ❡ ❢ ♦ ♠ ✵ ✉ ♣ ♦ ∞ ❛ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ✐ ♥ ❙ ❚ ❘✳

❚ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ①✱ ✐ ♥ ♣ ♦ ❝ ❡ ♦❢ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ✐ ❞ ✉ ❡ ♦ ✐ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥
✐ ♥ Ẽ T = { χ R , − →c τ R } ✱ ❛ ② ♠ ♣ ♦ ✐ ❝ ❛❧❧ ② ❡ ♥ ❞ ♦ ❛ ①✐ − →c τ R ✳ ❆ ❋✐ ❣ ✉ ❡ ✷ ❆ ✭ ✹ ✮ χ F ✐ ❤ ❡ ❢ ♦ ❝ ✉ ♦❢ ❝ ❛ ❡ ♥ ❛ ②
❛ ♥ ❞ ❛ ❝ ✐ ①✱ ❤ ❡ ♥ c τ R ( F ) + χ R ( F ) = k R = c τ F − χ F ✱ ❛ ❤ ❡ ❡ ❝ ❛ ❡ ♥ ❛ ② ❛ ♥ ❞ ❛ ❝ ✐ ① ❤ ❛ ✈ ❡ φ ( ω ) = π / 4
✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✷ ❆ ✭ ✹ ✮✳ ❆ ❤ ❡ ❛ ❝ ✐ ① ❢ ♦ ❝ ✉ χ F ✱ ❡❧ ❛ ❡ ❞ ♦ γ F = ω = ❛ ✐ ♥ ❤ 1 ≈ 0 .8 8 1 ✱ ✇ ❡ ❤ ❛ ✈ ❡✿

z F =
√

2 / 2 ≈ 0 .7 0 7 , hF = ω −
√

2 / 2 ≈ 0 .1 7 4 , L F = l n 2 / 2; ( d s / d h ) F = 1 , w∗F = c.



✷ ✶ ✵ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❛ ❋✐ ❣ ✉ ❡ ✷ ✭ ✹ ✮ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ✿ k = d F − h F = 1 − ❡ ❝ ❤ γ F + γ F − t a n h γ F ≈ 0 .4 6 7 ✳
❆ ♥ ❞ ❢ ♦ ♠ ✭ ✶ ✵ ✻ ❆ ✮✱ ✭ ✶ ✵ ✺ ❆ ✮ ❛ ♥ ❞ ✭ ✽ ✼ ❆ ✮✱ ❤ ❡ ✉ ❡❢ ✉❧ ❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ♠ ❛ ② ❜ ❡ ❡ ❛ ✐❧ ② ✐ ♥❢ ❡ ❡ ❞✿
li mγ → ∞ χ R = li m γ → ∞ ( c τ − c τ R ) = R, li mγ → ∞ ( L R − c τ R ) = R ( 1 − l n 2 ), ✇ ❤ ❡ ❡ c τ > L R > c τ R .

❯ ✐ ♥ ❣ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ♣ ❛ ❛ ♠ ❡ ❡ ✐ ♥ ✭ ✽ ✻ ❆ ✮✱ ✭ ✽ ✼ ❆ ✮✱ ✭ ✾ ✶ ❆ ✮✱ ✭ ✶ ✵ ✸ ❆ ✮ ✇ ❡ ❣ ❡ ❢ ♦
▼✐ ♥ ❞✐ ♥ ❣ ❛ ♥ ❞ ❍ ✉ ② ❤ ❡ ♥ ❛ ❝ ✐ ❝ ❡ ❤ ❡ ✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❝ ❛ ♥ ❞ ❤ ❡ ❧ ❡ ♥ ❣ ❤ ♦ ✛ ③ ❡ ♦ ♣ ♦✐ ♥ O 1 ✱ ❡ ① ♣ ❡ ❡ ❞
✐ ♥ ♦ ✇ ♥ ❊ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ T ✇✐ ❤ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦ ♥ ❛ ❝ ✐ ❝ ❡ ♦ ✇ ♥ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ✿

( d L R ) 2 = ( d c τ R ) 2 + ( d χ R ) 2 = ( R t a n h γ d γ ) 2 → R T ( d γ ) = R t a n h γ → R T ( d φ ) = R t a n φ ( γ ) ⇒

d L R = R t a n h γ d γ ≡ R t a n φ d φ ≡ d x ⋆
R = v d τ = t a n h γ d c τ ≡ si n φ d c τ,

L R = R · L = R · l n c o s h γ ≡ R · l n s e c φ ≡ x ⋆ < c τ = R γ < ct = R · si n h γ.
( 1 0 4 A )

❍ ❡ ❡ R T ✐ ❛ ❞✐ ✉ ♦❢ ❤ ❡ ❛ ❝ ✐ ① ❝ ✉ ✈ ❛ ✉ ❡✱ − R T = R 1 ✐ ❛ ❞✐ ✉ ♦❢ ✜ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❤ ❡
❛ ❝ ✐ ❝ ♦✐ ❞ ■✳ ❆ γ → 0 ✱ ✐ ✐ L R → R γ 2 / 2 = g τ 2 / 2 ❀ g = F / m 0 = c 2 / R ✐ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✭ ✽ ✶ ❆ ✮✳

❋ ♦ ♠ ✭ ✶ ✵ ✸ ❆ ✮✱ ✇✐ ❤ ✇ ♦ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✭ ✸ ✸ ✶ ✮✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦✲

❤ ② ♣ ❡ ❜ ♦❧ ❛ ✭ ✾ ✸ ❆ ✮ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❝ ❛ ❡ ♥ ❛ ② ✭ ✾ ✻ ❆ ✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ♥ ⟨ Q 1 + 1
T ⟩ ↕ ❤ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢

❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ✇✐ ❤ ✐ ❝ ✉ ✈ ❛ ✉ ❡ K T = − 1 / ct = − ( R si n h γ ) − 1 = − ❝ ❝ ❤ γ / R ≡ − c o t φ / R ✐ ♥

❤ ❡ ❊ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ T = { χ R , − →c τ R } ❛❧ ♦ ♥ ❣ ❤ ❡ ❝ ✉ ✈ ❡ ❛❧ ♦ ❢ ♦ ♠ ③ ❡ ♦ ♣ ♦✐ ♥ C I ❛ ♥ ❞ O 1

✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ✉ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✈ ❛ ✐ ❛ ♥ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ χ R ❛ φ ( γ ) ❛ ♥ ❞ − →c τ R ❛ ξ ( υ ) ✿

( R − χ R ) 2 + ( R γ − c τ R ) 2 = R 2 = R 2 · ( ❡ ❝ ❤ 2 γ + ❛ ♥ ❤ 2 γ ) = R 2 · ( ❛ ♥ ❤ 2 υ + ❡ ❝ ❤ 2 υ ) ≡

≡ R 2 · [ c o s2 φ ( γ ) + si n 2 φ ( γ )] = R 2 · [ si n2 ξ ( υ ) + c o s 2 ξ ( υ )] , ( |χ R | ≤ R, φ = ± π / 2 ) . ( 1 0 5 A )

❚ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ E 2 ⟩ ⊂ ⟨ Q 2 + 1
T ⟩ ↕ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❡ ✢ ❡ ❝ ♦

❡ ♥ ♦ ✳ ❆❧ ♦ ♥ ❣ ❤ ❡ ❛ ❝ ✐ ①✱ ✐ ✐ ♦ ♥ ❡✲ ❡ ♣ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦✲ ❤ ② ♣ ❡ ❜ ♦❧ ❛
✐ ♥ ⟨ P 1 + 1 ⟩ ✳ ■ ♥ ⟨ Q 1 + 1

T ⟩ ↕ ⊂ ⟨ Q 2 + 1
T ⟩ ↕ ✐ ✐ ♦ ♥ ❡✲ ❡ ♣ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ φ ( γ ) ✱ ❡ ① ♣ ❡ ❡ ❞ ❜ ②

❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣ ❡ ♥ ❝✐ ❝❧ ❡ ❛ ♦ ❝ ❛ ❡ ♥ ❛ ② ✭ ✾ ✻ ❆ ✮ ✐ ♥ ♣ ♦✐ ♥ O I ✱ ❛ ✐ ✉ ❛ ❡ ❞ ♦ ♥ ❛ ♦ ✉ ❛ ♦ ✉ ♥ ❞
❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡ ❝ ❛ ❡ ♥ ♦✐ ❞ ■ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ♦ ❤ ❡ ❚ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✕ ❋✐ ❣ ✉ ❡ ✷ ❆ ✭ ✹ ✮✳ ❆❧ ♦ ♥ ❣ ❤✐ ❝✐ ❝❧ ❡
❤ ❡ ❛ ♠ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ φ ( γ ) ❜ ② ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶ ✮✱ ❜ ✉ ♦❢ ❤✐ ❛ ❝ ✐ ①✱ ✐ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞✦ ❆ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶ ✮

❜ ❡ ❛ ❦ ❛ φ = ± π / 2 ✐ ♥ C I I ✳ ❇ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ❛❧ ♦ ♥ ❣ ❤✐ ❛ ❝ ✐ ①✱ ❞ ✉ ❡ ♦ ✭ ✸ ✻ ✵✲■ ❨ ✮✳
❇ ② ♦ ❛ ✐ ♦ ♥ ♦❢ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ♥ ❞ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ❝ ❡ ❛ ♦ ✉ ♥ ❞ ❛ ① ❡ y ✇ ❡ ❣ ❡ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛ ♥ ❞ ■ ■✳

■ ♥ ❤ ❡✐ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ Q 2 + 1
T ⟩ ↕ ❛ ♥ ❞ ⟨ Q 2 + 1

T ⟩ ↔ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❛❧ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ❛ ♥ ❞

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ T ✇✐ ❤ ❛ ♥ ❣❧ ❡ φ ( γ ) ❛ ♥ ❞ ξ ( υ ) = π / 2 − φ ( γ ) ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱
✇ ❡ ❝ ❛ ♥ ❣✐ ✈ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧❧ ②
✜ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ❝ ❡ ✇✐ ❤ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈✐ ✉ ❛❧❧ ② ❜ ② ❡ ❡ ♠ ♠✐ ♥ ❣ ♦ ❛ ✐ ♦ ♥
❛ ❤ ❡ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ Π / 2 ✱ ✇✐ ❤ ❝ ♦ ♠ ♠ ♦ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ y 1 = − →c τ R ❛ ♥ ❞ y 2 = −→z R ✭ ❛ ✐ ♥ ❈ ❤✳ ✺ ❆ ❢ ♦ ❝ ❛ ❡ ♥ ❛ ✐ ❡
❛ ♥ ❞ ❝ ❛ ❡ ♥ ♦✐ ❞ ✮✱ ❢ ♦ ♦ ✉ ✐ ♠ ♣❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛ ❝ ✐ ❝ ♦✐ ❞ ✇✐ ❤ ❤ ❡✐ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✐ ♥ ✇ ♦

✈ ❛ ✐ ❛ ♥ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ ✐ ③ ❛ ✐ ♦ ♥ ✐ ♥ γ ❛ ♥ ❞ φ ✱ ✉ ♥ ❞ ❡ ❜ ♦ ♥ ❞ ♦❢ ❛ ♥ ❣❧ ❡ ✐ ♥ ✭ ✸ ✻ ✵ ✮✱ ✇✐ ❤ ✸ ❉ ❜ ❛ ❡ Ẽ T ♦❢ ⟨ Q 2 + 1
T ⟩ ↕ ✳

✭ ❉ ✉ ❡ ♦ ❤ ❡ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❜ ♦ ❤ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛ ❝ ✐ ❝ ❡ ❛ ❞✐ ✉ ❛ ♥ ❞ ❧ ❡ ♥ ❣ ❤ ❛ ❡ ❤ ❡ ❛ ♠ ❡ ♦ ♥
❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛ ♥ ❞ ■ ■✳ ✮ ❚ ❤ ✉ ✱ ❢ ♦ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✇ ❡ ❣ ❡ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✐ ♥ ✈ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✿

R · z ( I ) = R · z ( I ) · e α = R · ❡ ❝ ❤ γ · e α ≡ R · c o s φ · e α ,
R · y ( I ) = c τ R = R · ( γ − t a n h γ ) ≡ R · [l n c o t (π / 2 − φ ) / 2] − si n φ ].

( 1 0 6 A )

− R d x ( I ) = R d z ( I ) = R d [z ( I ) · e α ] = R d ( ❡ ❝ ❤ γ · e α ) = R · ( − ❡ ❝ ❤ γ · t a n h γ d γ · e α + ❡ ❝ ❤ γ d α · e µ ) ,

R d y ( I ) = d ( c τ R ) = R d ( γ − t a n h γ ) = R · t a n h 2 γ d γ.
⇒

− R d x ( I ) = R d z ( I ) = R d [z ( I ) · e α ) = R d ( c o s φ · e α ] = R · ( − si n φ d φ · e α + c o s φ d α · e µ ) ,

R d y ( I ) = d ( c τ R ) = R d [ (γ ( φ ) − si n φ ] = R · ( s e c φ d φ − c o s φ d φ ) = R · si n 2 φ · s e c φ d φ.
⇒

dl 2
1 ( γ ) = [ − R T ( d γ )] 2 d γ 2 + [ R n ( γ )] 2 d α 2 = R 2 ( t a n h 2 γ d γ 2 + ❡ ❝ ❤ 2 γ d α 2 ) = R 2 { [d L ( I ) ( γ )] 2 + ❡ ❝ ❤ 2 γ d α 2 } ≡

≡ dl 2
1 ( φ ) = [ − R T ( d φ )] 2 d φ 2 +[ R n ( φ )] 2 d α 2 = R 2 ( t a n 2 φ d φ 2 + c o s 2 φ d α 2 ) = R 2 { [d L ( I ) ( φ )] 2 + c o s 2 φ d α 2 } .

❲❡ ❣ ♦ ❛ ❜ ♦ ✈ ❡ ❡ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❞✐ ✉ ♦❢ ❤ ❡ ❛ ❝ ✐ ① ✐ ♥ ⟨ Q 2 + 1
T ⟩ ↕ ❛ ❛❧ ♦ ❛ ❞✐ ✉ ♦❢ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✜

♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ R 1 = − R T ( d φ ) = − R t a n φ ≡ − R si n h γ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♣ ❛ ❛❧❧ ❡❧ ♣ ❛ ♦❢ d φ ✳
❘ ❛ ❞✐ ✉ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ❝ ❛❧ ❝ ✉❧ ❡ ❞ ✇✐ ❤ ❤ ❡ ▼ ❡ ✉ ♥✐ ❡ ❚ ❤ ❡ ♦ ❡ ♠

❢ ♦ ♠ ❛ ❞✐ ✉ R n ( φ ) = R c o s φ ♦❢ ♦ ❛ ✐ ♦ ♥ d α 1 ✉ ♥ ❞ ❡ ❝ ♦ ✐ ♥ ❡ ❧ ♦ ♣ ❡ ξ ♦ r 1 ❛ ▼ ❡ ✉ ♥✐ ❡ ❛ ♥ ❣❧ ❡ ξ = π / 2 − φ ✳
❚ ❤ ❡ ♥ R 2 ( φ ) = R n ( φ ) / c o s ξ = R c o t φ ≡ R ❝ ❝ ❤ γ = R si n h υ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ♦ ♠ ❛❧ ♣ ❛ ♦❢ d φ ✳
❲✐ ❤ ✭ ✶ ✵ ✻ ❆ ✮✱ ✇ ❡ ❡ ✈ ❡ ❛❧ ✇ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ♣ ♦✐ ♥ M ♦ ♥ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✐ ♥ ⟨ Q 2 + 1

T ⟩ ↕ ❛ ❢ ♦❧❧ ♦ ✇

R 1 ( φ ) d φ = − R t a n φ d φ ≡ R 1 ( γ ) d γ = − R t a n h γ d γ ≡ − R si n h γ d φ, ( 1 0 6 A − I )

R 2 ( φ )
⊥

d φ = + R c o t φ
⊥

d φ ≡ + R ❝ ❝ ❤ γ
⊥

d φ = + R si n h υ
⊥

d φ = R c o s φ d α. ( 1 0 6 A − I I )
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❚ ❤ ❡ ♥ ❤ ❡ ● ❛ ✉ ✐ ❛ ♥ ❛ ♥ ❞ ♠✐ ❞ ❞❧ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛ ❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ❛ ❡
K G = − 1 / R 2 ✱ K = ∓ 1 / 2 R − 1 ( − c o t φ + t a n φ ) ≡ ∓ 1 / 2 R − 1 ( − si n h υ + si n h γ ) [ K ( π / 4 ) = K ( ω ) = 0] ✳

❋ ♦ ❤ ❡ n D ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✐ ♥ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✇✐ ❤ { c τ R , z1 R , ..., zn R } ✱ ✐ ♥
✈ ❡ ❝ ♦ ♣ ❛ ✐ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✶ ✵ ✸ ❆✲■ ■ ■ ✮✱ ❤ ❡ ❡ ❝ ❛ ♥ ♣ ❛ ♣❧✐ ✐ ♥ ♦ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ n ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❛ ① ❡ ♦❢ n D ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ ♦❢ Ẽ T ✐ ♥ ⟨ Q n + 1

T ⟩ ↕ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ♦ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✳ ❲❡ ✉ ❡✱
❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❢ ♦ ♠ ❈ ❤✳ ✺ ❆✱ ❤ ❡ ❡ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ✉ ❝ ❤ ✐ ♠ ♣❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✇✐ ❤ e α ✳

❚ ❤ ❡ ❜ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡ ❝ ✐ ♣ ✐ ✈✐ ② ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ φ ✐ ❡ ❡ ♥ ❛
❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ✉ ♥ ✉ ✉ ❛❧ ✜ ♥✐ ❡ ✈ ♦❧ ✉ ♠ ❡ ❛ ♥ ❞ ❛ ❡ ❛ ❢ ♦ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■✿

V = 2
π
2

0 [π r 2 ( φ )] [ si n φ · R d L ( φ )] = 2 π R 3
π
2

0 [ c o s2 φ ] [ si n φ · t a n φ d φ ] =

= 2 π R 3
π
2

0 si n 2 φ c o s φ d φ = 2 π R 3
π
2

0 si n 2 φ ] d ( si n φ ) = 2 π R 3
π
2

0 d [ ( si n3 φ / 3 )] = 2
3

π R 3 ,

S = 2
π
2

0 [ 2π r ( φ )] [ R d L ( φ )] = 4 π R 2
π
2

0 c o s φ · t a n φ d φ = − 4 π R 2 0
1 d ( c o s φ ) = 4 π R 2 .






( 1 0 7 A )

❆❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ✉❧ ❢ ♦ ♠ ✭ ✶ ✵ ✻ ❆ ✮ ❢ ♦ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✇ ❡ ❡ ❦ ♥ ♦ ✇ ♥ ❡❧ ❡ ❢ ♦ ♠ ❤ ❡ ❝❧ ❛ ✐ ❝ ✇ ♦ ❦
❜ ② ❋❡ ❞✐ ♥ ❛ ♥ ❞ ▼✐ ♥ ❞✐ ♥ ❣ ❬ ✹ ✸❪✱ ❤ ♦ ✇ ❡ ✈ ❡ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❣✐ ✈ ❡ ❛ ✇ ❡❧❧ ❡ ❡ ♥ ❤ ❡ ♠ ♦
✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ♠ ❛ ♥ ♥ ❡ ♦❢ ❤ ❡✐ ✈ ❛❧✐ ❞ ❛ ✐ ♦ ♥✱ ✉ ❡❢ ✉❧✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❤ ❡ ❡ ❞ ✉ ❝ ❛ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ✳

❙✐ ♥ ❣❧ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ✇✐ ❤ n ♣ ✉ ❡❧ ② ❝✐ ❝ ✉❧ ❛ ❡ ① ❡ ♠ ❛❧ ❡ ①✐ ❛ ❡ ❛ ❝ ❤ ♣ ♦✐ ♥ ♦❢ ❤ ❡
n D ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✱ ❛ ✐ ❤ ❛ ♥ ♦ ♦❧ ❡ ✱ ✐ ♠✐❧ ❛ ✐ ♥ ❣❧ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ❡ ❛ ❝ ❤ ♣ ♦✐ ♥
♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ n D ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ♦ ✉ ♦❧ ❡ ✳  ❇ ♦ ❤ ♦ ❜❥ ❡ ❝ ❤ ❛ ✈ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❛ ♥ ❞ ❝ ♦ ♥ ❛ ♥
● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ K G = − 1 / R 2 ✱ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ✈ ✲ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡✐ ✶✲
♠ ❡ ✐ ❝ ❢ ♦ ♠ ✳ ❇ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ♦ ❜❥ ❡ ❝ ✱ ❤ ❡ ❡ ✐ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ♦ ❞✐ ♥ ❛ ❡
❛ ① ❡ −→y ✉ ✐ ♥ ❣ ❡ ✉ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ γ ❛ ♥ ❞ α ❛ ❤ ❡ ❋✐ ❣ ✉ ❡ ✷ ❆ ✭ ✸✱ ✹ ✮✳ ❚ ❤ ❡ ♥✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ▼✐ ♥ ❞✐ ♥ ❣
❚ ❤ ❡ ♦ ❡ ♠ ❬ ✹ ✸❪✱ ❤ ❡ ② ♠ ✉ ❜ ❡ ✐ ♦ ♠ ❡ ✐ ❝✱ ❜ ✉ ♦ ♥❧ ② ❛ ♦ ♥ ❡✲ ❡ ♣ ❛ ♥ ❞ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ❢ ♦ ❤ ❡✐
❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❛ ❝ ❡ ✱ ♥ ❛ ♠ ❡❧ ②✱ ❢ ♦ ♠ ❤ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■✳ ■ ♥ ❞ ❡ ❡ ❞✱ ❛❧❧ ✐ ❛ ♠ ❡ ♠ ❡ ✐ ❝ ♣ ♦ ♣ ❡ ✐ ❡
✇ ❡ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ♦ ♥❧ ② ♦ ♥ ❡✲ ❡ ♣ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✸ ✶ ✮✳
❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ♣ ❛ ♦❢ d γ ❤ ❛ ✈ ❡ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐✐ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡
R 1 = − R ❛ ♥ ❞ R 2 = + R ✇✐ ❤ R 1 R 2 = − R 2 = ❝ ♦ ♥ ✳ ❖ ♥ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■✱ ❤ ❡ ② ❛ ❡ ♥ ♦ ❝ ♦ ♥ ❛ ♥ ✱
❜ ✉ ❤ ❡ ② ❝ ❤ ❛ ♥ ❣ ❡ ♦✱ ❤ ❛ ❤ ❡✐ ♣ ♦ ❞ ✉ ❝ ✐ ❡ ❡ ❞ ❛❧ ♦ ❝ ♦ ♥ ❛ ♥ R 1 R 2 = − R 2 = ❝ ♦ ♥ ❛ ❡ ❛ ❝ ❤ ♣ ♦✐ ♥
♦❢ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✳ ❆ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛ ♥ ❞ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛❧ ♦ ♥ ❣ ❤ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝
▼✐ ♥ ❞✐ ♥ ❣ ❛ ❝ ✐ ① ❛ ♥ ❞ ❤ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❢ ♦ ♠ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ③ ❡ ♦ ♣ ♦✐ ♥ ✱ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ❝ ❤ ❛ ♥ ❣ ❡ ❢ ♦ ♠
③ ❡ ♦ ✐❧❧ ✐ ♥ ✜ ♥✐ ②✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❜ ♦ ❤ ♦ ❜❥ ❡ ❝ ❢ ♦ ♠ ❛ ❜✐ ❛ ②✱ ❜ ✉ ❡ ✉✐ ✈ ❛❧ ❡ ♥
♣ ♦✐ ♥ M ✱ ✇ ❡ ❤ ❛ ✈ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡✐ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡✳ ■ ♥ ⟨ Q 2 + 1

T ⟩ ↕ ✱ ❛ ♣ ❛ ❛❧❧ ❡❧ ♣ ❛ ♦❢
♦ ❛ ✐ ♦ ♥ ❛ d φ ❤ ❛ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K 1 = − ( R t a n φ ) − 1 ✱ ❛ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ♥ ♦ ♠ ❛❧ ♣ ❛

♦❢ ♦ ❛ ✐ ♦ ♥ ❛ d φ ❣✐ ✈ ❡ ❤ ❡ ♥ ♦ ♠ ❛❧ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K 2 = + ( R c o t φ ) − 1 ✳ ■ ♥ ⟨ P 2 + 1 ⟩ ✱ ❛ ♣ ❛ ❛❧❧ ❡❧ ♣ ❛
♦❢ ♦ ❛ ✐ ♦ ♥ ❛ d γ ❤ ❛ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❝ ✉ ✈ ❛ ✉ ❡ K 1 = − R − 1 ✱ ❛ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ♥ ♦ ♠ ❛❧ ♣ ❛ ♦❢ ♦ ❛ ✐ ♦ ♥ ❛
d γ ❣✐ ✈ ❡ ❤ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K 2 = + R − 1 ✳ ❆❧❧ ❤ ❡ ② ❛ ❡ ✉ ♥✐ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡
K G = − R − 2 ❢ ♦ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✐ ♥ ⟨ Q 2 + 1

T ⟩ ↕ ❛ ♥ ❞ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ♥ ⟨ P 2 + 1 ⟩ ✇✐ ❤ ❝ ♦ ♥ ❛ ♥
♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K 1 = − R − 1 ❛ ♥ ❞ K 2 = + R − 1 ✳ ■ ♥ ❤ ❡✐ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✱ ❤ ❡
● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ✱ ❡ ✈ ❡ ♥ ✐ ♥ ✈ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥
✭ ❈ ❤✳ ✶ ✵ ❆ ✮✳ ■ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❡ ✇ ♦ ♦ ❜❥ ❡ ❝ ✱ ✇ ❡ ❝ ❤ ♦ ❡ ❛ ❜✐ ❛ ② ❡ ✉✐ ✈ ❛❧ ❡ ♥
③ ❡ ♦ ♣ ♦✐ ♥ ♦ ♥ ❤ ❡ ❡ ♦ ❜❥ ❡ ❝ ✱ ✇ ❤✐ ❝ ❤ ❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❛ ❡ ✉ ❛❧ γ ❛ ♥ ❞ α ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✇ ❡ ♣ ♦ ✈ ❡ ❞✿
❤ ❡ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ❛ ❡ ❡ ♥ ✐ ❡❧ ② ♦ ♥ ❡✲ ❡ ♣ ✐ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡✦

■ ♥ ❈ ❤ ✳ ✺ ❆✱ ✻ ❆ ✇ ❡ ❡ ✈ ❡ ❛❧ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥✐ ♥ ❣ ♦❢ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ♣ ♦ ❣ ❡ ♥✐ ♦
✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❧ ❛ ❡ ❞ ❞ ✉ ✐ ♥ ❣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ⟨ P n + 1 ⟩ ✐ ♥ ❙ ♣ ❡ ❝✐ ❛❧ ⟨ Q n + 1 ⟩ ✐ ♥ ♦ ❝ ❛ ❡ ♥ ❛ ②

❛ ♥ ❞ ❛ ❝ ✐ ① ❛ ❋✐ ❣ ✉ ❡ ✷ ❆ ✭ ✸✱ ✹ ✮✳ ■ ♥ ✇ ♦ ❙ ♣ ❡ ❝✐ ❛❧ ♣ ❛ ❝ ❡ ✱ ❤ ❡ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ❝✐ ❝❧ ❡ ❛ ♥ ❣ ❡ ♥
❛ ③ ❡ ♦ ♣ ♦✐ ♥ O 1 ♦ ❝ ❛ ❡ ♥ ❛ ② ✭ ✾ ✻ ❆ ✮ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ❛ ③ ❡ ♦ ❛ ♥ ❞ ❝ ✉ ♣ ♣ ♦✐ ♥ O 1 ♦ ❛ ❝ ✐ ① ✭ ✶ ✵ ✺ ❆ ✮✳
❲❡ ❛ ❞ ❞ ❡ ❞ ❤ ❡ ❊ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❚ ♦ ✉ ❜ ♦ ♥ ❞ ❡ ❞ ❛ ❡ ✉ ❛ ♦ ❤ ❡ ❚ ✐ ❛ ❞ ♦❢ ❍ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ❈ ❛ ❡ ♥ ♦✐ ❞ ■ ❛ ♥ ❞
❚ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❛❢ ❡ ❡ ✈ ♦❧ ✈✐ ♥ ❣ ❤ ❡ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❝ ✉ ✈ ❡ ❛ ♦ ✉ ♥ ❞ ❛ ①✐ − →c τ R ✇✐ ❤ ❤ ❡ ✐ ♠✐❧ ❛ ✐ ② ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ R
❢ ♦ ❛ ❞ ❞✐ ✐ ✈ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ φ ( γ ) ❛ ❝ ♦ ♥ ❛ ② ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❡ ✐ ♥ ✭ ✸ ✸ ✶ ❆ ✮✳

✯ ✯ ✯
❋ ♦ ♠ ❤ ❡ ♦❧ ❡ O ♦❢ ❛ ♦ ♣ ♣ ❛ ♦❢ ✇ ♦✲ ❤ ❡ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ■✱ ❛ ✐ ③ ❡ ♦✱ ❜ ✉ ✐ ♥ ❣ ✉❧ ❛ ❝ ✉ ♣ ♣ ♦✐ ♥ ✱ ✐ ♥

❣ ❡ ♥ ❡ ❛❧✱ n ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ❝ ❡ ✐ ✉ ❡✳ ❚ ❤✐ ♦❧ ❡ ❝ ❛ ♥ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ♦ ✇ ♥ ♣❧ ❛ ❝ ❡ ❞ ✉ ❡ ♦ ❛❧ ♦ ♦ ♥ ❡✲ ❡ ♣
❛ ❞ ♠✐ ✐ ❜❧ ❡ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ❝ ❡ ♦ ♥ ✐ ✐ ♠✐❧ ❛ ▼✐ ♥ ❞✐ ♥ ❣ ♦ ♥ ❡ ✳ ❚ ❤✐ ❞✐ ✛ ❡ ❧✐ ♠✐ ❡ ❞ ♠ ♦ ✐ ♦ ♥
♦ ♥ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ■ ❢ ♦ ♠ ♥ ♦ ♥✲❧✐ ♠✐ ❡ ❞ ♦ ♥ ❡ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■✳ ❆ ❡ ✈ ♦❧ ✉ ❡✲✐ ♥ ✈ ♦❧ ✉ ❡ ❛ ♥ ♣ ❤ ❡ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡
❝ ❛ ❡ ♥ ❛ ② ✐ ♥ ♦ ✐ ♠ ❡✲❧✐ ❦ ❡ ❍ ✉ ② ❣ ❡ ♥ ❛ ❝ ✐ ① ✐ ♥ ✐ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ✇ ❡ ❣ ❡ ❤ ❛ ♦ ♥ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ■✱
φ ( γ ) ✐ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❛❧ ♦ ❤ ❡ ▼ ❡ ✉ ♥✐ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♥ ♦ ♠ ❛❧ ♦ ❤✐ ❛ ❝ ✐ ① ❛ ♥ ❞ ❛ ❞✐ ✉ ✳



✷ ✶ ✷ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ■ ✇ ❡ ❣ ❡ ✐ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✇✐ ❤ ❛❧ ♦ ♠ ♦ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ✈ ❡ ✈ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥✿

R · z ( I I ) = R · ( γ − t a n h γ ) · e α ≡ R · [l n c o t (π / 2 − φ ) / 2 − si n φ ] · e α ,
R · y ( I I ) = R · ❡ ❝ ❤ γ ≡ R · c o s φ.

⇒ ( 1 0 8 A )

R d z ( I I ) = R d ( γ − t a n h γ ) · e α = R · [ t a n h2 γ d γ · e α + ( γ − t a n h γ ) d α · e ν ],
R d y ( I I ) = R d ❡ ❝ ❤ γ = − R · ❡ ❝ ❤ γ · t a n h γ d γ.

⇒

R d z ( I I ) = R d [γ ( φ ) · e α ] = R d [l n c o t (π / 2 − φ ) / 2 · e α ] = R [ s e c φ d φ · e α + [l n c o t ( π / 2 − φ ) / 2] d α · e ν ],
R d y ( I I ) = R d c o s φ = − R · si n φ d φ.

⇒

dl 2
2 ( γ ) = R 2 [ t a n h2 γ d γ 2 + ( γ − t a n h γ ) 2 d α 2 ] = R 2 { [d L ( I I ) ( γ )] 2 + ( γ − t a n h γ ) 2 d α 2 } ≡

≡ dl 2
2 ( φ ) = R 2 { t a n 2 φ d φ 2 +[l n c o t ( π / 2 − φ ) / 2 − si n φ ]2 d α 2 } = R 2 { [d L ( I I ) ( φ )] 2 +[l n c o t ( π / 2 − φ ) / 2 − si n φ ]2 d α 2 } .

✯ ✯ ✯
❘ ❡ ✉ ♥ ♦ ❞✐ ❝ ✉ ✐ ♥ ❣ ❛ ❜ ♦ ✈ ❡ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ✭❢ ♦ ♠ ❤ ❡ ❡ ♦❢ ✉ ❝ ❤ ✇✐ ❤ ❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ ✮✳
■ ♥ ❞ ❡ ❡ ❞✱ ✐ ♥ ✐ ✉ ♥✱ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■ ■ ❤ ❛ ✈ ❡ ♦ ✇ ♥ ♣ ♦ ❣ ❡ ♥✐ ♦ ❛ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♦❢
❛ ❞✐ ✉ R ✐ ♥ ⟨ Q 3 + 1 ⟩ ✭ ❡ ❡ ✐ ♥ ❋✐ ❣ ✉ ❡ ✹ ❛ ♥ ❞ ❈ ❤✳ ✽ ❆ ✮ ✇✐ ❤ ❝ ❛❧ ❛ ♦ ✈ ❡ ❝ ♦ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ✇ ♦ ❢ ♦ ♠ ✱

❜ ♦ ♥ ❞ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ φ ❛ ♥ ❞ ξ = π / 2 − φ ✭ ❛ ❤ ❡ ▼ ❡ ✉ ♥✐ ❡ ❛ ♥ ❣❧ ❡ ♦ ♦ ✮✿

x R = R · d = R · si n φ i · e α = R · c o s ξ i · e α ,
y R = R · h = R · c o s φ i = R · si n ξ i .

( ✉ ♥ ❞ ❡ I ± ❛ φ = + i γ ⇒ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ) ⇒ ( 1 0 9 A − I I )

x R = R · d = R · c o s φ i · e α = R · si n ξ i · e α ,
y R = R · h = − R · si n φ i = − R · c o s ξ i .

( ✉ ♥ ❞ ❡ I ∓ ❛ φ = − i γ ⇒ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ) ⇒ ( 1 0 9 A − I )

d ( lR / R )] 2
( I I ) = d φ 2

p = c o s 2 φ p d φ 2
p + si n 2 φ p d φ 2

p = d φ 2
i + si n 2 φ i d α 2

1 = d φ
2

Q
+

⊥
d φ

2

E

= d ξ 2
p = d ξ 2

i + c o s 2 ξ i d α 2
1 .

d ( lR / R )] 2
( I ) = d φ 2

q = si n 2 φ q d φ 2
q + c o s 2 φ q d φ 2

q = d φ 2
i + c o s 2 φ i d α 2

2 = d φ
2

Q
+

⊥
d φ

2

E

= d ξ 2
q = d ξ 2

i + si n 2 ξ i d α 2
2 .

● ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②✱ ✇ ❡ ❝ ❛ ♥ ❝ ❤ ♦ ♦ ❡ ❛ ♥ ② ✈ ❛ ✐ ❛ ♥ ✭ ✶ ✵ ✾ ❆ ✕ ■ ✮ ♦ ✭ ✶ ✵ ✾ ❆✲ ■ ■ ✮ ❛ ❡ ♣ ❛ ❛ ❡ ♦ ♥ ❡ ✐ ♥ ♦ ✇ ♥ ⟨ Q 2 + 1 ⟩ ✦
❚ ❤ ❡ ❡ ✇ ♦ ♣ ✉ ❡❧ ② ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✱ ✇✐ ❤ ♦ ✇ ♥ ✉ ♠ ♠ ❛ ② ♠ ♦ ✐ ♦ ♥ d φ p ❛ ♥ ❞ d φ q ✱ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✐ ♥
⟨ Q 3 + 1 ⟩ ❛ ♥ ❞ ❣✐ ✈ ❡ ♥ ✐ ♥ ♥ ♦ ♠ ❛❧ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ✇ ♦ ❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✕
❡ ❡ ✐ ❝ ❧ ② ♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✶ ✵ ❆✳ ❆ ♥ ❞ ✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ✐ ✐ ♠✐❧ ❛ ✉ ♣ ♦ ❤ ❡ ❝ ❛❧ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ R
♦ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ⟨ Q 3 + 1 ⟩ ✱ ❛ ❛❧❧ ❤ ❡ ❡ ♠ ✉ ❜ ❡ ♥ ❛ ♠ ❡❧ ② ❢ ♦ ❛ ♥ ② ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✦

■ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ φ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ( 1 ) ❛ ❛ ♥ ❣ ✉❧ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ❛❧ ♦ ♥ ❣
♦ ♠ ❡ ♠ ❡ ✐ ❞✐ ❛ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♦❧ ❡ ✳ ■ ♥ ❤ ❡ ❧ ❡❢ ♦ ♣ ✐ ♦ ♥ ✱ ✇ ❡ ❛ ♣ ♣❧ ② ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢

♠ ♦ ✐ ♦ ♥ φ i ✱ ❝ ♦ ✉ ♥ ❡ ❞ ♦ ✛ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ◆ ♦ ❤ ♦❧ ❡✱ ❛ ♦ ♥ ❡ ❞ ♦ ✉ ✉ ❛❧❧ ② ❢ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ❛ ♥ ❞ ■ ✕
❡ ❡ ✉ ❝ ❤ ✐ ♥ ✭ ✶ ✸ ✷ ❆ ✮ ❛ ♥ ❞ ✭ ✶ ✸ ✸ ❆ ✮ ✐ ♥ ❈ ❤✳ ✼ ❆✳ ❆ ♥ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❣❧ ❡ d α ❛ ❡ ❝ ♦ ✉ ♥ ❡ ❞ ❛❧ ♦ ♥ ❣
♦ ♠ ❡ ♣ ❛ ❛❧❧ ❡❧ ❢ ♦ ♠ ❤ ❡ ❝ ❡ ❛✐ ♥ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ③ ❡ ♦ ♠ ❡ ✐ ❞✐ ❛ ♥✳ ❍ ♦ ✇ ❡ ✈ ❡ ✐ ♥ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ♣ ✐ ♦ ♥ ✭ ✶ ✵ ✾ ❆✲■ ✮✱

♦ ♥ ❡ ♠ ❛ ②✱ ❛ ✐ ♠ ♦ ❡ ❝ ✉ ♦ ♠ ❛ ②✱ ❛ ❝ ❝ ❡ ♣ ❛ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ξ ✱
✇ ❤✐ ❝ ❤ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡✱ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦ ✛ ❤ ❡ ❊ ✉ ❛ ♦ ❛ ③ ❡ ♦ ✈ ❛❧ ✉ ❡✱ ❛ ❝ ♦ ♥ ❛ ②
❛ ♥ ❣ ✉❧ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ❛❧ ♦ ♥ ❣ ♦ ♠ ❡ ♠ ❡ ✐ ❞✐ ❛ ♥✳ ❙ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✈ ✮ ❢ ♦ ♠ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✳

❇✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ P 2 + 1 ⟩ ✱ ⟨ Q 2 + 1 ⟩ ✱ ⟨ Q 2 + 1
C ⟩ ↕ ✱ ⟨ Q 2 + 1

C ⟩ ↔ ⟨ Q 2 + 1
T ⟩ ↕ ✱ ⟨ Q 2 + 1

T ⟩ ↔ ✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ±

❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ✉ ❜ ❣ ♦ ✉ ♣ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ⟨ r ot Θ ⟩ ✳ ■ ♥ ❝ ♦ ♥ ❛ ♦ ⟨ Q 2 + 1 ⟩ ✇✐ ❤ ✐
❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ❡ ♦ ❛ ✐ ♦ ♥ ❣ ♦ ✉ ♣✱ ✐ ♥ ⟨ Q 2 + 1

T ⟩ ↕ ✇✐ ❤ ✐ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡✱ ❤ ❡ ✉ ♥✐ ❡ ❞
❡ ♦❢ ⟨ r ot Φ ( Γ ) ⟩ ❛ ♥ ❞ ⟨ r ot Θ ⟩ ✐ ♥ ♦ ❛ ❣ ♦ ✉ ♣✱ ❜ ❡ ❝ ❛ ✉ ❡ ♦ ♥❧ ② ✐ ♥ ♦ ♠ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❛ ✐ ❛ ♥ ❣ ✉❧ ❛

❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✳ ❆❧ ♦ ♥ ❣ ❛ ❝ ✐ ❝ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ♦ ♥❧ ② ♥ ♦ ♥✲ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d L R ( φ ) ✱ ♥ ♦ ❡❧ ❛ ✐ ♥ ❣ ♦ ♦ ❛ ✐ ♦ ♥ ✦
❆ ♥ ❞ ✐ ✐ ♦ ♥ ❤✐ ❣ ♦ ✉ ♣ ✐ ❞ ❡ ❛ ✱ ✇ ❡ ❞✐ ✈✐ ❞ ❡ ❞ ✐ ♥ ❬ ✶ ✻❪ ❛ ❢ ✉❧❧ ❡ ♦❢ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥
❝ ✉ ✈ ❛ ✉ ❡ ✐ ♥ ♦ ✉ ❜ ❡ ♦❢ ♣ ❡ ❢ ❡ ❝ ❛ ♥ ❞ ✐ ♠ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♣ ❛ ❝ ❡ ✱ ♥ ❛ ♠ ❡❧ ②✱
✇✐ ❤ ❛ ♥ ❣ ✉❧ ❛ ❝ ♦ ♠ ♣❧ ❡ ❡ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦ ♥ ♦ ❛ ♥ ❣ ✉❧ ❛ ♦ ♥ ❡ ✳ ❚ ❤ ❡ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❤ ❛ ✈ ❡ ♦ ✇ ♥
❝ ♦ ♠ ♣❧ ❡ ❡ ❣ ♦ ✉ ♣ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❧ ❡ ✈ ❡❧ ✱ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✉ ❝ ❤ ❣ ❡ ♦ ♠ ❡ ✐ ❝
♦ ❜❥ ❡ ❝ ❤ ❛ ✈ ❡ ♦ ♥ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❤ ❡ ♠ ❛ ❞✐ ✉ R ❜ ❡ ✐ ❞ ❡ ❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡✳ ❚ ❤ ❡ ♥✱ ✇✐ ❤ ♦ ✉
✐ ♠ ♣❧ ❡ ❡ ♥ ♦ ✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✇ ❡ ❣ ❛ ✈ ❡ ✐ ♥ ❬ ✶ ✻❪ ❤ ❡ ❡ ✶✲ ♣ ✉ ❡❧ ② ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ✐ ❝

❢ ♦ ♠ ❢ ♦ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❤ ❡ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ♣ ❡ ❢ ❡ ❝ ♦ ♥ ❡ ❛ ♥ ❞ ♦ ♥❧ ② ❢ ♦ ❤ ❡ ♠ ❤ ❡✐
❆ ❜ ♦❧ ✉ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✱ ✇ ❤ ❡ ❡ ❤ ❡✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ♣ ❡ ✉ ❞ ♦ ✕ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧
❛ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧✦ ❙ ♦✱ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ✐ ♥ ♦ ❛ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ❛ ♥ ❞
❤ ❛ ♦ ♥❧ ② ♦ ♥ ❡✲ ❡ ♣ ✐ ♥ ❡ ❣ ❛❧ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ✐ ❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡✳
❚ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❝ ✉ ✈ ❡ ❞ ● ❚ ❘ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ✐ ♠ ♣ ❡ ❢ ❡ ❝ ✱ ✇✐ ❤ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ❣ ♦ ✉ ♣ ❛ ♥ ❞ ❡ ✈ ❡ ♥ ✇✐ ❤ ♦ ✉ ♦ ♠ ❡
✉ ❣ ♦ ✉ ♣ ✳ ♦✐ ♥ ❝ ❛ ✁❡ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 3 + 1 ⟩ c ❛ ♥ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ c ❛ ❡ ♣ ❡ ❢ ❡ ❝ ✇✐ ❤
❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❣ ♦ ✉ ♣✳ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞

❛ ❡ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❛ ♥ ❞✱ ✇✐ ❤ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■✱ ❤ ❡ ② ❛ ❡ ♣ ♦❧ ② ❡ ♣ ✐ ♦ ♠ ❡ ✐ ❝✳ ❋ ♦ ♣ ❡ ❢ ❡ ❝
✉ ❢ ❛ ❝ ❡ ✱ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❡ ♣ ♦❧ ② ❡ ♣ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡✐ ♠ ♦ ✐ ♦ ♥ ❣ ♦ ✉ ♣ ✳



❈ ❤ ❛ ♣ ❡ ✼ ❆

❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ✇ ♦✲ ❡ ♣ ✱ ♣ ♦❧ ② ❡ ♣ ✱ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧
♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❙ ❚ ❘ ❛ ♥ ❞ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡

❲❡ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ✉ ❞ ②✐ ♥ ❣ ✇ ♦✲ ❡ ♣ ❛ ♥ ❞ ♣ ♦❧ ② ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✭ ♦ ❛ ✐ ♦ ♥ ✮ ⟨r ot h Γ ⟩ ✕ ❡ ❡
✐ ♥ ❈ ❤ ✳ ✶ ✶ ❛ ♥ ❞ ✺ ❆✳ ❚ ❤ ❡ ② ❛ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❞ ✇✐ ❤ ✇✐ ❞ ❡ ✉ ✐ ♥ ❣ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ✇ ♦ ❞✐ ❡ ❝ ✐ ♦ ♥ ✿
✶✮ ❚ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ≡ ⟨ E 2 ⟩ ⊠ −→y ≡ ❈ ❖ ◆ ❙ ❚ ✭ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❜ ♣ ❛ ❝ ❡ ✮✱ ✇ ❤✐ ❝ ❤
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ✢ ❛ ❛ ♥ ❞ ♣ ❛ ✐ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❙ ❚ ❘ ✇✐ ❤ ❤ ❡✐ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡
❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❀ ❛ ♥ ❞ ♦ ♥ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ✐ ♥ ♦ ✐ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✭ ♦ ♣ ❤ ❡ ❡ ✮ ❛
n = 3 ♦ ✐ ♥ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ■■ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ❝ ❡ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶ ✷✳
✷✮ ❚ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P n + 1 ⟩ ≡ ⟨ E n ⟩ ⊠ −→y ≡ ❈ ❖ ◆ ❙ ❚✱ ❛ ♥ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ✐ ♥ ♦ ✐
n D ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ n D ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ❝ ❡✳
❲❡✬❧❧ ♣ ❛ ② ❛ ❡ ♥ ✐ ♦ ♥ ♠ ♦ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ♦ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ♥ ✜ ♥ ❛❧ ♣ ❛ ♦❢ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✦

❙ ✉ ❝ ❤ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ❡ ❛ ❞ ♠✐ ❡ ❞ ✐ ♥ ⟨ P n + 1 ⟩ ≡ ⟨ E n ⟩ ⊠ −→y ≡ ❈ ❖ ◆ ❙ ❚ ✇✐ ❤ ✐ ❣ ❤ ❜ ❛ ❡ ❤ ❡ ❡✿
✶✮ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ♦ ② ♣ ❡ ✱ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ r ot h Γ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ r ot Θ ❀
✷✮ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ♣ ❡ ❡ ✈✐ ♥ ❣ ❤ ❡ ♣ ❛ ❝ ❡ ✉ ❝ ✉ ❡ ✇✐ ❤ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ✲ ❡ ♥ ♦ I ± ✳

❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ❤ ❡✐ ❡ ❛❧ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✐ ♥ Ẽ 1 = { I } ✳
❚ ❤ ❛ ✐ ✇ ❤ ②✱ ✐ ♥ ♣ ♦❧ ❛ ❛ ♥ ❞ ✉ ♠ ♠✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡ ❤ ❡ ② ❛ ❡ ❣✐ ✈ ❡ ♥ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ Ẽ 1 ✱ ❜ ✉ ❡ ❛❧❧ ② ❤ ❡ ②
♠ ❛ ② ❜ ❡ ❛ ♥ ❧ ❛ ❡ ❞ ❢ ♦ ♠ Ẽ 1 ✐ ♥ ♦ ❤ ❡ ❜ ❛ ❡ ♦❢ ❛ ❝ ✐ ♦ ♥ Ẽ k ✱ ❞ ✉ ❡ ♦ ❤ ❡ ❘ ✉❧ ❡ ♦❢ ♠ ✉❧ ✐ ❡ ♣

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ❈ ❤✳ ✶ ✶✮✳ ❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ r ot h Γ ✭ ✶ ✵ ✵ ❆✮✱ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ✐
♣ ♦✲ ❡ ♥ ♦ ✭ ✸ ✷ ✹✮ ❛ ♥ ❞ ✭ ✸ ✻ ✷✮✱ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❞ ✉ ❡ ♦ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✸ ✹ ✽✮✿ r ot h Γ ·I ± ·r ot h Γ = I ± ✳ ❚ ❤ ❡
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ❤ ❛ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ♥ ❞ ⟨ Q 3 + 1 ⟩ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✹ ✾ ✼✮✳ ❚ ❤ ❡✐ ✉ ❝ ✉ ❡ ✐ ♥

⟨ P n + 1 ⟩ ♦ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ≡ ⟨ E 3 ⊠
−→
ct ⟩ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✭ ✶ ✵ ✵ ❆✮✿

{ r ot h Γ } 4 × 4 = F (γ, e α ) = c o s h Γ + si n h Γ { r ot Θ } 4 × 4 I ±

c o s h γ i ·
← − − − −
e α · e α

′ +
− − − − →
e α · e α

′ si n h γ i · e α

si n h γ i · e ′
α c o s h γ i

.....
{ r ot Θ } 3 × 3 0

0 ′ 1
.....

I 3 × 3 0

0 ′ − 1
, ( 1 1 0 A )

(
←− −−
e α e ′

α = e α e ′
α ).

■ ♥ ❙ ❚ ❘✱ { r ot Θ } 4 × 4 ♠ ❛ ② ❝ ❛ ✉ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ✉❧ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ♦
♠ ♦ ❡ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot h Γ ❛ ❛ ✧ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❜ ♦ ♦ ✧ ✭✐ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱
❤✐ ❝ ❛ ✉ ❡ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ✐ ♥ ❣ ✐ ♥ ✜ ❣ ✉ ❡ ✮✳ ■ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❢ ♦ ♠ ❤✐ ❝ ❛ ✉ ❡ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❚ ❤ ♦ ♠ ❛

♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡ ❬ ✾ ✸❪✳ { r ot Θ } ♠ ❛ ② ❜ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❛❧ ♦ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡
✭ ♥ ❛ ♠ ❡ ❞ ♦ ♠ ❡ ✐ ♠ ❡ ❜ ② ❲✐ ❣ ♥ ❡ ♦ ❛ ✐ ♦ ♥ ❬ ✾ ✹❪✮✳ ❙ ❡ ❡ ❛❧❧ ❤ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❤✐ ❈ ❤ ❛ ♣ ❡ ✳

❚ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ r ot h Γ ✇✐ ❤ e α ✐ ♥ Ẽ 1 ❛ ♥ ❞ ✐ ♥ ❛ ♥ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 u = r ot Θ · Ẽ 1

✇✐ ❤ e = r ot Θ 3 × 3 · e α ❤ ❛ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✻ ✷✮ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✻✳ ❚ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ( k ) ❛ ❡

✉ ❡ ❞ ✉ ✉ ❛❧❧ ② ❛ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ① ❡ ❢ ♦ ❝ ♦ ✉ ♥ ✐ ♥ ❣ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ✳ ❆ ✜ ✱ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡
✇ ♦✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❡ ❛❧✐ ③ ❡ ❞ ❛ ✐❢ ✐ ♥ ⟨ P 2 + 1 ⟩ ≡ ❈ ❖ ◆ ❙ ❚ ✕ ❡ ❡ ❛ ❜ ♦ ✈ ❡✱ ✐ ♥ ♦ ❞ ❡ ♦

✐ ♥❢ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✭ ♦ ❛ ✐ ♦ ♥ ✮ ♦ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐ ♥ ❡ ♥ ♦ ✱ ✈ ❡ ❝ ♦
❛ ♥ ❞ ❝ ❛❧ ❛ ❢ ♦ ♠ ✳ ❚ ❤ ❡ ♥ ❡ ✇ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❝ ❛ ♥ ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ Ẽ 1 = { I } ❜ ② ✇ ♦
✇ ❛ ② ✿ ✇✐ ❤ ♦ ❞ ❡ ✐ ♥ ❣ ✭ ✹ ✽ ✺✮ ♦❢ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ♣ ♦❧ ❛ ❢ ♦ ♠ ✭ ✹ ✾ ✶✮✿

Ẽ 3 = r ot h Γ 1 2 · r ot h Γ 2 3 · Ẽ 1 = ( r ot h Γ 1 2 · r ot h Γ 2 3 · r ot h − 1 Γ 1 2 ) Ẽ 2
· r ot h Γ 1 2 · Ẽ 1 =

= r ot h Γ 1 3 · r ot Θ 1 3 · Ẽ 1 = ( r ot h Γ 1 3 · r ot Θ 1 3 · r ot h − 1 Γ 1 3 ) Ẽ 1 h
· r ot h Γ 1 3 · Ẽ 1 = ( 1 1 1 A )

= r ot Θ 1 3 · r ot h
∠

Γ 1 3 ·Ẽ 1 = ( r ot Θ 1 3 · r ot h
∠

Γ 1 3 ·r ot ′Θ 1 3 ) Ẽ 1 u
· r ot Θ 1 3 · Ẽ 1 = T 1 3 · Ẽ 1 = { T 1 3 } .

❋ ♦ ✉ ❜ ❡ ✉ ❡ ♥ ❝ ♦ ❡ ❝ ❞ ❡ ✐ ✈ ❛ ✐ ♦ ♥ ✱ ✇ ❡ ❛ ❛ ❝ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ✐ ♠ ♣ ♦ ❛ ♥ ❝ ❡ ♦ ❛ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ♦ ♣ ❡ ❛ ✐ ♦ ♥
✐ ♥ ❛ ♥ ② ♠ ✉❧ ✐ ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ❚ ❤✐ ✐ ✉ ❡ ❤ ❛ ❛❧ ❡ ❛ ❞ ② ❜ ❡ ❡ ♥ ❝ ♦ ✈ ❡ ❡ ❞ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❈ ❤✳ ✶ ✶✳



✷ ✶ ✹ ❆ ❊ ◆ ❉ ■ ❳

❋✐ ♣ ❛✐ ♦❢ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ❡ ❛ ❝ ❤ ❤ ❡ ❡ ♦ ✇ ♦❢ ✭ ✶ ✶ ✶ ❆✮ ❛ ❡ ❣✐ ✈ ❡ ♥ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I }
✐ ♥ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♠ ❛ ✐ ① ❢ ♦ ♠ ❤ ❡ ❡ ♣ ❛✐ ✐ ❜ ❡✐ ♥ ❣ ❛ ♥ ❧ ❛ ❡ ❞ ✐ ♥ ❡ ❛ ❝ ❤ ♦ ✇
✐ ♥ ❤ ❡ ❣✐ ✈ ❡ ♥ ❜ ❛ ❡ ♦❢ ✐ ❡ ❛❧ ❛ ❝ ✐ ♦ ♥ Ẽ k ✳ ❚ ❤✐ ❡❧ ❛ ❡ ♦ ❤ ❡ ✇ ♦✲ ❡ ♣ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✜ ♦ ✇
❛ ♥ ❞ ♦ ❜ ♦ ❤ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ♠ ♠ ❛ ② ♠ ❛ ✐ ① T 1 3 ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❞ ❤✐ ❞ ♦ ✇
✇✐ ❤ ✐ ❣ ❤ ❛ ♥ ❞ ❝ ♦ ♥ ❛ ② ♦ ❞ ❡ ✐ ♥ ❣ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✱ ❞ ✉ ❡ ♦ ❣ ❡ ♥ ❡ ❛❧
❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✹ ✽ ✺✮ ✕✭ ✹ ✽ ✽✮ ❛ ♥ ❞ ✭ ✹ ✾ ✶✮ ❢ ♦ ♠ ❈ ❤✳ ✶ ✶✳ ❙ ♦✱ ✐ ♥ ❤ ❡ ✜ ✈ ❛ ✐ ❛ ♥ ♦❢ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✱
r ot Θ 1 3 ❤ ❛ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✜ ♥ ❛❧ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥ r ot h Γ 1 3 ✳

❈ ♦ ♦❧❧ ❛ ② ✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ✇ ♦✲ ❡ ♣ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ r ot h Γ ✐ ♥ ⟨ P n + 1 ⟩ ♦ ♦ ♥
❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❝ ❛ ♥ ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✳

❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ r ot h Γ 1 j ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ✐ ♥ ⟨ P n + 1 ⟩ ❡❧ ❛ ✐ ✈ ❡❧ ② ♦❢ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐
−→
ct ( 1 ) ✳

❖ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ✐ ♥ ⟨ E 3 ⟩ ( 1 h ) ❢ ♦ ❛ ♥ ♦ ❜❥ ❡ ❝ ♦ ❛ ❜ ❛ ❡ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ❛ ①✐ − →e N ✳
■ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ✭ ✸ ✺ ✷✮✱ ❤ ❡ ❜ ❛ ❡ ⟨ Ẽ 1 u ⟩ = ⟨r ot Θ · Ẽ 1 ⟩ ❛ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ♦ ♦ ✭✐ ♥ ❙ ❚ ❘✱ ❤ ❡ ②

❛ ❡ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ❡ ❜ ❛ ❡ ✮✳ ❉ ✉ ❡ ♦ ✭ ✶ ✶ ✶ ❆✮✱ ❤ ❡ ❡ ❤ ♦❧ ❞

r ot h
∠

Γ 1 3 = r ot (− Θ 1 3 ) · r ot h Γ 1 3 · r ot Θ 1 3 = r ot ′Θ 1 3 · r ot h Γ 1 3 · r ot Θ 1 3 . ( 1 1 2 A )

❋ ♦
∠

Γ 1 3 ✱ ❤ ❡ ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ✭ ✸ ✻ ✸✮ ✐ ❤✐❢ ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❛ ♦❢ Γ 1 3 ♦
❜ ❛ ❝ ❦ ✇ ❛ ❞ ❛ Θ 1 3 ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ❢ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ✇ ♦✲ ❡ ♣ ♦ ❛ ✐ ♦ ♥ ✱
❤ ❡ ❛ ✐ ✐ ♥ ❣ ❛ ♥ ❣❧ ❡ ♦❢ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ✐ ✐ ❣ ♥ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ✐ ❣ ♥

♦❢ ❛ ♥ ❣❧ ❡ ε ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ✱ ✐✳ ❡✳✱ θ 1 3 < 0 ❛ ε > 0 ❞ ✉ ❡ ♦ ❤ ❡ ❙✐ ❣ ♥ ❘ ✉❧ ❡ ❢ ♦ ♠ ❡ ❝ ✶ ✷✳ ✷✿

e ∠
σ

= { r ot (− Θ 1 3 )} 3 × 3 · e σ (✉ ♥ ❞ ❡ ✉❧ ❡ ε > 0 → θ 1 3 < 0 !) ⇒ c o s θ 1 3 = e ′
∠
σ

· e σ . ( 1 1 3 A )

■ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ✭ ✹ ✼ ✹✮✱ ✭ ✹ ✼ ✺✮ ❛ ♥ ❞ ❜ ② ✭ ✶ ✶ ✶ ❆✮ ❛ ♥ ❞ ✭ ✸ ✷ ✺✮✱ ❤ ❡ ❡ ❤ ♦❧ ❞

r ot h Γ 1 3 =
√

T T ′ = r ot h Γ 1 2 · r ot h ( 2 Γ 2 3 ) · r ot h Γ 1 2 = r ot h ( 2 Γ 1 3 ). ( 1 1 4 A )

r ot Θ 1 3 = r ot h Γ 1 2 · r ot h Γ 2 3 · r ot h
∠

Γ 3 1 = r ot h Γ 3 1 · r ot h Γ 1 2 · r ot h Γ 2 3 = r ot h − 1 Γ 1 3 · T 1 3 . ( 1 1 5 A )

❋ ♦ ♠ ✉❧ ❛ ✭ ✶ ✶ ✺ ❆✮ ❡ ♣ ❡ ❡ ♥ r ot Θ 1 3 ❛ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ Θ 1 3 ♦❢ ❤ ❡ ❝❧ ♦ ❡ ❞ ❝ ② ❝❧ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥
r ot h Γ i j ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ✇✐ ❤ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦❢ ✭ ✶ ✶ ✹ ❆✮✳ ■ ✐ ❡ ① ❡ ❝ ✉ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ✜
♣ ♦✐ ♥ ✶ ♦ ❤ ❡ ✜ ♥ ❛❧ ♣ ♦✐ ♥ ✸ ✐ ♥ ❤ ❡ ❜ ❛ ❡ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♦ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ♦❢ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ❧ ❡ ❣ ✦
■❢ ♦ ❛ ✐ ♦ ♥ r ot h Γ i j ❛ ❡ ❝ ♦❧❧✐ ♥ ❡ ❛ ✱ ❤ ❡ ♥ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ✐ ♥ ♦ ❤ ❡ ❡ ❣ ♠ ❡ ♥ γ 1 3 ✳

❋ ✉ ❤ ❡ ✱ ✇ ❡ ❤ ❛❧❧ ♦❢ ❡ ♥ ✉ ❡ ❤ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤
❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡✐ ♦ ❞ ❡ ✐ ♥ ♦ ❝ ♦ ♥ ❛ ② ♦ ♥ ❡ ✭❢ ♦ ♦ ♠ ❡ ♠ ♦ ❡ ✐ ♠ ♣❧ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ✮✳ ■ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧
✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✱ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✶ ✶ ❆✮ ♦❢ ✇ ♦ ♠ ♦ ✐ ♦ ♥ ✭ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✮ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ❡ ✇
♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ ′

3 = { T ′
1 3 } = { T 1 3 } ′✿

Ẽ ′
3 = r ot h Γ 2 3 · r ot h Γ 1 2 · Ẽ 1 = T ′

1 3 · Ẽ 1 =

= r ot h
∠

Γ 1 3 ·r ot (− Θ 1 3 ) · Ẽ 1 = r ot (− Θ 1 3 ) · r ot h Γ 1 3 · Ẽ 1 . ( 1 1 6 A )

❚ ❤ ✉ ❤ ❡ ❡ ❛ ❡ ✇ ♦ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ❛ ♠ ❛ ✐ ① ✭ ✶ ✶ ✷ ❆✮✿ ❛ ✐ ♥ ✭ ✶ ✶ ✶ ❆✮ ❛ ♥ ❞ ❛ ✐ ♥ ✭ ✶ ✶ ✻ ❆✮✦
■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ✭ ✶ ✶ ✹ ❆✮ ❛ ♥ ❞ ✭ ✶ ✶ ✺ ❆✮✱ ✐❢ ♠ ❛ ✐ ❝ ❡ ✐ ♥ Ẽ 1 ❛ ❡ ♦ ❞ ❡ ❡ ❞ ✐ ♥ ✈ ❡ ❡❧ ②✱ ❤ ❡ ♥

r ot h
∠

Γ 1 3 =
√

T ′T = r ot h Γ 2 3 · r ot h ( 2 Γ 1 2 ) · r ot h Γ 2 3 = r ot h ( 2
∠

Γ 1 3 ). ( 1 1 7 A )

r ot ( − Θ 1 3 ) = r ot h
∠

Γ 1 3 ·r ot h Γ 3 2 · r ot h Γ 2 1 = r ot h Γ 3 2 ·r ot h Γ 2 1 · r ot h Γ 1 3 = T ′
1 3 ·r ot h − 1 Γ 1 3 . ( 1 1 8 A )

■ ❡ ♣ ❡ ❡ ♥ r ot (− Θ) ❢ ♦ ✐ ♥ ✈ ❡ ❡ ❝❧ ♦ ❡ ❞ ❝ ② ❝❧ ❡ ✭ ✶ ✶ ✺ ❆✮ ♦❢ r ot h Γ i j ✇✐ ❤ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦❢ ✭ ✶ ✶ ✼ ❆✮✳



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✶ ✺

■ ♥ ❙ ❚ ❘✱ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ✐ ♥ ❜✐ ♥ ❛ ② ❜ ❛ ✐ ♣ ❛ ❝ ❡ ⟨ P 3 + 1 ⟩✱ ⟨ Q 2 + 1 ⟩✱ ❛ ♥ ❞ ❡ ✈ ❡ ♥ ♦ ♥ ❤ ❡✐ ♣ ❡ ❢ ❡ ❝
❤ ② ♣ ❡ ♣ ❛ ❝ ❡ ✱ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ✉ ❡ ❞ ✈ ❡ ② ✈✐ ❞ ❡❧ ② ❛ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥
❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ❛ ②✳ ❚ ❤ ❡ ② ❛ ❝ ❛❧ ✇ ❛ ② ✇✐ ❤✐ ♥ ♦ ♠ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ② ❤ ❛ ✈ ❡
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ❛ ✉ ❡✳ ❚ ❤ ❡✐ ♥ ♦ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❞✐ ✛ ❡ ❡ ♥ ✱ ❜ ✉ ✉ ✉ ❛❧❧ ② ❤ ❡ ② ❛ ❡ Θ ✱ θ ✱ d θ ♦ d α ✱ d β ✱
❛ ♥ ❞ ♦ ♦ ♥ ❡✦ ❙ ♦✱ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ❜ ♦ ❤ ❤ ❡ ✉ ✉ ❛❧ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♦ ❛ ✐ ♦ ♥ ❛❧ ♦❢ ✈ ❡ ❝ ♦ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦❢ ❤ ❡ ✉ ♥✐ ② ♦ ♥ ❡ e α ✐ ♥ ⟨ E 3 ⟩ ❛ ♥ ❞ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❛ ✐ ♦ ♥ ❛❧

❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ✕ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦❢ ❤ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♥ ❛ ✉ ❡ ❛ ✐ ♥ ❤ ❡
❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❬ ✾ ✸❪✳

❋✐ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❤✐❢ θ ✐ ♥ ❙ ❚ ❘ ✇ ❛ ❞✐ ❝ ✉ ❡ ❞ ❜ ② ✁❊✳ ❇ ♦ ❡❧ ✐ ♥ ✶ ✾ ✶ ✸ ❬ ✾ ✵❪ ❛ ♥ ❞ ▲✳ ❙✐❧ ❜ ❡ ❡✐ ♥
✐ ♥ ✶ ✾ ✶ ✹ ❬ ✾ ✷❪✱ ❛ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ②✳
■ ♥ ✶ ✾ ✶ ✸✱ ▲✳ ❋ ☎♦ ♣ ♣❧ ❛ ♥ ❞ ✳ ❉ ❛ ♥✐ ❡❧❧ ✕ ❤ ❡ ♦ ✐ ❢ ♦ ♠ ● ☎♦ ✐ ♥ ❣ ❡ ♥ ❤ ❛ ✈ ❡ ✐ ♥❢ ❡ ❡ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛
❢ ♦ ✐ ❛ ❛ ♣ ♦ ✐ ❜❧ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♣ ❡ ❝ ❡ ✐ ♦ ♥ d θ / dt ❬ ✾ ✶❪✳ ■ ♥ ✶ ✾ ✷ ✻ ▲✳ ❚ ❤ ♦ ♠ ❛ ❣ ❛ ✈ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❙ ❚ ❘✲
✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ❬ ✾ ✸❪ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ 1 / 2 ♦ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡❧ ❡ ❝ ♦ ♥ ♣✐ ♥ ❞ ✉ ❡ ♦
✉ ❝ ❤ ❛ ♥ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♣ ❡ ❝ ❡ ✐ ♦ ♥✳ ❚ ❤✐ ❡ ✈ ❡ ♥ ✇ ❛ ✜ ❝ ♦ ♥ ✈✐ ♥ ❝✐ ♥ ❣ ❛ ♥ ❞ ♦ ❜ ✈✐ ♦ ✉ ❝ ♦ ♥ ✜ ♠ ❛ ✐ ♦ ♥ ♦❢

❙ ❚ ❘ ✇✐ ❤ ✐ ❣ ♦ ✉ ♣ ② ♣ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ 1 / 2 ❤ ❛ ❞ ♥ ♦
♦ ❤ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥✦ ■ ♥ ✶ ✾ ✷ ✽ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ❣ ♦ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡
❙ ❚ ❘✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ◗ ✉ ❛ ♥ ✉ ♠ ✇ ❛ ✈ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❛ ✉❧ ❉✐ ❛ ❝ ❬ ✶ ✵ ✶❪ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳

❚ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ 1 3 ❛ ♥ ❞
∠

Γ 1 3 ❞✐ ✛ ❡ ♦ ♥❧ ② ❜ ② ❤ ❡✐ ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✳ ❉ ✉ ❡ ♦ ✭ ✹ ✾ ✶✮
♦ ✭ ✶ ✶ ✷ ❆✮✱ ❤ ❡ ❝ ❛❧ ❛ ✉ ♠ ♠ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ♦ ❞ ❡ ✐ ♥ ❣ ♦❢ ✉ ♠ ♠ ❛ ♥ ❞
✭ ❞✐ ❡ ❝ ♦ ✐ ♥ ✈ ❡ ❡✮✳ ❚ ❤ ❡ ❝ ❛ ❡ ✇ ❤ ❡ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ❡✐ ❤ ❡ ❡ ✉ ❛❧ ♦
❛ ❞ ❞✐ ✐ ✈ ❡❧ ② ♦ ♣ ♣ ♦ ✐ ❡ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✱ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✳

▲ ❡ e α = { c o s α k , k = 1 , 2 , 3 } ❜ ❡ ❤ ❡ ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❢ ♦ Γ 1 2 ✱ si n h γ 1 2 ✱

t a n h γ 1 2 ✱ ❛ ♥ ❞ v 1 2 ✐ ♥ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ❀ e β = { c o s β k , k = 1 , 2 , 3 } ❜ ❡ ❤ ❡ ✈ ❡ ❝ ♦

♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❢ ♦ Γ 2 3 ✱ si n h γ 2 3 ✱ t a n h γ 2 3 ✱ ❛ ♥ ❞ v 2 3 ✐ ♥ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
2 ✳

❉ ❡ ✜ ♥ ❡ ❛ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝✱ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ε ❜ ❡ ✇ ❡ ❡ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ e α

❛ ♥ ❞ e β ❛ ✐❢ ❤ ❡ ② ❛ ❡ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ❝ ♦ ✐ ♥ ❡✿

c o s ε =




c o s β 1

c o s β 2

c o s β 3





′

·




c o s α 1

c o s α 2

c o s α 3



 = e ′
β e α = e ′

α e β , 0 ≤ | ε | ≤ π ( 1 1 9 A ).

❍ ❡ ❡ c o s 2 α 1 + c o s 2 α 2 + c o s 2 α 3 = c o s 2 β 1 + c o s 2 β 2 + c o s 2 β 3 = 1 . ■❢ ❤ ❡ ♣ ❛ ✐ ❛❧ ❝ ♦ ✐ ♥ ❡
❛ ❡ ♣ ❛✐ ❧ ② ❡ ✉ ❛❧✱ ❤ ❡ ♥ c o s ε = 1 ✳ ■❢ ❤ ❡ ② ❛ ❡ ♣ ❛✐ ❧ ② ❛ ❞ ❞✐ ✐ ✈ ❡❧ ② ♦ ♣ ♣ ♦ ✐ ❡✱ ❤ ❡ ♥ c o s ε = − 1 ✳
❚ ❤ ✉ ✱ ✐ ♥ ❤ ❡ ❡ ❝ ❛ ❡ ✱ v 1 2 ❛ ♥ ❞ v 2 3 ❛ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ❝ ♦❧❧✐ ♥ ❡ ❛ ✱ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♦ ♦ ♣ ♣ ♦ ✐ ❡
❞✐ ❡ ❝ ✐ ♦ ♥ ✳ ■❢ c o s ε = 0 ✱ ❤ ❡ ♥ v 1 2 ❛ ♥ ❞ v 2 3 ❛ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤ ❡ ②
❢ ♦ ♠ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ε ✭ ❛ v 1 2 ❛ ♥ ❞ v 2 3 ✐ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✮✳

❲❡ ✉ ♣ ♣ ♦ ❡ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ R = 1 ✐ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❙ ❚ ❘ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳

❋ ✉ ❤ ❡ ✱ ❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ✜ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ❛ ✐ ① r ot h Γ 1 3 ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✶ ✶ ✹ ❆✮✱ ✐ ♥ ❤ ❛
♥ ✉ ♠ ❜ ❡ ✱ ❤ ❡ ❡✐ ❣ ❡ ♥ ❛ ♥ ❣❧ ❡ γ 1 3 ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ c o s σ k ✱ k = 1 , 2 , 3 ,

♦❢ r ot h Γ 1 3 ✐ ♥ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ✳ ❋ ♦ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ✐ ♥ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✱ ❤ ❡

❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ♦❢ ✉ ♠ ♠ ❛ ② ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥✮ r ot h
∠

Γ 1 3 ✐ ❤ ❡ ❛ ♠ ❡ γ 1 3 ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✶ ✷ ❆✮✳

❚ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ♦❢ r ot h
∠

Γ 1 3 ❛ ❡ c o s
∠
σ k ✱ k = 1 , 2 , 3 ✳ ❇ ② ✭ ✶ ✶ ✸ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥

c o s θ 1 3 =







c o s
∠
σ 1

c o s
∠
σ 2

c o s
∠
σ 3







′

·




c o s σ 1

c o s σ 2

c o s σ 3



 = e ′
∠
σ

· e σ = c o s θ 1 3 = e ′
σ · e ∠

σ
, ( 1 2 0 A ),

✇ ❤ ❡ ❡ si n θ 1 3 < 0 ✱ ✐❢ ε > 0 ✳ ❙ ❡ ❡ ❘ ✉❧ ❡ ❢ ♦ ❤ ❡ ✐ ❣ ♥ ♦❢ θ 1 3 ✐ ♥ ❡ ❝ ✶ ✷✳ ✷ ♦❢ ❛ ■✳



✷ ✶ ✻ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ✈ ❛ ✐ ❛ ♥ ♦❢ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❛ ♥ ❣ ✉❧ ❛
▲ ❛ ♠ ❜ ❡ ♠ ❡ ❛ ✉ ❡ ✭ γ = λ / R ✮✱ ❜ ♦ ❤ ❤ ❡ ② ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ✉ ❜ ✐ ✉ ✐ ♦ ♥ ♦❢ ♣ ❛ ✐ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ✿

γ 1 2 ↔ γ 2 3 ,  αk ↔ β k , (❜ ✉ γ 1 3 = ❝ ♦ ♥ ). ( 1 2 1 A )

◆ ♦ ❡ ✐ ❣ ❤ ❛ ✇ ❛ ②✱ ❤ ❛ ❤ ❡ ✈ ❡ ② ✇ ♦ ♥ ❞ ❡ ❢ ✉❧ ✐ ♥ ❙ ❚ ❘ ❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ❡ ✐ ❡ ✐ ♥ ❡ ① ✿
❛ ✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ✭ ♦ ❛ ✐ ♦ ♥ ✮ ✇ ❡ ❝ ❛ ♥ ❝ ♦ ♠ ❜✐ ♥ ❡ ❢ ♦ ♠ ❛❧❧ ② ❤ ❡✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✉ ♥✐ ② ✈ ❡ ❝ ♦ e α

✐ ♥ ⟨ E 3 ⟩ ( 1 ) ❛ ♥ ❞ e
( m )
β ✐ ♥ ⟨ E 3 ⟩ ( m ) ✱ ❛ ✐❢ ✐ ♥ ⟨ E 2 ⟩ ( 1 ) ≡ ⟨ e α , e β ⟩ ( 1 ) ♦ ❛ ✐❢ ✐ ♥ ⟨ E 2 ⟩ ( m ) ≡ ⟨ e α , e β ⟩ ( m ) ✦

■ ♥ ✭ ✶ ✶ ✶ ❆✮✱ ❜❧ ♦ ❝ ❦✲ ♦✲ ❜❧ ♦ ❝ ❦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ♠ ❛ ✐ ❝ ❡ ✇✐ ❤ ✉ ❝ ✉ ❡ ✭ ✸ ✻ ✸✮ ✐ ✉ ♥ ✇✐ ❡❧ ❞ ②✳
❚ ❤ ♦ ✉ ❣ ❤ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✱ ✇ ❡✬❧❧ ❡ ❛❧✐ ③ ❡ ✐ ❜ ② ✐ ♠ ♣❧ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ♠ ❛ ♥ ♥ ❡ ✦ ❇ ❡❧ ♦ ✇ ✇ ❡ ✉ ❡ ❢ ♦ ✇ ♦✲

❡ ♣ ♠ ♦ ✐ ♦ ♥ ✉✐ ❡ ✐ ♠ ♣❧ ❡ ✇ ❛ ②✳ ❆ ✜ ✱ ❧ ❡ ✉ ❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ♠ ❛ ✐ ① ♣ ♦ ❞ ✉ ❝ ✐ ♥ ✭ ✶ ✶ ✹ ❆✮ ❛ ✿
B = { r ot h Γ 1 2 · r ot h ( 2 Γ 2 3 )} = { b i j } ✳
❋ ♦ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❛❧ ② ✐ ♦❢ ✇ ♦✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦ ✇ ♦✲ ❡ ♣ ❡❧ ❛ ✐ ✈✐ ✐ ❝

✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐ ♥ ❙ ❚ ❘✱ ✐ ✐ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ✉ ❡ 3 × 3 ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ❢ ♦ ♠ ✭ ✶ ✶ ✶ ❆✮✳ ❇ ✉ ❢ ♦ ❣ ❡ ♥ ❡ ❛❧✐ ② ✇ ❡
✉ ❡ 4 × 4 ✭ ♦ (n + 1) × (n + 1) ✮ ♠ ❛ ✐ ❝ ❡ ✦ ❖ ♥❧ ② ❢ ♦ ✉ ❤ ♦ ✇ ♦❢ B ✐ ✉ ❡ ❞ ✐ ♥ ♥ ❡ ① ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ✳
❚ ❤ ❡ ♠ ❛ ✐ ❝ ❡ r ot h Γ ♠ ✉ ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❛ ♥ ② ♦❢ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮✳ ❚ ❤ ❡ ♥ ✇ ❡ ♦ ❜ ❛✐ ♥✿

b 4 1 = [ si n h γ 1 2 · c o s h ( 2 γ 2 3 ) · c o s ε + c o s h γ 1 2 · si n h ( 2 γ 2 3 )] · c o s β 1 +

+ si n h γ 1 2 · ( c o s α 1 − c o s ε · c o s β 1 ) ,

b 4 2 = [ si n h γ 1 2 · c o s h ( 2 γ 2 3 ) · c o s ε + c o s h γ 1 2 · si n h ( 2 γ 2 3 )] · c o s β 2 +

+ si n h γ 1 2 · ( c o s α 2 − c o s ε · c o s β 2 ) ,

b 4 3 = [ si n h γ 1 2 · c o s h ( 2 γ 2 3 ) · c o s ε + c o s h γ 1 2 · si n h ( 2 γ 2 3 )] · c o s β 3 +

+ si n h γ 1 2 · ( c o s α 3 − c o s ε · c o s β 3 ) ,

b 4 4 = si n h γ 1 2 · si n h ( 2 γ 2 3 ) · c o s ε + c o s h γ 1 2 · c o s h ( 2 γ 2 3 ) .

❆ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣✱ ✇ ❡ ❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ♥ ❡ ❡❧ ❡ ♠ ❡ ♥ s 4 4 ♦❢ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ♠ ❛ ✐ ①
S = r ot h 2 Γ 1 3 = r ot h ( 2 Γ 1 3 ) ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣ ❤ ❡ ✹✲ ❤ ♦ ✇ ♦❢ B ❛ ♥ ❞ ❤ ❡ ✹✲ ❤ ❝ ♦❧ ✉ ♠ ♥ ♦❢ r ot h Γ 1 2 ✿

s 4 4 = c o s h( 2 γ 1 3 ) = c o s( 2 i γ1 3 ) = c o s 2 i γ1 3 − si n 2 i γ1 3 = c o s h 2 γ 1 3 + si n h 2 γ 1 3 = 2 c o s h 2 γ 1 3 − 1 =

= c o s h( 2 γ 1 2 ) · c o s h( 2 γ 2 3 ) + c o s ε · si n h( 2 γ 1 2 ) · si n h( 2 γ 2 3 ) − 2 si n 2 ε · si n h 2 γ 1 2 · si n h 2 γ 2 3 =

= 2( c o s h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 1 2 · si n h γ 2 3 ) 2 − 1 .

❲❡ ❣ ❡ ✶✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P n + 1 ⟩ ♦ ✇ ♦
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞✲■■ ❛ ♥ ❞ ✐ ♥ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✿

c o s h γ 1 3 = c o s h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 1 2 · si n h γ 2 3 = ( 1 2 2 A − I )

= c o s i γ1 2 · c o s i γ2 3 − c o s ε · si n i γ1 2 · si n i γ2 3 = ( 1 2 2 A − I I )

c o s h γ 1 3 = c o s h γ 1 2 · c o s h γ 2 3 − c o s A 1 2 3 · si n h γ 1 2 · si n h γ 2 3 = ( 1 2 2 A − I I I )

❲❡ ✉ ❡ ✐ ♥ ✭ ✶ ✷ ✷ ❆✲■✮ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ✉ ❜ ❡ ✉ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ✭ ❈ ❤✳ ✽ ❆✮ ♠ ♦ ✐ ♦ ♥ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❡ ① ❡ ♥ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
❛ ♥ ❣❧ ❡ ε ❜ ❡ ✇ ❡ ❡ ♥ ❡ ❣ ♠ ❡ ♥ 1 2 ❛ ♥ ❞ 2 3 ✱ ✐ ♠✐❧ ❛ ❛ ✇ ❛ ❛ ❞ ♦ ♣ ❡ ❞ ❢ ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦
✈ ❡❧ ♦ ❝✐ ✐ ❡ ❜ ② ❊✐ ♥ ❡✐ ♥ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✼❪✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ✐ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❢ ♦ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ 1 2 3 ✱
❤ ❡ ❣ ❡ ♦ ♠ ❡ ❡ ✉ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ A 1 2 3 ❜ ❡ ✇ ❡ ❡ ♥ ❡ ❣ ♠ ❡ ♥ 1 2 ❛ ♥ ❞ 2 3 ✱ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡

❊ ✉❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳ ❚ ❤ ❡ ② ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❞ ❜ ♦ ♥ ❞ ❡ ❞ ❛ ε = π − A → d ε = − d A
✇✐ ❤ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢ ✐ ❣ ♥ ✐ ♥ ✭ ✶ ✷ ✷✲■✮✱ ✭ ✶ ✷ ✷✲■■✮ ❛ ♥ ❞ ✭ ✶ ✷ ✷✲■■■✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ✐ ♥ ❤ ❡ ❊ ✉❧ ❡ ✢ ❛ ❝ ❛❧ ❛

✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❢ ♦ ♦ ❛ ✐ ♦ ♥ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ❛ ♥ ❣❧ ❡ ✱ ✐ ♥ ❢ ❛ ❝ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥
❤ ❡ ♠ ✐ ✉ ❡ ❞✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✉ ❝ ❤ ❛ ♥ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ✐ ✉ ♥✐ ✈ ❡ ❛❧ ♦ ♥ ❡✦ ❲❡ ✐❧❧ ✉ ❛ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆
❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ❛ 1 2 3 ❛ ♦ ♣ 2 ❛ ♥ ❞ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ❛ 2 ′2 3 ❛ ♦ ♣ 2 ✇✐ ❤ ♦ ✉ ❞✐ ♦ ✐ ♦ ♥ ✳



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✶ ✼

❚ ❤ ❡ ❛ ❝ ✉ ❡ ♦ ♦ ❜ ✉ ❡ ♦ ✐ ❣ ❤ ♦ ③ ❡ ♦ ❛ ♥ ❣❧ ❡ ε ❜ ❡ ✇ ❡ ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ❣ ♠ ❡ ♥ ✶ ✷ ❛ ♥ ❞ ✷ ✸✱
❞ ✉ ❡ ♦ ✭ ✶ ✶ ✾ ❆✮ ❛ ♥ ❞ ♦ ♣ ♦ ♣ ❡ ② ♦❢ ❤ ❡✐ ❞✐ ❡ ❝ ✐ ✈ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ✱ ❤ ❛ ❛ ♣ ✉ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
♥ ❛ ✉ ❡ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ θ ✐ ♥ ✭ ✶ ✷ ✵ ❆✮ ❛ ♥ ❞ ❛❧❧ ❛ ♥ ❣❧ ❡ ❛ ❤ ❡ ♦ ♣ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ♦ ♥ ❤ ❡
♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✧ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ✧ ✭✐✳ ❡✳✱ ✇✐ ❤ ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ✮✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦ ♥
❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♥ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ■✳ ❆ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ♣ ❡ ②✱ ε ✐
❤ ❡ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ❢ ♦ ✇ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ❡ ❣ ♠ ❡ ♥

✶ ✷ ❛ ♥ ❞ ✷ ✸ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ✳ ❍ ♦ ✇ ❤ ❡ ✉ ♠ ♦❢ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡
✐ ❞✐ ♦ ❡ ❞ ✕ ❡ ❡ ❜ ❡❧ ♦ ✇ ✐ ♥ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ✳ ❋ ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥
✐ ♥ ⟨ P 3 + 1 ⟩✱ ❤ ❡ ❡ ❤ ♦❧ ❞ γ i j > 0 ✱ ❛ ✐ ♥ ❙ ❚ ❘ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦
❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ∆ ct > 0 ✭ ♠ ♦ ✐ ♦ ♥ ♦ ❢ ✉ ✉ ❡✮✳ ■ ❡❧ ❛ ❡ ♦ ✉ ♣ ♣ ❡ ♣ ❛ ♦❢ ❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✳

❋ ♦ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ❛ ❡ ❣ ♠ ❡ ♥ γ = λ / R ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞✲■■ ❛ ♥ ❞ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐
♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✱ ❤ ❡✐ ❧ ❡ ♥ ❣ ❤ ❜ ② ▲ ❛ ♠ ❜ ❡ ♠ ❡ ❛ ✉ ❡ ❢ ♦❧❧ ♦ ✇ ♦ ❤ ❡ ❘ ✉❧ ❡ ♦❢ ❛ ♣ ❛ ❛❧❧ ❡❧ ♦ ❣ ❛ ♠

|γ 1 2 − γ 2 3 | ≤ γ 1 3 ≤ γ 1 2 + γ 2 3 , (ε ∈ [ 0; π ]), ( 1 2 3 A )

✐ ♠✐❧ ❛ ♦ ♦ ♥ ❡ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✳ ❋ ♦ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✱ ❤ ❡✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❣ ❡ ✐ [− 1; + 1] ✳ ❉ ✉ ❡ ♦ ✉ ♥ ❡ ✉ ❛❧✐ ✐ ❡ γ > 0
❛ ♥ ❞ ✭ ✶ ✷ ✸ ❆✮✱ ❞✐ ❛ ♥ ❝ ❡ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ❜ ② ❤ ❡ ♠ ❡ ❛ ✉ ❡ γ ✐ ❛ ♥ ♦ ♠ ♦ ♦✳

❉ ✉ ❡ ♦ ✭ ✶ ✷ ✷ ❆✮ ❛ ♥ ❞ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❛❧ ❛ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ♦ ♥❧ ② ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡ ♦❢ ✉ ♠ ♠ ❛ ② γ 1 3 ♦
v 1 3 ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ✉ ♠ ♠ ❛ ♥ ❞ ♦ ❞ ❡ ✐ ♥ ❣✳ ❇ ❡ ✐ ❞ ❡ ✱ ❞ ✉ ❡ ♦ ✭ ✶ ✶ ✶ ❆✮✱ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❧ ❛ ✇ ♦❢
✉ ♠ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ✇ ♦ ♦ ♠ ♦ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❜ ❛ ❡ ✭ ❛ ❤ ❡ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✮ ♦

✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❢ ♦ ❡ ❣ ♠ ❡ ♥ ♦ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♠ ✉ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ r ot Θ 1 3 ✳ ❆ ♥ ❞ ♥ ❛ ♠ ❡❧ ② ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❣✐ ✈ ❡ ✉ ✉ ❝ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡ ❧ ❛ ✇ ✳

❲❡✬❧❧ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ❡ ❣ ♠ ❡ ♥ ♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✶ ✵ ❆✳
❚ ❤ ❡ ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥ ❡ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❢ ♦ ♠ ✭ ✶ ✷ ✷ ❆✲■■ ❛ ♥ ❞ ■✮ ❡ ① ❛ ❝ ❧ ② ❛ ♥ ❞ ✐ ♠ ♣❧ ②✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣

✇ ♦ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✈ ❛ ✐ ❛ ♥ ✱ ❛ ❤ ❡ ♠✐ ♦ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ✉ ♠ ♣ ♦ ✈✐ ❞ ❡ ❤ ❛ γ 1 2 ↔ γ 2 3 ✿

c o s 2 i γ1 3 = c o s 2 i γ1 2 ·c o s 2 i γ2 3 − 2 c o s ε ·c o s i γ1 2 ·c o s i γ2 3 ·si n i γ1 2 ·si n i γ2 3 + c o s 2 ε ·si n 2 i γ1 2 ·si n 2 i γ2 3 ⇒

c o s h 2 γ 1 3 = c o s h 2 γ 1 2 ·c o s h 2 γ 2 3 + 2 c o s ε ·c o s h γ 1 2 ·c o s h γ 2 3 ·si n h γ 1 2 ·si n h γ 2 3 + c o s 2 ε ·si n h 2 γ 1 2 ·si n h 2 γ 2 3 ⇒

si n 2 i γ1 3 = 1 − c o s 2 i γ1 3 ⇒ si n h 2 γ 1 3 = c o s h 2 γ 1 3 − 1 ⇒ si n h 2 γ 1 3 = ( v ∗
1 3 / c ) 2 =

= si n h 2 γ 1 2 + si n h 2 γ 2 3 + ( 1 + c o s 2 ε ) ·si n h 2 γ 1 2 ·si n h 2 γ 2 3 + 2 c o s ε ·c o s h γ 1 2 ·si n h γ 1 2 ·c o s h γ 2 3 ·si n h γ 2 3 =

= ( c o s h γ 2 3 · si n h γ 1 2 + c o s ε · c o s h γ 1 2 · si n h γ 2 3 ) 2 + ( si n ε · si n h γ 2 3 ) 2 =

= ( c o s h γ 1 2 · si n h γ 2 3 + c o s ε · c o s h γ 2 3 · si n h γ 1 2 ) 2 + ( si n ε · si n h γ 1 2 ) 2 = si n h 2 γ 1 3 . ( 1 2 4 A )

❚ ❤ ❡ ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ♥ ❣ ❡ ♥ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ✇✐ ❤ ❤ ❡ ❝ ♦ ♠ ❜✐ ♥ ❡ ✉ ❡ ♦❢ ✭ ✶ ✷ ✷ ❆✮
❛ ♥ ❞ ✭ ✶ ✷ ✹ ❆✮ ❛❧ ♦ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡❧ ②✱ ❛ ❤ ❡ ♠✐ ♦ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ✉ ♠ ♣ ♦ ✈✐ ❞ ❡ ❤ ❛ γ 1 2 ↔ γ 2 3 ✿

t a n h 2 γ 1 3 = ( v 1 3 / c ) 2 = ( 1 2 5 A )

=
t a n h γ 1 2 + c o s ε · t a n h γ 2 3

1 + c o s ε · t a n h γ 1 2 · t a n h γ 2 3

2

+
si n ε · ❡ ❝ ❤ γ 1 2 · t a n h γ 2 3

1 + c o s ε · t a n h γ 1 2 · t a n h γ 2 3

2

=

=
t a n h γ 2 3 + c o s ε · t a n h γ 1 2

1 + c o s ε · t a n h γ 1 2 · t a n h γ 2 3

2

+
si n ε · ❡ ❝ ❤ γ 2 3 · t a n h γ 1 2

1 + c o s ε · t a n h γ 1 2 · t a n h γ 2 3

2

.

▼✐ ❞ ❞❧ ❡ ✐ ♥ ✭ ✶ ✷ ✹ ❆✮ ❛ ♥ ❞ ✜ ✐ ♥ ✭ ✶ ✷ ✺ ❆✮ ✈ ❛ ✐ ❛ ♥ ❛ ❡ ♠ ♦ ♣ ❡❢ ❡ ❡ ❞ ✐ ♥ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✳
❋ ♦ ♠ ✭ ✶ ✷ ✺ ❆✮✱ ✇✐ ❤ t a n h γ = v / c ❛ ♥ ❞ ❛❢ ❡ ✐ ❡ ❞ ✉ ❝✐ ♥ ❣✱ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ❊✐ ♥ ❡✐ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝

▲ ❛ ✇ ♦❢ ✇ ♦ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❢ ♦❧❧ ♦ ✇ ❬ ✻ ✸✱ ✻ ✼❀ ✼ ✻✱ ♣✳ ✸ ✹❪✳ ❇ ❡❧ ♦ ✇ ✐ ✐ ❣✐ ✈ ❡ ♥ ✐ ♥
❤ ❡ ❝❧ ❡ ❛ ❛ ♥ ❣ ❡ ♥ ❢ ♦ ♠ ✱ ❜ ✉ ✇✐ ❤ ♦ ✉ ♠ ❛ ✐ ① ✇✐ ❤ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✭ ❡ ❡ ❢ ✉ ❤ ❡ ✮✿

t a n h γ 1 3 =
t a n h 2 γ 1 2 + t a n h 2 γ 2 3 + 2 c o s ε · t a n h γ 1 2 · t a n h γ 2 3 − si n 2 ε · t a n h 2 γ 1 2 · t a n h 2 γ 2 3

1 + c o s ε · t a n h γ 1 2 · t a n h γ 2 3
. ( 1 2 6 A )



✷ ✶ ✽ ❆ ❊ ◆ ❉ ■ ❳

❙ ❝ ❛❧ ❛ ❡ ✈ ❡ ❡ ❡ ❝ ❛ ♥ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✈ ❛ ✐ ❛ ♥ ♦❢ ✇ ♦ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ❡ ❣ ♠ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ① ♣ ❡ ❡ ❞ ❢ ♦ ♠
✭ ✶ ✷ ✷ ❆ ✮ ✐ ♥ ❡ ♠ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ ❬ ✼ ✻✱ ♣✳ ✸ ✺❪✱ ✇ ❤✐ ❝ ❤ ✇ ❡ ❣✐ ✈ ❡ ❤ ❡ ❡ ❛ ♥ ❞ ❜ ❡❧ ♦ ✇ ✐ ♥ ♣ ✉ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠✿

❡ ❝ ❤ γ 1 3 = 1 − t a n h 2 γ 1 3 =
❡ ❝ ❤ γ 1 2 · ❡ ❝ ❤ γ 2 3

1 + c o s ε · t a n h γ 1 2 · t a n h γ 2 3
. ( 1 2 7 A )

▲ ❡ ✬ ♣ ❛ ② ❛ ❡ ♥ ✐ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❛❧❧ ❡ ① ♣ ❡ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ❢ ♦ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ♦ ✈ ❡❧ ♦ ❝✐ ✐ ❡
✇✐ ❤ ♣ ❛✐ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇ ❡ ❡ ❣ ♦ ❡ ♥ ❜ ② ✉ ❤ ♦ ✉ ❣ ❤ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ♦ ♦❢ ✶✲ ❛ ♥ ❞ ✷✲ ♥ ❞
♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✶ ✶ ❆ ✮✱ ❛ ♥ ❞ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ✇✐ ❤ ❤ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇ ❛ ❡ ✈ ❡ ❛❧ ❡ ❞ ❜ ② ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤✐
♣ ♦ ❞ ✉ ❝ ✳ ■ ❡ ✐ ❞ ✉ ❡ ✐ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✱ ✇ ❤✐ ❝ ❤ ✇ ❡✬❧❧ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❧ ❛ ❡ ✳

■❢ c o s ε = ± 1 ✱ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✷ ✷ ❆ ✮✱ ✭ ✶ ✷ ✹ ❆ ✮✱ ✭ ✶ ✷ ✺ ❆ ✮ ❣✐ ✈ ❡ ❤ ❡ ❛ ❞ ❞✐ ✐ ✈ ❡ ✉❧ ❡ ✭ ✻ ✾ ❆ ✮✲ ✭ ✼ ✷ ❆ ✮✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ✐ ♥ ✭ ✶ ✷ ✹ ❆ ✮
❛ ♥ ❞ ✭ ✶ ✷ ✺ ❆ ✮✱ ✇ ❡ ❡ ❡ ✇ ♦ ✭ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✮ ❇✐ ❣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✱ ❤ ❡ ② ✇✐❧❧ ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❧ ❛ ❡ ♦ ♥ ❤ ❡
♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✇✐ ❤ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ②✳ ❇ ✉ ✐❢ c o s ε = 0 ✱ ❤ ❡ ♥ ❢ ♦ ✇ ♦ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ②

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ❣ ♠ ❡ ♥ ✇ ❡ ❣ ❡ ✇ ♦ ✭ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ✮ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✿

c o s h γ 1 3 = c o s h γ 1 2 · c o s h γ 2 3 ⇔ ❡ ❝ ❤ γ 1 3 = ❡ ❝ ❤ γ 1 2 · ❡ ❝ ❤ γ 2 3 . ( 1 2 8 A − I )

si n h 2 γ 1 3 = ( c o s h γ 2 3 · si n h γ 1 2 ) 2 + si n h 2 γ 2 3 = ( c o s h γ 1 2 · si n h γ 2 3 ) 2 + si n h 2 γ 1 2 . ( 1 2 9 A − I )

t a n h 2 γ 1 3 = ( ❡ ❝ ❤ γ 2 3 · t a n h γ 1 2 ) 2 + t a n h 2 γ 2 3 = ( ❡ ❝ ❤ γ 1 2 · t a n h γ 2 3 ) 2 + t a n h 2 γ 1 2 . ( 1 3 0 A − I )

■ ♥ ✸ ❉ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ♥ ♦ ♠ ♦ ❡ ❤ ❛ ♥ ❤ ❡ ❡ ✈ ❡ ❝ ♦ ❝ ❛ ♥ ❜ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✳ ❡ ❢ ♦ ♠ ❡ ✉ ❡ ♥ ✐ ❛❧❧ ② ✇ ♦ ♦ ♣ ❡ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ❣ ♠ ❡ ♥ ✉ ♠ ♠✐ ♥ ❣✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❡✲ ❡ ♣ ❝ ❛❧ ❛ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✿

c o s h γ 1 4 = c o s h γ 1 2 · c o s h γ 2 3 · c o s h γ 3 4 ⇔ ❡ ❝ ❤ γ 1 4 = ❡ ❝ ❤ γ 1 2 · ❡ ❝ ❤ γ 2 3 · ❡ ❝ ❤ γ 3 4 . ( 1 2 8 A − I I )

si n h 2 γ 1 4 = si n h 2 γ 1 2 + si n h 2 γ 2 3 + si n h 2 γ 3 4 +

+ si n h 2 γ 1 2 · si n h 2 γ 2 3 + si n h 2 γ 1 2 · si n h 2 γ 3 4 + si n h 2 γ 2 3 · si n h 2 γ 3 4 + si n h 2 γ 1 2 · si n h 2 γ 2 3 · si n h 2 γ 3 4 =

= ( c o s h γ 3 4 · c o s h γ 2 3 · si n h γ 1 2 ) 2 + ( c o s h γ 3 4 · si n h γ 2 3 ) 2 + si n h 2 γ 3 4 =

= ( c o s h γ 1 2 · c o s h γ 2 3 · si n h γ 3 4 ) 2 + ( c o s h γ 1 2 · si n h γ 2 3 ) 2 + si n h 2 γ 1 2 . ( 1 2 9 A − I I )

t a n h 2 γ 1 4 = t a n h 2 γ 1 2 + t a n h 2 γ 2 3 + t a n h 2 γ 3 4 −

− ( t a n h 2 γ 1 2 · t a n h 2 γ 2 3 + t a n h 2 γ 1 2 · t a n h 2 γ 3 4 + t a n h 2 γ 2 3 · t a n h 2 γ 3 4 ) + t a n h 2 γ 1 2 · t a n h 2 γ 2 3 · t a n h 2 γ 3 4 =

= ( ❡ ❝ ❤ γ 3 4 · ❡ ❝ ❤ γ 2 3 · t a n h γ 1 2 ) 2 + ( ❡ ❝ ❤ γ 3 4 · t a n h γ 2 3 ) 2 + t a n h 2 γ 3 4 ( 1 3 0 A − I I )

❚ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ♠ ♠ ❛ ② ❛ ♥ ❣❧ ❡ ✐ ♥ ⟨ P n + 1 ⟩ ♠ ❛ ② ❜ ❡ ❛❧ ✇ ❛ ② ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ❛ ❞ ✐ ❝ ❢ ♦ ♠
❛ ❛ ✉ ♠ ♦❢ n ✉ ❛ ❞ ❛ ❡ ❜ ② n ! ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✈ ❛ ✐ ❛ ♥ ✳ ✭ ❲❡ ❣✐ ✈ ❡ ♦ ♥❧ ② ♦ ♥ ❡ ❧ ❛ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥ ✭ ✶ ✷ ✾ ❆ ✮ ❛ ♥ ❞ ✐ ♥ ✭ ✶ ✸ ✵ ❆ ✮
✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ♦ ❞ ❡ ♦❢ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ✐ ① ✈ ❛ ✐ ❛ ♥ ✳ ✮ ■❢ ✐ ♥ ❤ ❡ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❧ ❡ ❛ ♦ ♥ ❡ ♦❢ ❤ ❡
♣ ❛ ✐ ❝ ✉❧ ❛ ❛ ♥ ❣❧ ❡ ✐ ✐ ♥ ✜ ♥✐ ❡ ✭ γ i j = ∞ ✱ t a n h γ i j = 1 ♦ v i j = c ✮✱ ❤ ❡ ♥ ❤ ❡ ✜ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ✐ ✐ ♥ ✜ ♥✐ ❡ ♦ ♦✳ ❚ ❤✐ ❡ ✉❧
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❊✐ ♥ ❡✐ ♥✬ ❱❡❧ ♦ ❝✐ ② ♦ ✉❧ ❛ ❡ ✭ ✶ ✺ ❆ ✮✱ ❜ ✉ ♦ ♥❧ ② ❛ ❤ ❡ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❙ ❚ ❘ ✐ ♥ ⟨ P 3 + 1 ⟩ ✳

❆ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ✭ ✶ ✷ ✽ ❆ ✮ ❢ ♦ ❛ ❧ ♦ ♦❢ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ❣ ♠ ❡ ♥ γ ( k ) ✐ ♥ ❤ ❡ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ♣ ❛ ❝ ❡ ♦ ♦ ♥ ❤ ❡ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ▼✐ ♥ ❦ ♦ ✇ ❦✐

❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✐ ♥ ⟨ P n + 1 ⟩ ✱ ❤✐ ✐ ♠ ♣❧ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡❧ ② ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡
❜ ❛ ❡ Ẽ 1 = { I } ❛ ❢ ♦❧❧ ♦ ✇ ✿

c o s h γ =
t

k = 1

c o s h γ ( k ) , γ = λ / R = ❛ ❝ ♦ ❤
t

k = 1

c o s h γ ( k ) ; ε ( k ) = ± π / 2 . ( 1 3 1 A − I )

❙ ❝ ❛❧ ❛ ✉ ♠ ♠ ❛ ② γ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ♦ ❞ ❡ ✐ ♥ ❣ ♦❢ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ❛ ✐ ❛❧ ❛ ♥ ❣❧ ❡ ✱ ✇✐ ❤ ❤ ❡
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❧ ❛ ✇ ♦❢ t ≤ n ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥✳ ■❢ ❛❧❧ ❤ ❡ ❡ t ❡ ❣ ♠ ❡ ♥ ❛ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧✱ ❤ ❡ ♥
❤ ❡ ■ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ♣ ♦❧ ② ❡ ♣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❤ ♦❧ ❞ ✱ ❡ ✈ ❡ ♥ ❢ ♦ ♥ ♦ ♥✲ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ❣ ♠ ❡ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■✿

γ 2 = γ 2
( k )

( γ ( k ) = λ ( k ) / R → 0 ) , ( ε i j = ± π / 2 ❢ ♦ ♥ ♣ ❛ ❝ ❡ ❛ ① ❡ −→x ( k ) ) , k = 1 , 2 , ..., n. ( 1 3 1 A − I I )

▲ ❡ ✐ ♥ ✭ ✶ ✸ ✶ ❆✲■ ✮ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❣❧ ❡ d γ ❛ ♥ ❞ d γ ( k ) ✐ ♥ ❡ ❛ ❞ ❡ ❛ ❝ ❤ ❛ ♥ ❣❧ ❡ ✐ ❡❧❢✳ ❚ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥

c o s h γ → 1 + γ 2 / 2 + · · · ✳ ❘ ❡ ❛❧✐ ③ ❡ ✐ ❛ ✉ ❜ ✐ ✉ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✸ ✶ ❆ ✮✳ ◆ ♦ ✇✱ ❧ ❡ ✉ ✉ ❡ ❤ ❡ ✉ ♥ ✉ ✉ ❛❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥
c o s h d γ = 1 + ( d γ ) 2 / 2 ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ✶✲ ♦ ❞ ❡ ✳ ❚ ❤ ❡ ♥✱ ✇ ❡ ❣ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡
❢ ♦ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✭k ≤ n ✮ ❛ ♥ ❞ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✭ k ≤ 3 ✮

d γ = d γ 2
1 + ... + d γ 2

k ⇒ g = c ( d γ / d τ ) = g 2
1 + ... + g 2

k ; (ε i j = ± π / 2 ) , k = 1 , 2 , ..., n. ( 1 3 1 A − I I I )

✇✐ ❤ ❤ ❡ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❧ ❛ ✇ ♦❢ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ( k ) ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ♦❢ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥

✭ ❡ ❡ ✐ ❛❧ ♦ ✐ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ❈ ❤✳ ✾ ❆ ✮✳ ❚ ❤ ❡ ❡ ✇ ♦ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❙ ❚ ❘ ❢ ♦ ✉ ❝ ❤ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧

❛ ♥ ❣ ✉❧ ❛ ✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✭ ❛❧❧ ❛ ♣ ♣❧✐ ❡ ❞ ✐ ♥ Ẽ M ❛ ✐ ③ ❡ ♦ ♣ ♦✐ ♥ M ✮ ❛ ❡ ✈ ❛❧✐ ❞ ❛❧ ♦ ❢ ♦ ♠

✐ ♥ ❡ ✉ ❛ ❞ ✐ ❝ ✭ ✶ ✷ ✾ ❆✲■ ❛ ♥ ❞ ■ ■ ✮✱ ❛ ♥ ❢ ♦ ♠✐ ♥ ❣ ❤ ❡ ♠ ✐ ♥ ♦ ✉ ❛ ❞ ✐ ❝ ❢ ♦ d γ k ❛ ♥ ❞ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ( k ) ✳



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✶ ✾

▲ ❡ ✉ ✉ ♥ ♦ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ❛ ♥ ❞ ■ ✕ ❡ ❡ ✐ ♥✐ ✐ ❛❧❧ ② ❛ ❜ ♦ ✉ ❤ ❡ ♠ ✐ ♥ ❈ ❤✳ ✶ ✷ ✇✐ ❤
❤ ❡✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ✈✐ ✉ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦ ♥ ♦ ❝ ♦ ♠ ♠ ♦ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹✳ ❚ ❤ ❡ ② ❛ ❡ ♠ ❛✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝

♦ ❜❥ ❡ ❝ ✇✐ ❤ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ✭ ❜ ✉ ♦❢ ❛ ❞✐✐ i R ❛ ♥ ❞ ± R ✮ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P 3 + 1 ⟩ ❜ ②
▼✐ ♥ ❦ ♦ ✇ ❦✐ ♦ ❛ ❤✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✭ ❈ ❤✳ ✶ ✷ ✮✳ ❋ ♦ ❤ ❡ ♠✱ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ✐ ❛❧ ♦ ❤ ❡✐ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢
✐ ♠✐❧ ❛ ✐ ② ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ❛ ♥ ❞ ■ ❛ R = 1 ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ❡ ♣ ❡ ❢ ❡ ❝

❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ✸ ❉ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✭ ♦ ✷ ❉ ✐ ♥ ⟨ P 2 + 1 ⟩ ✮ ✇✐ ❤ ❤ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♣ ♦❧ ② ❡ ♣ ♠ ♦ ✐ ♦ ♥ ♦ ♥
❤ ❡ ♠ ❢ ♦ ♠ ❤ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ▲ ♦ ❡ ♥ ③ ❣ ♦ ✉ ♣✱ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ❣ ♦ ✉ ♣ ♦❢ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ⟨ P 3 + 1 ⟩ ✳

◆ ♦ ✇ ✇ ❡ ❞✐ ❝ ✉ ❤ ❡✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ✐ ❡ ❛ ♥ ❞ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❣ ♦ ❡ ♥ ✐ ♥ ✈ ❡ ❝ ♦ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥
❜ ② ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ♠ ❡ ❤ ♦ ❞ ✉ ❡ ❞ ✉ ❢ ♦ ❝ ❛ ❡ ♥ ♦✐ ❞ ❛ ♥ ❞ ❛ ❝ ✐ ❝ ♦✐ ❞ ✐ ♥ ♣ ❡ ✈✐ ♦ ✉ ✇ ♦ ❈ ❤ ❛ ♣ ❡ ✱ ❛ ❜ ♦ ❤
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛❧ ♦ ❜ ② ✈✐ ✉ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ❛ ♥ ❣❧ ❡ Π / 2 ✐ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✳
■ ♥ ❤ ❡ ❙ ❚ ❘ ✇✐ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱ ❞ ✉ ❡ ♦ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ❜ ✐❧❧✐ ❛ ♥ ✐ ❞ ❡ ❛ ❬ ✻ ✸❪✱ ✇ ❡ ♠ ❛ ② ✉ ❡ ❤✐
❝ ♦ ♠ ♣❧ ❡ ① ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 3 + 1 ⟩ c ✇✐ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I } ✱ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✐ ♠ ❡✲ ❛ ♦ ✇ ❛ ♥ ❞ ❛ ♥ ❣❧ ❡ i γ
✐ ♥ ❡ ♥ ♦ r ot h i Γ ( m ) = F ( i γ, e α ) ✭ ✶ ✵ ✵ ❆ ✮✳ ■ ♥ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✬ ✐ ❣ ♥ ✱ ✇ ❡ ✉ ♦ ♦ ♥ ❡ ✐ ♥ ⟨ Q 3 + 1 ⟩ c ✦

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ♦❢ ✇ ♦ ❝ ♦ ✉ ♣❧ ❡ ❞ ❤ ❡ ❡ ❤ ❛ ✈✐ ♥ ❣ ✇✐ ❤ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { + I } ♦❢ ⟨ Q 3 + 1 ⟩ c ✇ ♦
❛ ♥ ✐ ♣ ♦ ❞ ❛❧ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✇✐ ❤ ❛ ❞✐ ✉ ∓ R ✭ ❈ ❤✳ ✶ ✷ ✮ ✐ ❡ ❡ ♠✐ ♥ ❣ ❛ ② ♠ ♠ ❡ ✐ ❝ ❝ ✉ ♣ ✕
❡ ❡ ❡❧ ❡ ✐ ♥ ✭ ✶ ✹ ✾ ❆ ✮✳ ■ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧✱ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ❛ ❡✿

p ( I I ) = r ( I I ) =
si n i γj · e α

c o s i γj
= − [p ( I ) ]

′
α = i( I ) = i, i( I I ) = +[ i( I ) ]

′
α = p ( I ) = p , b ( I I ) =

e ν

0
.

❋ ♦ ♠ ♦❧ ❡ ♣ ♦✐ ♥ C I I ♦ ♥ ■ ■ ✐ ♥ ⟨ Q n + 1 ⟩ c ❛ ❋✐ ❣ ✉ ❡ ✹✱ ✇ ❡ ❤ ❛ ✈ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ❡ ✐ ❞✐ ❛ ♥ H R = R γ j

✇✐ ❤ d H R = R d γ j ✭ ✉ ♥ ❞ ❡ d α = 0 ✮✱ ❛ ❞✐✐ ♦❢ ❝ ✉ ✈ ❛ ✉ ❡ i R ❛ ♥ ❞ ♦❢ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥ R n 2 = r = i R si n i γj ✳
❚ ❤ ❡ ✶✲ ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ■ ■ ✇✐ ❤ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❆ ❜ ♦❧ ✉ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❡ ❞ ✉ ❝ ❡ ♠✐ ① ❡ ❞
♠ ♦ ✐ ♦ ♥ ✇✐ ❤ d α 1 ♦ ♥ ■ ■ ❛ ❛ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ❛ ❝ ❛❧ ♦ ♥ ❣ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ R d γ p ✿

x ( I I ) = x ( I I ) · e α = i R · si n i γj · e α ,
y ( I I ) = ct = i R · c o s i γ.

[❤ ❡ ❡ ❢ ♦ ♠ ✐ ♦ ♣ ♦❧ ❡ ✕ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ✭ ✷ ✷ ✺ ❆ ✕ ✷ ✷ ✽ ❆ ✮✱ ❈ ❤✳ ✶ ✵ ❆ ]

d x ( I I ) = d ( x ( I I ) · e α ) = i R d( si n i γj · e α ) = i R · ( c o s i γj di γ j · e α + si n i γj d α 1 · e ν ) ,
d y ( I I ) = d ( ct ) = i R d c o s i γj = R · si n i γj d γ j .

⇒

[d λ ( I I ) ]
2 = ( i R) 2 di γ 2

j +[ R n 2 ( i γj )] 2 d α 2
1 = ( i R 2 ) di γ 2

j + ( i R 2 ) si n 2 i γj d α 2
1 = R 2 d γ 2

p ≡ || d x ( I I ) ||
2 + ||d y ( I I ) ||

2 ; ⇒

[d λ ( I I ) / R ]2 = d γ 2
p = ( si n i γj d γ j ) 2

Y +[ ( c o s i γj d γ j ) 2 + ( i si n i γj d α 1 ) 2 ]X = c o s 2 i γj d γ 2
j + si n 2 i γj ( d γ 2

j − d α 2
1 ) ⇒

d γ 2
p = [ i di γp ]2 = c o s h 2 γ p d γ p

2 − si n h 2 γ p d γ p
2 = d γ 2

j + si n h 2 γ j d α 2
1 = d γ p

2

P
+

⊥
d γ p

2

E

> 0 . ( 1 3 2 A )

❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♠ ❡ ✐ ❞✐ ❛ ♥ ❛ ❝ R d γ j ❛❧ ♦ ♥ ❣ ❛ ♥ ❣ ❡ ♥ i( I I ) ✇✐ ❤ ♠ ✉ ✉ ❛❧ γ j ✐ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ❜ ②
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ❝ R si n h γ j d α · e ν ❛ ❜✐ ♥ ♦ ♠ ❛❧ b ν ✱ ❝ ❛ ✉ ❡ ❞ ❜ ② ♦ ✉ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ r ot i Γ j = F ( i γj , e α ) ✳
❆ ❛ ❜✐ ❛ ② ♣ ♦✐ ♥ M ♦❢ ■ ■✱ ✐ ♥ ❡ ❛ ❞ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ❛ ♥ ❣❧ ❡ γ ( k ) ❛ ✐ ♥ ✭ ✶ ✸ ✶ ❆✲■ ■ ✮✱ ✇ ❡ ❝ ❛ ♥ ❜ ② ✭ ✶ ✸ ✶ ❆✲■ ✮ ✇✐ ❤
❡ ① ❛ ❝ ♥ ❡ ✉ ♣ ♦ ✷✲ ♥ ❞ ♦ ❞ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ n ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ ( k ) ❛ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦✲

♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ ❛ ♣ ♣❧✐ ❡ ❞ ✐ ♥ Ẽ M ❛ ✐ ③ ❡ ♦ ♣ ♦✐ ♥ M ✳ ❆❧❧ ❤ ❡ ② ❛ ❡ ✐ ✉ ❛ ❡ ❞ ♦ ♥
❤ ❡ ❛ ♥ ❣ ❡ ♥ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣ ❛ ❝ ❡ E n

M ✇✐ ❤ ❧ ♦ ♣ ❡ ✐ ♥ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ② ♦❢ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✳
■ ♥ ❙ ❚ ❘✱ ■ ■ ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ♦❢ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❛ R = c ❛ ♥ ❞ ❤ ❡✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ❛ K R = g / c 2 ✳

■ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ i c · p ( I I ) ✐ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ❬ ✻ ✸✱ ✻ ✹❪ ♦❢ ❛ ❜ ♦❧ ✉ ❡ ♠ ❛ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✹ ❉

♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 3 + 1 ⟩ c ✳ ■ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ❛ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✈ ❛ ♥ ❞ v ∗ ✭ ❈ ❤✳ ✺ ❆ ✮✳
❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ♦❢ ♦ ♥ ❡ ❤ ❡ ❡ ✇✐ ❤ ❤ ❡ ♥ ❉ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦❢

❛ ❞✐ ✉ ∓ R ✭ ❈ ❤✳ ✶ ✷ ✮ ✐ ❡ ❡ ♠✐ ♥ ❣ ❛ ❤ ♦ ✉ ❣❧ ❛ ✕ ❡ ❡ ❡❧ ❡ ✐ ♥ ✭ ✶ ✹ ✻ ❆ ✮✳ ■ ✐ ❣ ♦ ❡ ♥ ❜ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♥ ❣ ■ ■
✉ ♥ ❞ ❡ e α = ❝ ♦ ♥ ♦ ❜ ② ♦ ❛ ✐ ♥ ❣ ■ ■ ❛ Π / 2 ✐ ♥ ❤ ❡✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ✐ ♥ ❈ ❤ ✺ ❆✱ ✻ ❆
❢ ♦ ♣ ♦ ❣ ❡ ♥✐ ♦ ✳ ■ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❣ ❡ ♥ ✱ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ❛ ❡✿

p ( I ) = r ( I ) =
c o s i γj · e α

− si n i γj
= +[ p ( I I ) ]

′
α = i( I I ) = p , i( I ) = − [i( I I ) ]

′
α = p ( I I ) = i, b ( I ) =

e µ

0
.

❖ ♥ ✐ ✉ ♣ ♣ ❡ ❤ ❛❧❢ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ M ❛ M ✱ ✐ ♥ ❡ ✉❧ ♦❢ ✐ ❝ ✉ ✐ ♥ ❣ ❜ ② ❤ ❡ ♦ ❛ ❡ ❞ ❛ ♦ ✉ ♥ ❞ O M ❝ ❡ ♥ ❡ ❡ ❞
♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✐ ♥ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ✐ ♥ ❡ ✈ ❛❧ ♦❢ ✈✐ ✉ ❛❧ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ❢ ♦ ♠ |π / 2 | ❛❧ ♦ ♥ ❣

−→
ct ✐❧❧ ③ ❡ ♦ ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E 3 ⟩ ✳

❲❡ ❤ ❛ ✈ ❡ ✐ ♥ ❤ ❡ ❡ ❝ ✉ ♦❢ ■✿ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ♥ |π / 2 | ≥ φ r > |π / 4 |✱
❤ ♦ ♦❧✐ ♥ ❡ ❛ φ r = |π / 4 |✱ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝✐ ❝ ✉❧ ❛ ❛ ♥ ❞ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❡ ① ❡ ♠ ❛❧ ✐ ♥ |π / 4 | > φ r ≥ 0 ✳ ❚ ❤✐
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ❛❧ ♦ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ♦❢ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❛ R K = c ❛ ♥ ❞ ❤ ❡✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ j ❛ R = c 2 / j
✐ ♥ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✳ ■ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❢ ❛ ❝ ✱ ❤ ❛
❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♦❧ ❡ ♦❢ ✹✲ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❛ ♥ ❞ ✹✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦ ♥ ■ ■ ❛ ♥ ❞ ■ ❛ ❡ ❝ ♦ ♥ ❛ ②✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡✐

♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ♦ ♥ ❡ ❛ ❝ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ di γ j ✱ ❛ ✇ ❡ ❡ ❡ ❛ ❜ ♦ ✈ ❡✳



✷ ✷ ✵ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ♠ ❊ ✉ ❛ ♦ ♣ ♦✐ ♥ C I ♦ ♥ ■ ✐ ♥ ⟨ Q n + 1 ⟩ c ❛ ❋✐ ❣ ✉ ❡ ✹ ✭ ❛ γ 0 = 0 , α0 = α ✮✱ ✉ ♥ ❞ ❡ φ r = |π / 2 |✱ ✇ ❡
❤ ❛ ✈ ❡ ♦ ♥ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ❡ ✐ ❞✐ ❛ ♥ H R = − Ri γ j ✇✐ ❤ d H R = − R di γ j ✱ ❛ ❞✐✐ ♦❢
❝ ✉ ✈ ❛ ✉ ❡ − R ❛ ♥ ❞ ♦❢ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥ R n 1 = r = + R c o s h i γ ✳ ❚ ❤ ❡ ✶✲ ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ■ ✇✐ ❤ ❤ ❡
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❆ ❜ ♦❧ ✉ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❡ ❞ ✉ ❝ ❡ ♠✐ ① ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ d α 2 ♦ ♥ ■ ❛ ❛ ♣ ❡ ❢ ❡ ❝
✉ ❢ ❛ ❝ ❡ ♦ ❛ ♥ ❣ ✉❧ ❛ ♦ ♥ ❡ ✭ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ♦ ❤ ♦ ♦❧✐ ♥ ❡ ♦ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❛ ❝ ✮ ❛❧ ♦ ♥ ❣ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ R di γ q ✿

x ( I ) = x ( I ) · e α = + R · c o s i γj · e α ,
y ( I ) = ct = − R · si n i γj .

[❤ ❡ ❡ ❢ ♦ ♠ ✐ ❊ ✉ ❛ ♦ ✕ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ✭ ✷ ✸ ✺ ❆ ✕ ✷ ✸ ✽ ❆ ✮✱ ❈ ❤✳ ✶ ✵ ❆ ]

d x ( I ) = d ( x ( I ) · e α ) = + R d ( c o s i γj · e α ) = + R · ( − si n i γj di γ j · e α + c o s i γj d α 2 · e µ ) ,
d y ( I ) = d ( ct ) = − R d si n i γj = − R · c o s i γj di γ j .

⇒

[d λ ( I ) ]
2 = ( − R ) 2 di γ 2

j + [ R n 1 ( i γj )] 2 d α 2 = R 2 di γ 2
j + R 2 c o s 2 i γj d α 2

2 = R 2 di γ 2
q ≡ || d x ( I ) ||

2 + ||d y ( I ) ||
2 ⇒

[d λ ( I ) / R ]2 = − d γ 2
q = ( c o s i γj di γ j ) 2

Y +[ ( si n i γj di γ j ) 2 + ( c o s i γj d α 2 ) 2 ]X = si n 2 i γj ( − d γ 2
j ) + c o s 2 i γj ( − d γ 2

j + d α 2
2 ) ⇒

− d γ 2
q = − c o s h 2 γ q d γ q

2 + si n h 2 γ q d γ q
2 = − d γ 2

j + c o s h 2 γ j d α 2
2 = − d γ q

2

P
+

⊥
d γ q

2

E

< 0 , ( 1 3 3 A − H )

+ d γ 2
q = − si n h 2 γ q d γ q

2 + c o s h 2 γ q d γ q
2 = − d γ 2

j + c o s h 2 γ j d α 2
2 = − d γ q

2

P
+

⊥
d γ q

2

E

> 0 . ( 1 3 3 A − S )

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♠ ❡✲❧✐ ❦ ❡ ♠ ❡ ✐ ❞✐ ❛ ♥ ❛ ❝ R di γ j ❛❧ ♦ ♥ ❣ ❛ ♥ ❣ ❡ ♥ i( I ) ✇✐ ❤ ♣ ✐ ♠ ❛ ② γ j ✐ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ❜ ②
❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❝ R c o s h γ j d α · e µ ❛ ❜✐ ♥ ♦ ♠ ❛❧ b µ ✱ ❝ ❛ ✉ ❡ ❞ ❜ ② ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ r ot i Γ j = F ( i γj , e α ) ✳

❚ ❤ ✉ ✱ ✭ ✶ ✸ ✸ ❆✲ ❍ ✮ ✐ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❝ ✉ ✈ ❡ ✱ ✭ ✶ ✸ ✸ ❆✲ ❙ ✮ ✐ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ✐ ♥ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❝ ✉ ✈ ❡ ✳
❚ ❤ ❛ ✐ ✱ ✐❢ [d λ ( I ) / R ]2 < 0 ✱ ✉ ♠ ♠ ❛ ② d λ ( I ) / R ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ♠ ❡✲❧✐ ❦ ❡ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ■❀
✐❢ [d λ ( I ) / R ]2 > 0 ✱ ✉ ♠ ♠ ❛ ② d λ ( I ) / R ✐ ❤ ❡ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❡ ① ❡ ♠ ❛❧ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ■✳ ❇ ✉ ❛
d λ ( I ) / R = 0 ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❛✐ ❣ ❤ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❣ ♦ ♦❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ❞✐ ✈✐ ❞✐ ♥ ❣ ❢ ♦ ♠ ✇ ♦ ✐ ❞ ❡
✐ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ✐ ❡ ✳ ❆❧❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✜❧❧ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❝ ♦ ♥ ❡✱ ❛❧❧
❝✐ ❝ ✉❧ ❛ ❛ ♥ ❞ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❡ ① ❡ ♠ ❛❧ ✜❧❧ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝ ♦ ♥ ❡✳ ■ ♥ ❛ ♥ ② ♣ ♦✐ ♥ M ♦❢ ■✱ ❤ ❡ ❡ ✇ ♦ ② ♣ ❡ ♦❢ ❝ ✉ ✈ ❡
❛ ❡ ✐ ♥ ❡ ❡ ❝ ❡ ❞✳ ❆❧❧ ❤ ❡ ❡ ❤ ❡ ❡ ❝ ✉ ✈ ❡ ♦ ♥ ■ ❛ ❡ ❡❧ ❛ ✐ ♥ ❣ ♦ ✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✲ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ② ♦❢ ❛ ❞✐✐ ∓ R ❛ ♦ ♥ ✉ ❝ ❤ ❛ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✳ ❲ ❤ ❛ ✐ ♠ ♦ ❡✱ ✐ ♥ ❛ ♥ ② ♣ ♦✐ ♥ ♦❢ ■✱ ❤ ❡ ❡ ❛ ❡
♦ ♥❧ ② ♦ ♥ ❡ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛ ♥ ❞ ✭ ♥✲ ✶ ✮ ♣ ✉ ❡ ❝✐ ❝ ✉❧ ❛ ❡ ① ❡ ♠ ❛❧ ✱ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ▼✐ ♥ ❞✐ ♥ ❣

❛ ❝ ✐ ① ❛ ♥ ❞ ❝✐ ❝ ✉❧ ❛ ❡ ① ❡ ♠ ❛❧ ♦ ♥ ❤ ❡ ❛ ❝ ✐ ❝ ♦✐ ❞ ■ ❢ ♦ ♠ ❈ ❤✳ ✻ ❆✳ ■ ✐ ❤ ❡ ❧ ❛ ❧ ❡ ❛ ❞ ♦ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧
♦ ♣ ♦❧ ♦ ❣ ② ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ❧✐ ♠✐ ✐ ♥ ❣ ❤ ❡ ❢ ❡ ❡ ❞ ♦ ♠ ♦❢ ✜ ❣ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ✐ ❜ ② ✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝✐ ❝ ✉❧ ❛

❡ ① ❡ ♠ ❛❧ ♦❢ ❤ ❡ ❧ ❡ ♥ ❣ ❤ 2 π R ✳ ❚ ❤ ✉ ✱ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❛✐ ❣ ❤ ❣ ♦ ♦❧✐ ♥ ❡ ❛ ♥ ❞ ❝✐ ❝ ✉❧ ❛ ❡ ① ❡ ♠ ❛❧
✇ ❛ ❡ ❛❧✐ ③ ❡ ❞ ❜ ② ❤ ❡ ❣ ❡ ❛ ❡ ♥ ❣✐ ♥ ❡ ❡ ❱❧ ❛ ❞✐ ♠✐ ❙ ❤ ✉ ❦ ❤ ♦ ✈ ✐ ♥ ✶ ✾ ✶ ✾ ✐ ♥ ❤ ❡ ▼ ♦ ❝ ♦ ✇✬ ❙ ❤ ✉ ❦ ❤ ♦ ✈ ❛ ❞✐ ♦ ♦ ✇ ❡
❛ ♥ ❞ ❢ ✉ ❤ ❡ ✐ ♥ ♦ ❤ ❡ ❤✐ ♦ ❜❥ ❡ ❝ ✇✐ ❤ ♥ ❡ ✇ ❡❧ ❡ ❣ ❛ ♥ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ♦ ♥ ❡ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ❝ ❤✐ ❡ ❝ ✉ ❡✳

❲ ❡ ❝ ❛ ♥ ❝ ❤ ♦ ♦ ❡ ❛ ♥ ② ✈ ❛ ✐ ❛ ♥ ❢ ♦ ♠ ✇ ♦ ✭ ✶ ✵ ✾ ❆ ✕ ■ ✮ ❛ ♥ ❞ ✭ ✶ ✵ ✾ ❆✲ ■ ■ ✮ ❛ ❡ ♣ ❛ ❛ ❡ ♦ ♥ ❡ ✐ ♥ ♦ ✇ ♥ ⟨ Q 2 + 1 ⟩ c ✦
❋ ♦ ♠ ✜ ♥ ❛❧ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✸ ✷ ❆ ✮ ❛ ♥ ❞ ✭ ✶ ✸ ✸ ❆ ✮ ♦ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐

❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ❛ ♥ ❞ ■ ❜ ② ❤ ❡✐ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ⟨ P 3 + 1 ⟩ ✱ ✇ ❡ ❝ ❛ ♥ ❡ ❡ ❤ ❛ ✐ ✇ ❛ ♣ ♦ ✐ ❜❧ ❡ ♦
✉ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ✐ ♠ ❡ ✐ ❝
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { ± I } ✭ ✶ ✼ ❆✲■ ✮✱ ✐✳ ❡✳✱ ❝ ♦ ♥ ❡ ✈✐ ♥ ❣ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✸ ❉ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ✳

❍ ❡ ♥ ❝ ❡✱ ✉ ❝ ❤ ⟨ P 3 + 1 ⟩ ✐ ❛❧ ♦ ❛ ❝ ♦ ♠ ♠ ♦ ♥ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❢ ♦ ❜ ♦ ❤ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✳

❲❡ ❡ ✈ ❡ ❛❧ ❡ ❞ ❤✐ ❡ ✉❧ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ❞ ❡ ❛ ❤ ❛ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ❛ ❛ ❢ ❛ ♠ ❡ ❛ ①✐ −→y

❛ ♥ ❞ ❛❧❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❛ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❜ ② ♥ ❛ ✉ ❡✳ ❊✐ ♥ ❡✐ ♥ ❧ ❛ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ⟨ P 3 + 1 ⟩ ♦ ❤ ❡ ❡ ① ❛ ❝
♦ ♣ ♣ ♦ ✐ ❡ ✕ ✇✐ ❤ ❝ ♦ ♥ ❛ ② ♠ ❡ ✐ ❝ ❡ ♥ ♦ { ∓ I } ✭ ✶ ✼ ❆✲■ ■ ✮ ❛ ♥ ❞ ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ iE 3 ⟩ ✳ ❲❡✬❧❧ ❡ ❡
✐ ♠✐❧ ❛ ❝ ♦ ♥ ✐ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ♥ ♦ ♥✲ ❝ ♦ ♥ ✐ ❡ ♥ ❝ ❡ ✐ ♥ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✐ ♥ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ❡ ♦ ②

♦❢ ❛ ❜✐ ❛ ② ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦ ❣ ❡ ❤ ❡ ✐ ♥ ⟨ Q 3 + 1 ⟩ c ❛ ♥ ❞ ⟨ P 3 + 1 ⟩ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆ ✇✐ ❤ ✐ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ❛ ♥ ❞ ■ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳

▲ ❡ ❡ ✈ ❛❧ ✉ ❛ ❡ ✇✐ ❤ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ♦❢ ✜ ♥ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot h Γ 1 3 =
√

S ✐ ♥
✭ ✶ ✶ ✹ ❆ ✮✱ ❛ ♥ ❞ ❤ ♦ ❡ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦ si n h γ 1 3 ✱ t a n h γ 1 3 ✱ ❛ ♥ ❞ v 1 3 ✐ ♥ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ

( 3 )
1 ✱ ❛ ❦✐ ♥ ❣

❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡✐ ❡ ✉ ❛❧✐ ② ❢ ♦ ♠ ❛ ✐ ❝ ❡ r ot h Γ 1 3 ❛ ♥ ❞ r ot h ( 2 Γ 1 3 ) ✳ ✭ ❲❡ ✉ ❡ ❤ ❡ ❛ ✐ ❤ ♠ ❡ ✐ ❝✱ ❛ ❛❧ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ❡ ❡✱ ✉ ❛ ❡ ♦ ♦

√
S ✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ♥ ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ 1 3 ✐ ❜✐ ❡ ❝ ❡ ❞✱ ❡ ❡ ❤✐ ✐ ♥ ❡ ❝ ✳ ✻✳ ✸✦ ✮

❈ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ✸ ❡ ♠ ❛✐ ♥ ❡ ❞ ♥ ♦ ♥✲ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ( 4 , k) ✲ ❤ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ✹✲ ❤ ♦ ✇ ♦❢ ❤ ❡ ♠ ❛ ✐ ① S = { s i j } ✳
❚ ❤ ✉ ✇ ❡ ♥ ❡ ❡ ❞ ♦ ♠ ✉❧ ✐ ♣❧ ② ❤ ❡ ✹✲ ❤ ♦ ✇ ♦❢ B = { b i j } ❛ ♥ ❞ ❤ ❡ k ✲ ❤ ❝ ♦❧ ✉ ♠ ♥ ♦❢ r ot h Γ 1 2 ✱ k = 1 , 2 , 3 ✿

s 4 k = s k 4 = si n h ( 2 γ 1 3 ) · c o s σ k = 2 c o s h γ 1 3 · si n h γ 1 3 · c o s σ k =

= 2 c o s h γ 1 3 · [ ( si n h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 2 3 · c o s h γ 1 2 ) · c o s α k + si n h γ 2 3 · ( c o s β k − c o s ε · c o s α k )] .

❚ ❤✐ ❛❧❧ ♦ ✇ ✉ ♦ ✐ ♥❢ ❡ ❛❧❧ ✈ ❡ ❝ ♦ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦ ✇ ♦✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✭ ✶ ✵ ✵ ❆ ✮ ✐ ♥ ⟨ P 3 + 1 ⟩ ✳ ❚ ❤ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡
✇✐ ❤ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛❧ ♦ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ✐ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■✳



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✷ ✶

❚ ❤ ❡ ② ❞ ❡ ♣ ❡ ♥ ❞✱ ❜ ✉ ♦ ♥❧ ② ❛ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ♥ ♦ ❛ ❝ ❛❧ ❛ ✭✦ ✮✱ ♦ ♥ ♦ ❞ ❡ ✐ ♥ ❣ ♦❢ ✇ ♦ ✉ ♠ ♠ ❛ ♥ ❞ γ 1 2 ❛ ♥ ❞ γ 2 3 ✳
❙ ♦✱ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❝ ♦ ♥ ❛ ② ✈ ❛ ✐ ❛ ♥ ♦❢ ♦ ❞ ❡ ✐ ♥ ❣ ✇ ♦ ♠ ♦ ✐ ♦ ♥ ✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡✱ ❛ ❡✿

( 1 ) si n h γ 1 3 = si n h γ 1 3 · e σ = v ∗
1 3 / c = ( v ∗

1 3 / c ) · e σ =
= ( c o s h γ 2 3 · si n h γ 1 2 + c o s ε · c o s h γ 1 2 · si n h γ 2 3 ) · e α + si n ε · si n h γ 2 3 · e ν =
= [ c o s h γ 2 3 · si n h γ 1 2 + c o s ε · ( c o s h γ 1 2 − 1 ) · si n h γ 2 3 ] · e α + si n h γ 2 3 · e β ;

( 2 ) si n h
∠

γ 1 3 = si n h γ 1 3 · e ∠
σ

=
∠

v ∗
1 3 / c = (

∠

v ∗
1 3 / c ) · e ∠

σ
=

= ( c o s h γ 1 2 · si n h γ 2 3 + c o s ε · c o s h γ 2 3 · si n h γ 1 2 ) · e β + si n ε · si n h γ 1 2 · e ∠
ν

=

= [ c o s h γ 1 2 · si n h γ 2 3 + c o s ε · ( c o s h γ 2 3 − 1 ) · si n h γ 1 2 ] · e β + si n h γ 1 2 · e α ;
( 3 ) si n h γ 1 3 · c o s σ k = ( c o s h γ 2 3 · si n h γ 1 2 + c o s ε · c o s h γ 1 2 · si n h γ 2 3 ) · c o s α k +
+ si n h γ 2 3 · ( c o s β k − c o s ε · c o s α k ) , k = 1 , 2 , 3; e σ = { c o s σ k } ( ❢ ♦ ❞✐ ❡ ❝ ♦ ❞ ❡ ) .






( 1 3 5 A )

❋ ♦ ♠ ❤ ❡ ❡✱ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ γ 1 2 = γ ❛ ♥ ❞ γ 2 3 = d γ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❛ ♠ ❡ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✸ ✷ ❆✮
♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❞ ■■✱ ❜ ✉ ✐ ♥ ✐ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✕ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ✭ ✷ ✸ ✺ ❆✲ ✷ ✸ ✽ ❆✮✱ ❈ ❤✳ ✶ ✵ ❆✳

❋ ♦ ❤ ❡ ♥ ❡ ① ✱ ✐ ✐ ✉ ❡❢ ✉❧ ♦ ❡ ① ♣ ❡ ❤ ❡ ✈ ❡ ❝ ♦ e ν ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥✿

e ν =
c o s β k − c o s ε · c o s α k

si n ε k = 1 ,2 ,3

=
e β − c o s ε · e α

si n ε
=

− − − →
e α e ′

α · e β

||
− − − →
e α e ′

α · e β ||
( 1 3 6 A )

❚ ❤ ❡ ✈ ❡ ❝ ♦ e ν ✭ ❛ ♥ ❞ e ∠
ν

❢ ♦ ✐ ♥ ✈ ❡ ❡❧ ② ♦ ❞ ❡ ❡ ❞ ✉ ♠ ♠ ❛ ② ♠ ♦ ✐ ♦ ♥ ❛ e α ↔ e β ✕ ❡ ❡ ❢ ✉ ❤ ❡ ✮

✐ ✉ ❡ ❞ ✐ ♥ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ✐ ♥ ♦ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞
♥ ♦ ♠ ❛❧ ♣ ❛ ✱ ❢ ♦ ♣ ❤ ② ✐ ❝ ❛❧ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✭ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✮✱ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✱ ❝ ✉ ✈ ❛ ✉ ❡ ✱ ❡ ❝✳✳

❚ ❤ ❡ ② ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✷✲ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ♥ ❤ ❡ ✉ ♠✿

e β = c o s ε · e α + si n ε · e ν , e ′
ν · e α = 0 , e ′

ν · e β = si n ε (ε ∈ [ 0; π ]). ( 1 3 7 A ).

❖ ✉ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❡ ❡ ♥ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡❧ ② ✐ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✱ ✈ ❛ ✳ ✶ ❛ ♥ ❞ ✷✳
❚ ❤ ✉ ✱ ❢ ♦ ♠ ✈ ❡ ❝ ♦ ✐ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✸ ✺ ❆✮ ❛ ♥ ❞ ❝ ❛❧ ❛ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✷ ✷ ❆✮ ✐ ♠✐❧ ❛ ✈ ❡ ❝ ♦ ❡❧ ❛ ✐ ♦ ♥ ❢ ♦
❛ ♥ ❣ ❡ ♥ ✐ ♥ ♦ ❞ ❡ ✐ ♥ ❣ γ 1 2 , γ2 3 ✭ ❛ ♥ ❞ ✈✐ ❝ ❡ ✈ ❡ ❛ ❢ ♦ γ 2 3 , γ1 2 ✕ ❡ ❡ ✐ ♥ ✭ ✶ ✸ ✺ ❆✮✮ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞ ❛ ✿

t a n h γ 1 3 = t a n h γ 1 3 · e σ = v 1 3 / c = ( v 1 3 / c ) · e σ =
si n h γ 1 3

c o s h γ 1 3
= ( 1 3 8 A )

=
t a n h γ 1 2 + c o s ε · t a n h γ 2 3

1 + c o s ε t a n h γ 1 2 · t a n h γ 2 3
· e α +

si n ε · ❡ ❝ ❤ γ 1 2 · t a n h γ 2 3

1 + c o s ε t a n h γ 1 2 · t a n h γ 2 3
· e ν =

=
t a n h γ 1 2 + c o s ε · ( 1 − ❡ ❝ ❤ γ 1 2 ) · t a n h γ 2 3

1 + c o s ε t a n h γ 1 2 · t a n h γ 2 3
· e α +

❡ ❝ ❤ γ 1 2 · t a n h γ 2 3

1 + c o s ε t a n h γ 1 2 · t a n h γ 2 3
· e β .

❙✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ✐ ♥ ✉ ❛ ❡ ❞ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ❛❧ ✈ ❛ ✐ ❛ ♥ ✭ ✶ ✷ ✹ ❆ ✮✱ ✭ ✶ ✸ ✺ ❆ ✮ ❛ ♥ ❞ ✭ ✶ ✷ ✺ ❆ ✮✱ ✭ ✶ ✸ ✽ ❆ ✮✱

❤ ❛ ✈ ❡ ✐ ♥ Ẽ
( 3 )
1 ✉ ❝ ❤ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❡ ❣ ♠ ❡ ♥ γ 2 3 ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ♦

❛ ♣ ❛✐ ♦❢ ❡ ❣ ♠ ❡ ♥ ✉ ❝ ❤ ❤ ❛ ❤ ❡✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ❛ ❡ ❞✐ ❡ ❝ ❡ ❞ ❛❧ ♦ ♥ ❣ e α ❛ ♥ ❞ e ν ✳ ❲❡ ❣ ❡

❤ ❡ ❡ ❜✐ ❣ ❛ ♥ ❞ ♠ ❛❧❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■✿ γ 1 3 = ( γ 1 2 +
=
γ 2 3 ) ⊞

⊥
γ 2 3 ❛ ♥ ❞

γ 2 3 =
=
γ 2 3 ⊞

⊥
γ 2 3 ✱ ✕ ✇✐ ❤ ✉ ❝ ❤ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ❛ ♥ ❞ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠ ✐ ♥ ❡ ♦ ❛ ♥ ❣ ❡ ♥

✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✳ ✭❙ ❡ ❣ ♠ ❡ ♥ γ ❛ ❡ ✹✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧✱ ❤ ❡✐ ♣ ❛ ❝ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ✸✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✦ ✮
▲ ❡ ✉ ♣ ❡ ❢ ♦ ♠ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ γ 1 3 ❛ ♥ ❞ γ 2 3 ✭✐ ♥ ✐ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✮

✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( 1 ) ✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ✇ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ γ 2 3 ❛ ♥ ❞ γ 1 3 ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ✿

si n h γ 2 3 =
=

si n h γ 2 3 +
⊥

si n h γ 2 3 → si n h γ 1 3 = ( si n h γ 1 2 +
=

si n h γ 2 3 ) +
⊥

si n h γ 2 3 .

❲❡ ❤ ❛ ✈ ❡ ✐ ♥ Ẽ
( 3 )
1 ✐ ♥ ✉ ❛ ❡ ❞ ✈ ❛ ✐ ❛ ♥ ❤ ❡ ❇✐ ❣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✭ ✶ ✷ ✹ ❆ ✮✱ ❛ ♥ ❞

❤ ❡ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ❡ ❝ ♦ ♥ ❞ ❡ ❣ ♠ ❡ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❝ ❛ ❡ ✭ ✶ ✷ ✾ ❆ ✮✿

si n h 2 γ 1 3 = si n h 2 ( γ 1 2 +
=

γ 2 3 ) + si n h 2 ⊥
γ 2 3 , si n h 2 γ 2 3 = si n h 2 =

γ 2 3 + si n h 2 ⊥
γ 2 3 .

■ ♥ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✱ si n h
=

γ 1 3 = c o s ε ·si n h γ 1 3 ✱ si n h
⊥

γ 2 3 = si n h
⊥

γ 1 3 = si n ε ·si n h γ 1 3 . ❚ ❤ ❡✐ ❝ ♦ ✐ ♥ ❡ ✱ ❛ ❡✱
❞ ✉ ❡ ♦ ✭ ✶ ✷ ✷ ❆ ✮✱ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦

−→
ct ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E 3 ⟩ ✳ ❚ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❡❧ ❛ ✐ ♦ ♥

❛ ❝ ✐ ♥ ❛ ♥ ❣ ❡ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✷ ✺ ❆ ✮ ❛ ♥ ❞ ✭ ✶ ✸ ✽ ❆ ✮ ✕ ❡ ❡ ✐ ❜ ❡❧ ♦ ✇ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✳
❚ ❤ ❡ ❡❢ ♦ ❡✱ ✇ ❡ ❝ ❛ ♥ ✐ ❝ ❧ ② ❢ ♦ ♠ ✉❧ ❛ ❡ ❜ ♦ ❤ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✳



✷ ✷ ✷ ❆ ❊ ◆ ❉ ■ ❳

✯ ✯ ✯
❚ ❤ ❡ ❇✐ ❣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✳ ❙ ✉ ♠ ♦❢ ✇ ♦ ❡ ❣ ♠ ❡ ♥ ♦ ♠ ♦ ✐ ♦ ♥ ✐ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
❢ ♦ ♠✱ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❛ ♥ ❞ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ❛❧❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳
■ ❛ ❝ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ✐ ♥ ❞ ❡ ① q = 1 ❤ ♦ ✇ ✐ ♥ ✐ ♥ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦✲
✐ ✐ ♦ ♥ ✭ ✶ ✸ ✺ ❆ ✮ ❛ ❡ ✉❧ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ♦ ❛ ✐ ♦ ♥ ✱ ❛ ♥ ❞ ❛❧ ♦ ♦ ♥ ❤ ❡ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ♠✱

✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■✱ ❛ ❛ ❡ ✉❧ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❛
♣ ♦✐ ♥ ✐ ♥ Ẽ

( n )
1 ✇✐ ❤ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✷✲ ♥ ❞ ❡ ❣ ♠ ❡ ♥ ✐ ♥ Ẽ

( n )
2 ✱ ✐✳ ❡✳✱ ✐ ♥ ❤ ❡✐ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳

❚ ❛ ♥ ❣ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✷ ✺ ❆ ✮ ❛ ♥ ❞ ✭ ✶ ✸ ✽ ❆ ✮ ❛ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✇ ❛ ②✱ ❜ ✉ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢
❛ ♥ ❣ ❡ ♥ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣✳ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ γ 2 3 ✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ❛ ❜ ❡❢ ♦ ❡ ❛ ♥ ❞ ❤ ❡ ♥ ❛❧❧ ❤ ❡ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞

♥ ♦ ♠ ❛❧ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ❛ ❡ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✹ ❆ ✮ ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( 2 ) ✳

■ ❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ❦ ❡ ♥ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❜ ② ❝ ♦ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❡ ❝ ❤ γ 1 2 ✭ ♦ ♥❧ ② ❜ ② ❢ ♦ ♠ ❛❧
❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✮✳ ❚ ❤ ❡✐ ❛ ♥ ❣ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥✱ ✇✐ ❤ ❤ ❡ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❇✐ ❣ ❛ ♥ ❞
❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✭ ✶ ✷ ✺ ❆ ✮ ❛ ♥ ❞ ✭ ✶ ✸ ✽ ❆ ✮✱ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆ ❛ ✐ ♥

❤ ❡ ❑❧ ❡✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✳ ❇✐ ❣ ❛ ♥ ❞ ❙ ♠ ❛❧❧ ❤ ❡ ♦ ❡ ♠ ❛ ❡ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ❝ ✐ ♥ Ẽ
( n )
1 ❛ ♥ ❞ Ẽ

( n )
2 ✳

❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❤✐ ✐ ♠ ♣ ♦ ❛ ♥ ♣ ♦ ♣ ❡ ② ♦❢ ❤ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ♦ si n h γ 1 3 ✱ t a n h γ 1 3 ✉ ♥✐ ❡ ♦

❛ ❝ ❡ ❛✐ ♥ ❡ ① ❡ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✦

❉✐ ✐ ♥ ❝ ✐ ♦ ♥ ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✳ ■ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❤ ❡ ✈ ❡ ❝ ♦ a 1 2 = a 1 2 · e α ❛ ♥ ❞ a 2 3 = a 2 3 · e β ❛ ❡

✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡❧ ②✱ ✐✳ ❡✳✱ ✐ ♥ ❤ ❡✐ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❡ ✉❧ a 1 3 = a 1 3 ·e σ ✳

❚ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✭ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ✮ ❛ ❡ ♥ ♦ ♥ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡

❢ ♦ ♠ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❣ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✭∓ θ 1 3 ✮ ❛❢ ❡ ❤ ❡ ✉ ♠ ♠✐ ♥ ❣ ♣ ♦ ❝ ❡ ✳

❚ ❤ ❡ ❇✐ ❣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✐ ✈ ❛❧✐ ❞ ❢ ♦ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ♦❢ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✳ ■ ♥ ❜ ♦ ❤ ❤ ❡
❝ ❛ ❡ ✱ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ❛ ❡ ❡ ✉ ❛❧✱ ❜ ✉ ❤ ❡ ✉ ♠ ♠ ❛ ② ✈ ❡ ❝ ♦ a 1 3 ❛ ❡ ❞✐ ✐ ♥ ❝ ❜ ② ❤ ❡
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ✐ ♥ ✭ ✶ ✷ ✵ ❆✮✳ ❚ ❤ ✉ ✱ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✷ ✹ ❆✮✱ ✭ ✶ ✸ ✺ ❆✮ ❛ ♥ ❞ ✭ ✶ ✷ ✺ ❆✮✱ ✭ ✶ ✸ ✽ ❆✮✱
❝ ❛ ♥ ❜ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ✇ ♦ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ❡✐ ❤ ❡ ♦❢ γ 1 2 ✇✐ ❤ ❡ ♣ ❡ ❝
♦ e α ♦ ♦❢ γ 2 3 ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ e β ✳

◆ ❡ ① ✉ ♠ ♠ ❛ ♥ ❞ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♦ ♣ ❡ ✈✐ ♦ ✉ ✐ ✐ ♥ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡✳ ◆ ❛ ♠ ❡❧ ② ❤✐
❤ ❡ ♦ ❡ ♠✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛❧❧ ♦ ✇ ❡ ❞ ♦✐ ♥ ❝ ❛ ✁❡ ❛ ✐ ♥ ❤ ❡ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❊✐ ♥ ❡✐ ♥ ❛ ❡ ♥ ✐ ❡❧ ②
♦ ✐ ♥❢ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ▲ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐ ♥ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❝ ❛❧ ❛

❢ ♦ ♠ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ { c o s α 1 = 1 , c o s α 2 = c o s α 3 = 0 } → c o s ε = c o s β 1 ✳ ❚ ❤ ❛ ♥ ❦ ♦ ❤✐
❣ ❡ ♦ ♠ ❡ ✐ ❝ ❤ ❡ ♦ ❡ ♠✱ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ✈ ❡❧ ♦ ❝✐ ✐ ❡ v 1 ❛ ♥ ❞ v 2 ❛❧ ♦ ♥ ❣ ❤ ❡ ❛ ① ❡ x 1 ✱ x 2 ✱ x 3 ✇ ❡ ❡
✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❛ ✐❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✐ ♥ ❤ ❡ ✜ ♥ ❛❧ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❬ ✻ ✸❪✱ ❬ ✻ ✼❪✳

❋ ✉ ❤ ❡ ✐ ♥ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✸ ✽ ❆✮✱ ♣ ✉ t a n h γ 1 2 · c o s α 1 = ± v / c ≈ 1 0 − 4 ✱ c o s α 1 = ± 1 ✳
❚ ❤ ❡ ♥ c o s ε = ± c o s β 1 ✱ ❡ ❡ ✭ ✶ ✶ ✾ ❆✮✱ ❛ ♥ ❞ t a n h γ 2 3 = c / c = 1 ✱ ❤ ❛ ✐ ✇ ❤ ② t a n h γ 1 3 = 1 ♦ ♦✳
❍ ❡ ❡ v ≈ 3 0 ❦ ♠ ✴ ❡ ❝ ✐ ❤ ❡ ♦ ❜✐ ❛❧ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡ ❊ ❛ ❤ ♠ ♦ ✈✐ ♥ ❣ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ❙ ✉ ♥✳ ❍ ❡ ♥ ❝ ❡✱

t a n h γ 1 3 = e σ =
[t a n h γ 1 2 ± c o s β 1 · ( 1 − ❡ ❝ ❤ γ 1 2 )] · e α + ❡ ❝ ❤ γ 1 2 · e β

1 ± c o s β 1 · t a n h γ 1 2
=

=
1

1 ± c o s β 1 · t a n h γ 1 2
·




± t a n h γ 1 2 + c o s β 1

❡ ❝ ❤ γ 1 2 · c o s β 2

❡ ❝ ❤ γ 1 2 · c o s β 3



 =




c o s σ 1

c o s σ 2

c o s σ 3



 , (t a n h γ 1 3 = 1) ,

✇ ❤ ❡ ❡ β 1 , β2 , β3 ❛ ♥ ❞ σ 1 , σ2 , σ3 ❛ ❡ ❤ ❡ ✉ ❡ ❛ ♥ ❞ ❡ ❡ ♠ ❡ ❞ ❛ ♥ ❣❧ ❡ ✱ ✉ ♥ ❞ ❡ ✇ ❤✐ ❝ ❤ ❤ ❡ ❙ ❛ ✐
♦ ❜ ❡ ✈ ❡ ❞✳ ❋ ♦ ♠ ❤✐ ✱ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❧✐ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ❢ ♦❧❧ ♦ ✇ ✿

t a n β ′
1 2 =

c o s σ 2

c o s σ 1
=

❡ ❝ ❤ γ 1 2 · c o s β 2

± t a n h γ 1 2 + c o s β 1
, t a n β ′

1 3 =
c o s σ 3

c o s σ 1
=

❡ ❝ ❤ γ 1 2 · c o s β 3

± t a n h γ 1 2 + c o s β 1
,

c o s δ ± = ( e +
σ ) ′ · e −

σ =
❡ ❝ ❤ 2 γ 1 2 − si n 2 β 1 · t a n h 2 γ 1 2

1 − c o s 2 β 1 · t a n h 2 γ 1 2

, Ra =
δ ±

2
(❛ ❤ ♦ ✇ γ 1 2 ± γ 2 3 ).

■❢ ❤ ❡ ❙ ❛ ✐ ♦ ❜ ❡ ✈ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ β 1 = π / 2 ✱ ❤ ❡ ♥ ❢ ♦ ♠ ❛ ①✐ ♠ ❛❧ δ m ✿

c o s δ m = ❡ ❝ ❤ 2 γ 1 2 − t a n h 2 γ 1 2 ≡ c o s 2 φ (γ 1 2 ), si n δ m = 2 t a n h γ 1 2 · ❡ ❝ ❤ γ 1 2 ≡ si n 2 φ (γ 1 2 ).



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✷ ✸

■❢ β 3 = π / 2 ✱ ❤ ❡ ♥ c o s β 2 = si n β 1 ✳ ■ ♥ ❤✐ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✈ ❛ ✐ ❛ ♥ ♦❢
❊✐ ♥ ❡✐ ♥✬ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ♦ ❜ ❡ ✈ ❡ ❞ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ❬ ✺ ✸✱ ♣✳ ✸ ✻ ✕ ✸ ✾❪✿

t a n β ′
1 2 =

si n β 1 · ❡ ❝ ❤ γ 1 2

c o s β 1 ± t a n h γ 1 2

si n β ′
1 2 =

si n β 1 · ❡ ❝ ❤ γ 1 2

1 ± c o s β 1 · t a n h γ 1 2
, c o s β ′

1 2 =
c o s β 1 ± t a n h γ 1 2

1 ± c o s β 1 · t a n h γ 1 2
.

❋ ♦ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ♦ ❜ ❡ ✈ ❡ ❞ ❛ ❜ ❡ ❛ ✐ ♦ ♥✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ✐ ♠ ♣❧ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ✿

σ 1 = β ′
1 2 = β ′

1 = π / 2 − σ 2 , c o s σ 2 = si n σ 1 = si n β ′
1 σ 3 = β 3 = π / 2 .

❚ ❤ ❡ ♥ ❡✐ ❤ ❡ β ′
1 < β 1 ✭✐❢ ❤ ❡ ✐ ❣ ♥ + ✐ ❝ ❤ ♦ ❡ ♥ ✮✱ ♦ β ′

1 > β 1 ✭✐❢ ❤ ❡ ✐ ❣ ♥ − ✐ ❝ ❤ ♦ ❡ ♥ ✮❀ ❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣❧ ❡

β 1 ❛ ♥ ❞ β ′
1 ❛ ❡ ♣ ❡ ♠ ✉ ❡ ❞ ✐ ✛ ❤ ❡ ✐ ❣ ♥ ± ❛ ♥ ❞ ∓ ❛ ❡ ♣ ❡ ♠ ✉ ❡ ❞✳ ❆❧❧ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❢ ♦❧❧ ♦ ✇

❢ ♦ ♠ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ t a n h γ 1 3 = e σ ✳

❋ ♦ ❏✳ ❇ ❛ ❞❧ ❡ ② ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✼ ✷ ✼✮✱ ❆✳ ❊✐ ♥ ❡✐ ♥ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♠ ❡✲ ❝ ♦ ❡ ❝ ✐ ♥ ❣ ❢ ❛ ❝ ♦
❡ ❝ ❤ γ 1 2 ✭ ❤ ❡ ❡ ✐ ✐ ✐ ♥ ❡ ❝ ❛ ♥ ❢ ♦ ♠ ✭ ✶ ✷ ✼ ❆✮✮ ❛ ♥ ❞ ✉ ❡ ❞ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ❛ ❞ ♦❢

● ❛❧✐❧ ❡ ❛ ♥ ♦ ♥ ❡ ❬ ✻ ✼❪✳ ❚ ❤✐ ♠ ❛❧❧ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ♠ ❛ ❦ ❡ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ♦❢ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✐ ♥ ✇ ♦
✐ ♥ ❡ ✐ ❛❧ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♦ ❝✐ ❛ ❡ ❞ ❡✐ ❤ ❡ ✇✐ ❤ ❤ ❡ ❊ ❛ ❤✱ ♦ ✇✐ ❤ ❤ ❡ ❙ ❛ ✿ e α ❛ ♥ ❞ e σ

❛ ❡ ♣ ❡ ♠ ✉ ❡ ❞ ✐ ✛ ✐ ❣ ♥ ± ❛ ♥ ❞ ∓ ❛ ❡ ♣ ❡ ♠ ✉ ❡ ❞✳ ❚ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ❛ ❞✐ ✉ ♦❢ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ✐
❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ✐❢ β 1 = π / 2 ✱ ❛ ♥ ❞ ✐ ✐ R a = δ m / 2 ≈ 1 0 − 4 ❛ ❞✳ ◆ ♦ ❡✱ ❤ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ θ 1 3 ✇✐❧❧ ❜ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❜ ❡❧ ♦ ✇✳ ❙ ♦ ♠ ❡ ❙ ♦ ✈✐ ❡ ❛ ❝ ❛ ❞ ❡ ♠✐ ❝ ❛ ✉ ❤ ♦ ❞✐ ❞ ♥ ♦ ❞✐ ✐ ♥ ❣ ✉✐ ❤ ✐ ♥

❛ ❜ ❡ ❛ ✐ ♦ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ δ ± ❢ ♦ γ 1 2 ± γ 2 3 ❛ ♥ ❞ θ 1 3 ❢ ♦ γ 1 2 + γ 2 3 , γ2 3 + γ 1 2 ❄✦ ❙ ❡ ❡ ❢ ♦ θ 1 3 ❢ ✉ ❤ ❡ ✳
✯ ✯ ✯

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✸ ✺ ❆✮ ❛ ♥ ❞ ✭ ✶ ✸ ✻ ❆✮✱ ❤ ❡ ✈ ❡ ❝ ♦ e σ ❛ ♥ ❞ e η ❛ ❡ ❧✐ ♥ ❡ ❛ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ e α

❛ ♥ ❞ e β ✳ ❍ ❡ ♥ ❝ ❡ ❛❧❧ ❤ ❡ ❢ ♦ ✉ ✉ ♥✐ ✈ ❡ ❝ ♦ ❛ ❡ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ≡ ⟨ e α , e β ⟩✳
❙✐ ♠✐❧ ❛ ❛ ❣ ✉ ♠ ❡ ♥ ❢ ♦ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✐ ♥ ❣ ♦❢ ♠ ♦ ✐ ♦ ♥ ❣✐ ✈ ❡ ✐ ♠✐❧ ❛ ❡ ✉❧ ✱ ❜ ✉ ❤ ❡ ✜ ❞✐ ❡ ❝ ❡ ❞
✈ ❡ ❝ ♦ ✐ e β ❛ ♥ ❞ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ♥ ❡ ✐ e α ✳ ❚ ❤ ❡ ♥ ❡ ✇ ✈ ❡ ❝ ♦ ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ✭❢ ♦ ❤ ❡
✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ♦❢ ❤ ❡ ❢ ✉❧❧ ♠ ♦ ✐ ♦ ♥✮ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♠✐❧ ❛ ✭ ✶ ✸ ✻ ❆✮✱ ✭ ✶ ✸ ✼ ❆✮ ❜ ② ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥✿

e ∠
ν

=
c o s α k − c o s ε · c o s β k

si n ε
=

e α − c o s ε · e β

si n ε
, ( 1 3 9 A )

e α = c o s ε · e β + si n ε · e ∠
ν
, e ′

β · e ∠
ν

= 0 , e ′
α · e ∠

ν
= si n ε, e ′

ν · e ∠
ν

= − c o s ε. ( 1 4 0 A )

❚ ❤ ❡ ✈ ❡ ❝ ♦ t a n h
∠

γ 1 3 ✱ si n h
∠

γ 1 3 ✱ ❛ ♥ ❞
∠
v 1 3 ❛ ❡ ❞✐ ❡ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ❜ ❜ ❛ ❡ Ẽ

( 3 )
1 ❛❧ ♦ ♥ ❣ e ∠

σ
✱ ❛ ♥ ❞

❤ ❡✐ ♠ ♦ ❞ ✉❧ ❡ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡✳ ❚ ❤ ❡ ✈ ❡ ❝ ♦ e σ ✱ e ∠
σ
✱ e ν ❛ ♥ ❞ e ∠

ν
❛ ❡ ❧✐ ♥ ❡ ❛ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ e α

❛ ♥ ❞ e β ✱ ❤ ❡ ♥ ❝ ❡ ❤ ❡ ② ❧✐ ❡ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ≡ ⟨ e α , e β ⟩✳ ❚ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ✭ ✶ ✶ ✸ ❆✮ ❛ ♥ ❞ ✭ ✶ ✶ ✷ ❆✮
❛ ❝ ✐ ♥ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♠ ❛ ✐ ① r ot Θ 1 3 ✱ ❤ ❡ ♥ ❝ ❡ ❤✐ ♣❧ ❛ ♥ ❡ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧
♦ ⟨ E 2 ⟩ ♦ ♦✳ ❚ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❢ ♦ ♠ ❛❧❧ ② ❛❧❧ ❤ ❡ ❡ ✐ ① ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ♥ ❞ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞

✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✿ e α , e β , e σ , e ∠
σ
, e ν , e ∠

ν
✳

✭■ ♥ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡ ✱ ❢ ♦ ✐ ♥ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

e ′
1 · e 2 = c o s θ 1 2 , e 1 · e ′

2 = c o s θ 1 2 ·
←− − −−
e 1 · e ′

2 = s e c θ 1 2 ·
←− − −−
e 1 · e ′

1 ·
←− − −−
e 2 · e ′

2 .

❚ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❛❧ ♦ ✉ ❡❢ ✉❧✳ ❚ ❤ ❡ ❧ ❛ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ✭ ✶ ✾ ✻✮ ✐ ♥ ❈ ❤✳ ✺✳
❚ ❤ ❡ ♠ ❛ ✐ ① r ot Θ 1 3 ❝ ❛ ♥ ❜ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ♥ ♦ ♦ ♥❧ ② ❢ ♦ ♠ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✶ ✺ ❆✮✳ ■ ♥

⟨ P 3 + 1 ⟩✱ ✐ ♠ ❛ ② ❜ ❡ ❞✐ ❡ ❝ ❧ ② ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✹ ✾ ✼✮ ❞ ✉ ❡ ♦ ✭ ✹ ✾ ✾✮✳ ■ ♥ ❞ ❡ ❡ ❞✱ ❤ ❡
♥ ♦ ♠ ❛❧ ✉ ♥✐ ② ❛ ①✐ − →e N ♦❢ ❤✐ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ❢ ♦ ✉ ♥ ❞ ✐ ♥ ❡ ♠ ♦❢ ✈ ❡ ❝ ♦ ♣ ♦ ❞ ✉ ❝ ❢ ♦
✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ✜ γ 1 2 ✭e α ✮ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ γ 2 3 ✭e β ✮ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✸ ✺ ❆✮✱ ✇✐ ❤ ✭ ✶ ✸ ✼ ❆✮ ❛ ✿

− →r N ( θ ) = e ∠
σ

⊗ e σ = − si n θ · − →e N , ✇ ❤ ❡ ❡ − →e N = e α ⊗ e ν

− →r N ( ε ) = e α ⊗ e β = + si n ε · e α ⊗ e ν = + si n ε · − →e N
⇒ − →r N (θ ) = −

si n θ

si n ε
· − →r N (ε ). ( 1 4 1 A )



✷ ✷ ✹ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦ ❤✐❢ ∓ θ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 h = r ot h Γ · Ẽ 1 ✭ ❡ ❡
✭ ✶ ✶ ✶ ❆✮✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ✐ ❤ ❛ ❛ ❝ ✉ ❡ ♥ ♥ ♦ ♠ ❛❧ ❛ ①✐ − →e N

( 3 ) ✐ ♥ ⟨ E 3 ⟩ ( 1 h ) ❛ ♥ ❞ ❛ ❝ ✐ ♥ ❤ ❡
♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ( 1 h ) ✉ ♥ ❞ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ γ 1 3 ♦ ⟨ E 2 ⟩ ( 1 ) ≡ ⟨ e α , e β ⟩ ( 1 ) ❛ ♥ ❞ ✇✐ ❤ ✐ ❣ ♥ ❞ ✉ ❡
♦ ✭ ✶ ✶ ✸ ❆✮✱ ✭ ✶ ✶ ✾ ❆✮✳ ❚ ❤ ❡ ❡ ✈ ❛❧ ✉ ❡ ♦❢ − →r N (θ ) ❛ ♥ ❞ c o s θ 1 3 ❣✐ ✈ ❡ ✉ ❤ ❡ ♠ ❛ ✐ ① r ot Θ 1 3 ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧

❢ ♦ ♠ ✭ ✹ ✾ ✼✮ ✐❢ n = 3 ✳ ❉ ✉ ❡ ♦ ✭ ✹ ✾ ✾✮✱ ✭ ✶ ✶ ✸ ❆✮✱ ✭ ✶ ✷ ✵ ❆✮✱ ✇ ❡ ❣ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ❤✐❢ ✐ ♥ ❣ θ 1 3 ✿

c o s θ 1 3 = e ′
σ · e ∠

σ
= t r r ot Θ / 2 − 1 = ( t r [r ot Θ] 3 × 3 − 1) / 2 , | si n θ 1 3 | = |− →r N (θ 1 3 )|. ( 1 4 2 A )

❙ ♣ ❡ ❛ ❦✐ ♥ ❣ ✐ ❝ ❧ ②✱ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ θ ♠ ✉ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥
✭ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✮ ✭ ✶ ✸ ✺ ❆✮✲✭ ✶ ✸ ✽ ❆✮✳ ❙ ♦✱ ❤✐ ❤✐❢ ✐ ❤ ❡ ❝ ❛ ✉ ❡ ♦❢ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ❤ ❡ ❡ ❧ ❛ ✇ ✳

❉ ✉ ❡ ♦ ❤ ❡ ✐ ❣ ♥✬ ❘ ✉❧ ❡ ✭ ❡ ❡ ✐ ♥ ✭ ✶ ✶ ✸ ❆✮ ❢ ♦ ♠ ❡ ❝ ✳ ✶ ✷✳ ✷✮ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ❛ ♥ ❞ ❙ ❚ ❘✱

s g n θ 1 3 = − s g n ε ! ✿ ✐❢ ε > 0 ✱ ❤ ❡ ♥ θ 1 3 < 0 ✱ ❛ ♥ ❞ ✐❢ ε < 0 ✱ ❤ ❡ ♥ θ 1 3 > 0 ✱ ✐✳ ❡✳✱ ❤ ❡ ❧ ❡ ❣ ✶ ✸

✐ ❤✐❢ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ A 1 2 3 = π − ε ❛❧ ✇ ❛ ② ❤ ❛ ♦ ❞ ❡ ❝ ❡ ❛ ❡ ❤ ❡ ✉ ♠ ♦❢
❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ✭ ❡ ❡ ♠ ♦ ❡ ❢ ✉ ❤ ❡ ✮✳

❚ ❤ ❡ ✈ ❡ ❝ ♦ e ∠
σ
, e σ , − →e N ❛ ✇ ❡❧❧ ❛ ❤ ❡ ✈ ❡ ❝ ♦ e α , e β , − →e N ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ✐ ♣❧ ❡ ❞ ✉ ❡ ♦

✭ ✶ ✶ ✸ ❆✮✱ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❝ ♦ ✉ ♥ ✐ ♥ ❣ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ❛ ❝ ♦ ✉ ♥ ❡ ✲ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ♦ ♥ ❡ ✐ ♥ ❤ ❡ ✐ ❣ ❤ ✲
❤ ❛ ♥ ❞ ❡ ❞ ❜ ❛ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ♦ ✐ ❡ ♥ ❡ ❞ ✈ ❡ ❝ ♦ − →e N ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✐ ❣ ❤ ❝ ❡ ✇ ♦❢ ♦ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ✐ ♣❧ ❡
e ∠

σ
, e σ , − →r N (θ ) ✐ ✉ ♥✐ ✈ ❡ ❛❧ ❢ ♦ ❛ ♥ ❛❧ ② ✐ ♦❢ ♣ ♦❧ ② ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✳

❆❧❧ ❤ ❡ ✐ ① ✈ ❡ ❝ ♦ e α ✱ e β ✱ e ν ✱ e σ ✱
∠
e ν ✱

∠
e σ ❛ ❡ ❢ ♦ ♠ ❛❧❧ ② ✐ ♥ ✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ❛ ❣ ♥✐ ✉ ❞ ❡ π

✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ≡ ⟨ e α , e β ⟩✳ ❋ ♦ ♠ ✭ ✶ ✸ ✻ ❆✮✱ ✭ ✶ ✸ ✾ ❆✮✱ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✭ ✶ ✷ ✷ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥
❤ ❡✐ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ♣ ❡ ✐ ❡ ✿

e ′
α · e β = e ′

β · e α = c o s ε, e ′
α · e ν = e ′

β · e ∠
ν

= 0 ,

e ′
β · e ν = e ′

α · e ∠
ν

= + si n ε = + si n( π − ε ), e ′
ν · e ∠

ν
= − c o s ε = + c o s( π − ε ).

❚ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ c o s θ 1 3 ✐ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✶ ✷ ✵ ❆✮✱ ❛ ♥ ❞ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ✈ ❡ ❝ ♦ ✐ ❛❧ ✈ ❛ ✐ ❛ ♥
♦❢ ✭ ✶ ✸ ✺ ❆✮ ❛ ♥ ❞ ✐ ❡ ✈ ❡ ❡ ❛ ♥ ❛❧ ♦ ❣✦ ❲✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✇ ❡ ❤ ❛ ✈ ❡

c o s θ 1 3 = e ′
σ · e ∠

σ
=

A + c o s ε · B + c o s 2 ε · C + c o s 3 ε · D

si n h 2 γ 1 3

> 0; ( 1 4 3 A )

A = ( c o s h γ 1 2 · c o s h γ 2 3 − 1)( c o s h γ 1 2 + c o s h γ 2 3 ) > 0 ,

B = si n h γ 1 2 · si n h γ 2 3 · ( c o s h γ 1 2 · c o s h γ 2 3 + c o s h γ 1 2 + c o s h γ 2 3 − 1) > 0 ,

C = si n h 2 γ 1 2 · c o s h γ 2 3 · ( c o s h γ 2 3 − 1) + si n h 2 γ 2 3 · γ 1 2 · ( c o s h γ 1 2 − 1) > 0 ,

D = si n h γ 1 2 · si n h γ 2 3 · ( c o s h γ 1 2 − 1) · ( c o s h γ 2 3 − 1) > 0 .

■❢ c o s ε = + 1 ✱ ❤ ❡ ♥ A + B + C + D = si n h 2 γ 1 3 = si n h 2 (γ 1 2 + γ 2 3 ) ✇✐ ❤ θ 1 3 = 0 ✳
■❢ c o s ε = − 1 ✱ ❤ ❡ ♥ A − B + C − D = si n h 2 γ 1 3 = si n h 2 (γ 1 2 − γ 2 3 ) ✇✐ ❤ θ 1 3 = 0 ✳

❚ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ❡ ① ❡ ♠ ❛❧ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤✐❢ θ 1 3 = ∓ π / 2 ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✐❢ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
✈ ❡❧ ♦ ❝✐ ✐ ❡ ❛ ❡ ❡ ✉ ❛❧ ♦ ❤ ❡ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ c ✦ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ✶ ✹ ✸ ❆✮ ✐ ♥ c o s ε ❤ ❛ ✸ ❡ ① ❡ ♠ ❛✿
♠ ❛ ①✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ c o s θ 1 3 = 1 ✐❢ c o s ε = ± 1 ✱ ♠✐ ♥✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ c o s θ 1 3 = A / si n 2 γ 1 3 ✐❢ c o s ε = 0 ✳

❚ ❤ ❡ ❧ ❛ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ✉ ❛ ❞ ❛ ✐ ❝
❝ ❛❧ ❛ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✷ ✾ ❆ ✲ ■✮ ❛ ♥ ❞ ✭ ✶ ✸ ✵ ❆ ✲ ■✮✳ ❇ ❡❧ ♦ ✇ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ❤ ❡
✐ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ✳ ❆ ✜ ✱ ❛ ♥ ❢ ♦ ♠ ❝ ❛❧ ❛ ✐ ♥ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✷ ✾ ❆ ✲ ■✮ ✐ ♥ ♦ ❤ ❡ ❢ ♦ ♠✿

si n h 2 γ 1 3 = ( c o s h γ 1 2 · c o s h γ 2 3 ) 2 − 1 = ( c o s h γ 1 2 · c o s h γ 2 3 + 1)( c o s h γ 1 2 · c o s h γ 2 3 − 1) .



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✷ ✺

❚ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ✈ ❛❧ ✉ ❡ ♦❢ c o s θ 1 3 ✐ ♠✐ ♥✐ ♠ ❛❧ ✐ ✛ |θ 1 3 | ✐ ♠ ❛ ①✐ ♠ ❛❧✱ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❝ ♦ ♥ ✈ ❡ ♥✲
✐ ♦ ♥ ❛❧ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♦❢ e α ❛ ♥ ❞ e β ✳ ❋ ♦ ❤ ❡ ✉ ♠ ♦❢ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✱ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛

ε = ± π / 2 ( si n ε = ± 1) ✱ ❢ ♦ ♠ ✭ ✶ ✹ ✸ ❆✮ ❛ ♥ ❞ ✭ ✶ ✸ ✺ ❆✮✱ ✭ ✶ ✸ ✽ ❆✮ ✇ ❡ ♦ ❜ ❛✐ ♥✿

c o s θ 1 3 =
A

si n h 2 γ 1 3

=
c o s h γ 1 2 + c o s h γ 2 3

c o s h γ 1 2 · c o s h γ 2 3 + 1
> 0 ⇒ si n θ 1 3 = −

si n h γ 1 2 · si n h γ 2 3

c o s h γ 1 2 · c o s h γ 2 3 + 1
.

❙ ♦✱ ✐❢ γ 2 3 → 0 ✱ ❤ ❡ ♥ θ 1 3 → 0 ✳ ❚ ❤✐ ✐ ❤ ❡ ❡ ❛ ♦ ♥ ❢ ♦ ❛ ♣ ♣ ❡ ❛ ✐ ♥ ❣ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡✳

t a n θ 1 3 = − si n h γ 1 2 ·si n h γ 2 3

c o s h γ 1 2 + c o s h γ 2 3
= − t a n h γ 1 2 ·t a n h γ 2 3

❡ ❝ ❤ γ 1 2 + ❡ ❝ ❤ γ 2 3
;

t a n h γ 1 3 · e σ = t a n h γ 1 2 · e α + t a n h γ 2 3 · ❡ ❝ ❤ γ 1 2 · e β ,
t a n h γ 1 3 · e ∠

σ
= t a n h γ 2 3 · e β + t a n h γ 1 2 · ❡ ❝ ❤ γ 2 3 · e α .





( c o s ε = 0)

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❛ ❜ ♦ ✈ ❡ ✇ ❛ ♦ ❜ ❛✐ ♥ ❡ ❞ ❜ ② ❆ ♥ ♦❧ ❞ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ✐ ♥ ✶ ✾ ✸ ✶ ❬ ✾ ✺❪
❛ ❡ ✉❧ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐ ♥ ❙ ❚ ❘ ❛ ✐❢ ♦ ♥ ❛ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❤ ❡ ♥ ♣ ❤ ❡ ❡
♦❢ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ❞✐ ✉ ✇✐ ❤ ✐ ❛ ♥ ❣ ✉❧ ❛ ❛ ❣ ✉ ♠ ❡ ♥ φ = i γ ✳ ❚ ❤✐ ❣ ❛ ✈ ❡ ♥ ❛ ♠ ❡❧ ② ♣ ✉ ❡ ❝ ❛❧ ❛

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ 1 / 2 ✐ ♥ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❬ ✾ ✸❪ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
❤ ❛ γ i j → 0 ✭v i j → 0 ✮ ✐ ♥ ❤✐ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛✳

❚ ❤ ❡ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❜ ♦ ✈ ❡ ❢ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ θ ✐ ♥ ❝ ♦ ✐ ♥ ❡✱ ✐ ♥ ❡ ❛ ♥ ❞
❛ ♥ ❣ ❡ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ❤ ❡ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ②

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ♦ ✐ ♦ ♥ ✭ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✮ ✐ ♥ ❝ ♦ ✐ ♥ ❡ ✭ ✶ ✷ ✽ ❆✮✱ ✐ ♥ ❡ ✭ ✶ ✷ ✾ ❆✮ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✭ ✶ ✸ ✵ ❆✮ ✈ ❛ ✐ ❛ ♥
✇✐ ❤ ♠ ❛ ①✐ ♠ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ❣ ✕ ❢ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ♥ ❡ ♦❢ ❤ ❡ ❡ ✉❧ ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ♦ ✐ ♦ ♥
✉ ♠ ♠ ❛ ✐ ♦ ♥✦ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤✐ ❛ ♥ ❣❧ ❡ ✐ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❢ ♦ ❤ ❡ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ✇ ♦✲ ❛ ♥ ❞ ♣ ♦❧ ② ❡ ♣

♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳ ■
❤ ❛ ♦ ✇ ♥ ❡ ❛❧ ♠ ❡ ❛ ♥✐ ♥ ❣✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ♣ ❤ ② ✐ ❝ ❛ ♥ ❞ ✉ ❛ ♥ ✉ ♠ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ✳

■❢ ♦ ♥ ❡ ♦❢ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✐ ± c ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ✐ t a n h γ 2 3 = ± 1 ✱ ❤ ❡ ♥ c o s θ 1 3 = ❡ ❝ ❤ γ 1 2 ✱
si n θ 1 3 = ∓ t a n h γ 1 2 ✱ e σ = ± t a n h γ 1 2 · e α + ❡ ❝ ❤ γ 1 2 · e β , (|e σ | = 1); e ∠

σ
= ± e β .

❙ ✉ ❝ ❤ ❛ ❝ ❛ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✈ ❛ ✐ ❛ ♥ ♦❢ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦❢ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ❤ ❡ ❡ ❝❧ ❛ ✐ ② ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ♦❢ ❛ ❞✐ ✉ ✧ i c✧ ✕ ❡ ❡ ❛ ❜ ♦ ✈ ❡✳

❋✐ ❧ ❡ ❣ ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ γ 1 2 ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❞ ✉ ❡ ♦ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ❊ ❛ ❤ ❡❧ ❛ ✐ ✈ ❡❧ ② ♦ ❤ ❡ ❛ ✐❢
✧✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ✧ ❙ ❛ ✳ ❙ ❡ ❝ ♦ ♥ ❞ ❧ ❡ ❣ γ 2 3 ✉ ♥ ❞ ❡ ❤ ❡ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ ε ✭✐ ♥ ✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✮
✐ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❞ ✉ ❡ ♦ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❛ ② ❢ ♦ ♠ ❤ ❡ ❙ ❛ ♦ ❤ ❡ ❊ ❛ ❤✳ ❚ ❤ ❡ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡
✐ ✉ ♠ γ 1 3 ❞✐ ❡ ❝ ❡ ❞ ❛❧ ♦ ♥ ❣ e σ ✳ ❱❡ ❝ ♦ e α ✐ ♥ ✈ ❡ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❡ ❛ ❝ ❤ ❤ ❛❧❢ ❛ ② ❡ ❛ ✱ ❤ ❛ ✐ ✇ ❤ ②
c o s α 1 = ± 1 ❛ ♥ ❞ c o s ε = ± c o s β 1 ✳ ❚ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ▲ ❛ ♠ ❜ ❡ ✐ ❛ ♥ ❞ ❡❢ ❡ ❝ ♦❢ ❤✐ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ❣ ❤

✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ♦❢ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮ ❛ θ 1 3 ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ♥ ♦ ✇ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❡ ✇ ♦ ❧ ❡ ❣ ❜ ② ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✹ ✷ ❆✮✿

c o s θ 1 3 = e ′
σ · e ∠

σ
= 1 −

( 1 − ❡ ❝ ❤ γ 1 2 ) · si n 2 β 1

1 ± c o s β 1 · t a n h γ 1 2
.

❲❡ ✜ ♥✐ ❤ ❡ ❞ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥✱ ✇✐ ❤ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ♠ ❛✐ ♥❧ ② ♦❢ ❤ ❡ ✜ ♥✐ ❡
♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♦ ♠ ❡ ✐ ❝ ♦ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣❧ ❛ ♥ ❡ ✭ ❈ ❤✳ ✶ ✷✮ ✇✐ ❤ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❤ ❡ ♠ ✜ ♥✐ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✳
❲❡✬❧❧ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❤✐ ❜ ② ❞✐ ❡ ❝ ✇ ❛ ② ✐ ♥ ❡ ♥ ♦ ❢ ♦ ♠ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✱ ❜ ✉ ✭✦✮ ❢ ♦ ❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❞ ✳

■❢ ♦ ♣ ✉ γ 1 2 = γ, γ 2 3 = d γ ✱ ❤ ❡ ♥ ❢ ♦ ❤ ❡✐ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ✉ ♠ ♠ ❛ ✐ ♦ ♥✱ ✇✐ ❤ ❡ ① ❛ ❝ ♥ ❡ ✉ ♣
♦ ✜ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✱ ❢ ♦ ♠ ❤ ❡ ❛ ♠ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✹ ✸ ❆✮✱ ✇ ❡ ❣ ❡ ✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛
❤✐❢ d θ ✐ ♥ ❝ ❛❧ ❛ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ❢ ♦ ♠ ✭si n ε = si n A ✮ ✕ ❡ ❡ ✐ ❢ ✉ ❤ ❡ ❛❧ ♦ ✐ ♥ ✸✲ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✿

si n d θ = d θ = − si n ε ·
si n h γ d γ

c o s h γ + 1
= − si n ε ·

( c o s h γ − 1) d γ

si n h γ
= − si n ε · t a n h ( γ / 2) d γ.

✯ ✯ ✯



✷ ✷ ✻ ❆ ❊ ◆ ❉ ■ ❳

❈ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✹ ✸ ❆✮ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ❢ ♦ ♦ ❤ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ✳ ❆ ❜ ❡❢ ♦ ❡✱ ✐ ♥
✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ✇ ❡ ❛ ❦ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ✉ ❡❢ ✉❧ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦❢ ✜
❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✭ ✇✐ ❤ ❡ ① ❛ ❝ ♥ ❡ ✉ ♣ ♦ ❡ ❝ ♦ ♥ ❞ ♣ ♦ ✇ ❡ ♦❢ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧✮✳

c o s h d γ = 1 + ( d γ ) 2 / 2 ❛ ♥ ❞ c o s d θ = 1 − (d θ ) 2 / 2 ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ♦ ♠ ✳

■ ♥ ✭ ✶ ✸ ✺ ❆✭ ✶✮✮✱ ✇✐ ❤ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✱ ♣ ✉ ✐ ♥ ⟨ E 3 ⟩✿ γ 1 2 = γ i ❛ ♥ ❞ γ 2 3 = d γ p ❛ ❤ ❡
✶✲ ✸✲ ✈ ❡ ❝ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✇✐ ❤ e β ❛❧ ♦ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳ ❲✐ ❤ ❤ ❡ ✉ ❡ ♦❢
❤ ❡ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❛ ❜ ♦ ✈ ❡✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ d θ ✱ ✐✳ ❡✳✱ ❛ ✐ ♥ ✭ ✶ ✹ ✶ ❆✮✱

❜ ✉ ❛ si n θ → d θ ✳ ❋ ✉ ❤ ❡ ✱ ✉ ✐ ♥ ❣ ✭ ✶ ✹ ✶ ❆✮ ✇✐ ❤ ❤ ❡ ❙✐ ❣ ♥✬ ❘ ✉❧ ❡ ❢ ♦ ♠ ❡ ❝ ✳ ✶ ✷✳ ✷ ✭ ❛ ■■✮ ❛

s g n d θ = − s g n ε ✭ ❛ n ≤ 3 ✮ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ✇ ❡ ❛ ❞ ❞ ♦ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ♣ ♦ ❞ ✉ ❝

✭ ✶ ✹ ✷ ❆✮ ❤ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ✐ ♥ ❡ ♣ ♦ ❞ ✉ ❝ ✐ ♥ ⟨ E 3 ⟩ ⊂ ⟨ P 3 + 1 ⟩ ≡ ⟨ E 3 ⟩ ⊠ −→y ❛ ♥ ❞ ❡ ✈ ❡ ❛❧ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ d θ ♦❢ e σ ✱ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♦ ε ✱ ❜ ✉ ❛❧ ♦ ❛ ♦ ✉ ♥ ❞ ✸✲ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♥ ♦ ♠ ❛❧ ❛ ①✐
− →e N = e α ⊗ e ν ✱ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✐❧❧ ⟨ E 3 ⟩ ✭✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ✇✐ ❤ ✇ ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ ✮✿

− →r N ( θ ) = − d θ · − →e N = e ∠
σ

⊗ e σ = t a n h ( γ / 2 ) ⊗ d γ =
si n h γ · e α

c o s h γ + 1
⊗ d γ · e β =

si n h γ

c o s h γ + 1
d γ · − →r N ( ε ) =

= si n ε ·
si n h γ

c o s h γ + 1
d γ · − →e N = si n ε ·

t a n h γ

1 + ❡ ❝ ❤ γ
d γ · − →e N = t a n h

γ

2
· si n ε d γ · − →e N = t a n h

γ

2

⊥
d γ · − →e N . ( 1 4 4 A − I )

❍ ❡ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ♦ Γ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳ ■ ♥ ❙ ❚ ❘✱ ✐ ✐ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡
✇✐ ❤ ❡❧ ❛ ✐ ✈ ❡❧ ② ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❖ ❜ ❡ ✈ ❡ N 1 ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩❀ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ · e β ✐

❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ m = r ot h Γ · Ẽ 1 ✳ ■ ♥ d θ ❛ ♥ ❣ ❡ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ✇ ❡ ❡ ❡ ❛ ❣ ❛✐ ♥ ❤ ❡ ❝ ♦ ❡ ❝ ✐ ♥ ❣
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✶ ✴ ✷ ♦❢ ❤ ❡ ♥ ♦ ♠ ❛❧ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❬ ✾ ✸❪ ❣ ♦ ❡ ♥ ❜ ❡❢ ♦ ❡ ❢ ♦ ♠ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ✳
❋ ♦ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ❝ ✐ ♥ ✭ ✶ ✹ ✹ ❆✮ ❛ ♣ ♦✐ ♥ M ✱ ❤ ❡ ❤✐ ❞ ✉ ♥✐ ② ♥ ♦ ♠ ❛❧ ❛ ①✐ − →e N ❡ ①✐ ♦ ♥❧ ② ❛
n = 3 ❛ ♦ ❤ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✐ ♥ ⟨ E 3 ⟩ ♦ ❤ ❡ ✈ ❡ ❝ ♦ e α ❛ ♥ ❞ e ν ✳ ■ ♥ ♦ ✇ ♥ ♠ ♦ ✈✐ ♥ ❣ ❜ ❛ ❡ ✱ ❤ ❡ ②
❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❧ ♦ ♣ ❡✳ ❙ ❡ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ✭ ✶ ✹ ✹ ❆✮ ✐ ♥ ✭ ✶ ✼ ✶ ❆✮ ✕✭ ✶ ✼ ✸ ❆✮✳

✯ ✯ ✯

❚ ❤ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✐ ♥ ♦ ♥✲ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✇ ❤ ❡ ♥ ❛ ♥ ❣❧ ❡ ❛
✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧✳ ▲ ❡ ✐ ♥ ✭ ✶ ✹ ✹ ❆✮ ❛ ✐ ♥ ✭ ✶ ✸ ✶ ❆✲■■✮ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ♥ ❣❧ ❡ ✳
❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✇✐ ❤ K G = − 1 / R 2 ✐ ♥ ⟨ P 2 + 1 ⟩✱ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ 1 2 3
♦ ♥ ✐ ✇✐ ❤ ✸ ❛ ♥ ❣❧ ❡ A k = π − ε k ❛ ✐ ✸ ♦ ♣ ✱ ❛ γ 1 2 → 0 , γ2 3 → 0 ❛ ♥ ❞ ε 1 3 = π / 2 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿

γ 1 3 = γ 2
1 2 + γ 2

2 3 ; − θ 1 3 =
γ 1 2 · γ 2 3

2
=

a 1 2 · a 2 3

2 R 2
= − K G · S 1 2 3 = − δ 1 2 3 → 0 .

❍ ❡ ❡✱ ✇✐ ❤ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ S 1 2 3 ✱ ✇ ❡ ❣ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❤ ❡ ♣❧ ❛ ♥ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✳
❚ ❤✐ ❝ ♦ ♥ ✜ ♠ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧❧ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ♦ ♥ ❤ ❡ ♦ ♣ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳
❋ ♦ ✐ ✱ ✇ ❡ ♠ ❛ ② ❜ ♦ ♥ ❞ ❤ ❡ ❤✐❢ ❛ ♥ ❞ ❛ ♥ ❣ ✉❧ ❛ ▲ ❛ ♠ ❜ ❡ ❞ ❡❢ ❡ ❝ ✿ θ 1 3 = δ 1 2 3 = 2 π − (ε 1 + ε 2 + ε 3 ) < 0 .
❖ ♥ ✐ ✐ ♥ ⟨ P 3 + 1 ⟩ ❢ ♦ ♠ ✭ ✶ ✹ ✹ ❆✮ ❢ ♦ ✐ ❛ ♥ ❣❧ ❡ 1 2 3 ❢ ♦ ♠ ❡ ❞ ❜ ② d γ 1 2 ❛ ♥ ❞ d γ 2 3 ✇✐ ❤ ❛ ♥ ❣❧ ❡ A ❛ ♥ ❞ ε
✭si n ε = si n A ✮✱ ✇ ❡ ✐ ♥❢ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ✈ ❡ ❝ ♦ ✲ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ✐ ❛ ❡ ❛ ✭ ❡ ❡ ❬ ✷ ✶✱ ♣✳ ✺ ✷ ✻❪✮✿

− d θ 1 3 ·− →e N = si n ε ·
(d γ 1 2 ) · (d γ 2 3 )

2
·− →e N = si n ε ·

(d λ 1 2 ) · (d λ 2 3 )

2 R 2
·− →e N =

d S 1 2 3

R 2
·− →e N = − K G d S 1 2 3 ·− →e N .

❚ ❤ ❡ ❙✐ ❣ ♥ ✬ ❘ ✉❧ ❡ ❛ ❝ ❤ ❡ ❡ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ❛ ❡✿ ✐❢ ε > 0 ✱ ❤ ❡ ♥ θ 1 3 < 0 ❀ ✐❢ ε < 0 ✱ ❤ ❡ ♥ θ 1 3 > 0 ✳
❲❡ ❣ ❡ ❤ ❡ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✿ d θ 1 3 ❛ ♥ ❞ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦ ✲ ❛ ❡ ❛ ♦❢ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ S 1 2 3 ✦ ❉ ✉ ❡
♦ ▲ ❛ ♠ ❜ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ✉❧ ❬ ✸ ✻❪ ♦ ✱ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ♦ ❤ ❡ ● ❛ ✉ ✕ ❇ ♦ ♥ ♥ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ❬ ✷ ✶✱ ♣✳ ✺ ✸ ✸❪✱
❤ ❡ ❛ ❡ ❛ ♦❢ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ✭ ♦ ♥ ❛ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ♦❢ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡

K G = − 1 / R 2 ✮ ❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ♦❢ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ d δ 1 2 3 = 2 π − (ε 1 + ε 2 + ε 3 ) ❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞
❛ d θ 1 3 = d δ 1 2 3 = − d S 1 2 3 / R 2 = K G d S 1 2 3 < 0 ( θ = 0 , S = 0) ✳ ❲❡ ❣ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✕✐ ♥ ❡ ❣ ❛❧
■ ❞ ❡ ♥ ✐ ② ♦❢ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ❛ ♥ ❞ ❤ ❡ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ✐ ♥ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ♦ ♥ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ♣❧ ❛ ♥ ❡ ❛ K G = ❝ ♦ ♥ < 0 ✿

d θ 1 3 = d δ 1 2 3 = −
d S 1 2 3

R 2
= K G d S 1 2 3 ⇒ θ 1 3 = δ 1 2 3 = −

S 1 2 3

R 2
= K G · S 1 2 3 . ( 1 4 4 A − I I )



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✷ ✼

❚ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ♠ ❡ ❛ ♥✿ ❤ ❡ ❛ ♥ ❣❧ ❡ θ 1 3 ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ❣ ❛ ♥ ❞ ▲ ❛ ♠ ❜ ❡ ✬ ❛ ♥ ❣ ✉❧ ❛
❞ ❡❢ ❡ ❝ δ 1 2 3 ✐ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ❛ ❡ ❡ ✉ ❛❧ ✦ ❚ ❤ ❡ ❛ ❡ ✐ ♦ ♥ ✐ ✉ ❡ ❛❧ ♦ ❢ ♦ ♦ ❤ ❡ ✜ ❣ ✉ ❡ ❛
❝ ♦ ♥ ✈ ❡ ① ♣ ♦❧ ② ❣ ♦ ♥ ✭❢ ♦ ♠ ❡ ❞ ❢ ♦ ♠ ✐ ❛ ♥ ❣❧ ❡ ✮✳ ❚ ❤✐ ✐ ✐ ♥❢ ❡ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♥ ♦

✐ ❛ ♥ ❣❧ ❡ ✳ ✭■❢ ✉ ❝ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♦ ♥ ❛ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✐ ♥ ⟨ Q n + 1 ⟩✱ ❤ ❡ ✐ ♠✐❧ ❛ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ♦ ❤ ♦✲
♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ❣ θ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ✐ ❣ ♥ ± ✱ ❡ ❡ ❣ ❡ ♥ ❡ ❛❧❧ ② ✐ ♥ ✭ ✶ ✼ ✸ ❆✮ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ✐ ♥ ❈ ❤✳ ✽ ❆✳✮

◆ ♦ ❡✱ ❤ ❛ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ❣ ✐ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ♥ ♦ ✐ ♦ ♥✱ ❤ ❛ ♥ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ❢ ♦
❣ ❡ ♦ ❞ ❡ ✐ ❝ ✇ ♦✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✜ ❣ ✉ ❡ ✱ ❛ ♥ ❞ ✐ ❛ ❝ ❛❧ ♦ ✐ ♥ ❡ ♥ ♦ ✈ ❛ ✐ ❛ ♥ ✳ ❖ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦
❛ ♥ ❣❧ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ Θ 1 3 ✱ ❞ ✉ ❡ ♦ ♠ ❛ ✐ ① ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✶ ✺ ❆✮✱ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❡ ♥ ♦ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝
♦❢ ❛ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ✭ ♦ ♦ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ① ♣ ♦❧ ② ❣ ♦ ♥ ✮ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳ ❆ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥
❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❞ ✉ ❡ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧ ❞✐ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ♦ ♥ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ❝ ✉ ✈ ❛ ✉ ❡ ♦ ♥ ✐ ✇ ❛ ②✳

❈ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥✳ ❖ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❤✐❢ ✐ ♥ ❣ Θ ❣✐ ✈ ❡ ❤ ❡ ❝❧ ❡ ❛ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦
▲ ❛ ♠ ❜ ❡ ✐ ❛ ♥ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ♦❢ ✜ ❣ ✉ ❡ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ❛ ♥ ❞ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ❙ ❚ ❘✦

✯ ✯ ✯

■ ♥ ❈ ❤✳ ✺ ❆✱ ❤ ♦ ✉ ❣ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ✭ ✼ ✾ ❆ ✮ ✐ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
m

✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜✲ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( m ) ✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ✐ ♥ ♥ ❡ 3 ✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ✱ ❞✐ ❡ ❝ ❡ ❞ ❛❧ ♦ ♥ ❣ ❤ ❡

✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❛ ①✐ x ( m ) ✳ ✭ ❆ ♥ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ❛❧ ✇ ❛ ② ✇✐ ❤ ③ ❡ ♦ ✐ ♠ ❡✲ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ Ẽ
( 4 )
m ✳ ✮ ❆ ♥ ❞

❛ ❝ ♦❧❧✐ ♥ ❡ ❛ ✇ ♦✲ ❡ ♣ ♦ ✐ ♥ ❡ ❣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✱ g = g α ✐ ❝ ♦❧❧✐ ♥ ❡ ❛ ✇✐ ❤ ✈ ❡❧ ♦ ❝✐ ② v α ✳ ❇ ✉ ❛ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛
✐ ♥ ❡ ❣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❝ ✉ ❡ ♥ ✈ ❡❧ ♦ ❝✐ ② v α ❛ ♥ ❞ ❤ ❡ ❝ ✉ ❡ ♥ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g = g β ✐ ♥ ❤ ❡

✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜✲ ❜ ❛ ❡ Ẽ
( 3 )
m ✱ ✇ ❡ ❝ ❛ ♥ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❤✐ ❝ ✉ ❡ ♥ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❝ ❛ ✉ ✐ ♥ ❣ ✐ ✐ ♥ ♦ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ♣ ❛ ❜ ② ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠
✉ ✐ ♥ ❣ ✭ ✶ ✸ ✼ ❆ ✮ ✐ ♥ Ẽ

( 3 )
m ♦❢ ⟨ E 3 ⟩ ( m ) ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ✈ ❡❧ ♦ ❝✐ ② e α ✐ ♥ Ẽ

( 4 )
1 ✱ ❛ ❢ ♦❧❧ ♦ ✇ ✿

d γ β · e β = c o s ε d γ β · e α + si n ε d γ β · e ν = d γ β · e α +
⊥

d γ β · e ν ⇒

⇒ g β = g β · e β = c o s ε · g β · e α + si n ε · g β · e ν = g β · e α +
⊥
g β · e ν ⇒

⇒ ( d γ β ) 2 = d γ β

2

+
⊥

d γ β

2

, g2β = g β
2

+
⊥
g β

2

.






( 1 4 5 A )

■ ✐ ❤ ❡ ▲ ♦ ❝ ❛❧ ❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥
✐ ♥ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ

( 3 )
m ♦❢ ❤ ❡ ❜ ✉ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ · e β ❛ ♥ ❞ ❤ ❡ ✐ ♥ ♥ ❡ 3 ✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g β · e β ✱

✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✈ ❡ ❝ ♦ e α ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ γ ✳ ❚ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ♣ ❛
❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ❝ ✉ ✈ ❡✱ ❤ ❡ ♥ ♦ ♠ ❛❧ ♣ ❛ ♦ ❛ ❡ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ✐ ❝ ✉ ✈ ❡✳

✯ ✯ ✯

❘ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❤ ❡ ❉ ♦ ♣ ♣❧ ❡ ❡ ✛ ❡ ❝ ❢ ♦ ❤ ❡ ♦ ❝✐❧❧ ❛ ✐ ♦ ♥ ❢ ❡ ✉ ❡ ♥ ❝ ② ♦❢ ❧✐ ❣ ❤ ❬ ✼ ✻✱ ♣✳ ✸ ✾❪✱
❢ ♦ ♠ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❤ ❛ ✈ ❡ ✐ ♠ ♣❧ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥✳ ■ ✐ ♥ ❡ ❝ ❡ ❛ ②
✐ ♥ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ t a n φ R = v / c ❢ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥ ❡ t a n h γ = v / c
❛ ✇ ❛ ❞✐ ❞ ✇✐ ❤ ❛ ♥ ❣ ❡ ♥ ❡❧ ❛ ✐ ♦ ♥ ❢ ♦ ✈ ❡❧ ♦ ❝✐ ② ✐ ♥ ❙ ❚ ❘✱ ❛ ♥ ❞ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ❝ ❛ ♥ ❢ ❛ ❝ ♦
✭ ✶ ✷ ✼ ❆ ✮ ❢ ♦ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ❡✐ ❤ ❡ ♦❢ ♠ ♦ ✈✐ ♥ ❣ ♦ ✉ ❝ ❡ ♦❢ ❛ ❧✐ ❣ ❤ ♦ ♠ ♦ ✈✐ ♥ ❣ ❖ ❜ ❡ ✈ ❡ ♦❢ ❛ ❧✐ ❣ ❤ ♦ ✉ ❝ ❡✳
■ ♥ ❙ ❚ ❘ ♦ ♥❧ ② ❛ ❡❧ ❛ ✐ ✈ ❡ ✈ ❡❧ ♦ ❝✐ ② v ❤ ❛ ✐ ♠ ♣ ♦ ❛ ♥ ❝ ❡✦ ❲✐ ❤ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ②✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿

ν ( 2 ) · c τ = ν ( 1 ) · ∆ ct ( 1 ) = ν ( 1 ) · ct ( 1 ) · ( 1 − c o s α · t a n h γ ) ⇒ ν ( 1 ) = ν ( 2 ) · ❡ ❝ ❤ γ / ( 1 − c o s α · t a n h γ ) ,

✇ ❤ ❡ ❡ ν ( 2 ) ✐ ❤ ❡ ♦ ❝✐❧❧ ❛ ✐ ♦ ♥ ♦❢ ❧✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ❢ ♦ ♠ ❤ ❡ ♦ ✉ ❝ ❡✱ ν ( 1 ) ✐ ❢ ❡ ✉ ❡ ♥ ❝ ② ❢ ❡❧ ❜ ② ❖ ❜ ❡ ✈ ❡ N 1 ✱
α ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ❧✐ ❣ ❤ ❛ ② ❛ ♥ ❞ ❛ ✈ ❡❧ ♦ ❝✐ ② ✈ ❡ ❝ ♦ ✱ ❡ ❝ ❤ γ ✐ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ ✱ t ( 1 ) ❛ ♥ ❞
τ ❛ ❡ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✐ ♠ ❡ ✐ ♥ ❡ ✈ ❛❧ ✐ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ② ❡ ♠ ✳ ❚ ❤ ❡ ❡ ❛ ❡ ❢ ♦ ✉ ♣ ❡ ❝✐ ✜ ❝ ✈ ❛ ✐ ❛ ♥ ✿

❆✳ ▲ ♦ ♥ ❣✐ ✉ ❞✐ ♥ ❛❧ ♠ ❡ ❡ ✐ ♥ ❣ ❡ ✛ ❡ ❝ ✿ α = 0 , c o s α = + 1 ✱ ✐✳ ❡✳✱ ❤ ❡ ♦ ✉ ❝ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ♥ ❡ ❛ ❡ ✳ ❚ ❤ ❡ ♥ ❤ ❡
✧ ❜❧ ✉ ❡ ❤✐❢ ✧ ♦❢ ❧✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ✐ ♦ ❜ ❡ ✈ ❡ ❞✳

❇✳ ▲ ♦ ♥ ❣✐ ✉ ❞✐ ♥ ❛❧ ♦ ♣ ♣ ♦ ✐ ❡ ❡ ✛ ❡ ❝ ✿ α = π, c o s α = − 1 ✱ ✐✳ ❡✳✱ ❤ ❡ ♦ ✉ ❝ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ❢ ❛ ❡ ✳ ❚ ❤ ❡ ♥ ❤ ❡
✧ ❡ ❞ ❤✐❢ ✧ ♦❢ ❧✐ ❣ ❤ ❢ ❡ ✉ ❡ ♥ ❝ ② ✐ ♦ ❜ ❡ ✈ ❡ ❞✳

❈✳ ❚ ❛ ♥ ✈ ❡ ❛❧ ❡ ✛ ❡ ❝ ✿ α = ± π / 2 , c o s α = 0 ✳ ❚ ❤ ❡ ♥ ❖ ❜ ❡ ✈ ❡ N 1 ✜ ① ❡ ❤ ❡ ✧ ❡ ❞ ❤✐❢ ✧ ♦ ♦✱ ❜ ✉ ✐
✐ ❧ ❡ ❤ ❛ ♥ ✐ ♥ ❝ ❛ ❡ ❇ ❞ ✉ ❡ ♦ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ♦ ✉ ❝ ❡✳

❉✳ ❚ ❤ ❡ ❉ ♦ ♣ ♣❧ ❡ ❡ ✛ ❡ ❝ ✐ ❛ ❜ ❡ ♥ ✐❢ c o s α = ( 1 − ❡ ❝ ❤ γ ) / t a n h ( ± γ ) ≈ t a n h ( ± γ ) / 2 ✳
❲❡ ❣ ❡ ❤ ❡ ❡ ① ❡ ♠ ❛❧ ❉ ♦ ♣ ♣❧ ❡ ❡ ✛ ❡ ❝ ❢ ♦ ❧✐ ❣ ❤ ❛ ♥ ❞ ♦ ❤ ❡ ❛ ❞✐ ❛ ✐ ♦ ♥ ❛ t a n h γ = 1 , c o s α = ± 1 ✳

❆ ♥ ❞ ❤ ❡ ❍ ✉ ❜ ❜❧ ❡ ▲ ❛ ✇ ❝ ❛ ♥ ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❛ ♥ ❝ ❡ ❛❧ ❢ ♦ ♠ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡

♣ ❤ ♦ ♦ ♥ ❢ ❡ ✉ ❡ ♥ ❝ ② ❛ − ∆ ν / ν = t a n h γ = v / c = Hl / c = H t ✕ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❈ ❤✳ ✾ ❆✳



✷ ✷ ✽ ❆ ❊ ◆ ❉ ■ ❳

✯ ✯ ✯
❈ ♦ ♥ ✐ ❞ ❡ ❜ ♦ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✇✐ ❤ ❤ ❡ ✉ ♥✐ ② ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ ❘ ✳

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✹✮ ❤ ❛ R = ± i✳ ❘ ❛ ❞✐ ✉ ♠ ❛ ② ❜ ❡ 4 ✲ ✈ ❡❧ ♦ ❝✐ ② −→c = c · i✳

❘ ❡ ♣ ❡ ❡ ♥ ❤ ❡ 4 × 1 ✲ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ✐ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧
i = r ( I I ) = p ( I I ) ❛ ♥ ❞ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ i( I ) ♦ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ Ẽ 1

i = r ( I I ) = p ( I I ) = i1 2 =
si n h γ 1 2 · e α

c o s h γ 1 2
= r ot h Γ 1 2 ·

0
1

= r ot h Γ 1 2 · i1 , ( 1 4 6 A )

✇ ❤ ❡ ❡ γ > 0 ✐❢ ∆ ct > 0 ✱ r ot h Γ 1 2 = F (γ 1 2 , e α ) ❞ ✉ ❡ ♦ ✭ ✸ ✻ ✸✮✳ ■ ✐ ♠ ❡✲❧✐ ❦ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐

i′1 k ·I ± ·i1 k = si n h ′γ 1 k ·si n h γ 1 k − c o s h 2 γ 1 k = si n h 2 γ 1 k ·e ′
α e α − c o s h 2 γ 1 k = − 1 . ( 1 4 7 A − I )

i′1 k · i1 k = − si n ′i γ1 k · si n i γ1 k − c o s 2 i γ1 k = si n 2 i γ1 k · e ′
α e α − c o s 2 i γ1 k = − 1 . ( 1 4 7 A − I I )

❍ ❡ ❡ ❢ ♦ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞✲■■ ❛ ❤ ❡ ▲ ❛ ♠ ❜ ❡ ✬ ♣ ❤ ❡ ❡ ♦❢ ❤ ❡ ✐ ♠ ❛❥✐ ♥ ❛ ② ❛ ❞✐ ✉ ± i✱ ✇✐ ❤ ❜ ♦ ❤
❤ ❡ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ✇ ❡ ❞ ❡ ♥ ♦ ❡✿

si n h γ 1 k ✐ ❤ ❡ 3 × 1 ✲ ✈ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ i1 k ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( 1 ) ✱

c o s h γ 1 k ✐ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ i1 k ✐ ♥ ♦
−→
ct ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E 3 ⟩ ( 1 ) ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱

t a n h γ 1 k ✐ ❤ ❡ ❝ ♦ 3 × 1 ✲ ✈ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ i1 k ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( k ) ✱

❡ ❝ ❤ γ 1 k ✐ ❤ ❡ ❝ ♦ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ i1 k ✐ ♥ ♦
−→
ct ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E 3 ⟩ ( k ) ✳

❈ ♦ ♥ ✐ ❞ ❡ ✇ ♦✲ ❡ ♣ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ i1 2 , i2 3 ⇒ i1 3 ♦❢ ❛ ♥ ❡❧ ❡ ♠ ❡ ♥ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛❧ ♦ ♥ ❣
✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ✐ ♥ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ Ẽ 2 ✱ ✇✐ ❤ ✐ ♣ ♦❧ ❛ ❝❧ ❡ ❛ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ✭ ❡ ❡ ❜ ❡❢ ♦ ❡ ✐ ♥ ✭ ✶ ✶ ✶ ❆✮✮✿

i1 2 i1

{ r ot h Γ 2 3 · }
Ẽ 2

·
si n h γ 1 2 · e α

c o s h γ 1 2
= { r ot h Γ 2 3 }

Ẽ 2
· {r ot h Γ 1 2 }

Ẽ 1
·

0
1

= ( 1 4 8 A )

i1 i1

= { r ot h Γ 1 2 · ( r ot h Γ 2 3 )
Ẽ 1

· r ot h − 1 Γ 1 2 }
Ẽ 2

· r ot h Γ 1 2 ·
0
1

= r ot h Γ 1 2 · r ot h Γ 2 3 ·
0
1

=

i2 3 i1 i1 i1 3

= { r ot h Γ 1 2 · }
Ẽ 1

·
si n h γ 2 3 · e β

c o s h γ 2 3
= r ot h Γ 1 3 ·r ot Θ 1 3 ·

0
1

≡ r ot h Γ 1 3 ·
0
1

=
si n h γ 1 3 · e σ

c o s h γ 1 3
.

❋ ♦ ✉ ✜ ♥ ❛❧ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✐ ♥ Ẽ 1 ✳ ❚ ❤✐ ♠ ❡ ❛ ♥ ❝❧ ❡ ❛ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ❦ ✿
❚ ♦ ✜ ♥ ❞ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♣ ❛ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ♣ ♦✐ ♥ ✷ ❛ ♥ ❞ ✸ ✳ ❲❡✬❧❧ ❝ ♦ ♥ ✐ ❞ ❡ ✉ ❝ ❤ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦ ♥
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✈ ✮ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❡ ♥ ❞ ♦❢ ❜✐ ❣ ❈ ❤✳ ✶ ✵ ❆✳

❚ ❤ ❡ ❛❥ ❡ ❝ ♦ ② ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ i1 2 → i1 3 ✐ ✐ ♥ ❤ ❡ ❝ ✉ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■
❜ ② ❤ ❡ ❡✐ ❣ ❡ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦❢ ♠ ❛ ✐ ① { r ot h Γ 1 2 · (r ot h Γ 2 3 )

Ẽ 1
· r ot h − 1 Γ 1 2 · }

Ẽ 2
✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣

❤ ❡ ❡ ✇ ♦ ♣ ♦✐ ♥ ✇✐ ❤ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛✳ ■ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤✐ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡
❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ✐ ❛ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ❡ ❣ ♠ ❡ ♥ ✐ ♥ ⟨⟨ E n ⟩⟩ ✱ ✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤✐ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛❥ ❡ ❝ ♦ ②✳
❆ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✇✐ ❤ i R ✐ ❡ ❛❧✐ ③ ❡ ❞ ❛ ❛ ❝ ② ❝❧ ❡ ♦❢ ✸ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✿

{ r ot h Γ 1 2 }
Ẽ 1

u 1 = u 1 2 , { r ot h Γ 2 3 }
Ẽ 2

u 1 2 = u 1 3 , { r ot h Γ 3 1 }
Ẽ 3

u 1 3 = u 1 .

❇ ② ✭ ✶ ✹ ✽ ❆✮✱ ❢ ♦ ❛ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ u 1 ✱ ♦ ❛ ✐ ♦ ♥ Θ 1 3 ❛ ♥ ♥✐ ❤✐❧ ❛ ❡ ✳ ❚ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ❝ ② ❝❧ ❡ ❡ ✉ ♥
❛ ♥ ♦ ♥ ♣ ♦✐ ♥ ♦ ❜❥ ❡ ❝ ✐ ♥ ❤ ❡ ❛ ✱ ❜ ✉ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✉ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 3 ❛ ❛ ♥ ❣❧ ❡ Θ 1 3 ✳ ❚ ❤ ❡ ♣ ♦✐ ♥
♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ♦ ♥ ♣ ♦✐ ♥ ♦ ❜❥ ❡ ❝ ♠ ♦ ✈ ❡ ❛ u 1 → u 1 2 → u 1 3 → u 1 ❛❧ ♦ ♥ ❣ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧✐ ♥ ❡ ✳ ❙ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦✲ ❡ ♣ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ♣ ♦❧ ❛
❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✶ ✶ ✶ ❆✮✱ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧✐ ♥ ❡ γ 1 3 ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ e σ

✇✐ ❤ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Θ 1 3 ✱ ❜ ✉ ♦ ♥❧ ② ❢ ♦ ❛ ♥ ♦ ♥ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ✳



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✷ ✾

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✹✮ ❤ ❛ R = ± 1 ✳

❘ ❡ ♣ ❡ ❡ ♥ ❤ ❡ 4 × 1 ✲ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ✐ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧
p = r ( I ) = p ( I ) ❛❧ ♦ ❛ ♥ ❣ ❡ ♥ i( I I ) ♦ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ Ẽ 1

p = r ( I ) = p ( I ) = p 1 2 =
c o s h γ 1 2 · e α

si n h γ 1 2
= r ot h Γ 1 2 ·

e α

0
= r ot h Γ 1 2 · p 1 ( α ) , ( 1 4 9 A )

✇ ❤ ❡ ❡ γ > 0 ✐❢ ∆ ct > 0 ✱ r ot h Γ 1 2 = F (γ 1 2 , e α )✳ ✭ ❍ ❡ ❡ i1 2 ❛ ♥ ❞ p 1 2 ♦ ♥ ■■ ❛ ♥ ❞ ■ ❛ ❡ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡
✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹ ❢ ♦ ✉ ❛ ♥ ❞ ✈ ✉ ♥ ❞ ❡ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ✳✮ ■ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐

p ′
1 k ·I ± ·p 1 k = c o s h ′γ 1 k ·c o s h γ 1 k − si n h 2 γ 1 k = c o s h 2 γ 1 k ·e ′

α e α − si n h 2 γ 1 k = + 1 . ( 1 5 0 A − I )

♦

p ′
1 k · p 1 k = c o s ′i γ1 k · c o s i γ1 k + si n 2 i γ1 k = c o s 2 i γ1 k · e ′

α e α + si n 2 i γ1 k = + 1 . ( 1 5 0 A − I I )

❍ ❡ ❡ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞✲■ ❛ ❤ ❡ ♣ ❤ ❡ ❡ ♦❢ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❛ ❞✐ ✉ ± 1 ✱ ✇ ❡ ❞ ❡ ♥ ♦ ❡✿
c o s h γ 1 k ✐ ❤ ❡ 3 × 1 ✲ ✈ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ p 1 k ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦

−→
ct ( 1 ) ✱

si n h γ 1 k ✐ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ p 1 k ✐ ♥ ♦
−→
ct ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E 3 ⟩ ( 1 ) ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱

c o t h γ 1 k ✐ ❤ ❡ ❝ ♦ 3 × 1 ✲ ✈ ❡ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ p 1 k ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( k ) ✱

❝ ♦ ❡ ❝ ❤ γ 1 k ✐ ❤ ❡ ❝ ♦ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ p 1 k ✐ ♥ ♦
−→
ct ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E 3 ⟩ ( k ) ✳

❲✐ ❤ ❡ ❣ ❛ ❞ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ❤ ❡ ❡ ✐ ❛ ❞✐❧ ❡ ♠ ♠ ❛ ✇✐ ❤ ✇ ♦ ♣ ♦ ✐ ❜❧ ❡ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡
❡ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❢ ♦ ♣ ♦✐ ♥ ♦ ♥ ✐ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ρ (v )✿

✶✮ ♦ ✱ ❛ ✐ ❛ ❣ ✉ ♠ ❡ ♥ ❧ ❡ ❛ ✈ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ Γ ♦ ❤ ❛ ❢ ♦ ❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❤ ❡✐
♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ γ ❛ ❡ ② ♠ ♠ ❡ ✐ ❝ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ✭ ❡ ❡ ❛ ❛ ❋✐ ❣ ✉ ❡ ✹✮✳

✷✮ ♦ ✱ ❛ ✐ ❛ ❣ ✉ ♠ ❡ ♥ ♦ ♥ ❡ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ Υ ✭ ❡ ❡ ❛ ❛ ❋✐ ❣ ✉ ❡ ✹✮✳ ❇ ✉
❤ ❡ ♥ ❤ ❡ ❝ ♦ ✐ ♥ ❡✲ ✐ ♥ ❡ ♠ ❛ ✐ ① ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ♠ ✉ ❜ ❡ ❡ ♣❧ ❛ ❝ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣

❝ ♦ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❡ ❝ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ υ ✳
❇ ♦ ❤ ❤ ❡ ❡ ✈ ❛ ✐ ❛ ♥ ❛ ❡ ✈ ❛❧✐ ❞✱ ❜ ✉ ✇ ❡ ❝ ❤ ♦ ♦ ❡ ❜ ❡❧ ♦ ✇ ❤ ❡ ✜ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧

❛ ♥ ❣❧ ❡ γ ❢ ♦ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳ ❚ ❤ ❡✐ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

r ot h Γ = r ot h Υ

c o s h γ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ si n h γ · e α · · · c ot h υ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ ❝ ❝ ❤ υ · e α

si n h γ · e ′
α c o s h γ · · · ❝ ❝ ❤ υ · e ′

α c ot h υ
. ( 1 5 1 A )

❋ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✇ ❡ ❜ ❡ ❣✐ ♥ ✇ ♦✲ ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ✐ ♥ ❣ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❢ ♦ ♠ ❤ ❡
✷✲ ♥ ❞ ❛ ❣ ❡✱ ✇ ❤ ❡ ♥ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❛❧ ❡ ❛ ❞ ② ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ✐ Ẽ 1 ✱ ❛ ✐ ✇ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ✭ ✶ ✹ ✽ ❆✮✿

p 2 3 p 1 ( κ )

{ r ot h Γ 1 2 } ˜E 1
·

c o s h γ 2 3 · e κ

si n h γ 2 3
= { r ot h Γ 1 2 } ˜E 1

· {r ot h Γ 2 3 } ˜E 1
·

e κ

0
=

p 1 ( κ ) p ∗
1 ( κ ) p 1 3

= r ot h Γ 1 3 · r ot Θ 1 3 ·
e κ

0
= { r ot h Γ 1 3 } ˜E 1

·
e ∗

κ

0
=

c o s h γ 1 3
∗ · e ∗

σ

si n h γ 1 3
∗ . ( 1 5 2 A )

❍ ❡ ❡ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✈ ❡ ❝ ♦ e ∗
β ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ❤✐❢ ❡ ❞✱ ✇✐ ❤

❡ ♣ ❡ ❝ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✈ ❡ ❝ ♦ e β ✳ ❚ ❤ ❡ ✇ ♦✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ✲
❜ ♦❧ ♦✐ ❞ ■ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✇✐ ❤ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧ ❝ ♦ ♥ ❛✐ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡
♠ ♦ ❞ ❡❧ ♦ ♠ ♦ ❡ ✈✐ ✉ ❛❧❧ ② ♦ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♠ ♦ ❞ ❡❧ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✭ ❡ ❝ ✳ ✶ ✷✳ ✶✮✳
❚ ❤ ❡ ② ❛ ❡ ♣ ♦ ✐ ❜❧ ❡ ✐ ✛ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♦ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♠ ♦✲
✐ ♦ ♥ ♠ ❛ ② ❜ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❛✐ ❣ ❤ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✭c o t h γ i j ✮ ♦ ❛ ♥ ❣ ❡ ♥ ✭t a n h γ i j ✮ ❡ ❣ ♠ ❡ ♥

✇✐ ❤ ♦ ✉ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧ ♦ ❜ ❛ ❝❧ ❡ ✳ ❲❡✬❧❧ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ♦❢ ✉ ❝ ❤ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✳



✷ ✸ ✵ ❆ ❊ ◆ ❉ ■ ❳

❆ ❛ ❡ ✉❧ ✱ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ■ ❛ ♥ ❞ ✐ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠ ✇ ♦
❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✲ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡ ❛ ♥ ❞ ✐ ♥ ❈ ❤✳ ✶ ✷✮ ❤ ❛ ✈ ❡
❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✕ ❝ ♦ ❡ ❝ ❛ ♥ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ♣ ♦ ✐ ✐ ✈ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✿

i′ · I ± · i = r ′
( I I ) · I ± · r ( I I ) = c s c h ′γ · c s c h γ − c ot h 2 γ = − 1 = i2 . (I I )

p ′ · I ± · p = r ′
( I ) · I ± · r ( I ) = c o t h ′γ · c o t h γ − ❝ ❝ ❤ 2 γ = + 1 = 1 2 . (I )

❘ ❡ ❝ ❛❧❧✱ ❤ ❛ ❞ ✉ ❡ ♦ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❢ ♦ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ✿

si n h( Γ , Υ) = ❝ ❝ ❤ ( Υ , Γ) ⇔ si n h( Γ , Υ) · si n h( Υ , Γ) = I,

c o s h( Γ , Υ) = c ot h ( ± Υ , Γ) ⇔ t a n h( ± Γ , Υ) = ❡ ❝ ❤ ( Υ , Γ) .

❚ ❤✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ✐ ❝ ❧ ② ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ❤ ♦ ✇ ♥
❛ ❋✐ ❣ ✉ ❡ ✹ ✭ ❈ ❤✳ ✶ ✷✮✱ ✐✳ ❡✳✱ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❝ ♦ ❡ ❝ ❛ ♥ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ♦ Υ ♠ ❛ ②
❜ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ❤ ❡ ✉ ✉ ❛❧ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ Υ ♦ Γ ✦

■ ♥ ❜ ♦ ❤ ❤ ❡ ❡ ❝ ❛ ❡ ✱ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ■ ✐ ♥ ⟨ P n + 1 ⟩✱ ♦ ♥ ❡ ♠ ❛ ② ✐ ♥ ❡ ♣ ❡ ❝❧ ❡ ❛
❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❜ ② ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥

♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♠ ♦ ❞ ❡❧ ❡✐ ❤ ❡ ♦ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ♦ ♦ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ❝ ②❧✐ ♥ ❞ ❡ ✇✐ ❤
❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ n ✲ ❜ ❛❧❧ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ❡ ❈ ❛ ②❧ ❡ ② n ✲ ♦ ✈ ❛❧ ❛ ❜ ♦❧ ✉ ❡✳

❲✐ ❤ ❛ ♥ ② ♦ ✇ ♥ ❡ ✢ ❡ ❝ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ⟨ P n + 1 ⟩ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞✲■ ❛ ❡ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❞ ✿

i′ · I ± · p = p ′ · I ± · i = 0 ⇔ r ′
( I I ) · I ± · r ( I ) = r ′

( I ) · I ± · r ( I I ) = 0 .

✯ ✯ ✯

❋ ✉ ❤ ❡ ✱ ✇ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ❛ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ♠ ❛✐ ♥ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝
♦❢ ✉ ♠ ♠ ❛ ② ♣ ♦❧ ② ❡ ♣ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥✮ ✐ ♥ ⟨ P n + 1 ⟩ ❛ ♥ ❞ ⟨ P 3 + 1 ⟩ ≡ ⟨ E 3 ⊠

−→
ct ⟩ ✭ ❡ ❡ ❜ ❡❢ ♦ ❡ ✐ ♥

❡ ❝ ✳ ✶ ✶✳ ✸✱ ✶ ✶✳ ✹ ❛ ♥ ❞ ✭ ✶ ✶ ✶ ❆✮✮ ✐ ♥ ❤ ❡ ❡ ♥ ♦ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❝ ❛❧ ❛ ❢ ♦ ♠ ✳ ❚ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❛
✇✐ ❤ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ✭ ✹ ✽ ✺✮ ❢ ♦ ❝ ♦ ❡ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 1 ✳
❖ ♥ ❤ ❡ ✜ ♥ ❛❧ ❡ ♣ ♦❢ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠✱ ❤ ❡ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✹ ✼ ✹✮ ✕✭ ✹ ✼ ✻✮ ❛ ♥ ❞
✭ ✶ ✶ ✶ ❆✮ ✕✭ ✶ ✶ ✽ ❆✮✱ ✐ ✉ ❡ ❞✳ ❖ ♥ ❤ ❡ ❡ ❛ ❣ ❡ ✱ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡

Ẽ t = r ot h Γ 1 2 · r ot h Γ 2 3 · · · r ot h Γ ( t − 1 ) , t · Ẽ 1 = T 1 t · Ẽ 1 ,

T 1 t = r ot h Γ 1 t · r ot Θ 1 t = r ot Θ 1 t · r ot h
∠

Γ 1 t .

T 1 t · T ′
1 t = r ot h 2 Γ 1 t = r ot h 2 Γ 1 t ,  T ′

1 t · T 1 t = r ot h 2
∠

Γ 1 t = r ot h 2
∠

Γ 1 t ,

r ot Θ 1 t = r ot h − 1 Γ 1 t · T 1 t = r ot h (− Γ 1 t ) · T 1 t .

❚ ❤ ❡ ❧ ❛ ❡ ❣✐ ✈ ❡ r ot Θ 1 t ❛ ❞ ❡❢ ❡ ❝ Θ 1 t ♦❢ ❤ ❡ ❈❧ ♦ ❡ ❞ ❝ ② ❝❧ ❡ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ✦ ❲❡ ✉ ❡

e σ ❛ ♥ ❞ e ∠
σ

✱ ❤ ❡ ② ❛ ❡ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✈ ❡ ❝ ♦ ✐ ♥ ✉ ❝ ✉ ❡ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮ ❢ ♦ Γ i j ❛ ♥ ❞
∠

Γ i j ❀

c o s θ 1 t = e ′
σ · e ∠

σ
= t r r ot Θ 1 t − 2

n − 1 ✐ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ❛❧ ❛ ❤✐❢ θ ✐ ♥

❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ✭ ✹ ✾ ✼✮✳ ❚ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ✐ ✈ ❛❧✐ ❞ ✐ ♥ ⟨ P n + 1 ⟩✱ ❡ ❡ ✭ ✹ ✾ ✼✮ ❛ ♥ ❞ ✭ ✶ ✷ ✵ ❆✮✳
❚ ❤ ❡ ♠ ❛ ✐ ① r ot h Γ 1 t ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❛ n = 3 ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✻ ✷✮ ♦ ❣ ❡ ♥ ❡ ❛❧❧ ② ✕

✐ ♥ ❢ ♦ ♠ ✭ ✸ ✻ ✸✮ ♦ ✐ ♥ ❝ ❡❧❧ ❢ ♦ ♠ ✭ ✸ ✷ ✹✮✳ ❚ ❤ ❡ ♠ ❛ ✐ ① r ot Θ 1 t ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❛ n = 3 ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧
❢ ♦ ♠ ✭ ✹ ✾ ✼✮ ♦ ❣ ❡ ♥ ❡ ❛❧❧ ② ✕ ✐ ♥ ❝ ❡❧❧ ❢ ♦ ♠ ✭ ✷ ✺ ✾✮✳ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡
♦❢ ❤ ❡ ✉ ♠ ♠ ❛ ② ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ Γ 1 t ❛ ♥ ❞ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ✇✐ ❤ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧

✉ ❝ ✉ ❡ ✭ ✸ ✻ ✹✮✱ ✭ ✸ ✻ ✺✮✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❢ ♦ ♦ ❜❥ ❡ ❝ ♦❢ ❈ ❤✳ ✹ ❆✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ t a n h Γ 1 t ✭ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ②✮
❛ ♥ ❞ ❡ ❝ ❤ Γ 1 t ✭ ❛ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ ✮ ♠ ❛ ② ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❞✐ ❡ ❝ ❧ ② ❢ ♦ ♠ si n h Γ 1 t ❛ ♥ ❞ c o s h Γ 1 t ✳



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✸ ✶

❚ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❛ ♥ ❞ ♣ ♦❧ ❛ ❢ ♦ ♠ ♦❢ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✱
✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❢ ♦ ❛ ❜✐ ❛ ② ❛ ♥ ❞ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ♣ ♦❧ ② ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✿

T 1 t = r ot h Γ 1 2 · · · r ot h Γ ( t − 1 ) , t = r ot h Γ · r ot Θ = r ot Θ · r ot h
∠

Γ = ( 1 5 3 A ).

=
I 3 × 3 + ( c o s h γ − 1 ) · e σ e ′

σ si n h γ · e σ

si n h γ · e ′
σ c o s h γ

·
[r ot Θ] 3 × 3 0

0 ′ 1
=

=
[r ot Θ] 3 × 3 0

0 ′ 1
·

I 3 × 3 + ( c o s h γ − 1 ) · e ∠
σ
e ′

∠
σ

si n h γ · e ∠
σ

si n h γ · e ′
∠
σ

c o s h γ
=

=
[r ot Θ] 3 × 3 + ( c o s h γ − 1 ) · e σ e ′

∠
σ

si n h γ · e σ

si n h γ · e ′
∠
σ

c o s h γ
=

=




[r ot Θ] 3 × 3 + ( c o s h γ − 1 ) · c o s θ ·

←− −−
e σ e ′

∠
σ

si n h γ · e σ

si n h γ · e ′
∠
σ

c o s h γ



 ( ❈ ♦ ♠ ♣ ❛ ❡ ✇✐ ❤ ② ♠ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✭ ✶ ✵ ✵ ❆ ✮ ✮✳

e σ e ′
σ =

←− −−
e σ e ′

σ , e ∠
σ
e ′

∠
σ

=
←− −−
e ∠

σ
e ′

∠
σ

= [ r ot ′ Θ] 3 × 3 ·
←− −−
e σ e ′

σ · [r ot Θ] 3 × 3 , e σ e ′
∠
σ

= c o s θ ·
←− −−
e σ e ′

∠
σ
. ( 1 5 4 A )

■❢ ♦ ♠ ❡ r ot h Γ i j ❛ ❡ ❝ ♦❧❧✐ ♥ ❡ ❛ ♦ ✐❢ n = q = 1 ✱ ❤ ❡ ♥ ❤ ❡ ② ❛ ❡ ❣ ♦ ✉ ♣ ❡ ❞✳ ❋ ♦ ♠ ✉❧ ❛ ✭ ✶ ✺ ✸ ❆✮ ❣✐ ✈ ❡
❛❧ ♦ ● ❡ ♥ ❡ ❛❧ ▲ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ✐ ♥ ⟨ P n + 1 ⟩✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ✭ ✸ ✻ ✸✮ ♦ ❛ n = 3 ✐ ♥ ✭ ✸ ✻ ✷✮ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✳ ◆ ♦ ✇✱ ✇✐ ❤ ✭ ✶ ✺ ✸ ❆✮✱
♦ ✉ ❡ ❛ ❞ ❡ ♠ ❛ ② ♦ ♥ ❡ ✐ ♠ ❡ ❛ ❣ ❛✐ ♥ ❜ ❡ ❝ ♦ ♥ ✈✐ ♥ ❝ ❡ ❞ ✐ ♥ ✉ ❡ ② ♦❢ ❛❧❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦✲ ❡ ♣
♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ✐ ♥❢ ❡ ❡ ❞ ❜ ② ❡ ① ♣❧✐ ❝✐ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ❤✐ ❈ ❤✳ ✼ ❆✳

❚ ❤ ❡ ♠ ❛ ✐ ① S = r ot h Γ ✐ ❡ ♠ ❛ ♥ ❛ ❡ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❢ ♦ ♠ ❤ ❡ ❧ ❛ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ❡❧ ❡ ♠ ❡ ♥ t4 4

❛ ♥ ❞ tk 4 ❢ ♦ ❣ ❡ ♥ ❡ ❛❧ ♠ ❛ ✐ ① T ✐ ♥ ✭ ✶ ✺ ✸ ❆✮✳ ❚ ❤ ❡ ② ♣ ❡ ♠✐ ♦ ❡ ① ♣ ❡ ❤ ❡ ♠ ❛ ✐ ① S ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1

✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮ ✐ ♥ ⟨ P n + 1 ⟩ ❛ ♥ ❞ ❡ ✈ ❛❧ ✉ ❛ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✇✐ ❤ ✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✈ ❡ ❝ ♦ e σ ❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣❧ ❡ θ ✳ ❚ ❤ ❡ ♠ ❛ ✐ ① r ot Θ ✐ ♥
⟨ P 3 + 1 ⟩ ✐ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✹ ✾ ✼✮ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✹ ✾ ✾✮ ❢ ♦ si n θ 1 3 ✇✐ ❤ ❤ ❡ ✐ ❣ ♥
♦❢ θ ✱ ❛ ♥ ❞ e N ✳ ❋ ♦ n = 3 ❛ ♥ ❞ ❦ ❂ ✶✱ ✷✱ ✸ ✇ ❡ ♦ ❜ ❛✐ ♥✱ ✇✐ ❤ ✜ ♥ ❛❧ ✈ ❡❧ ♦ ❝✐ ✐ ❡ v ∗ ❛ ♥ ❞ v ✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

c o s h γ = t 4 4 , si n h γ = c o s h 2 γ − 1 = v ∗ / c, t a n h γ = v / c ; t a n h γ k = t k 4 /t 4 4 ;

c o s σ k = t k 4 / si n h γ, c o s
∠
σ k = t 4 k / si n h γ, e σ = { c o s σ k } , e ∠

σ
= { c o s

∠
σ k } .

c o s θ 1 3 = e ′
σ · e ∠

σ
; − →r N ( θ 1 3 ) = e ∠

σ
⊗ e σ = ∓ si n θ 1 3 · − →e N ( ❧ ❛ ❢ ♦ n = 3 ) .





( 1 5 5 A )

❙ ❝ ❛❧ ❛ ✜ ♥ ❛❧ ❡ ✉❧ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ✉ ♥ ❞ ❡ ❤ ❡ ♠✐ ♦ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ✳
■ ❧ ❡ ❛ ❞ ♠ ❡ ❡❧ ② ♦ ✉ ❜ ✐ ✉ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✺ ✸ ❆✮✿ T → T ′ ✇✐ ❤ Θ → − Θ ✱ e σ → e ∠

σ
✳

❚ ❤ ❡ ♦ ❡ ♠ ✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❛ ♥ ② ♣ ♦❧ ② ❡ ♣ ♥ ♦ ♥ ❝ ♦❧❧✐ ♥ ❡ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ r ot h Γ 1 t ✐ ♥ ⟨ P n + 1 ⟩
♦ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❣❧ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✳
❙ ✉ ❝ ❤ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ▲ ❛ ✇ ✭ ✶ ✺ ✸ ❆✮ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ Ẽ 1 = { I } ✐ ❝ ♦ ♥ ✜ ♠ ❡ ❞
✇✐ ❤ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✶ ✶ ✶ ❆✮ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ✇ ❤ ❡ ❡ r ot Θ ✐ ❡ ✈ ❡ ❛❧ ❡ ❞✱ ❢ ♦

❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ❤✐❢ ❡ ❞ Ẽ 1 h = r ot h Γ 1 t · Ẽ 1 ✳ ■ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ E 3 ⊠
−→
ct ⟩✱

✐ ✐ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧❧ ② ❜ ② ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ♣✐ ♥ ✕ ❡ ❡ ❢ ✉ ❤ ❡ ✳
■ ♥ ❤ ❡ ❡ ✉ ❡❧✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ♦ ✉ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✇ ❡ ❤ ❛❧❧ ✉ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜✲

❜ ❛ ❡ Ẽ
( 3 )
1 ♦❢ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡

✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣ ❛ ❝ ❡ ⟨⟨ E 3 ⟩⟩ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶ ✷✮✳ ❈ ♦ ♥ ✐ ❞ ❡ ❛ ❣ ❛✐ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥
✭ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✮ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✸ ✽ ❆✮ ❛ ♥ ❞ ✭ ✶ ✷ ✺ ❆✮ ✐ ♥ ✐ ❞ ❡
❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛❧❧ ❛ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ❛ ❜ ♦❧ ✉ ❡ ✇✐ ❤ ❛ ❞✐✐ R = 1 ❢ ♦ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞

R = c ❢ ♦ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✳ ❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ♣ ❡❢ ❡ ❡ ❞✱ ❜ ❡ ❝ ❛ ✉ ❡
❤ ❡ ② ❛ ❡ ❧✐ ♠✐ ❡ ❞ ❜ ② ✜ ♥✐ ❡ ♣ ❛ ❛ ♠ ❡ ❡ 1 ♦ R ✦ ❚ ❤✐ ❝ ❛❧ ❡ ❢ ❛ ❝ ♦ ❜ ❡❧ ♦ ♥ ❣ ♦ ❤ ❡ ✜ ♥✐ ❡ ❛ ♥ ❣ ❡ ♥

✢ ❛ ♠ ♦ ❞ ❡❧ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ♦ ❤ ❡ ✜ ♥✐ ❡ ❛ ♥ ❣ ❡ ♥ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♠ ♦ ❞ ❡❧ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳
■ ♥ ❞ ❡ ❡ ❞✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿ t a n h γ < < γ < si n h γ ✳ ❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ❛ ❡ ✐ ♥ ✜ ♥✐ ❡
❛ ✇ ❡❧❧ ❛ ✐ ♥ ❡ ♦ ♥ ❡✳ ❇ ❡ ✐ ❞ ❡ ✱ ✐ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ✱ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛ ❡

❛✐ ❣ ❤ ❧✐ ♥ ❡ ✱ ✇ ❤✐ ❝ ❤ ❛ ❡ ❝ ♦ ❛ ①✐ ❛❧ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹✳



✷ ✸ ✷ ❆ ❊ ◆ ❉ ■ ❳

❈ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✢ ❛ ♠ ♦ ❞ ❡❧ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧❧ ② ✉ ♥❧✐ ♠✐ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ♦ ♥
❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✭ ❋✐ ❣ ✉ ❡ ✹ ❆✮✳ ■ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❑❧ ❡✐ ♥✬ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ❝ ❡✱ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✶ ✷✳ ✶✳ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐
❡ ❛❧✐ ③ ❡ ❞ ♦ ♥ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧ ❝ ♦ ♥ ❛✐ ♥ ✦ ❲❡ ❝ ❤ ♦ ♦ ❡

❤ ❡ ♦ ✐ ❣✐ ♥ O ♦❢ ❤✐ ❛ ♥ ❣ ❡ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ❛ ❤ ❡ ❛ ♣ ♦✐ ♥ ✭ ✶✮ ♦❢ ✜ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

❬ ✶ ✷❪✱ ❤ ❡ ♦ ✐ ❣✐ ♥ O ′ ✐ ♥ ❤ ❡ ✉ ❜ ❜ ❛ ❡ ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ♦✐ ♥ ✭ ✷✮ ♦❢ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❬ ✷ ✸❪✱
✇ ❤ ❡ ❡ ❜ ♦ ❤ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞✱ ❛ ♥ ❞ ♦ ♦ ♥ ✉ ♣ ♦ ❤ ❡ ❧ ❛ ✉ ♠ ♠ ❛ ♥ ❞✳ ❚ ❤ ❡ ❡ ✐

♦ ♥ ❡ ♦ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛❧❧ ❤ ❡ ❡ ♦ ✐ ❣✐ ♥ O ✐ ♥ ❤✐ ❧✐ ♠✐ ❡ ❞ ❛ ♥ ❣ ❡ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1

❛ ♥ ❞ ❛❧❧ ❤ ❡ ❡ ♣ ♦✐ ♥ k ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✳ ✭ ❚ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② ✐ v i j = c · t a n h γ i j ✳✮

Fi g u r e 4 A . ❙ ✉ ♠ ♠✐ ♥ ❣ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✭ ✈ ❡❧ ♦ ❝✐ ②✮
♠ ♦ ❞ ❡❧ ❞ ✉ ❡ ♦ ❤ ❡ ❤ ❡ ♦ ❡ ♠ ♦ ♥ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ✉ ♠ ✐ ♥ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❢ ♦ ♠✳

❱ ❛ ✐ ❛ ♥ ✶ ✳ ❈ ❡ ♥ ❡ ❡ ❞ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥ Ẽ
( 3 )
1 ✿

[ 1 2] = t a n h γ 1 2 , [ 2 3] = t a n h γ 2 3 · k ∗
1 · k 2 · k ∗

3 , [ 1 3] = t a n h γ 1 3 ,

[ 2 2′] = t a n h γ 2 3 , [ 2′3] = t a n h
⊥
γ 2 3 , ε∗ = π − A ∗

1 2 3 , A∗1 3 2 = ε ∗ − ε 0 .



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✸ ✸

❱ ❛ ✐ ❛ ♥ ✷ ✳ ❈ ❡ ♥ ❡ ❡ ❞ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥ Ẽ
( 3 )
1 ✿

[ 1 2] = t a n h γ 1 2 , [ 2 3] = t a n h γ 2 3 · ❡ ❝ ❤ γ 1 2 , [ 1 3] = t a n h γ 1 3 , ε = A 1 2 3 = π / 2 .

❱ ❛ ✐ ❛ ♥ ✸ ✳ ❉ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ✐ ❛ ♥ ❣❧ ❡ ❝ ♦ ♣❧ ❛ ♥ ❛ ✇✐ ❤ ❝ ❡ ♥ ❡ ❖ ✐ ♥ Ẽ
( 3 )
1 ✿ ε 0 = A 2 1 3 ✱

[ 2 3] = t a n h γ 2 3 , ε∗1 = π − A ∗
1 2 3 , [ 3 4] = t a n h γ 3 4 , ε∗2 = π − A ∗

1 3 4 , [ 2 4] = t a n h γ 2 4 ,

ε ∗ = π − A ∗
2 3 4 = ε ∗

1 + ε ∗
2 − ε 0 = π − { π − ε ∗

2 − [π − ε 0 − (π − ε ∗
1 )]} .

✯ ✯ ✯

❚ ❤ ❡ ♠ ❛ ✐ ① ♦❢ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ ♦❢ ✐ ♦ ✇ ♥ ❞ ❡ ❡ ♠✐ ♥ ❛ ✐ ♦ ♥ Ẽ 1 ❝ ❛ ♥ ❜ ❡
❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❛ ♠ ❛ ✐ ①✲❢ ✉ ♥ ❝ ✐ ♦ ♥ r ot h Γ 1 2 = F (γ, e α ) ❞ ✉ ❡ ♦ ✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✻ ✸✮✳ ❊ ❛ ❝ ❤
✉ ❝ ❤ ♠ ❛ ✐ ① ✇✐ ❤ ❤ ❡ ❡ ✇ ♦ ♣ ❛ ❛ ♠ ❡ ❡ γ ❛ ♥ ❞ ❤ ❡ ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ e α ✐ ♠ ♣❧ ❡ ♠ ❡ ♥

♠ ♦ ✐ ♦ ♥ ♦❢ ♣ ♦✐ ♥ ✭ ✶✮ ❛ ♥ ❞ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛ ♥ ② ♦ ❤ ❡ ♣ ♦✐ ♥ ✭ ❦✮ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ♦ ✈ ❛❧✳
❆❧❧ ❝ ❡ ♥ ❡ ❡ ❞ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ t a n h γ 1 2 ❛ ❡ ❛ ❞✐ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ✭ ✶✮✱ ✐✳ ❡✳✱ ❝ ❡ ♥ ❡ O

♦❢ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ✭❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛❧ ♦ ♥ ❣ e α ✮✳ ❚ ❤ ❡ ② ❛ ❡ ♥ ♦ ❞✐ ♦ ❡ ❞ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

♠ ❡ ✐ ❝ ♦❢ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♣ ❛ ❝ ❡ ⟨⟨ E 3 ⟩⟩ ✱ ✐✳ ❡✳✱ ✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ✐ ♥ Ẽ
( 3 )
1 ❝ ♦ ❡ ♣ ♦ ♥ ❞

❡ ① ❛ ❝ ❧ ② ♦ t a n h γ 1 2 ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ❝ ❡ ♥ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ε 0 ❜ ❡ ✇ ❡ ❡ ♥ t a n h γ 1 i ❛ ♥ ❞ t a n h γ 1 j

✐ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ❛ ❡ ♥ ♦ ❞✐ ♦ ❡ ❞ ♦ ♦✳ ❲❡ ❤ ❛❧❧ ❛ ❦ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ❡ ❢ ❛ ❝ ✦
❋ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ γ 2 3 ❛ ❛ ♣ ♦✐ ♥ ✭ ✷✮✳ ■❢ ✐ ✐ ❞✐ ❡ ❝ ❡ ❞ ❛❧ ♦ ♥ ❣ e α ✱ ❤ ❡ ♥ ✐ ♥ ⟨⟨ E 3 ⟩⟩

❤ ❡ ❡ ❝ ♦ ♥ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✐ ❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ { t a n h γ 2 3 } Ẽ 1
✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣ ❡ ♥

✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ✇✐ ❤ ❤ ❡ ❡ ❤ ❡ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❞✐ ♦ ✐ ♦ ♥ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨⟨ E 3 ⟩⟩ ✿

k 1 =
{ t a n h γ 1 3 } Ẽ 1

{ t a n h γ 1 2 } Ẽ 1
+ { t a n h γ 2 3 } Ẽ 2

= 1 / ( 1 + t a n h γ 2 3 · t a n h γ 1 2 ) < 1 .

k 2 · k 3 =
{ t a n h γ 1 3 } Ẽ 1

− { t a n h γ 1 2 } Ẽ 1

{ t a n h γ 2 3 } Ẽ 2

=
{ t a n h γ 2 3 } Ẽ 1

{ t a n h γ 2 3 } Ẽ 2

= ❡ ❝ ❤ 2 γ 1 2 < < 1 ,

✇ ❤ ❡ ❡ k 2 = k 3 = ❡ ❝ ❤ γ 1 2 ✳ ❚ ❤ ❡ ✜ ❞✐ ♦ ✐ ♦ ♥ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ❡ ❣ ♠ ❡ ♥
γ 1 2 ❛ ♥ ❞ γ 2 3 ❛ ♦ ♥ ❡ ❢ ♦ ✇ ♦ ❝ ♦❧❧✐ ♥ ❡ ❛ ❡ ❣ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ❡ ✉ ❡ ♥ ✐ ❛❧ ❞✐ ♦ ✐ ♦ ♥ ✐ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ❢ ♦ ♠
✇ ♦ ❢ ❛ ❝ ♦ ✳ ❚ ❤ ❡ ✜ ♦ ♥ ❡ k 2 = ❡ ❝ ❤ γ 1 2 ✐ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 2 ✱ ❤ ❡
❡ ❝ ♦ ♥ ❞ ♦ ♥ ❡ k 3 = ❡ ❝ ❤ γ 1 2 ✐ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❞✐ ❛ ♥ ❝ ❡ ❛ ❡ ✉❧ ♦❢ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ❛ ❛ ♥ ❣ ❡ ♥

♠ ❛ ♣ ♣✐ ♥ ❣ ♦❢ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❝ ♦ ✲ ❜ ❛ ❡ ✭✐ ✐ ❢ ♦ ♠ ❛❧❧ ② ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✐ ♥ ❡ ✉❧ ♦ ▲ ♦ ❡ ♥ ③✐ ❛ ♥
❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❡ ① ❡ ♥ ✱ ✇ ❤ ❡ ♥ ❛ ❞✐ ❛ ♥ ❝ ❡ ✐ ♥ ⟨ E 3 ⟩ ( 2 ) ✐ ❡ ❞ ✉ ❝ ❡ ❞ ✐ ♥ Ẽ 1 ❞ ✉ ❡ ♦ ✐ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣

✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( 2 ) ✱ ❡ ❡ ✐ ♥ ❈ ❤✳ ✹ ❆✮✳

■ ♥ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ✭ ❋✐ ❣ ✉ ❡ ✹ ❆✭ ✶✮✮✱ ♦ ♥❧ ② ❤ ❡ ❡ ♠ ❬ ✷ ✸❪ ✐ ❞✐ ♦ ❡ ❞ ❜ ② k 2 , k3 ✳ ❉ ✉ ❡ ♦
② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✭ ✶ ✸ ✽ ❆✮ ✐ ♥ ❤ ❡ ❜✐ ❣ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ 1 2 ′3 ✱ ✐ ♣ ❛ ❛❧❧ ❡❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❬ ✷ ✷✬❪ ✐
❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢ ❞✐ ♦ ❡ ❞ ♣ ❛ ❛❧❧ ❡❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❬ ✶ ✷✬❪ ❛ ♥ ❞ ✉ ♥ ❞✐ ♦ ❡ ❞ ❡ ♠ ❬ ✶ ✷❪✱ ✐✳ ❡✳✱ ❬ ✷ ✷✬❪ ✐

❞✐ ♦ ❡ ❞ ❜ ② k ∗
1 , k2 , k3 ❀ ✐ ♥ ♦ ♠ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❬ ✷✬ ✸❪ ✐ ❞✐ ♦ ❡ ❞ ♦ ♥❧ ② ❜ ② k ∗

1 , k2 ✿

t a n h γ 2 3 =
c o s ε · t a n h γ 2 3 · ❡ ❝ ❤ 2 γ 1 2

1 + c o s ε · t a n h γ 2 3 · t a n h γ 1 2
= c o s ε · t a n h γ 2 3 · k ∗

1 · k 2 · k 3 . ( 1 5 6 A )

t a n h
⊥
γ 2 3 =

si n ε · t a n h γ 2 3 · ❡ ❝ ❤ γ 1 2

1 + c o s ε · t a n h γ 2 3 · t a n h γ 1 2
= si n ε · t a n h γ 2 3 · k ∗

1 · k 2 . ( 1 5 7 A )

◆ ♦ ❡✱ ❤ ❡ ❞✐ ♦ ✐ ♥ ❣ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ② ♣ ❡ k ∗ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ ε ✱ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢
② ♣ ❡ k 3 ❛ ❝ ♦ ♥❧ ② ♦ ♥ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ t a n h γ 2 3 ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❍ ❡ ❣❧ ♦ ③ ✐ ♥ ❝✐ ♣❧ ❡

✭ ❤ ❡ ❧ ❛ ❡ ❡ ✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ❈ ❤✳ ✷ ❆✮✳



✷ ✸ ✹ ❆ ❊ ◆ ❉ ■ ❳

❉ ✉ ❡ ♦ ❇✐ ❣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✭ ✶ ✷ ✺ ❆✮✱ ✭ ✶ ✸ ✽ ❆✮ ✐ ♥ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷✬ ✸ ✐ ♥ Ẽ 1 ✱ ❤ ❡ ❡ ❤ ♦❧ ❞

t a n h 2 γ 1 3 = t a n h 2 [γ 1 2 + γ 2 3 ] + t a n h2
⊥
γ 2 3 ,

c o s ε 0 = e ′
σ · e α = t a n h [ γ 1 2 + γ 2 3 ]/ t a n h γ 1 3 , si n ε 0 = e ′

σ · e β = t a n h
⊥
γ 2 3 / t a n h γ 1 3 .

❲✐ ❤ ✉ ❛ ❡ ❞ ✭ ✶ ✺ ✻ ❆✮ ❛ ♥ ❞ ✭ ✶ ✺ ✼ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ♥ Ẽ
( 3 )
1 ❤ ❡ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ❤ ❡

✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ 2 2 ′3 ❛ ♥ ❞ 1 2 3 ❛ ✭ ✶ ✸ ✵ ❆✮✱ ❞ ✉ ❡ ♦ ✈ ❛ ✐ ❛ ♥ ✭ ✶✮ ❛ ♥ ❞ ✭ ✷✮ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✿

t a n h γ 2 3 = t a n h γ 1 3 − t a n h γ 1 2 → { t a n h γ 2 3 } Ẽ 1
= { t a n h γ 2 3 } Ẽ 2

· k ∗
1 · k 2 · k ∗

3 =

= t a n h 2 γ 2 3 + t a n h 2 ⊥
γ 2 3 = t a n h γ 2 3 · k ∗

1 · ❡ ❝ ❤ · c o s 2 ε · ❡ ❝ ❤ 2 γ 1 2 + si n 2 ε.

✭ ❈ ♦ ♠ ♣ ❛ ❡ k 2 ❛ ♥ ❞ k ∗
3 ✇✐ ❤ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✕ ❝ ♦❧❧✐ ♥ ❡ ❛ ✭ ✺ ✸ ❆✮ ❛ ♥ ❞ ♥ ♦ ♥✲

❝ ♦❧❧✐ ♥ ❡ ❛ ✭ ✺ ✹ ❆✮✳✮ ❚ ❤ ❡ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❣✐ ✈ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✈ ❛ ✐ ❛ ♥ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✭ ✶✮
❛ ♥ ❞ ❤ ❡ ✐ ♠ ♣❧ ❡ ✈ ❛ ✐ ❛ ♥ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✭ ✷✮✳ ❋ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥✱ ❜ ♦ ❤
❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✇ ❡ ❡ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ✭ ✶ ✷ ✾ ❆✮✱ ✭ ✶ ✸ ✵ ❆✮✳ ◆ ♦ ❡✱ ❤ ❛ ✇ ❡ ♠ ❛ ② ❛ ♣ ♣❧ ②
❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❤ ❡ ✐ ♥ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✭ ✇✐ ❤ ♦ ✉ k 3 ✮ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠
✭ ✶ ✷ ✹ ❆✮✱ ✭ ✶ ✸ ✺ ❆✮✳ ❇ ✉ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ♥ ♦ ♥✲❧✐ ♠✐ ❡ ❞ ❜ ② R ✳ ❇ ✉ ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②
✭ ❈ ❤✳ ✽ ❆✮ ❤ ❡ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ❧✐ ♠✐ ❡ ❞ ❜ ② R ✦

❚ ❤ ❡ ❞ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ❛ ♥ ❣❧ ❡ ✉ ❜❥ ❡ ❝ ♦ ❞✐ ♦ ✐ ♦ ♥ ♦ ♦✳ ❈ ♦ ♥ ✐ ❞ ❡ ❞✐ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ε ∗

❜ ❡ ✇ ❡ ❡ ♥ t a n h γ 1 2 ❛ ♥ ❞ t a n h γ 2 3 ✭ ❋✐ ❣ ✉ ❡ ✹ ❆✭ ✶✮✮✳ ❈ ♦ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣ ❛ ♥ ❢ ❡ ❤ ❡ ♦ ✐ ❣✐ ♥ ♦❢
❞✐ ♦ ❡ ❞ ✈ ❡ ❝ ♦ 2 3 ✐ ♥ ♦ ♣ ♦✐ ♥ O ′✳ ❚ ❤ ❡ ❞✐ ♦ ❡ ❞ ❛ ♥ ❣❧ ❡ ε ∗ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡
❞✐ ♦ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ t a n h γ 2 3 ❞ ✉ ❡ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✿

c o s ε ∗ =
t a n h γ 2 3

{ t a n h γ 2 3 } Ẽ 2

=
c o s ε · ❡ ❝ ❤ γ 1 2

c o s 2 ε · ❡ ❝ ❤ 2 γ 1 2 + si n 2 ε
= c o s ε · k 3 / k ∗

3 < c o s ε. ( 1 5 8 A )

■ ♥ ❙ ❚ ❘ ε ∗ ✐ ❛ ❞✐ ♦ ❡ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✈ ❡❧ ♦ ❝✐ ✐ ❡ v 1 2 ❛ ♥ ❞ v 2 3 ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ⟨⟨ E 3 ⟩⟩ .
■❢ ε = π / 2 ✱ ❤ ❡ ❡ ✐ ♥ ♦ ❞✐ ♦ ✐ ♦ ♥✿ c o s ε ∗ = c o s ε = 0 ✱ ❡ ❡ ❤✐ ✈ ❛ ✐ ❛ ♥ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✭ ✷✮✳

❋ ♦ ❝ ♦ ♣❧ ❛ ♥ ❛ ❞ ❡ ❝ ❡ ♥ ❡ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ≡ ⟨ e α , e β ⟩ ✮ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆ ✭ ✸ ✮✱ ✉ ❝ ❤ ❛ ♥ ❣❧ ❡ ε ∗

✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ❞✐ ♦ ❡ ❞ ♣ ❛ ✐ ❛❧ ❛ ♥ ❣❧ ❡ ε ∗
1 ✱ ε ∗

2 ❛ ♥ ❞ ✉ ♥ ❞✐ ♦ ❡ ❞ ❝ ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ε 0 ❜ ❡ ✇ ❡ ❡ ♥
t a n h γ 1 2 ❛ ♥ ❞ t a n h γ 2 3 ✳ ❚ ❤ ❡ ❡ ♦ ♣ ❡ ♥ ❛ ♥ ❣❧ ❡ π ❛ ❡ ♥ ♦ ❞✐ ♦ ❡ ❞ ♦ ♦✱ ❤ ❛ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶ ✺ ✽ ❆ ✮✳ ❇ ②
❤ ❡ ♦ ❡ ♠ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ❛❧ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

ε ∗ = ε ∗
1 + ε ∗

2 − ε 0 = π − A ∗
2 3 4 = π − { π − ε ∗

2 − [π − ε 0 − ( π − ε ∗
1 )] } , ( 1 5 9 A )

c o s ε ∗
1 =

c o s ε 1 · ❡ ❝ ❤ γ 1 2

c o s 2 ε 1 · ❡ ❝ ❤ 2 γ 1 2 + si n 2 ε 1

, si n ε ∗
1 =

si n ε 1

c o s 2 ε 1 · ❡ ❝ ❤ 2 γ 1 2 + si n 2 ε 1

;

c o s ε ∗
2 =

c o s ε 2 · ❡ ❝ ❤ γ 1 3

c o s 2 ε 2 · ❡ ❝ ❤ 2 γ 1 3 + si n 2 ε 2

, si n ε ∗
2 =

si n ε 2

c o s 2 ε 2 · ❡ ❝ ❤ 2 γ 1 3 + si n 2 ε 2

;

c o s ε ∗ = c o s[ ε ∗
1 + ε ∗

2 − ε 0 ] =
= [ c o s ε 0 · ( c o s ε 1 · c o s ε 2 · ❡ ❝ ❤ γ 1 2 · ❡ ❝ ❤ γ 1 3 − si n ε 1 · si n ε 2 ) +
+ si n ε 0 · ( si n ε 1 · c o s ε 2 · ❡ ❝ ❤ γ 1 3 + c o s ε 1 · si n ε 2 · ❡ ❝ ❤ γ 1 2 )]

( c o s 2 ε 1 · ❡ ❝ ❤ 2 γ 1 2 + si n 2 ε 1 ) · ( c o s 2 ε 2 · ❡ ❝ ❤ 2 γ 1 3 + si n 2 ε 2 ) .






❙ ✉ ❝ ❤ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ t a n h γ 2 3 ❛ ♥ ❞ t a n h γ 3 4 ✐ ❡ ❛❧✐ ③ ❡ ❞ ❛ [ 1 2] +[ 2 3]∗ = [ 1 3] ✉ ♥ ❞ ❡ ε ∗
1 ❛ ♥ ❞ [ 1 3] +[ 3 4]∗ =

[ 1 4] ✉ ♥ ❞ ❡ ε ∗
2 ✱ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆ ✭ ✸ ✮✳ ❋ ✉ ❤ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ❛ ❣ ❛✐ ♥ ✈ ❛ ✐ ❛ ♥ ✹ ❆ ✭ ✶ ✮✳

❇ ✉ ✱ ❣ ❡ ♥ ❡ ❛❧❧ ②✱ ✇✐ ❤ ♥ ♦ ♥✲ ❝ ♦ ♣❧ ❛ ♥ ❛ ✉ ♠ ♠ ❛ ♥ ❞ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ t a n h γ 3 4 /∈ ⟨ E 2 ⟩ ≡ ⟨ e α , e β ⟩ ✱ ❢ ♦ ❤ ❡

✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ E 3 ⟩ ✱ ✭ ✶ ✺ ✾ ❆ ✮ ❞ ♦ ♥ ♦ ❤ ♦❧ ❞✳ ❲❡ ❝ ❤ ♦ ♦ ❡ t a n h γ 1 3 · e σ ( 1 3 ) = t a n h γ 1 3 · e σ ❞ ✉ ❡ ♦ ✭ ✶ ✸ ✽ ❆ ✮

❛ ❤ ❡ ✜ ❡ ❣ ♠ ❡ ♥ ❛ ♥ ❞ t a n h γ 3 4 · e β ( 3 4 ) ❛ ❤ ❡ ❤✐ ❞ ❡ ❣ ♠ ❡ ♥ ✳ ❋ ✉ ❤ ❡ ✱ ✇ ❡ ✉ ❡ ✭ ✶ ✺ ✻ ❆ ✮✲ ✭ ✶ ✺ ✾ ❆ ✮ ❢ ♦

❤✐ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ E 2 ⟩ ≡ ⟨ e σ ( 1 3 ) , e β ( 3 4 ) ⟩ ✱ ❡ ❝✳✦
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✯ ✯ ✯

❑✐ ♥ ❡ ♠ ❛ ✐ ❝ ♦❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ❜ ♦ ❞ ② ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ♦❢
❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✱ ✇ ❤✐ ❝ ❤ ✐ ❤ ❡ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❜ ♦ ❞ ②✳ ❋ ♦ ❤ ❡ ♣ ♦✐ ♥ M ✱

❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❝ ❛ ♥ ❜ ❡ ❡ ❡ ♥ ✐ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡
❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦✐ ♥ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ❛ ♦ ✐ ❣✐ ♥ ❛❧ ♦ ♥ ❡✳ ✭ ❋ ♦
❤ ❡ ❝ ✉ ❡ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ♣ ♦ ♣ ❡ ❞✐ ❛ ♥ ❝ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱ ✇ ❡ ✉ ❡ ✐ ♥ Ẽ 1 ❤ ❡ ❣ ❡ ❡ ❦

♥ ♦ ❛ ✐ ♦ ♥ χ = x ( 1 ) ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ✭ ✼ ✸ ❆✮✱ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡✦✮

■ ♥ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ L 3 + 1 ⟩ ≡ ⟨ E 3 ⊕
−→
t ⟩✿

❤ ❡ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✱ ✇✐ ❤ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✶ ✸ ✼ ❆✮ ✐ ♥ ⟨ E 3 ⟩✱
❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ ♣ ♦✐ ♥ M ❝ ❤ ❛ ♥ ❣ ❡ ❛ ❢ ♦❧❧ ♦ ✇ ✿

∆ x ( 1 ) = d x ( 1 ) + d 2 x ( 1 ) / 2! + · · · = d x ( 1 ) · e α + d 2 x ( 1 ) · e β / 2! + · · · , dx ( 1 ) = d χ · e α ,

d 2 x ( 1 ) = d 2 χ · e β = d 2 χ · ( c o s ε · e α + si n ε · e ν ) = d 2 χ · e α +
⊥

d 2 χ ·e ν ≡

≡ d (d χ · e α ) = [ ∂ d χ ]α · e α + d χ [∂ e α ]d x = [ ∂ d χ ]α · e α + d χ ||∂ e α || ·
∂ e α

||∂ e α || d x

=

= [ ∂ d χ ]α · e α + d χ · [∂ α ]d x · e ν . ❍ ❡ ❡ ✇ ❡ ✉ ❡ ❞ ❢ ♦ e β ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✶ ✸ ✼ ❆✮✳ ❚ ❤ ❛ ✐ ✇ ❤ ②

[∂ d χ ]α = c o s ε · d 2 χ = d 2 χ, d χ · [∂ α ]d x = si n ε · d 2 χ =
⊥

d 2 χ ;

v (t) =
d x ( 1 )

dt
= v 0 · e α (t0 ) +

t

t 0

g (t)dt ;

g (t) =
d 2 x ( 1 )

dt 2
= g (t) · e β (t) =

d 2 χ

dt 2
· e α (t) +

⊥

d 2 χ

dt 2
· e ν (t) = g (t) · e α (t) +

⊥
g (t) · e ν (t),

g (t) = c o s ε (t) · g (t) =
∂ d χ

dt 2
α

,
⊥
g (t) = si n ε (t) · g (t) =

d χ

dt
·

∂ α

dt d x

= v (t) · w α (t), ❡ ❝✳

❖ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ d α ♦ w α ❞ ♦ ❡ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡ ❡ ❛ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳
❚ ❤ ❡ ▲ ❛ ✇ ♦❢ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ❊ ♥ ❡ ❣ ② ❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❤ ♦❧ ❞ ❛ [ c o s ε · F ](t)d χ (t) = d [m v 2 / 2] ✳
❚ ❤ ❡ ▲ ❛ ✇ ♦❢ ❆ ♥ ❣ ✉❧ ❛ ▼ ♦ ♠ ❡ ♥ ✉ ♠ ❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❤ ♦❧ ❞ ❛ [ si n ε · F · e ν ](t)dt = d [m v · e α ]✳
❲❡ ❡ ❡✱ ❤ ❛ ✐ ♥ ❈❧ ❛ ✐ ❝ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ✐ ♠✐❧ ❛ ▲ ❛ ✇ ❛ ❝ ❡ ♣ ❛ ❛ ❡❧ ② ❛ ♥ ❞ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ②✳

✯ ✯ ✯

■ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ≡ ⟨ E 3 ⊠
−→
ct ⟩✿

✇✐ ❤ ✭ ✽ ✵ ❆✮✱ ✭ ✶ ✸ ✼ ❆✮✱ ✭ ✶ ✹ ✺ ❆✮✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

■ ♥ Ẽ 1 :  ∆x ( 1 ) ≠ d x ( 1 ) + d 2 x ( m ) / 2! + · · · , dx ( 1 ) = d x · e α = d χ · e α ;

■ ♥ Ẽ m : d 2 x ( m ) = d 2 x ( m ) · e β = d γ ( m ) · d (c τ ) · e β =

= d 2 x ( m ) · ( c o s ε · e α + si n ε · e ν ) = d 2 x ( m ) · e α +
⊥

d 2 x ( m ) ·e ν ⇔

⇔ d γ = d γ · e β = c o s ε d γ e α + si n ε d γ · e ν ) = d γ · e α +
⊥

d γ ·e ν .






.

■ ♥ ⟨ P 3 + 1 ⟩✱ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d x ( 1 ) ❛ ♥ ❞ d 2 x ( m ) ❛ ❡ ♥ ♦ ✉ ♠ ♠ ❡ ❞ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ✉ ♥❧✐ ❦ ❡ ❤ ❡
❝ ❛ ❡ ✐ ♥ ⟨ L 3 + 1 ⟩✱ ❛ ❤ ❡ ② ❛ ❡ ✐ ✉ ❛ ❡ ❞ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ❛ ♥ ❞ ❤ ✉ ❤ ♦ ✉❧ ❞ ❜ ❡ ✉ ♠ ♠ ❡ ❞
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ ✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ ( m ) = d γ ✳



✷ ✸ ✻ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ❡ ♥ ❢ ♦ ♠ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d 2 x ( m ) ✐ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡ Ẽ m ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥
✐ ♥ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✭ ❛ ♣ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ ⟨ E 3 ⟩ ( m ) ✱ ❣ ♦ ❡ ♥ ❜ ❡❢ ♦ ❡ ❢ ♦ ❝ ♦❧❧✐ ♥ ❡ ❛
♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✼ ✾ ❆✮✱ ✭ ✽ ✷ ❆✮✱ ❛ ♥ ❞ 3 D ❆ ❜ ♦❧ ✉ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ✭ ✶ ✹ ✺ ❆✮ ✐ ♥ ⟨ P 3 + 1 ⟩✿

g ( τ ) = c
d γ

d τ
= F / m 0 = g ( τ ) ·e β =

d v ( m ) · e β

d τ
=

d 2 x · e β

d τ 2
=

d 2 x · e α +
⊥

d 2 x ·e ν

d τ 2
= g ( τ ) ·e α +

⊥
g ( τ ) ·e ν .

■ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ m ✱ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d 2 x ❛ ♥ ❞
⊥

d 2 x ❛ ❡ ✐ ✉ ❛ ❡ ❞ ♦ ❣ ❡ ❤ ❡ ✐ ♥ ⟨ E 3 ⟩ ( m ) ✳ ❚ ❤ ❡ ♥
✐ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡ Ẽ m ✱ ❤ ❡ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ❡ ❢ ♦❧ ♦ ✇✐ ♥ ❣✿

c
d γ
d τ

= d v ( m )

d τ
= g (τ ) = c o s ε · g (τ ) = F / m 0 ✐ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ♣ ♦ ♣ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ e α ✳

c

⊥

d γ
d τ

=

⊥

d v ( m )

d τ
= si n ε · g (τ ) =

⊥
g (τ ) = v ∗ (τ ) · w ∗

α (τ ) =
⊥

F / m 0 ✐ ❤ ❡ ♥ ♦ ♠ ❛❧ ♣ ♦ ♣ ❡
✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ❜✐ ♥ ♦ ♠ ❛❧ ✉ ♥✐ ② ✈ ❡ ❝ ♦ e ν ✳

❇ ② ✭ ✶ ✶ ✾ ❆✮ ✇ ❡ ❣ ❡ c o s ε = e ′
β e α ✱ 0 ≤ ε ≤ π ✭ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ [ 0; π / 2) ✱ ❞ ❡ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ (π / 2; π ]✮✳

❊ ✈ ❛❧ ✉ ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ❛ ✐ ❝ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥
♣ ♦❥ ❡ ❝ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ■ ❬ ❡ ❡ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ✭ ✶ ✸ ✷ ❆✮✱ ✭ ✶ ✹ ✻ ❆✮ ❢ ♦ ■■ ❛ ♥ ❞ ✐ ♥
✭ ✶ ✸ ✸ ❆✮✱ ✭ ✶ ✹ ✾ ❆✮ ❢ ♦ ■❪✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ✐ ❞ ❡ ❛ ♥ ❞ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❜ ❛❧❧ ✇✐ ❤ R = 1 ❛ ♥ ❞ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ✐ ♠ ❡ ❛ ♦ ✇✱ ✇✐ ❤ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❢ ✉ ❤ ❡ ❢ ♦ ♠ ❤ ❡ ♠
❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✱ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✱ ♠ ♦ ♠ ❡ ♥ ✉ ♠

❛ ♥ ❞ ❡ ♥ ❡ ❣ ②✳ ❲❡✬❧❧ ✉ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✷ ✷ ❆✮✱ ✭ ✶ ✷ ✹ ❆✮✱ ✭ ✶ ✸ ✺ ❆✮✱ ✭ ✶ ✸ ✼ ❆✮✱
✭ ✶ ✸ ✽ ❆✮ ❢ ♦ ■■ ✇✐ ❤ ✸ ❉ ❆ ❜ ♦❧ ✉ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ♦❢ ② ♣ ❡ ✭ ✶ ✹ ✺ ❆✮✳ ❆ ♥ ❛❧ ♦ ❣ ♦ ✉ ❢ ♦ ♠ ✉❧ ❛ ❡
❢ ♦ ■ ✇✐❧❧ ❜ ❡ ❣ ♦ ❡ ♥ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✳ ■ ♥ ❡ ✉❧ ✱ ❛ ❞✐ ✣ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ✇ ❡✬❧❧ ♠ ✉
♦ ❜ ❛✐ ♥ ❛❧❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✇✐ ❤ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ♠ ♣ ❤ ② ✐ ❝ ❛❧ ✈ ❡ ❝ ♦ ❛ ♥ ❞
❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✳ ❍ ❡ ❡ d α ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② v α

♦ ♦❢ e α ✭ ❛ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ❤ ❡ ✹ ❉ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✮✱ ❛ ♥ ❞ ✐ ✐ ❤ ❡ ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡ ♦❢ d e α ✳
❋ ♦ ❤ ❡ ❝ ♦ ❡ ❝ ❡ ✉❧ ✐ ♥ ✉ ❝ ❤ ❝ ❛❧ ❛ ❛ ♥ ❞ 3 D ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✱ ✇ ❡

♠ ✉ ✉ ❡ ✉ ❝ ❤ ❛ ♠ ❡ ✐ ❝ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩✱ ✐ ♥ ♦ ❞ ❡ ♦ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥
✉ ✉ ❛❧ ❛ ❞ ♦ ♣ ❡ ❞ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❢ ♦ ♠ ♦❢ ❤ ❡ ♠✱ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❣ ♦ ❡ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ♦ ② ♣ ❡ ✳
❋ ♦ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡✱ ✇ ❡ ✉ ❡ ❜ ❡❧ ♦ ✇ ❤ ❡ ❡ ♥ ♦ { I ∓ } ❛ ♥ ❞ { I ± } ✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡
✐ ♠ ❛ ❣✐ ♥ ❛ ② ✐ ♠ ❡✲ ❛ ♦ ✇ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ❛ ♥ ❞ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡✳

❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✱ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ❜ ② ✐ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ✭ ❈ ❤✳ ✶ ✷ ❆✮✱ ❛❧ ♦ ♥ ❣ ❤ ❡ ✐ ♠ ❡
❛ ♦ ✇ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ e β ≠ e α ✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

d si n h γ = c o s h γ q d γ q = c o s h γ d γ. ( 1 6 0 A )

c o s h γ = si n h γ · c o t h γ = c o s h γ · e α → c o t h γ =
d x

d y
=

d x

d y
· e α = c ot h γ · e α ,

d c o s h γ = d ( c o s h γ · e α ) = si n h γ d γ · e α + c o s h γ d α 2 · e µ =
= si n h γ q d γ q · e κ = si n h γ q · [ c o s ϵ d γ q · e α + si n ϵ d γ q · e µ ],

|d c o s h γ |2 = si n h 2 γ d γ 2 + c o s h 2 γ d α 2
2 = si n h 2 γ q (d γ q ) 2 =

= si n h 2 γ q · [( c o s ϵ d γ q ) 2 + ( si n ϵ d γ q ) 2 ] = si n h2 γ q [(d γ q ) 2 + (
⊥

d γ q ) 2 ],

c o s h γ = c o s h γ · e α (γ ) =

= c o s h γ 0 · e α ( 0 ) +
γ

γ 0
[ si n h γ d γ · e α + c o s h γ d α 2 · e µ ].






( 1 6 1 A )

❙ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ✭ ✷ ✸ ✽ ❆✮✳



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✸ ✼

❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✭ ❛ ✐ ♦ ♣ ❤ ❡ ❡ ✮✱ ❛❧ ♦ ♥ ❣ ❤ ❡ ✐ ♠ ❡ ❛ ♦ ✇ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❞✐ ❡ ❝ ✐ ♦ ♥ e β ≠ e α ✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

c o s h γ =
d (ct )

d (c τ )
→ d c o s h γ = d

d (ct )

d (c τ )
= si n h γ p d γ p = si n h γ d γ. ( 1 6 2 A )

si n h γ =
d x

d (c τ )
=

d χ

d (c τ )
·e α = si n h γ ·e α =

v ∗

c
, t a n h γ =

d x

d (ct )
=

d χ

d (ct )
·e α = t a n h γ ·e α =

v

c
;

d si n h γ = d ( si n h γ · e α ) = c o s h γ d γ · e α + si n h γ d α 1 · e ν =
= c o s h γ p d γ p · e β = c o s h γ p · [ c o s ε d γ p · e α + si n ε d γ p · e ν ],

|d si n h γ |2 = c o s h 2 γ d γ 2 + si n h 2 γ d α 2
1 = ( c o s h γ p d γ p ) 2 = ( c o s h γ d γ ) 2 =

= c o s h 2 γ p · [( c o s ε d γ p ) 2 + ( si n ε d γ p ) 2 ] = c o s h2 γ p [(d γ p ) 2 + (
⊥

d γ p ) 2 ].

si n h γ = si n h γ · e α (γ ) =
= si n h γ 0 · e α ( 0 ) +

γ

γ 0
[ c o s h γ d γ · e α + si n h γ d α 1 · e ν ].






( 1 6 3 A )

■❢ γ p = 0 ✱ ✇ ❡ ❣ ❡ ❤ ❡ ▲ ♦ ❝ ❛❧ ❆ ❜ ♦❧ ✉ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✭ ✶ ✹ ✺ ❆✮✳ ❙ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ✭ ✷ ✷ ✽ ❆✮✳

d t a n h γ = d (t a n h γ · e α ) = ❡ ❝ ❤ 2 γ d γ · e α + t a n h γ d α 1 · e ν =

= ❡ ❝ ❤ 2 γ p d γ p · e β = ❡ ❝ ❤ 2 γ p · [ c o s ε d γ p · e α + si n ε d γ p · e ν ],

|d t a n h γ |2 = ❡ ❝ ❤ 4 d γ 2 + t a n h 2 γ d α 2
1 = ( ❡ ❝ ❤ 2 γ p d γ p ) 2 = ( ❡ ❝ ❤ 2 γ d γ ) 2 =

= ❡ ❝ ❤ 4 γ p · [( c o s ε d γ p ) 2 + ( si n ε d γ p ) 2 ] = ❡ ❝ ❤ 4 γ p · [(d γ p ) 2 + (
⊥

d γ p ) 2 ];

t a n h γ = t a n h γ · e α (γ ) =

= t a n h γ 0 · e α ( 0 ) +
γ

γ 0
[ ❡ ❝ ❤ 2 γ d γ · e α + t a n h γ d α 1 · e ν ].






( 1 6 4 A )

❘ ❡❧ ❛ ✐ ♦ ♥ ✭ ✶ ✻ ✶ ❆✮ ✕ ✶ ✻ ✸ ❆✮ ❣✐ ✈ ❡ ✉ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ♦❢ ❤ ❡ ❡ ❤ ❡ ❡ ✈ ❡ ❝ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡✐
❛ ♥ ❣ ✉❧ ❛ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ♥ ❞ ❞✐ ❡ ❝ ✐ ♦ ♥ ✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ♦ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✳ ● ❡ ♥ ❡ ❛❧ ❡ ♥ ♦ ✲
✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✈ ✮ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞✲❧✐ ♥ ❡ ❡ ❡ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✳

❲❡ ❡ ❡ ✐ ♥ ✭ ✶ ✻ ✹ ❆✮✱ ❤ ❛ |d t a n h γ | ≪ |d γ ′|✱ ✇ ❤✐ ❝ ❤ ❝ ❛ ✉ ❡ ❤ ❡ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣ ❡ ♥
♠ ♦ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ❜ ② R = 1 ✐ ♥ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛❧❧ ✭ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✮ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✳ ■ ♥ ❤✐
❧✐ ♠✐ ❡ ❞ ✢ ❛ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧✱ ♦ ♥ ❡ ♠ ❛ ② ❜ ❡ ❣✐ ♥ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❡✐ ❤ ❡ ❢ ♦ ♠ ❤ ❡ ♦ ✐ ❣✐ ♥ O ✭ ❛ γ ′ = 0
❛ ♥ ❞ ✇✐ ❤ e α ✮ ♦ ❢ ♦ ♠ ❤ ❡ ♥ ♦ ♥✲ ❝ ❡ ♥ ❡ ❡ ❞ ♣ ♦✐ ♥ O ′ ✭ ❛ γ ′ > 0 ✮✳ ■ ♥ ❛ ♥ ② ❝ ❛ ❡✱ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦
✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣ ❛ ❝ ❡ ⟨⟨ E 3 ⟩⟩ ✐ ♥ ✐ ❞ ❡ ❤✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❜ ❛❧❧ ✇✐ ❤
R = 1 ✭❢ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② v ✇✐ ❤ R = c ✮✳ ❖ ♥ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ✇ ❡ ❡ ❡ ✐ ♥ ♥ ♦ ♥✲❧✐ ♠✐ ❡ ❞
✢ ❛ ✐ ♥ ❡ ♠ ♦ ❞ ❡❧ ✭ ✶ ✻ ✸ ❆✮✱ ❤ ❛ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✇✐ ❤ ❤ ❡
❛ ♠ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ✈ ❡ ❝ ♦ e α ✭✦✮✱ ✐ ♥ ❛❧❧ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣ ❛ ❝ ❡✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ❢ ♦

♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② v ∗ ✳ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ γ ✭ ✇✐ ❤ ✐ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✮ ✐ ♠ ❛✐ ♥ ❛ ♥ ❣ ✉❧ ❛
❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ❤ ❡ ❡ ♠ ♦ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✳ ❋ ♦ ❛ ♥ ❢ ❡ ✐ ♥ ❣ ♦ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇ ❡ ✉ ❡ ❜ ♦ ♥ ❞ ✭ ✼ ✾ ❆✮✳

■ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✱ ✇ ❡ ✇✐❧❧ ❣✐ ✈ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ 4 D ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡ ✕ ❝ ♦ ✐ ♥ ❡
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ✇✐ ❤ ♣ ❛ ❛❧❧ ❡❧ ✐ ❝ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ 4 D ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❛❧ ♦ ♥ ❣
❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ♦ ♥ ❜ ♦ ❤ ✐ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✇✐ ❤ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥ ②✐ ♥ ❣ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♦❢
❛ ❞❥ ❛ ❝ ❡ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛ ♠ ♦ ✈ ❛ ❜❧ ❡ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ✕ ❛❧❧
✐ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❢ ♦ ♠ ✇✐ ❤ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❝ ❛❧ ❛ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✭✐✳ ❡✳✱ ✐ ♥ ✧ ✈ ✧ ❢ ♦ ♠ ✮✳

✯ ✯ ✯



✷ ✸ ✽ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ❡ ✉ ♠ ♠ ❛ ② ✸✲ ✈ ❡ ❝ ♦ ♦❢ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② v ∗ (τ ) ♦❢ ❛ ♣ ❛ ✐ ❝❧ ❡ M ♦ ❤ ❡ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢ ❛
❜ ♦ ❞ ② M ♠ ❛ ② ❜ ❡ ✐ ❝ ❧ ② ✐ ♥❢ ❡ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ✇✐ ❤ ✭ ✶ ✻ ✸ ❆✮ ❛ ♥ ❞ ❢ ♦ ♠ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞
♥ ♦ ♠ ❛❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ♠ ❡✱ ❜ ✉ ❢ ♦ ♠ ❛❧❧ ② ✐ ♥ ⟨⟨ E 3 ⟩⟩ ( 1 ) ✮✿

v ∗ (τ ) − v ∗ (τ 0 ) = c · (si n h γ − si n h γ 0 ) = v ∗ (τ ) · e α (τ ) − v ∗ (τ 0 ) · e α (τ 0 ) = ( 1 6 5 A )

= c
τ

τ 0

c o s ε ( τ ) · c o s h γ p ( τ ) ·
d γ p

d τ
d τ · e α ( τ ) + c

τ

τ 0

si n ε ( τ ) · c o s h γ p ( τ ) ·
d γ p

d τ
d τ · e ν ( τ ) =

=
τ

τ 0

c o s h γ ( τ ) · c ·
d γ

d τ
d τ · e α ( τ ) +

τ

τ 0

c · si n h γ ( τ ) ·
d α

d τ
d τ · e ν ( τ ) =

=
τ

τ 0

d v ∗

d τ
d τ · e α ( τ ) +

τ

τ 0

v ∗ ( τ ) · w ∗
α ( τ ) d τ · e ν ( τ ) =

=
τ

τ 0

c o s h γ ( τ ) · g ( τ ) d τ · e α ( τ ) +
τ

τ 0

⊥
g ( τ ) d τ · e ν ( τ ) ,

✇ ❤ ❡ ❡✿ d α ✲ ✐ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦ e α (τ )❀

c o s h γ · g (τ ) = d v ∗

d τ
= g ∗ (τ ) ✐ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥✱ v ∗ = c · si n h γ ✕ ❡ ❡ ✭ ✽ ✷ ❆✮❀

c

⊥

d γ
d τ

=

⊥

d v ( m )

d τ
=

⊥
g [t(τ )] = v ∗ (τ ) · w ∗

α (τ ) ✐ ❤ ❡ ♥ ♦ ♠ ❛❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡ τ ✳

❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ Ẽ m ❛ ✐ ❢ ② ❤ ❡ 3 D ❘ ❡❧ ❛ ✐ ✈ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✿

g ∗ 2
+

⊥
g

2

= g 2 ✭ ❡ ❡ ❛ ❜ ♦ ✉ ✐ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✮✳ w ∗
α (τ ) = d α / d τ ✐ ❤ ❡ ♣ ♦ ♣ ❡ ❛ ♥ ❣ ✉❧ ❛

✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ♦❢ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✭ ♦ ♦❢ e α ✮ ❛ ❛ ♣ ♦✐ ♥ ▼ ✐ ♥ ⟨ E 3 ⟩ ( m ) ✳
❚ ❤ ❡ ✉ ♠ ♠ ❛ ② ✸✲ ✈ ❡ ❝ ♦ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✈ ❡❧ ♦ ❝✐ ② v (t) ❛ ❤ ❡ ♣ ♦✐ ♥ M ♠ ❛ ② ❜ ❡ ✐ ❝ ❧ ② ✐ ♥❢ ❡ ❡ ❞

❛❧ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ✇✐ ❤ ✭ ✶ ✻ ✹ ❆✮ ❛ ♥ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ ✐ ♥ ⟨⟨ E 3 ⟩⟩ ( 1 ) ✮✿

v (t) − v (t0 ) = c · (t a n h γ − t a n h γ 0 ) = v (t) · e α (t) − v (t0 ) · e α (t0 ) = ( 1 6 6 A )

= c
t

t 0

c o s ε · ❡ ❝ ❤ 2 γ p ( t) ·
d γ p

dt
dt · e α ( t) + c

t

t 0

si n ε · ❡ ❝ ❤ 2 γ p ( t) ·
d γ p

dt
dt · e ν ( t) =

=
τ

τ 0

❡ ❝ ❤ 2 γ ( τ ) · c ·
d γ

d τ
d τ · e α ( τ ) +

τ

τ 0

❡ ❝ ❤ 2 γ ( τ ) · c · si n h γ ( τ ) ·
d α

d τ
d τ · e ν ( τ ) =

=
t

t 0

d v

dt
dt · e α ( t) +

t

t 0

v ( t) · w ∗
α [τ ( t)] dt · e ν ( t) =

=
t

t 0

❡ ❝ ❤ 3 γ ( t) · g [τ ( t)] dt · e α ( t) +
t

t 0

❡ ❝ ❤ γ ( t) ·
⊥
g [τ ( t)] dt · e ν [τ ( t)] ,

✇ ❤ ❡ ❡ t0 = τ 0 , t = t(τ ) ❛❧ ♦ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ✭ ✽ ✺ ❆✮✳ ❚ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ✭ ✽ ✸ ❆✮ ✐

g
( 1 )

(t) = ❡ ❝ ❤ 3 γ · g [τ (t)] =
d v

dt
. ( 1 6 7 A )

❚ ❤ ❡ ♥ ♦ ♠ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ♥ ♦ ♠ ❛❧ τ ✭ ✽ ✹ ❆✮ ❛ ♥ ❞ ♣ ❛ ❛❧❧ ❡❧ ✭ ✽ ✺ ❆✮ t ♦ v ✐ ♠ ❡ ✐

⊥
g

( 1 )

(t) = ❡ ❝ ❤ γ ·
⊥
g [τ (t)] =

⊥

d v

dt
= v (t) · w ∗

α [τ (t)] = w (t) · v ∗
α [τ (t)]. ( 1 6 8 A )

✭ ❇ ✉ ✱ ✐ ♥ ❢ ❛ ❝ ✱ ❤ ❡ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ♥ ♦ ♠ ❛❧ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ❡ ❛ ♠ ❛ ♣ ♦ ♣ ❡ ✐ ♠ ❡ τ ✳✮
❋ ♦ ♠ ❤ ❡ ❡ ✇ ❡ ❣ ❡ ❤ ❡ ❙ ❚ ❘ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ❢ ♦ ❝ ❡ ♣ ❛ ❛ ❝ ✐ ♥ ❣ ♦ ♥ M ✐ ♥ Ẽ 1 ✿

F = c o s ε · m 0 g = m 0 · c o s h 3 γ · g
( 1 )

(t),
⊥

F = si n ε · m 0 g = m 0 · c o s h γ ·
⊥
g

( 1 )

(t).
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❚ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦ ♣ ❡ ❞✐ ❛ ♥ ❝ ❡ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✇ ♦ ✇ ❛ ② ✇✐ ❤ ❤ ❡ ❡ ♣ ❛ ❛ ✐ ♦ ♥ ✐ ♥
✇ ♦ ✐ ♠ ❡ ♣ ❛ ❛ ♠ ❡ ❡ t0 = τ 0 ✱ ❛ ♥ ❞ t = t(τ ) ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✽ ✹ ❆✮✱ ✭ ✽ ✺ ❆✮ ♦❢ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ②✳ ■ ♥
❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ❢ ♦ ♠ ✭ ✶ ✻ ✺ ❆✮ ❛ ♥ ❞ ✭ ✶ ✻ ✻ ❆✮ ✇ ❡ ♦ ❜ ❛✐ ♥ ✇ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✐ ♥ ❡ ❣ ❛❧ ❢ ♦ x ❛ τ < t ✿

x τ (τ ) − x 0 ≡ x t (t) − x 0 =
τ

τ 0

v ∗ (τ ) · e α (τ ) d τ ≡
t

t 0

v (t) · e α (t) dt ≡

≡
τ

τ 0

v ∗
0 · e α (τ 0 ) +

τ

τ 0

c o s h γ (τ ) · g (τ ) d τ · e α (τ ) +
τ

τ 0

⊥
g (τ ) d τ · e ν (τ ) d τ =

=
τ

τ 0

v ∗
0 · e α (τ 0 ) +

τ

τ 0

g ∗ (τ ) d τ · e α (τ ) +
τ

τ 0

⊥
g (τ ) d τ · e ν (τ ) d τ ≡

≡
t

t 0

v 0 · e α (t0 ) +
t

t 0

❡ ❝ ❤ 3 γ (t) · g (t) dt · e α (t) +
t

t 0

❡ ❝ ❤ γ (t)·
⊥
g (t) dt · e ν (t) dt =

=
t

t 0

v 0 · e α (t0 ) +
t

t 0

g
( 1 )

(t) dt · e α (t) +
t

t 0

⊥
g

( 1 )

(t) dt · e ν (t) dt. ( 1 6 9 A )

❱ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ✐ ♥ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✭ ♥ ♦ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✐ ❡ ① ♣ ❡ ✐ ♦ ♥
❜ ② ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝ ✭ ✶ ✻ ✷ ❆✮ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✮✱ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ✇ ♦ ❦ ♦❢ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧
✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡ ✭ ✽ ✶ ❆✮ ❝ ❛ ✉ ✐ ♥ ❣ ❛ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♣ ❛ ♦❢ ❢ ❡ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✿

d ( ct )

d ( c τ )

τ

τ 0

=
γ

γ 0

d c o s h γ =
γ

γ 0

si n h γ d γ =
γ

γ 0

( si n h γ · e α ) ( d γ · e β ) =
γ

γ 0

c o s ε ( τ ) · si n h γ d γ =

=
1

c 2
·

τ

τ 0

c o s ε ( τ ) ·v ∗ ( τ ) ·g ( τ ) d τ =
1

c 2
·

t

t 0

c o s ε [τ ( t)] ·v [τ ( t)] ·g [τ ( t)] dt =
1

c 2
·

χ

χ 0

c o s ε ( χ ) ·g ( χ ) d χ =

=
1

m 0 c 2
·

χ

χ 0

c o s ε ( χ ) · F ( χ ) d χ =
1

m 0 c 2
·

χ

χ 0

F ( χ ) d χ =
A

m 0 c 2
=

A

E 0
=

∆ E

E 0
= k E . ( 1 7 0 A )

■❢ γ 0 = 0 ✱ (v 0 = 0) ✱ ❤ ❡ ♥ k E = c o s h γ − 1 = A / E 0 ⇒ E = c o s h γ · E 0 = E 0 + A = m c 2 ✳

k E ✐ ❛ ❢ ❛ ❝ ♦ ♦❢ ❡ ♥ ❡ ❣ ② ✐ ♥ ❝ ❡ ♠ ❡ ♥ ✿ k E · E 0 = A ✳ ❲❡ ✐ ♥❢ ❡ ✱ ❤ ❛ ❞ ✉ ✐ ♥ ❣ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✐ ♦ ♥
♦❢ ❛ ❜ ♦ ❞ ② ✐ ♦ ❛❧ ❡ ♥ ❡ ❣ ② E = m c 2 ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♥ ♦ ♦❢
❡ ♥ ❡ ❣ ② ✕ ♠ ♦ ♠ ❡ ♥ ✉ ♠ T E = c · TP ✭ ❈ ❤✳ ✺ ❆✮ ♦ ♥ ♦ ❤ ❡ ❛ ①✐

−→
ct ( 1 ) ❀ ✐ ✐ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ✈ ❡ ✉ ♥ ❞ ❡ F = 0 ✳

■ ♥ ✶ ✾ ✵ ✵✱ ❣ ❡ ♥✐ ✉ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ❤✐ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♥ ♦ ✇ ❛ ✐ ❝❧ ❡ ❬ ✻ ✷❪ ✐ ♥❢ ❡ ❡ ❞ ✜ ✭✦✦✦✮ ❤ ❡
❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ♣ ❤ ② ✐ ❝ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❡ ♥ ❡ ❣ ② ❛ ♥ ❞ ♠ ❛ ❛ m = E / c 2 ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ E = m c 2 ✱
❢ ♦ ❤ ❡ ❧✐ ❣ ❤ ✬ ❡ ♥ ❡ ❣ ②✱ ❛ ❛ ❦✐ ♥ ❞ ♦❢ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ❛ ❞✐ ❛ ✐ ♦ ♥✳ ▲ ❛ ❡ ✐ ♥ ✶ ✾ ✵ ✺✱ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥
✐ ♥❢ ❡ ❡ ❞ ❡❧ ❛ ✐ ♦ ♥ m = E / c 2 ✭ ❜ ✉ ❛ ♦❢ ❡ ♥ ❢ ♦ ❤✐ ♠✱ ✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ❛ ✐ ❝❧ ❡ ❛ ❜ ♦ ✈ ❡ ✕ ❡ ❡ ✐ ♥
❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✶ ✷✮ ❢ ♦ ❤ ❡ ❤ ❡ ♠ ❛❧ ❛ ❞✐ ❛ ✐ ♦ ♥ ❡ ♥ ❡ ❣ ② ♦❢ ❛ ❤ ♦ ❜ ♦ ❞ ②✱ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ❤ ❡ ❧ ❛ ♥ ❝ ❦
✉ ❛ ♥ ✉ ♠ ❤ ❡ ♦ ② ♦❢ ❛ ❞✐ ❛ ✐ ♦ ♥ ❜ ② ♠ ❛ ✐ ✈ ❡ ❜ ♦ ❞ ② ❬ ✽ ✽❪✳ ■ ♥ ✶ ✾ ✵ ✽✱ ●✐❧ ❜ ❡ ▲ ❡ ✇✐ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ❤ ❡

❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❡❧ ❛ ✐ ♦ ♥ E = m c 2 ✭ ♦❢ ❝ ♦ ✉ ❡✱ ✇✐ ❤ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ❊✐ ♥ ❡✐ ♥✬ ❛ ✐ ❝❧ ❡✮ ❜ ❡ ✇ ❡ ❡ ♥ ✐ ♥ ❝ ❡✲
♠ ❡ ♥ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❦✐ ♥ ❡ ✐ ❝ ❡ ♥ ❡ ❣ ② ♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ❜ ♦ ❞ ② ❛ ♥ ❞ ♦❢ ✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♥ ❡ ✐ ❛❧ ♠ ❛ ❬ ✻ ✽❪✳
❍ ♦ ✇ ❡ ✈ ❡ ✱ ♦ ♥❧ ② ❛❢ ❡ ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧ ❡ ✈ ❡ ♥ ✇ ❤ ❡ ♥ ❤ ❡ ✈ ❡ ② ❡ ♣ ❡ ❝ ❡ ❞ ❝✐ ❡ ♥ ✐ ▲✐ ❡ ▼ ❡✐ ♥ ❡ ❛ ❝ ❝ ✉✲
❛ ❡❧ ② ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❤ ❡ ❢ ❛ ❝ ♦❢ ✉ ❛ ♥✐ ✉ ♠ ✜ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ♦❢ ❤ ❡ ❝ ♦❧❧ ❡ ❛ ❣ ✉ ❡ ✕ ❝ ❤ ❡ ♠✐

❖ ♦ ❍ ❛ ❤ ♥ ❛ ♥ ❞ ❋ ✐ ❡ ❞ ✐ ❝ ❤ ❙ ❛ ♠ ❛ ♥ ♥ ✭ ❜ ♦ ♠ ❜ ❛ ❞✐ ♥ ❣ ❤ ♦ ✐ ✉ ♠ ✇✐ ❤ ♥ ❡ ✉ ♦ ♥ ✮ ❛ ♥ ❞ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞
❤ ❡ ♠ ❛ ❞ ❡❢ ❡ ❝ ✐ ♥ ✉ ❝ ❤ ❛ ♣ ♦ ❝ ❡ ❜ ② ❤✐ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡❧ ❛ ✐ ♦ ♥ m = E / c 2 ✱ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞ ♥ ♦

♦ ♥❧ ② ❤ ❡ ② ✇✐❧❧ ♣ ❛✐ ❞ ✉ ♣ ❡ ❡ ① ❛ ❣ ❡ ❛ ❛ ❡ ♥ ✐ ♦ ♥ ♦ ♥ ♦ ❤✐ ❢ ♦ ♠ ✉❧ ❛✱ ✇✐ ❤ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❢ ✉ ❤ ❡
❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ❢ ♦ ❛❧❧ ♣ ❡ ♦ ♣❧ ❡ ✦ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❘ ✉❧ ❡ ♦❢ ❙ ❝✐ ❡ ♥ ✐ ✜ ❝ ❊ ❤✐ ❝ ✱ ♣ ✐ ♦ ✐ ② ✐ ♥
❤ ❡ ❞✐ ❝ ♦ ✈ ❡ ② ♦❢ ❤✐ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❜ ❡❧ ♦ ♥ ❣ ♦ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡✱ ✐❢ ❤ ❡ ♣ ❡ ❡ ♥ ❝✐ ❡ ♥ ✐ ✜ ❝

❝ ♦ ♠ ♠ ✉ ♥✐ ② ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❛ ♥ ❞ ✇✐❧❧ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ♦ ❝ ♦ ♠ ♣❧ ② ✇✐ ❤ ❤ ❡ ❡ ❘ ✉❧ ❡ ✳
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■ ♥ ❈ ❤✳ ✺ ❆✱ ✇ ❡ ♠ ❛ ❦ ❡ ❞ ❤ ❛ ❛ ❛ ✉ ❡ ♣ ♦ ❣ ❡ ♥✐ ♦ ♦❢ ❝ ♦ ♥ ❝ ❡ ♣ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ❛ ♥ ❞ ❡ ♥ ❡ ❣ ②✱ ✐ ♥
❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ♥ ❡✱ ❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❤ ❡ ♦ ✇ ♥ 4 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 = m 0 c ✭ ✾ ✽ ❆✲■■✮✳ ■ ✐

✹✲ ❤ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❡ ♥ ♦ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠ T P ✭ ✶ ✵ ✶ ❆✮✱ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ✇✐ ❤ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ m 0 c ♦ ♦ ✉
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ✉ ❡❧ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✵ ✵ ❆✮ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩✱ ✐✳ ❡✳✱ ✇ ❡ ❤ ❛ ✈ ❡✿

P 0 = P 0 · iα = m 0 · c α = P 0 ·
si n h γ
c o s h γ

= P 0 ·
si n h γ · e α

c o s h γ
=

p
P

.

■ ✐ ♣ ❡ ❡ ✈ ❡ ❞ ✉ ♥ ❞ ❡ F = 0 ↔ P 0 = ❈ ♦ ♥ ✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡ P 0 = m 0 c = E 0 / c ✐ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ❤ ❡ ♣ ❛ ✐ ❝❧ ❡ ♦ ❜ ♦ ❞ ② M ✳ ❚ ❤ ❡ ♦ ✇ ♥ 4 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 ✐ ❛ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡
♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ❡ ♠ ♦ ♠ ❡ ♥ ❛ ✳ ■ ✐ ❞ ❡ ❛ ❡ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡
♦❢ ♠ ♦ ✐ ♦ ♥ ⟨e α , i1 ⟩✱ ✇ ❤✐ ❝ ❤ ✐ ✐ ♠✐❧ ❛ ♦ ♦ ♥ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❛ ❋✐ ❣ ✉ ❡ ✶ ❆✭ ✶✮✱
❜ ❡ ❝ ❛ ✉ ❡ T P = P 0 ·r ot h Γ ✳ ❲❡ ❣ ❡ ❛ ❣ ❛✐ ♥ ❤ ❡ ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠
♦❢ ❤ ❡ ❡ ♠ ♦ ♠ ❡ ♥ ❛ ✭ ✾ ✽ ❆✲■✮✿

P 0 = P 0 · i = P · i1 + p · j ⇒ (i P0 ) 2 = ( i P ) 2 + p 2 = − P 2
0 = − P 2 + p 2 . (❢ ♦ ❡ ♥ ♦ I ± ).

❲❡ ♠ ❛ ② ❛ ❞ ♦ ♣ ❤ ❛ m = P / c, E = P ·c, p = m v ✳ ❚ ❤ ❡ ♦ ✇ ♥ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 = P 0 ·i = m 0 c ✱ ❛
❛ ❜ ♦❧ ✉ ❡ ✹✲ ✈ ❡ ❝ ♦ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ✐ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ✇ ❤ ❡ ❡ c = c · i ✐ 4 ✲ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ♦✐ ♥ ❝ ❛ ✁❡✳ P 0 ❛ ♥ ❞ c ❛ ❡ ❛❧ ✇ ❛ ② ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ♦
❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳ ■ ✈ ❛ ✐ ❛ ❜❧ ❡ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ✐ ♠ ❡ ❛ ♦ ✇

−→
ct ( 1 ) ✐ ❤ ❡ ♦ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠

P = P · i1 = P 0 · c o s h γ · i1 ✳ ■ ✈ ❛ ✐ ❛ ❜❧ ❡ ✸✲ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
⟨ E 3 ⟩ ( 1 ) ✐ ❤ ❡ ❡ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ p = p · j = P 0 · si n h γ = P 0 · si n h γ · e α = m 0 v ∗ = m v ✳ ❇ ♦ ❤
❤ ❡ ❡ ❡❧ ❛ ✐ ✈ ❡ ♠ ♦ ♠ ❡ ♥ ❛ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩✳

❚ ❤✐ ✐❧❧ ✉ ❛ ❡ ✱ ❤ ❛ ❞ ✉ ✐ ♥ ❣ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❤ ❡ ❡ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ p = m v ♦❢
❜ ♦ ❞ ② ♦ ♣ ❛ ✐ ❝❧ ❡ M ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠ T P

✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ✳ ❚ ❤ ❡ ❡ ♥ ♦ T E ❛ ♥ ❞ T P ✇✐ ❤ 4 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 ❛ ❡ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ✈ ❡ ✉ ♥ ❞ ❡ F = 0 ✳
❚ ❤ ❡ ❡ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ p (t) ❛ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ P 0 ✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ❞ ✉ ❡ ♦ ✭ ✶ ✻ ✺ ❆✮ ❝ ❤ ❛ ♥ ❣ ❡ ❛

≡ p (t) = p [τ 0 (t0 )] · e α [τ 0 (t0 )] + m 0

t

t 0

{ g ∗ [τ (t)] · e α [τ (t)] +
⊥
g [τ (t)] · e ν [τ (t)} d τ (t) =

= p [τ 0 (t0 )] · e α [τ 0 (t0 )] +
t

t 0

{ F ∗ [τ (t)] · e α [τ (t)] +
⊥

F [τ (t)] · e ν [τ (t)} d τ (t).

✯ ✯ ✯

■ ♥ ❙ ❚ ❘ ❛ ♥ ❞ ❡ ① ❡ ♥ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ⟨ P 3 + 1 ⟩ ≡ ⟨ E 3 ⟩ ⊠ −→y ✱
❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✹ ✶ ❆✮ ❛ ♥ ❞ ✭ ✶ ✹ ✹ ❆✲■✮ ❛ ❜ ♦ ✈ ❡✱ ❛ ♥ ② ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ♣ ❛ ✐ ❝❧ ❡ ♦
❛ ❜ ♦ ❞ ② M ✐ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ❜ ② ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ d θ ♦ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡ w ∗

θ ♦❢

❤ ❡ ✸✲ ❞ ♥ ♦ ♠ ❛❧ ❛ ①✐ e
( m )
µ ♦❢ ❤ ❡ ❝ ✉ ❡ ♥ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩

( m )
N s ≡ ⟨ e

( m )
α , e

( m )
β ⟩ ≡ ⟨ e

( m )
α , e

( 1 )
ν ⟩✱

✕ ❜ ♦ ❤ ♦ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ② w ∗
α ✉ ♥ ❞ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ γ ♦ ❤ ❡ ✐ ♠ ♠ ♦ ❜✐❧ ❡

❛ ①✐ e
( 1 )
µ ♦❢ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❧ ♦ ♣ ❡ ♦ e

( 1 )
µ ✳ ❚ ❤ ❡ ❧ ❛ ❡ ❛ ♥ ❞ ♦ ❛ ❡ ❞ e

( m )
µ

❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♣ ♦✐ ♥ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ O ❛ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ Ẽ 1 ✳ ❚ ❤ ❡ ♦ ❛ ❡ ❞ ✭ ♥ ♦ ♠ ❛❧❧ ② ♦ e
( m )
α ✮

✈ ❡ ❝ ♦ e
( 1 )
ν ❤ ❛ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ♦ ❞ ② M ❜ ❛ ② ❝ ❡ ♥ ❡ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ❤ ❡ ❧ ♦ ✇ ❡

❤✐ ♦ ❛ ✐ ♦ ♥✱ ❤ ❡ ♠ ❛❧❧ ❡ ❤ ❡ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❡ ✛ ❡ ❝ ✉ ♣ ♦ ③ ❡ ♦✳ ■ ♥✐ ✐ ❛❧❧ ② ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥

❢ ♦ ♠ ✭ ✶ ✹ ✹ ❆✲■✮✿ t a n h (γ i / 2) = t a n h( γ i / 2) ·e
( m )
α ✱ d γ p = d γ p ·e

( m )
β ✱ e

( m )
α × e

( 1 )
ν = e

( m )
µ ≡ − →e N

( m ) ✳

❚ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ① ♣ ❡ ✐ ♦ ♥ ✭ ✶ ✹ ✹ ❆✲■✮ ✐ ♥ ⟨ E 3 ⟩ ⊂ ⟨ P 3 + 1 ⟩ ≡ ⟨ E 3 ⟩ ⊠
−→
ct ✱ ❛ ❦✐ ♥ ❣ ✐ ♥ ❛ ❝ ❝ ♦ ✉ ♥ ✭ ✶ ✻ ✷ ❆✮✱

✇ ❡ ❛ ❞ ❞ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ❛ γ p = 0 ❬ ❡ ❡ ♠ ♦ ❡ ❛ γ p ≠ 0 ✐ ♥ ✭ ✷ ✸ ✵ ❆✮✱ ❈ ❤✳ ✶ ✵ ❆❪✿

si n ε d γ p =
⊥

d γ p = si n h γ i d α 1 ⇔ si n ε · g β =
⊥
g β = v ∗

i · w ∗
α . ( 1 7 1 A )

■ ❢ ♦❧❧ ♦ ✇ ✐❢ ❝ ♦ ♠ ♣ ❛ ❡ ♥ ♦ ♠ ❛❧ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ✐ ♥ ✭ ✶ ✸ ✷ ❆✮ ❛ ♥ ❞ ✭ ✶ ✸ ✺ ❆✮ ❛ e ν ✱ ♦ ❜ ♦ ❤ ✐ ♥ ✭ ✶ ✻ ✸ ❆✮✳ ❲❡✬❧❧
♦ ❜ ❛✐ ♥ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✇✐ ❤ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ✐ ❣ ♦ ♦ ✉ ❥ ✉ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❆ ❜ ♦❧ ✉ ❡

② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✱ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✳



❈ ❍ ❆ ❚ ❊ ❘ ✼ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❚ ❘ ❆ ◆ ❉ ❍ ❨ ❊ ❘ ❇ ❖ ▲ ■ ❈ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✹ ✶

❲✐ ❤ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❝ ♦ ♥ ✐ ♥ ✉✐ ♥ ❣ ✭ ✶ ✹ ✹ ❆✮ ✇✐ ❤ ✭ ✶ ✼ ✶ ❆✮✱ ✇ ❡ ❣ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣
❝ ❤ ❛✐ ♥ ♦❢ ❝❧ ❛ ✐ ② ✉ ♥ ❞ ❡ ♦ ♦ ❞ ✈ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ❛ ♥ ❞ ♣ ❡ ❝ ❡ ✐ ♦ ♥✳

− d θ = − d θ · − →e N = t a n h (γ / 2) ⊗ d γ =
t a n h γ

1 + ❡ ❝ ❤ γ
⊗ d γ =

si n h γ
c o s h γ + 1

⊗ d γ =

=
si n h γ

c o s h γ + 1
· e α ⊗ (d γ · e β ) =

c o s h γ − 1
si n h γ

· e α ⊗ (d γ · e β ) =

= t a n h
γ
2 · si n ε d γ · − →e N =

c o s h γ − 1
si n h γ

· si n ε d γ · − →e N =
c o s h γ − 1

si n h γ

⊥

d γ · − →e N =

=
c o s h γ − 1

si n h γ
· si n h γ d α · − →e N = ( c o s h γ − 1) d α · − →e N = k E d α · − →e N =

= [( d α ) ⋆ − d α ] · − →e N ≈ 1 / 2 γ 2 d α · − →e N ;

− d θ
d τ

= w ∗
θ · − →e N = t a n h

γ
2 · si n ε ·

d γ
d τ

· − →e N = t a n h
γ
2 · si n h γ · d α

d τ
· − →e N ,

− d θ
dt

= w θ · − →e N = t a n h
γ
2 · si n h γ · w α · − →e N = t a n h

γ
2 · v ∗ · w α

c · − →e N =

= ( c o s h γ − 1) · w α · − →e N = k E w α · − →e N = ( w ∗
α − w α ) · − →e N ≈ 1 / 2 ( v

c ) 2 · w α · − →e N .






( 1 7 2 A )

❚ ❤ ✉ ✱ ✐ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ( m ) ≡ ⟨ e
( m )
α , e

( 1 )
ν ⟩✱ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ✐❢ ♦ ❜✐ ❛❧

♦ ❛ ✐ ♦ ♥ w ∗
α ♦❢ ❛ ♥ ❡❧ ❡ ❝ ♦ ♥ ✐ ♥ ❛ ❤ ② ❞ ♦ ❣ ❡ ♥ ❛ ♦ ♠ H ✱ ❞ ✉ ❡ ♦ ✐ ♣❧ ❛ ♥ ❡ ❛ ② ♠ ♦ ❞ ❡❧ ♦❢ ❇ ♦ ❤ ✱ ❛ ❛

♠✐ ❝ ♦ ❝ ♦ ♣✐ ❝ ❣ ② ♦ ❝ ♦ ♣ ❡ ✇✐ ❤ ✐ ♦ ❜✐ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ L ✭✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ✐ ♣ ♦ ♣ ❡ ♠ ♦ ♠ ❡ ♥ ✉ ♠
♥ ❛ ♠ ❡ ❞ ❜ ② ♣✐ ♥ ✮✱ ✐ ♥ ❞ ✉ ❝ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ✭✦✮ ❛ ♥ ❞ ✐ ♥ ❛ ❡ ✉❧ ♣ ❤ ② ✐ ❝ ❛❧❧ ②✱ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧

♣ ❡ ❝ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ♦ ❜✐ ❛ ①✐ − →e N
( m ) ≡ e

( m )
α × e

( 1 )
ν = e

( m )
µ ❝ ♦ ♥ ❛ ② ♦ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ w ∗

α

❛ ♥ ❞ ✇✐ ❤ ❛ ❧ ♦ ✇ ❡ ❛ ♥ ❣ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ② w ∗
θ ✱ ✜ ① ❡ ❞ ❛ w θ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✭ ❝ ❛❧❧ ❡ ❞ ♦ ♠ ❡ ✐ ♠ ❡ ❛ ❤ ❡

❧ ❛ ❜ ♦ ❛ ♦ ② ② ❡ ♠✮ ✇✐ ❤ ✐ ✸✲ ❞ ✐ ♠ ♠ ♦ ❜✐❧ ❡ ❛ ①✐ − →e N = e
( 1 )
µ ✳ ■ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥

❣ ♦ ✉ ♣✱ ❤✐ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❝ ❛ ✉ ❡ ❤ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ − w θ ✐ ♥ Ẽ 1 ❜ ❡ ✇ ❡ ❡ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❞ ♥ ♦ ♥✲
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ❛ ♣ ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ♦ ❛ ✐ ♦ ♥ ❛ (w ∗

α − w α )✱ ♣ ❡ ❝ ❡✐ ✈ ❡ ❞ ❜ ② ❖ ❜ ❡ ✈ ❡ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✳
❆ ❤ ❡ ✈ ❛❧ ✉ ❡ ε = π / 2 ❢ ♦ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ♦ ❛ ✐ ♦ ♥✱ ❤✐ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❝ ❛ ✉ ❡ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧

❝ ♦ ❡ ❝ ✐ ♦ ♥ ♦ ♣✐ ♥ ✕ ♦ ❜✐ ❛❧ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ♥ ♦ ♠ ❛❧ ❞✐ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✧ ✶ ✴ ✷ ✧✱ ✇ ❤✐ ❝ ❤
❝ ❛ ♠ ❡ ♦ ❜ ❡ ❦ ♥ ♦ ✇ ♥ ❛ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ❤ ❛❧❢ ✳ ❙ ✉ ❝ ❤ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ❜ ② ▲❧ ❡ ✇ ❡❧❧ ② ♥ ❚ ❤ ♦ ♠ ❛ ✐ ♥ ✶ ✾ ✷ ✻✮ ❬ ✾ ✸❪
✇ ❛ ❤ ❡ ✜ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ♦ ♥ ✜ ♠ ❛ ✐ ♦ ♥ ♦❢ ❙ ❚ ❘ ✇✐ ❤ ✐ ❢ ♦ ✉ ♥ ❞ ❛ ✐ ♦ ♥ ❛ ❛ ❤ ❡ ♦ ② ♦❢ ❤ ❡ ♥ ❡ ✇
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❤ ❡ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✱ ❤ ❛ ✈✐ ♥ ❣ ❛ ❣ ♦ ✉ ♣

♥ ❛ ✉ ❡ ✱ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❜ ② ❤ ❡ ❣ ❡ ❛ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✸❪ ✐ ♥ ❡ ✉❧ ♦❢ ❤✐ ✈ ❡ ② ✉ ❝ ❝ ❡ ❢ ✉❧
❝ ♦❧❧ ❛ ❜ ♦ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❡ ♠ ♣ ♦ ❛ ② ♦ ❤✐ ♠ ❡ ♠✐ ♥ ❡ ♥ ♣ ❤ ② ✐ ❝✐ ❍ ❡ ♥ ❞ ✐ ❦ ▲ ♦ ❡ ♥ ③✦

❊ ① ♣ ❡ ✐ ♦ ♥ ✭ ✶ ✼ ✷ ❆✮ ❣✐ ✈ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡ ❛ ♥ ❞ ✐ ♠ ♣❧ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✇✐ ❤ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ✐ ♥ ❜ ♦ ❤

♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♦ ❝✐ ❛ ❡ ❞ ✐ ♥ ❈ ❤ ✳ ✼ ❆✱ ✽ ❆ ✇✐ ❤ ❤✐ ❤✐❢ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ ± d θ ❛ ✿

d θ = ( 1 − c o s h γ ) d α = [ d α − ( d α ) ⋆ ] < 0 ↔ d θ = ( 1 − c o s φ ) d α = [ d α − ( d α ) ∗ ] > 0 . ( 1 7 3 A )

❚ ❤✐ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ✧ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ♦ ♥ ❛ ♥ ❝ ❡ ✧ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✉ ❡ ❧ ♦ ❝ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
✐ ♥ ❝ ❡ ♠ ❡ ♥ d α ✐ ♥ ⟨ E 3 ⟩ ( m ) ♦ ♥ ❤ ❡ ❛❥ ❡ ❝ ♦ ② ♦❢ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥✱ ✜ ① ❡ ❞ ❢ ♦ ♠ ❛ ♥ ❡❧ ❡ ❝ ♦ ♥
♠ ♦ ✈✐ ♥ ❣ ♦ ♥ ✐ ♦ ❜✐ ✱ ❛ ♥ ❞ ✐ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ (d α ) ⋆ ✱ ♣ ❡ ❝ ❡✐ ✈ ❡ ❞ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❙ ❚ ❘❀
❛ ♥ ❞ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳

❚ ❛ ♥ ❧ ❛ ✐ ♥ ❣ ❤✐ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ ✐ ♥ ✐ ♠ ❡✱ ❛ ✐ ♥ ✭ ✶ ✼ ✷ ❆✮✱ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❡ ✇ ♦ ♣ ❤ ② ✐ ❝ ❛❧
✧ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ γ ❛ ♥ ❞ β ✧✱ ✇ ❡ ❝ ♦ ♠ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ♦ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ✐ ♥ ❙ ❚ ❘ ♣ ❤ ② ✐ ❝ ❛❧
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❜ ② ▲✳ ❋ ☎♦ ♣ ♣❧ ❛ ♥ ❞ ✳ ❉ ❛ ♥✐ ❡❧❧ ❬ ✾ ✶❪✱ ✇ ❤ ♦ ✐ ♥ ✶ ✾ ✶ ✸ ✭✦✮ ✐ ♥ ● ☎♦ ✐ ♥ ❣ ❡ ♥ ♣ ❡ ❞✐ ❝ ❡ ❞
❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ✉ ❝ ❤ ❛ ❦✐ ♥ ❞ ♦❢ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❛ ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❡ ✛ ❡ ❝ ♦❢ ❙ ❚ ❘ ✭ ✉✐ ❡ ♣ ♦ ✐ ❜❧ ❡✱ ✇✐ ❤
❤ ❡ ✉ ❡ ❢ ♦ ✉ ❝ ❤ ♦ ❛ ✐ ♦ ♥ ❤ ❡ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❍ ❡ ♠ ❛ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❜ ❡❢ ♦ ❡ ✐ ♥ ✶ ✾ ✵ ✽

✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✸ ❆✮ ❛ ♥ ❞ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ❛❧ ♦ ✐ ♥ ✧ ● ☎♦ ✐ ♥ ❣ ❡ ♥ ◆ ❛ ❝ ❤ ✐ ❝ ❤ ❡ ♥ ✧ ❬ ✻ ✻❪ ✇✐ ❤ ♦ ✉ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✿

w θ = d θ / dt = − ( c o s h γ − 1) · w α ≡ − w α [ 1/ 1 − β 2 − 1] = − w α · (γ − 1) . (A )
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❚ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❢ ❛ ❝ ✱ ❤ ❛ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N

♦❢ ❤ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ♦ ❛ ✐ ♦ ♥ d α 1 ❤ ❛ ✐ ❝ ✉ ❡ ♥ ❧ ♦ ❝ ❛❧ ❧ ♦ ♣ ❡ c o s h γ i ❡ ① ❛ ❝ ❧ ② ✐ ♥ ❤ ❡ ♣❧ ❛ ❝ ❡ ♦❢
❛ ♣ ❛ ✐ ❝❧ ❡ M ✭ ❤ ❡ ❡ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥✮✳ ■ ✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❡✐ ❤ ❡ ❛ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣ ✉❧ ❛
✈ ❡❧ ♦ ❝✐ ② ✐ ♥ ✇ ♦ ❜ ❛ ❡ Ẽ m ❛ ♥ ❞ Ẽ 1 ✱ ♦ ❛ ✐❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ [d α − (d α ) ⋆ ] < 0 ✇✐ ❤
✈ ❡❧ ♦ ❝✐ ② w θ ✱ ✇ ❤✐ ❝ ❤ ✐ ✜ ① ❡ ❞ ❡ ♣ ❛ ❛ ❡❧ ② ❜ ② ❖ ❜ ❡ ✈ ❡ ✐ ♥ ❤ ❡ ✐ ♠ ♠ ♦ ❜✐❧ ❡ ❧ ❛ ❜ ♦ ❛ ♦ ② ② ❡ ♠ Ẽ 1 ✳

❙✐ ♠✐❧ ❛ ❡ ✈ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ♦ ♥ ❛ ♥ ❝ ❡ ❝ ❛ ♥ ❜ ❡ ♦ ❜ ❡ ✈ ❡ ❞ ❡ ✈ ❡ ♥ ❛ ❛ ❤ ♦ ♠ ❡✳ ❚ ♦ ❡ ❡ ✐ ✱ ② ♦ ✉ ♥ ❡ ❡ ❞
♦ ✇✐ ❧ ❤ ❡ ✇ ❛ ❡ ✐ ♥ ❛ ♦ ✉ ♥ ❞ ✐ ♥ ❦✳ ❆ ❛ ❡ ✉❧ ♦❢ ❜ ❛ ❦✐ ♥ ❣ ♦ ♥❧ ② ♦❢ ❤ ❡ ❧ ♦ ✇ ❡ ❧ ❛ ② ❡ ♦❢ ✇ ❛ ❡ ❞ ✉ ❡
♦ ❢ ✐ ❝ ✐ ♦ ♥✱ ✇ ❡✬❧❧ ❡ ❡ ❛ ♥ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❝ ♦ ✉ ♥ ❡ ✲ ♦ ❛ ✐ ♦ ♥ ♦❢ ✇ ❛ ❡ ❛ ❛ ♠ ✉ ❝ ❤ ❧ ♦ ✇ ❡ ❛ ♥ ❣ ✉❧ ❛ ♣ ❡ ❡ ❞✦

❚ ❤✐ ♣ ❡ ❝ ❡ ✐ ♦ ♥✱ ❞ ✉ ❡ ♦ ✭ ✶ ✼ ✷ ❆✮✱ ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❛ ❡ ❛ ♦❢ ✐ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ✐ ❞ ❡ v / c ✱ g / c
❛ ♥ ❞ ❛ ♥ ❣❧ ❡ ε ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✳ ❇ ❡ ✐ ❞ ❡ ✱ ❡ ① ♣ ❡ ✐ ♦ ♥ ✭ ✶ ✼ ✷ ❆✮ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❡ ① ❛ ❝ ❧ ② ✐ ♥ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ♦ ♠✱ ❜ ✉ ✇✐ ❤ ♦ ✉ ✧ ❝ ✧ ✱ ❤ ♦ ✉ ❣ ❤ ❛ ♥ ❣ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ g / v ❛ ♥ ❞ g / v ∗ ✿

d θ

d τ
= e α ×

g

v
−

g

v ∗
= e α × e β

g

v
−

g

v ∗
= − si n ε ·

g

v
−

g

v ∗
· − →e N = −




⊥
g

v
−

⊥
g

v ∗



 · − →e N . ( B )

❚ ❤✐ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ♠ ❛ ✐ ① ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ② ♣ ❡ ✭ ✶ ✶ ✶ ❆✮
❢ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✉ ♠ ♠✐ ♥ ❣ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ✇ ♦✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ Γ ❛ ♥ ❞ d Γ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ✇✐ ❤
❛ ♣ ♣ ❡ ❛ ❛ ♥ ❝ ❡ ✐ ♥ ❡ ✉❧ ♦❢ ❤ ❡ ❛ ♠ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❡ ❝ ❡ ✐ ♦ ♥ d θ / dt ✳ ■ ♥ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡
❢ ♦ ✇ ♦✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥✱ ❞ ✉ ❡ ♦ ✭ ✶ ✹ ✶ ❆✮✱ ❤ ❡ ✐ ❣ ♥ ✧− ✧ ❢ ♦ ♦ ❛ ✐ ♦ ♥ ♦❢ ♣ ❡ ❝ ❡ ✐ ♥ ❣
❛ ①✐ − →e N ✐❧❧ ✉ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❘ ✉❧ ❡ s g n θ 1 3 = − s g n ε ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦❢
❤ ❡ ❤ ❡ ♦ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ② ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ❝ ❡ ♦❢ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✳ ❚ ❤ ❡ ❡ ❛ ❡ ❛❧ ♦ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧

❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❝❧ ❡ ❛ ❝ ♦ ♥ ✜ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♥ ❛ ✉ ❡ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ❛ i γ ✳
❋ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❤ ❡ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❖ ❜ ❡ ✈ ❡ ✐ ♥ ❤ ❡ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ❜ ❛ ❡ Ẽ m ✱ ❤✐ ✐ ♥ ❞ ✉ ❝ ❡ ❞

♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✇✐ ❤ ✐ ♥ ❡ ♥ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ❜ ♦ ❞ ② M ✐ ♥ ⟨ E 3 ⟩ ( m ) ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡
♠ ❛ ♥✐❢ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❈ ♦ ✐ ♦❧✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g C ❢ ♦ ♠ ❤ ❡ ❢ ♦ ❝ ❡ F C = m g C ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ m ✳
❚ ❤ ❡ ♥ ❢ ♦ ♠ ✭ ✶ ✼ ✷ ❆✮ ❛ ♥ ❞ ✉ ✐ ♥ ❣ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♥ ❣ ❡❧ ❛ ✐ ♦ ♥ ✭ ✼ ✾ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤✐ ❈ ♦ ✐ ♦❧✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❜ ♦ ❞ ② ♦ ♣ ❛ ✐ ❝❧ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❛ ❝ ✐ ♥ ❣ ✉ ♥ ❞ ❡ ❛ ♥ ❣ ✉❧ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✈ ❡❧ ♦ ❝✐ ②
η γ = d γ / d τ = g / c ♦❢ ❤ ❡ ❜ ❛ ❡ Ẽ m ✇✐ ❤ ❡ ① ❛ ❝ ❢ ♦ ♠ ✉❧ ❛ ❛ ♥ ❞ ✇✐ ❤ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✿

g C = c ·
d θ

d τ
+ c ·

d θ

dt
≈ 2 c ·

d θ

d τ
· − →e N = 2[ c · w ∗

θ ] · − →e N ≈ − si n ε · v ·
d γ

d τ
· − →e N = − si n ε · v · η ∗ · − →e N . ( C )

❚ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ♠ ❛ ② ❤ ❛ ✈ ❡ ❛ ♥ ❡ ♣ ❤ ❡ ♠ ❡ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✱ ♦✱ ❢ ♦ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✳
❚ ❤✐ ❤ ❛ ❛ ♣❧ ❛ ❝ ❡ ✐❢ e β = ❝ ♦ ♥ ✱ ❛ ♥ ❞ ✐ ✐ ♥ ♦ ♦ ❜❧✐ ❣ ❛ ♦ ② ❤ ❛ e β = e α ✳ ❚ ❤✐ ✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞
✭ ❞ ❡ ❝ ❡❧ ❡ ❛ ❡ ❞✮ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ≡ ⟨ e α ( 0 ) , e β ⟩ ≡ ⟨ e α ( 0 ) , e µ

⟩ ≡ ❈ ♦ ♥ ✇✐ ❤

v 0 ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ ε 0 ♦ e β = ❝ ♦ ♥ ✳ ■ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ♦❢ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ ✉ ❝ ❤ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❧ ♦ ♣ ❡
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ t a n h γ 0 = v 0 / c ✇✐ ❤ e α ( 0 ) ✳ ❊ ① ❡ ❝ ✉ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥

♦❢ ❤ ❡ ❜ ❛ ❡ ❛ r ot h Γ · Ẽ 1 = Ẽ 1 h ✇✐ ❤ γ = γ 0 ❛ ♥ ❞ e α = e α ( 0 ) ✳ ❚ ❤ ❡ ♥✱ ✐ ♥ ❤✐ ♥ ❡ ✇ ❜ ❛ ❡✱
✇ ❡ ❛ ♥ ♥✐ ❤✐❧ ❛ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ d θ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ♥ ✐ ❛ ♥ ❤ γ ✭v ✮ ❛ ♥ ❞ d γ ✭g ✮ ❛ ❡ ❝ ♦❧❧✐ ♥ ❡ ❛ ✈ ❡ ❝ ♦
✭si n ε = 0 ✮✳ ❙ ✉ ❝ ❤ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ ✇✐ ❤ v = v 0 ✳

❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✇ ❛ ❤ ❡ ✜ ✐ ♥ ✶ ✾ ✷ ✻ ❡ ❛❧ ❝ ♦ ♥ ✜ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✇✐ ❤
✐ ❜ ❛ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ 4 D ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❤ ❛ ♥ ❦ ♦ ❤ ❡ ❡ ♠ ❛ ❦ ❛ ❜❧ ❡ ✇ ♦ ❦ ♦❢ ▲❧ ❡ ✇ ❡❧❧ ② ♥
❚ ❤ ♦ ♠ ❛ ❬ ✾ ✸❪✱ ✇ ❤✐ ❝ ❤ ✇ ❛ ❞ ❡ ❡ ✈ ❡ ❞❧ ② ❛ ✇ ❛ ❞ ❡ ❞ ❤ ❡ ◆ ♦ ❜ ❡❧ ❡ ❛ ♥ ✐ ③ ❡✳ ❍ ❡ ❤ ❛ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡
❙ ❚ ❘ ❣ ♦ ✉ ♣ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❤ ❡ ❛ ♥ ♦ ♠ ❛❧ ♦ ✉ ♥ ♦ ♠ ❛❧ ❡ ✛ ❡ ❝ ♦❢ ✐ ❡ ❡ ❩ ❡ ❡ ♠ ❛ ♥ ✇✐ ❤ ❤ ❡ ♣✐ ♥✲ ♦ ❜✐ ❛❧
✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ❛ ♥ ❡❧ ❡ ❝ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ② ❞ ♦ ❣ ❡ ♥ ❛ ♦ ♠✳ ■ ♥ ❈ ❤✳ ✾ ❆✱ ✇ ❡✬❧❧ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❚ ❤ ♦ ♠ ❛
♣ ❡ ❝ ❡ ✐ ♦ ♥ ❤ ❛ ❛ ❡❧ ❛ ✐ ♦ ♥ ♦ ❡ ① ❡ ❝ ✉ ✐ ♥ ❣ ♦❢ ❤ ❡ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❜ ② ✐ ♦ ✇ ♥ ♣ ❛ ✳

■ ♥ ♦ ✉ ✐ ♠ ❡✱ ❤ ❡ ♥ ❛ ✉ ❡ ♦❢ ♠ ❛ ✐ ♥ ❡ ✐ ❛ ✇✐ ❤ ❝ ♦ ♥ ✜ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼ ❛ ❝ ❤ ✐ ♥ ❝✐ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡
✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❜ ② ● ❛❧✐❧ ❡ ♦ ✕ ♦✐ ♥ ❝ ❛ ✁❡ ✇ ❛ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ✇ ♦ ❦ ♦❢ ❤ ❡ ✈ ❡ ② ❡ ♠✐ ♥ ❡ ♥ ♥ ♦ ✇

❝✐ ❡ ♥ ✐ ❡ ❡ ❍✐ ❣ ❣ ❬ ✽ ✷❪ ❜ ② ❤ ❡ ❍✐ ❣ ❣ ✜ ❡❧ ❞ ✇✐ ❤ ✐ ✉ ❛ ♥ ✉ ♠ ♣ ❛ ✐ ❝❧ ❡ ✧ ❜ ♦ ③ ♦ ♥ ✧✱ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞
❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧❧ ② ✐ ♥ ✷ ✵ ✶ ✷✳ ❚ ❤ ❡ ❍✐ ❣ ❣ ❤ ❡ ♦ ② ❤ ❛ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ✐ ♥ ❢ ❛ ❝ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ♦ ✉ ❯ ♥✐ ✈ ❡ ❡✦ ❲❡ ❤ ❛ ✈ ❡ ♠ ❛✐ ♥ ❛✐ ♥ ❡ ❞ ❤ ❡ ❛ ♠ ❡ ♦ ♣✐ ♥✐ ♦ ♥ ✐ ♥ ❝ ❡ ✶✲ ❡ ❞✐ ✐ ♦ ♥ ♦❢ ❤✐

♦ ✉ ❜ ♦ ♦ ❦ ✐ ♥ ✷ ✵ ✵ ✹ ❬ ✶ ✺❪✱ ❞ ❡ ♣✐ ❡ ✜ ❡ ❝ ❡ ❡ ✐ ❛ ♥ ❝ ❡ ❢ ♦ ♠ ♦ ♠ ❡ ❛ ❣ ❣ ❡ ✐ ✈ ❡ ❛ ♣ ♦❧ ♦ ❣✐ ♦❢ ❤ ❡ ● ❚ ❘✳



❈ ❤ ❛ ♣ ❡ ✽ ❆

❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ✇ ♦✲ ❡ ♣ ❛ ♥ ❞ ♣ ♦❧ ② ❡ ♣
♠ ♦ ✐ ♦ ♥ ✐ ♥ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❡

❉ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ✐ ❡ ♥ ❡ ❞ ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ✭ ❡ ❝ ✳ ✺✳ ✼✮ ✐ ✐ ♠✐❧ ❛ ✱ ❜ ✉ ♦ ♥❧ ② ✐ ♥ ❛
❝ ❡ ❛✐ ♥ ❡ ① ❡ ♥ ✱ ♦ ❤ ❛ ❢ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡ ⟨ P n + 1 ⟩ ✭ ❡ ❝ ✳ ✶ ✷✳ ✶✮ ✕ ❡ ❡
♦ ❣ ❡ ❤ ❡ ✐ ♥ ❡ ❝ ✳ ✻✳ ✸✳ ❚ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ✲ ❡ ♥ ♦ I ± ♦ I ∓ ✭ ✶ ✼ ❆✮ ✐ ❛❧ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ✐ ♥ ⟨ Q n + 1 ⟩✳ ■

❞ ❡ ❡ ♠✐ ♥ ❡ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ❞ ♠✐ ❡ ❞ ♦ ✇ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤✐ ♣ ❛ ❝ ❡✳ ❇ ✉ ❤ ❡ ♠ ❡ ✐ ❝ ♦❢
❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✦ ■ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ⟨ Q n + 1 ⟩✱ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ❝ ✇✐ ❤ ❤ ❡✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ② ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧

❢ ♦ ♠ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✱ ♠ ❛✐ ♥❧ ②✱ ❜ ② ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Φ
✭ ✸ ✶ ✸✮✱ ✭ ✸ ✶ ✹✮ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ❛ ♥ ❞ ❜ ② ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ♥ ❡ r ot Θ ✭ ❤ ♦ ✇ ✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ❛ ❡ ♦ ♦✮✳

❚ ❤ ❡ ♠ ❛✐ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✭ ✇✐ ❤ ❤ ❡ ❛ ❞✐ ✉ R ✮ ❛ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✭ ✇✐ ❤ ❤ ❡ ✉ ♥✐ ② ❛ ❞✐ ✉ ✮ ♦ ❜❥ ❡ ❝
♦❢ ❤✐ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ✐ ❛ ♥ ♦ ✐ ❡ ♥ ❡ ❞ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✱ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡
Ẽ 1 = { I } ✇✐ ❤ ❤ ❡ ♦ ✐ ❣✐ ♥ O ❢ ♦ ❛❧❧ ❛ ❞ ♠✐ ❡ ❞ Ẽ k ✳ ■ ✐ ♦ ✐ ❡ ♥ ❡ ❞ ❛❧ ♦ ♥ ❣ ✐ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ( 1 ) ✕
❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹ ✐ ♥ ❈ ❤✳ ✶ ✷ ✭ ✐ ♠✐❧ ❛ ♦ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❜ ♦ ❤ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✐ ♥ ⟨ P n + 1 ⟩✮✳

❚ ❤ ❡ ♦ ✐ ❣✐ ♥ O ✐ ❛❧ ♦ ❛ ❝ ❡ ♥ ❡ ♦❢ ❛❧❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✉ ♥✐ ✈ ❡ ❛❧ ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥
❜ ❛ ❡ Ẽ 1 u = r ot θ · Ẽ 1 ✳ ❚ ❤ ❡ ♦ ❛ ✐ ♦ ♥ r ot Θ ✱ ❛ ❞ ♠✐ ❡ ❞ ✉ ✉ ❛❧❧ ② ❜ ② ❤ ❡ ❝ ♦ ❛ ①✐ ❛❧❧ ② ♦ ✐ ❡ ♥ ❡ ❞
❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ± ✭ ✶ ✼ ❆✲■✮✱ ❡ ① ♣ ❡ ✱ ✐ ♥ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ⟨ Q n + 1 ⟩✱
❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❢ ❡ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✉ ♥ ❞ ❡ ✉ ♠ ♠✐ ♥ ❣ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ r ot Φ ❀ ❜ ✉ ✱ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✱ ❤ ❡ ❡ ♦ ❛ ✐ ♦ ♥

❣✐ ✈ ❡ ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ✐ ♥ ❝❧ ♦ ❡ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ✱ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ❢ ♦ ♠ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧ ❛ ❣ ❡ ❝✐ ❝❧ ❡ ♦ ♥ ❤ ❡
❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳ ❚ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❛ ♥ ② ✉ ❛ ✐✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k ❛
❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ✉ ♠ ♦❢ ❡❧ ❛ ✐ ✈ ❡ ❛ ①✐ −→y ( k ) ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ( k ) ✿

⟨ Q n + 1 ⟩ ≡ ⟨ E n ⟩ ( k ) ⊞ −→y ( k ) ≡ ❈ ❖ ◆ ❙ ❚ , ∆ y > 0 , ( 1 7 4 A )

✇ ❤ ❡ ❡ ⟨ E n ⟩ ✐ ❛ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡✱ −→y ✐ ❛ ♥ ♦ ✐ ❡ ♥ ❡ ❞ ❞ ♦ ✇ ♥ ♦ ✉ ♣ ❢ ❛ ♠ ❡ ❛ ①✐ ❢ ♦ ❛ ♥ ❣❧ ❡ φ ✳
❋ ♦ ♠ ❛ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✱ ❛❧ ♦ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡

⟨ E n ⟩ ( k ) ✐ k ✲ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ −→y ( k ) ✐ ❛ ❦✲ ❤ ❝ ♦ ✐ ♥ ❡ ❛ ①✐ ✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ✐ ③ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❛ ①✐ −→y ❛ ♥ ❢ ♦ ♠ ♦ ✉ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ✐ ♥ ♦ ❤ ❡
❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ♦❢ ✐ ♥ ❞ ❡ ① q = 1 ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✻✳ ✶✮✱
✐ ♦ ♠ ❡ ✐ ❝ ♦ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❜ ② ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ I ± ✳

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ❡ ❛ ❞ ♠✐ ❡ ❞ ✐ ♥ ⟨ Q n + 1 ⟩ ✇✐ ❤ ✐ ❣ ❤ ❜ ❛ ❡ ✿
✶✮ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ♦ ② ♣ ❡ ✿ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ r ot Φ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ r ot Θ ❀
✷✮ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ♣ ❡ ❡ ✈✐ ♥ ❣ ❤ ❡ ♣ ❛ ❝ ❡ ✉ ❝ ✉ ❡ ✭ ✶ ✼ ✹ ❆✮ ✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ± ✳

❚ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ♥ ♦ ♦❢ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ⟨r ot Φ ⟩ ❡ ① ❡ ❝ ✉ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥
✭ ♠ ♦ ✐ ♦ ♥ ✮ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ Φ ✐ ♥ ⟨ Q n + 1 ⟩❀ ❤ ❡ ❢ ❡ ❡ ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❡ ♥ ♦
♦❢ ♦ ❛ ✐ ♦ ♥ ⟨r ot Θ ⟩ ❡ ① ❡ ❝ ✉ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤✐❢ ❛ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ Θ ✐ ♥
❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ♦❢ ⟨ Q n + 1 ⟩ ✐ ♥ ✭ ✶ ✼ ✹ ❆✮✱ ✕ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷ ✺ ✼✮ ❢ ♦ ♠ ❈ ❤✳ ✺✿

r ot Φ · I ± · r ot Φ = I ± ,

r ot ′ Θ · I ± · r ot Θ = I ± = r ot Θ · I ± · r ot ′ Θ .





(✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ± ) ( 1 7 5 A )

❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❢ ♦ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ♦ ♠ ♣ ♦ ✐ ❡ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥✮ T ✱ ✇ ❡ ❤ ❛❧❧ ✉ ❡
❤ ❡ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ❤ ❡ ✐ ❣ ❤ ✲ ♦ ✐ ❡ ♥ ❡ ❞ ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ❤ ♦ ❡ ♥ ❛ ♦ ✐ ❣✐ ♥ ❛❧ ♦ ♥ ❡✮✿

Ẽ = T · Ẽ 1 = r ot Φ · r ot Θ · Ẽ 1 = r ot Θ · r ot
∠

Φ ·Ẽ 1 . ( 1 7 6 A )

T = r ot Φ · r ot Θ = r ot Θ · r ot
∠

Φ , d et T = + 1 . ( 1 7 7 A )



✷ ✹ ✹ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♦❢ ❛ ❞✐ ✉ R ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ♦ ⟨ Q n + 1 ⟩✱ ❛ ❛ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✱ ✐ ❛ ♥
♦ ❜❥ ❡ ❝ ✱ ✇ ❤ ❡ ❡ ✐ ✐ ♥ ❡ ♥ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ✐ ✐ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ✉ ❛ ✐✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ⟨ Q n + 1 ⟩ ✉ ♣ ♦ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ♥ ♦❢ ✐ ♠✐❧ ❛ ✐ ② R ✱ ❜ ♦ ❤ ❤ ❛ ✈✐ ♥ ❣
❤ ❡ ❛ ♠ ❡ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥✳ ❆ ❜ ❛ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✷✮ ✐ ♥ Ẽ ( 0 1 ) ✱ ❡ ❡ ✭ ✹ ✹ ✸✮✱ ❛ ♥ ❞

✭ ✸ ✷ ✸✮ ✐ ♥ Ẽ ( 0 2 ) ✱ ❡ ❡ ✭ ✹ ✹ ✹✮✱ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡✳ ❙ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣ ②✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ✭ ✸ ✸ ✶✮✱
❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ❧ ♦ ❝ ❛❧❧ ② ✐ ♥ ❛ ♥ ② ✉ ♥✐ ✈ ❡ ❛❧ ❜ ❛ ❡ ✱ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✻✳ ✶✱ ✻✳ ✷✳ ❚ ❤ ✉ ✱ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ Ẽ 1 ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✸✮ ❛ ❢ ♦❧❧ ♦ ✇ ✿

Γ ↔ iΓ ↔ Φ , r ot h Γ ↔ r ot i Γ ↔ r ot Φ , ( Ẽ ( 1 h ) ↔ Ẽ ( 0 2 ) ↔ Ẽ ( 1 s ) ), ( 1 7 8 A )

❖ ♥ ❤ ❡ ❜ ❛ ❡✱ ✇ ❡ ❡ ① ♣ ♦ ❡ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♦❢ ❤✐ ❈ ❤ ❛ ♣ ❡ ✐ ♥ ♣ ❛ ❛❧❧ ❡❧ ✇✐ ❤ ♦ ♥ ❡ ♦❢ ❈ ❤✳ ✼ ❆ ✦
❚ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ r ot Φ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ✐ ♥ ⟨ Q 2 + 1 ⟩ ❤ ❛ ✱ ❞ ✉ ❡ ♦ ✭ ✸ ✶ ✸✮✱
✭ ✸ ✶ ✹✮✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ✐ ♥ Ẽ 1 ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ± ✿

{ r ot Φ } 3 × 3 = c o s Φ + i · si n Φ { r ot Θ } 3 × 3 ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ±

c o s φ i ·
← − − − −
e α · e α

′ +
− − − − →
e α · e α

′ ∓ si n φ i · e α

± si n φ i · e ′
α c o s φ i

.......
{ r ot Θ } 2 × 2 0

0 ′ 1
............

I 2 × 2 0

0 ′ − 1
. ( 1 7 9 A )

❚ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ Θ ❛ ❛ ✉❧ ❡ ✐ ❛❧ ♦ ❡ ❝ ♦ ♥ ❞ ❛ ② ❢ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡✳
❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❛ ❜ ❛ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✸✮✱ ❛❧❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

❣ ❡ ♦ ♠ ❡ ② ❢ ♦ ♠ ❈ ❤✳ ✼ ❆ ✇✐ ❤ ❡❧ ❛ ✐ ♦ ♥ ✭ ✶ ✶ ✾ ❆✮ ❛ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❤ ❡✐ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ✐ ♥ ❤ ❡
♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳ ❲✐ ❤ ✐ ❣ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❜ ♦ ❤ ❣ ❡ ♦ ♠ ❡ ✐ ❡

♠ ❡ ❛ ✉ ❡ ❞ ❡✐ ❤ ❡ ❜ ② ♥ ❛ ✉ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ❛ ✉ ❡ ♦❢ ❧ ❡ ♥ ❣ ❤ ♦ ❜ ② ❛ ♥ ❣ ✉❧ ❛
▲ ❛ ♠ ❜ ❡ ✬ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ❡ ❛ ✉ ❡ ♦❢ ❛ ♥ ❣❧ ❡✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

a ( H ) = λ = γ · R, → a ( S ) = l = φ · R, ( 1 8 0 A )

❋ ✉ ❤ ❡ ✱ ✇ ❡ ✐ ♥❢ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✭ q = 1 ✮ ♦❢ ❡ ♥ ✇✐ ❤ ❤ ❡ ✉ ❡
♦❢ ❤✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✇✐ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✐ ❝ ♦ ♠ ♠ ❡ ♥ ❛ ✐ ❡ ✮✳ ❋ ♦ ✇ ♦✲ ❡ ♣
♥ ♦ ♥ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✱ ❜ ② ✭ ✶ ✼ ✻ ❆✱ ✶ ✼ ✼ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛ ♥ ❡ ✇
❜ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ Ẽ 1 = { I } ✱ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✶ ✶ ✶ ❆✮✿

Ẽ 3 = r ot Φ 1 2 · r ot Φ 2 3 · Ẽ 1 = { r ot Φ 1 2 · r ot Φ 2 3 · r ot ′ Φ 1 2 } ˜E 2
· r ot Φ 1 2 · Ẽ 1 =

= r ot Φ 1 3 · r ot Θ 1 3 · Ẽ 1 = { r ot Φ 1 3 · r ot Θ 1 3 · r ot ′ Φ 1 3 } ˜E 1 s
· r ot Φ 1 3 · Ẽ 1 = ( 1 8 1 A )

= r ot Θ 1 3 · r ot
∠

Φ 1 3 ·Ẽ 1 = { r ot Θ 1 3 · r ot
∠

Φ 1 3 ·r ot ′ Θ 1 3 } ˜E 1 u
· r ot Θ 1 3 · Ẽ 1 = T 1 3 · Ẽ 1 = { T 1 3 } .

❚ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ❣✐ ✈ ❡ ♥ ❢ ♦ ❤ ❡ ❞✐ ❡ ❝ ♦ ❞ ❡ ♦❢ ❤ ❡ ✇ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥

❈ ♦ ♦❧❧ ❛ ② ✳ ❚ ✇ ♦✲ ❡ ♣ ♥ ♦ ♥ ❝ ♦❧❧✐ ♥ ❡ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ r ot Φ i j ✐ ♥ ⟨ Q n + 1 ⟩ ♦ ♦ ♥
❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♠ ❛ ② ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❡ ✉ ❡ ♥ ✐ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✳

❙ ♦ ♠ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ✉ ❝ ❤ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❛

r ot
∠

Φ 1 3 = r ot ′ Θ 1 3 · r ot Φ 1 3 · r ot Θ 1 3 = r ot (− Θ 1 3 ) · r ot Φ 1 3 · r ot ( + Θ 1 3 ), ( 1 8 2 A )

❞ ✉ ❡ ♦ ✭ ✶ ✶ ✸ ❆✮ : e ∠
σ

= { r ot ( + Θ 1 3 )} 3 × 3 ·e σ (✉ ♥ ❞ ❡ ✉❧ ❡ ε > 0 → θ 1 3 > 0) ⇒ c o s θ 1 3 = e ′
∠
σ
·e σ .

❘ ♦ ❛ ✐ ♦ ♥ ± θ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ Ẽ 1 s = r ot
∠

Φ ·Ẽ 1 ✳ ✭■❢ n = 2 ✱ ✐ ❛ ❝ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ( 1 s ) ✮✳ ■❢
n = 3 ✱ ✇ ❡ ❤ ❛ ✈ ❡ − →r N (θ ) = e ∠

σ
⊗ e σ = ± si n θ · − →e N , − →r N (ε ) = e α ⊗ e β = ± si n ε · − →e N ✳

❚ ❤ ❡ ❡ ✐ ❤ ❡ ❡ ❡ ♥ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ Γ ❛ ♥ ❞ Φ ✿ ✐ ♥ Ẽ 1 ✱ Γ ✐ ② ♠ ♠ ❡ ✐ ❝✱
Φ ✐ ❛ ♥ ✐ ② ♠ ♠ ❡ ✐ ❝✳ ■ ♥ ❤ ❡✐ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ❢ ♦ ♠ ✱ Γ ✐ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞✱ Φ ✐ ✐ ♠ ❛ ❣✐ ♥ ❛ ②✲ ✈ ❛❧ ✉ ❡ ❞✳ ❆
❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡✱ ❛❧❧ ❤ ❡ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱ ✇ ❤ ❡ ♥ ❛ ♥ ❣❧ ❡ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥
② ♠ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✿ Γ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✱ − iΦ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ ( 0 1 ) ✕ ❡ ❡ ✭ ✷ ✼ ✶✮✱ ✭ ✷ ✼ ✼✮✳



❈ ❍ ❆ ❚ ❊ ❘ ✽ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❍ ❊ ❘ ■ ❈ ❆ ▲ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✹ ✺

❚ ❤ ❡ ♥ ❡ ① ❢ ♦ ♠ ✉❧ ❛ ❤ ♦❧ ❞ ❞ ✉ ❡ ♦ ❤✐ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ② ✐ ♥ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✿

r ot Φ 1 3 = r ot Φ 1 2 · r ot ( 2 Φ 2 3 ) · r ot Φ 1 2 = r ot ( 2 Φ 1 3 ) =

= [r ot Φ 1 2 · r ot Φ 2 3 ] · [r ot Φ 2 3 · r ot Φ 1 2 ] =
√

T T ⋆ , ( 1 8 3 A )

❚ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛ ✐ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ✭ ✶ ✶ ✹ ❆✮✱ ❜ ✉ ✉ ❛ ❡ ♦ ♦ ❛ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✭ ❡ ❡ ✐ ♥ ❡ ❝ ✳ ✺✳ ✻✮✳ ❲❡
❤ ❛ ✈ ❡ ❛ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ②✱ ✇ ❤✐ ❝ ❤ ❡❧ ❛ ❡ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ❛ ❡ ❢ ♦ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❝ ❤ ❛ ♥ ❣ ❡
♦❢ ♦ ❞ ❡ ✐ ♥ ♦ ❝ ♦ ♥ ❛ ②✳ ❋ ♦ ♠ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ Ẽ 1 = { I } ✱ ❛ ✐ ♥ ✭ ✶ ✽ ✶ ❆✮✱ ❤✐ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❜ ❛ ❡
Ẽ ⋆

3 = r ot Φ 2 3 · r ot Φ 1 2 = T ⋆
1 3 · Ẽ 1 ✱ ✇ ❤ ❡ ❡ T ⋆ ✐ ✉ ❛ ✐✲ ❛ ♥ ❛❧ ♦ ❣ ♦❢ T ′ ✐ ♥ ✭ ✶ ✶ ✻ ❆✮✱ ❜ ✉ T ⋆

1 3 ≠ T ′
1 3 ✦

❋ ♦ ♠ ❤ ❡ ❞✐ ❡ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽ ✶ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✶ ✶ ✺ ❆✮✿

r ot ( + Θ 1 3 ) = r ot Φ 1 2 · r ot Φ 2 3 · r ot
∠

Φ 3 1 = r ot Φ 3 1 · r ot Φ 1 2 · r ot Φ 2 3 = r ot Φ 3 1 · T 1 3 . ( 1 8 4 A )

■ ❡ ♣ ❡ ❡ ♥ ❤✐ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ✉❧ ♦❢ ❤ ❡ ❝❧ ♦ ❡ ❞ ❝ ② ❝❧ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮
r ot Φ i j ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ❛ ♥ ❞ ❛ ❞ ❞ ✭ ✶ ✽ ✸ ❆✮✳ ■ ✐ ❡ ① ❡ ❝ ✉ ❡ ❞ ❛ ✐ ♥ ✭ ✶ ✶ ✺ ❆✮ ❢ ♦ ♠ ♣ ♦✐ ♥
✶ ❛ ♥ ❞ ✸ ✐ ♥ ❜ ❛ ❡ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ❛ ❝ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ♦❢ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ✐ ❞ ❡ ✦

■ ♥ ♦ ❞ ❡ ❤ ❛ ❛ ❡ ✉❧ ♦❢ ✭ ✶ ✽ ✸ ❆✮ ✇ ❛ r ot Φ 1 3 ✱ ✇ ❡ ❛ ❞ ♦ ♣ ❡ ❞ ❢ ♦ ✇ ♦✲ ❡ ♣ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮

✐ ♥ ✈ ❡ ❡ ♦ ✭ ✶ ✽ ✶ ❆✮ ❤ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ✭ ✶ ✶ ✻ ❆✮ ✭ ✇✐ ❤ ♦ ✉ ❛ ♥ ✐ ✐ ♦ ♥ ✐ ♥ Ẽ ( 0 1 ) ✦✮✿

Ẽ ⋆
3 = r ot Φ 2 3 · r ot Φ 1 2 · Ẽ 1 = T ⋆

1 3 · Ẽ 1 = r ot ( − Θ 1 3 ) · r ot Φ 1 3 · Ẽ 1 =

= r ot
∠

Φ 1 3 ·r ot ( − Θ 1 3 ) · Ẽ 1 = { r ot
∠

Φ 1 3 ·r ot ( − Θ 1 3 ) · r ot ′ ∠

Φ 1 3 } ˜E 1
· r ot

∠

Φ 1 3 ·Ẽ 1 . ( 1 8 5 A )

❚ ❤✐ ❡ ① ♣ ❡ ✐ ♦ ♥ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ✭ ✶ ✽ ✷ ❆ ✮✱ ❣ ♦ ❡ ♥ ❢ ♦ ♠ ✭ ✶ ✽ ✶ ❆ ✮✦ ❋ ♦ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ♦❢
♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✶ ✶ ✼ ❆ ✮✱ ✭ ✶ ✶ ✽ ❆ ✮ ✇✐ ❤ ✐ ♥ ✈ ❡ ❡ ❝ ② ❝❧ ❡ ✭ ✶ ✽ ✹ ❆ ✮✿

r ot
∠

Φ 1 3 = r ot Φ 2 3 · r ot ( 2 Φ 1 2 ) · r ot Φ 2 3 = r ot ( 2
∠

Φ 1 3 ) =
√

T ⋆ T , ( 1 8 6 A )

r ot ( − Θ 1 3 ) = r ot
∠

Φ 1 3 ·r ot Φ 2 3 ·r ot Φ 1 2 = r ot ( − Φ 3 2 ) ·r ot ( − Φ 2 1 ) ·r ot ( − Φ 1 3 ) = T ⋆
1 3 ·r ot Φ 3 1 . ( 1 8 7 A )

❚ ❤ ❡ ❛ ♥ ❣❧ ❡ Φ 1 3 ❛ ♥ ❞
∠

Φ 1 3 ❞✐ ✛ ❡ ❜ ② ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✳ ❉ ✉ ❡ ♦ ✭ ✶ ✽ ✷ ❆✮✱ ✐ ❝ ❛❧ ❛
✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❛ ♥ ❣❧ ❡ φ 1 3 ✭✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❢ ♦ ♣ ♦❧ ② ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✮ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ♦ ❞ ❡ ✐ ♥ ❣ ♦❢
✉ ♠ ♠ ❛ ♥ ❞ ✭ ❞✐ ❡ ❝ ♦ ✐ ♥ ✈ ❡ ❡✮✳ ❚ ❤ ❡ ❝ ❛ ❡ ✇ ❤ ❡ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ❡✐ ❤ ❡

❡ ✉ ❛❧ ♦ ❛ ❞ ❞✐ ✐ ✈ ❡❧ ② ♦ ♣ ♣ ♦ ✐ ❡ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✳ ❈ ❤ ♦✐ ❝ ❡ ♦❢ ❞✐ ❡ ❝
♦ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ♦❢ ✉ ♠ ♠ ❛ ♥ ❞ ✐ ♥ ✇ ♦✲ ❡ ♣ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ T ♦ T ⋆ ✐ ❡ ❞ ✉ ❡ ❞
♦ ❤ ❡ ❡ ♣ ❛ ✐ ❛❧ ❛ ♥ ❣❧ ❡ ✉ ❜ ✐ ✉ ✐ ♦ ♥ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ✭ ✶ ✷ ✶ ❆✮✿

φ 1 2 ↔ φ 2 3 ,  αk ↔ β k , k = 1 , 2 . ( 1 8 8 A )

❋ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨Q n + 1 ⟩ ✐ ♥ ❤ ❡✐ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ❢ ♦❧❧ ♦ ✇
❛ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❡✐ ❤ ❡ ✇✐ ❤ ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣ ✇ ♦ ♠ ♦ ❞ ❛❧ ♠ ❛ ✐ ❝ ❡ ✐ ♥ ✭ ✶ ✽ ✸ ❆✮ ❛ ♥ ❞ ✭ ✶ ✽ ✻ ❆✮✱ ♦ ✉ ✐ ♥ ❣ ✭ ❛
✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✶ ✵ ❆✮ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ✇ ♦ ♠ ♦ ✐ ♦ ♥ ✱ ♦ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡❧ ② ❛ ♣ ♣❧ ②✐ ♥ ❣
❛ ❜ ❛ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✶ ✼ ✽ ❆✮✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ♦❢ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❛ ♥ ❣❧ ❡ φ 1 3 ✐
❡ ① ♣ ❡ ❡ ❞ ❛ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✭ ✶ ✷ ✷ ❆✮✱ ❛ ♥ ❞ ✇✐ ❤ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ε = π − A 1 2 3 ✿

c o s φ 1 3 = c o s φ 1 2 · c o s φ 2 3 − c o s ε · si n φ 1 2 · si n φ 2 3 =

= c o s φ 1 3 = c o s φ 1 2 · c o s φ 2 3 + c o s A 1 2 3 · si n φ 1 2 · si n φ 2 3 .





( 1 8 9 A )

■ ✐ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ✇✐ ❤ + c o s A 1 2 3 ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ❢ ♦ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❛
✐ ❛ ♥ ❣❧ ❡ 1 2 3 ♦ ♥ ❛ ♣ ❤ ❡ ❡✱ ✇ ❤ ❛ ♥ ♦ ❤ ❛ ❛ ❡❧ ❛ ✐ ♦ ♥ ♦ ♦ ✉ ✜ ❢ ♦ ♠ ✉❧ ❛ ♦❢ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

✇ ♦✲ ❡ ♣ ❝ ♦ ✐ ♥ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❡ ❣ ♠ ❡ ♥ ✲ ❛ ❝ ✭ ♦❢ ❜✐ ❣ ❝✐ ❝❧ ❡ ✮ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳
❚ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ❤ ♦ ✇ ❤ ❛ ❝ ♦ ✐ ♥ ❡ ❝ ❛❧ ❛ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❞ ♦ ❡ ♥ ♦
❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ♦ ❞ ❡ ✐ ♥ ❣ φ 1 2 ✱ φ 2 3 ✭ ✐ ♠✐❧ ❛ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ✐ ♥ ❈ ❤✳ ✼ ❆✮✳



✷ ✹ ✻ ❆ ❊ ◆ ❉ ■ ❳

▼ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ y ✲ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♣ ❡ ❡ ✈ ❡ ❤ ❡
❛ ♥ ❣❧ ❡ φ i j ♣ ♦ ✐ ✐ ✈✐ ②✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❢ ♦ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❞✐ ❛ ♥ ❝ ❡ ✐ ♥ ❤ ❡
♣ ❤ ❡ ✐ ❝ ❛❧ ▲ ❛ ♠ ❜ ❡ ♠ ❡ ❛ ✉ ❡ ✱ ❤ ❡ ✧ ♣ ❛ ❛❧❧ ❡❧ ♦ ❣ ❛ ♠ ✉❧ ❡ ✧ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✭ ❛ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②

❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ②✮✿

|φ 1 2 − φ 2 3 | ≤ φ 1 3 ≤ φ 1 2 + φ 2 3 .

■ ✐ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ✭ ✶ ✷ ✸ ❆✮ ❛ ♥ ❞ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶ ✽ ✾ ❆✮✳ ❉ ✉ ❡ ♦ ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❛ ♥ ❞ φ i j > 0 ✱
❞✐ ❛ ♥ ❝ ❡ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ✐ ❛ ♥ ♦ ♠✳ ❚ ❤ ❡ ✇ ❤ ♦❧ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❤ ❛ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♠ ❡ ✐ ❝✱ ❤ ❛ ✐ ✇ ❤ ② ❤ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❝ d φ ❛ ♥ ❞ ❛ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❝
d θ ❛ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✳ ❚ ❤ ❡ n D ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✐ ♥ ⟨Q n + 1 ⟩✱ ✐ ♥ ✐ ✐ ♥ ❡ ♠ ♦ ❞ ❡❧✱ ✐ ♠ ❛ ♣ ♣ ❡ ❞ ❡ ♥ ✐ ❡❧ ②
✐ ♥ ♦ ❤ ❡ ✇ ♦✲ ✐ ❞ ❡ ❝❧ ♦ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ [⟨⟨ E n ⟩⟩ ]✱ ❛❧ ♦ ✇✐ ❤ ♦ ♣ ♦❧ ♦ ❣ ②
♦❢ n ✲ ♣ ❤ ❡ ❡ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶ ✷ ❛ ♥ ❞ ❋✐ ❣ ✉ ❡ ✹✮✱ ❜ ✉ ♦ ♥❧ ② ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ♦❢ ❛ ❞✐ ✉ R
✭ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❝✐ ❝❧ ❡ ❛ R = 1 ✮ ✇✐ ❤ ✐ ✇ ❤ ♦❧ ❡ ✐ ♥ ❡ ♥ ❛❧ ❜ ♦ ❞ ❡ ✳ ■ ♥ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ❤ ❡
❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ❤ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ♦❢ ❤ ❡ ❛ ❝ ✉ ♠ ❤ ♦❧ ❞
✐ ♥ ❞✐ ❡ ❝ ❛ ♥ ❞ ❝ ♦ ♥ ❛ ② ♦ ❞ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✳ ❚ ❤ ✉ ✱ ❤ ❡ ❝ ❛❧ ❛ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❢ ♦ ♠
✭ ✶ ✽ ✾ ❆✮✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✇ ♦ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✈ ❛ ✐ ❛ ♥ ❛ ❤ ❡ ♠✐ ♦ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ✉ ♠ ✱ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛
φ 1 2 ↔ φ 2 3 ❀ ❛ ♥ ❞✱ ♦❢ ❝ ♦ ✉ ❡✱ ✐ ✐ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✶ ✷ ✹ ❆✮✿

si n 2 φ 1 3 = 1 − c o s 2 φ 1 3 =

= si n 2 φ 1 2 + si n 2 φ 2 3 − ( 1 + c o s 2 ε ) · si n 2 φ 1 2 · si n 2 φ 2 3 + 2 c o s ε · c o s φ 1 2 · c o s φ 2 3 · si n φ 1 2 · si n φ 2 3 =

= ( si n φ 1 2 · c o s φ 2 3 + c o s ε · si n φ 2 3 · c o s φ 1 2 ) 2 + ( si n ε · si n φ 2 3 ) 2 =

= ( si n φ 2 3 · c o s φ 1 2 + c o s ε · si n φ 1 2 · c o s φ 2 3 ) 2 + ( si n ε · si n φ 1 2 ) 2 . ( 1 9 0 A )

❚ ❛ ♥ ❣ ❡ ♥ ❞✐ ❡ ❝ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶ ✽ ✾ ❆✮✱ ✭ ✶ ✾ ✵ ❆✮ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✶ ✷ ✺ ❆✮✿

t a n 2 φ 2 3 =
t a n φ 1 2 + c o s ε · t a n φ 2 3

1 − c o s ε · t a n φ 2 3 · t a n φ 1 2

2

+
si n ε · t a n φ 2 3 · s e c φ 1 2

1 − c o s ε · t a n φ 2 3 · t a n φ 1 2

2

. ( 1 9 1 A )

❚ ❤ ❡ ② ❡ ① ♣ ❡ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❇✐ ❣ ❛ ♥ ❞ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ⟨ Q n + 1 ⟩✱ ✇ ❤✐ ❝ ❤ ❛ ❝ ✐ ♥
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛❧ ♦ ❢ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ❡ ❣ ♠ ❡ ♥ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

✐ ♥ ♦ [⟨⟨ E n ⟩⟩ ]✳ ❚ ❤ ❡ ② ❛ ❝ ✐ ♥ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ✿ ❢ ♦ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ♦❢ ❤ ❡ ❡ ❡ ❣ ♠ ❡ ♥ ✳
❋ ✉ ❤ ❡ ✱ ✇✐ ❤ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ❜ ❡❢ ♦ ❡ ✐ ♥ ❈ ❤✳ ✼ ❆✱ ✇ ❡ ✐ ♥❢ ❡ ❛❧❧ ✈ ❡ ❝ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧
② ♣ ❡ ♦❢ ❤ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧❧ ② ♦❢ ✇ ♦✲ ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥

✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✭❢ ♦ ♠ ❡ ❝ ✳ ✺✳ ✶ ✷✮ ✐ ♥ ⟨ Q n + 1 ⟩✳ ❚ ❤ ❡ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✇✐ ❤
❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❤ ❛ ✈ ❡ ❛❧ ♦ ❤ ❡ ❛ ♠ ❡ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ✉ ♠ ♠✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥
♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P n + 1 ⟩✳ ❆ ♥ ❞ ❤ ❡ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱
❣✐ ✈ ❡ ♥ ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✻ ❆✱ ❤ ❛ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ♦ ♥ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ✭ ✶ ✸ ✷ ❆✮✱
❈ ❤✳ ✼ ❆✱ ❡ ❝✳✳ ❚ ❤ ❡ ❡ ✉❧ ♦❢ ✉ ❝ ❤ ✈ ❡ ❝ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ♦ ❞ ❡ ✐ ♥ ❣ ♦❢ ✉ ♠ ♠ ❛ ♥ ❞ φ 1 2

❛ ♥ ❞ φ 2 3 ✳ ❙ ♦✱ ❤ ❡ ✉ ♠ ♠ ❛ ② ✈ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ✇ ♦ ❝ ♦ ♥ ❛ ② ✈ ❛ ✐ ❛ ♥ ♦❢ ♦ ❞ ❡ ✐ ♥ ❣ ✇ ♦ ♠ ♦ ✐ ♦ ♥ ✱
❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜✲ ❜ ❛ ❡✱ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

( 1 ) si n φ 1 3 = si n φ 1 3 · e σ =
= ( c o s φ 2 3 · si n φ 1 2 + c o s ε · c o s φ 1 2 · si n φ 2 3 ) · e α + si n ε · si n φ 2 3 · e ν =
= [ c o s φ 2 3 · si n φ 1 2 − c o s ε · ( 1 − c o s φ 1 2 ) · si n φ 2 3 ] · e α + si n φ 2 3 · e β ;

( 2 ) si n
∠

φ 1 3 = si n φ 1 3 · e ∠
σ

=

= ( c o s φ 1 2 · si n φ 2 3 + c o s ε · c o s φ 2 3 · si n φ 1 2 ) · e β + si n ε · si n φ 1 2 · e ∠
ν

=

= [ c o s φ 1 2 · si n φ 2 3 − c o s ε · ( 1 − c o s φ 2 3 ) · si n φ 1 2 ] · e β + si n φ 1 2 · e α .






( 1 9 2 A )

❋ ♦ ♠ ❤ ❡ ❡✱ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ φ 1 2 = φ ❛ ♥ ❞ φ 2 3 = d φ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❛ ♠ ❡ ♠ ❡ ✐ ❝ ❢ ♦ ♠
✭ ✶ ✵ ✾ ❆✮ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❢ ♦ ♠ ✐ ♦❧ ❡✱ ❜ ✉ ✐ ♥ ❤ ❡ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✕ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✳

e ν =
c o s β k − c o s ε · c o s α k

si n ε k = 1 ,2 ,3

=
e β − c o s ε · e α

si n ε
=

− − − →
e α e ′

α · e β

||
− − − →
e α e ′

α · e β ||
− ❡ ❡ ❜ ❡❢ ♦ ❡ ✐ ♥ ( 1 3 6 A ) .



❈ ❍ ❆ ❚ ❊ ❘ ✽ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❍ ❊ ❘ ■ ❈ ❆ ▲ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✹ ✼

❚ ❤ ❡ ✈ ❡ ❝ ♦ e ν ✭ ❛ ♥ ❞ e ∠
ν

❢ ♦ ✐ ♥ ✈ ❡ ❡❧ ② ♦ ❞ ❡ ❡ ❞ ✉ ♠ ♠ ❛ ② ♠ ♦ ✐ ♦ ♥ ❛ e α ↔ e β ✐ ✉ ❡ ❞ ✐ ♥

❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ✐ ♥ ♦ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ♣ ❛ ✳
❚ ❤ ❡ ② ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❜✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✷✲ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ♥ ❤ ❡ ✉ ♠✿
e β = c o s ε · e α + si n ε · e ν , e ′

ν · e α = 0 , e ′
ν · e β = si n ε (ε ∈ [ 0; π ]).

■ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✱ ❤✐ ✜ ♥✐ ❡ ✈ ❡ ❝ ♦ ✐ ♥ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ❡ ♥ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡❧ ② ♦ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡
❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹✱ ❈ ❤✳ ✶ ✷✱ ✐ ♠✐❧ ❛ ♦ ❛❧ ♦ ✜ ♥✐ ❡ ❛ ♥ ❣ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ②✱
❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛ ❛ ❋✐ ❣ ✉ ❡ ✹ ❆✱ ❈ ❤✳ ✼ ❆✳ ❙✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ✐ ♥ ✉ ❛ ❡ ❞ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ✭ ✶ ✷ ✹ ❆ ✮✱

✭ ✶ ✸ ✺ ❆ ✮ ❛ ♥ ❞ ❛ ✭ ✶ ✷ ✺ ❆ ✮✱ ✭ ✶ ✸ ✽ ❆ ✮✱ ❤ ❛ ✈ ❡ ✐ ♥ Ẽ
( 3 )
1 ✐ ♠✐❧ ❛ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✿

si n φ 2 3 =
=

si n φ 2 3 +
⊥

si n φ 2 3 → si n φ 1 3 = ( si n φ 1 2 +
=

si n φ 2 3 ) +
⊥

si n φ 2 3 .

❇ ♦ ❤ ❤ ❡ ❡ ❡❧ ❛ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡✳ ❙ ♦✱ ❛ ❡ ✉❧ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❇✐ ❣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠
✐ ♥ ✐ ✉ ❛ ❡ ❞ ✈ ❛ ✐ ❛ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✭ ✶ ✷ ✹ ❆ ✮✱ ❛ ♥ ❞✱ ❛ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡✱ ❤ ❡ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥

❚ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❡ ❣ ♠ ❡ ♥ ✐ ♥ Ẽ
( 3 )
1 ✱ ✇✐ ❤ ❤ ❡ ✐ ✈✐ ❛❧ ❝ ❛ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ✭ ✶ ✷ ✾ ❆ ✮✿

si n 2 φ 1 3 = si n 2 ( φ 1 2 +
=

φ 2 3 ) + si n 2 ⊥
φ 2 3 , si n 2 φ 2 3 = si n 2 =

φ 2 3 + si n 2 ⊥
φ 2 3 .

■ ♥ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡✱ si n
=

φ 1 3 = c o s ε · si n φ 1 3 ✱ si n
⊥

φ 2 3 = si n
⊥

φ 1 3 = si n ε · si n φ 1 3 . ❚ ❤ ❡✐ ❝ ♦ ✐ ♥ ❡ ✱ ❛ ❡✱
❛ ❞ ✉ ❡ ♦ ✭ ✶ ✷ ✷ ❆ ✮✱ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ −→y ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E 3 ⟩ ✳

❋ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ✈ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✐ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ✭ ✶ ✸ ✽ ❆ ✮✱ ❛ ♥ ❞ ❣✐ ✈ ❡ ♥ ♦ ♥❧ ② ❢ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ♥ ❡ ✿

t a n φ 1 3 = t a n φ 1 3 · e σ =
t a n φ 1 2 + c o s ε · t a n φ 2 3

1 − c o s ε · t a n φ 2 3 · t a n φ 1 2
· e α +

si n ε · t a n φ 2 3 · s e c φ 1 2

1 − c o s ε · t a n φ 2 3 · t a n φ 1 2
· e ν . ( 1 9 3 A )

✯ ✯ ✯
❆ ❤ ❡ ❛ ❜ ❛ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ♦ ♥ ❤ ❡ ✷ ❉ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡✲ ✐ ♥ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✭ ✶ ✻ ✵ ❆✱ ✶ ✻ ✶ ❆ ✮

♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿

d c o s φ p = si n γ p d γ p = si n γ i d γ i ;

|d si n φ ( γ ) |2 = c o s 2 φ d φ 2 + si n 2 φ d α 2 = c o s 2 φ p ( d φ p ) 2 =

= c o s 2 φ p · [ ( c o s ε d φ p ) 2 + ( si n ε d φ p ) 2 ] = c o s2 φ p · [d φ p

2
+

⊥
d φ p

2

] < 1;

si n φ · e α ( γ ) = si n φ 0 · e α ( 0 ) + φ
φ 0

[ c o s φ d φ · e α + si n φ d α · e ν ].






( 1 9 4 A )

❍ ❡ ❡ d α ✐ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜ ❛ ✐ ✈ ❡ ❝ ♦ ✳

✯ ✯ ✯

❇ ❡ ✐ ❞ ❡ ✱ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ φ ❛ ♥ ❞ γ ❛ ❡ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❣ ❡ ♦ ♠ ❡ ✐ ❡ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✻ ❛ ♥ ❞ ❈ ❤✳ ✶ ❆✳ ❚ ❤ ❡ ② ❛ ❡ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❛ ❛❧❧ ❡❧
❛ ♥ ❣❧ ❡ υ ✭ ❜ ② ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✮ ❛ ♥ ❞ ξ ✳ ❆❧❧ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ✇ ❡ ❡ ✐ ♥❢ ❡ ❡ ❞ ❡ ♥ ✐ ❡❧ ② ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✻✳
❙✐ ♠ ♣❧ ❡ ❛ ❞ ❞✐ ✐ ✈ ❡ ❜ ♦ ♥ ❞ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ❛❧ ❛ ❛ ♥ ❞ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ φ ↔ ξ ✐ ❛ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ② ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳
❲✐ ❤ ✭ ✸ ✶ ✼ ✮ ♦ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ✭ ✹ ✾ ✻ ✮✱ ✇ ❡ ❣✐ ✈ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❡ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ❢ ♦❧❧ ♦ ✇ ✿

r ot Φ = r ot Ξ

si n φ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ ∓ c o s φ · e α · · · c o s ξ ·
← − − −
e α e α

′ +
− − − →
e α e α

′ ∓ si n ξ · e α

± c o s φ · e ′
α si n φ · · · ± si n ξ · e ′

α c o s ξ
.

✯ ✯ ✯

❋ ♦ ♠ ✭ ✶ ✽ ✾ ❆ ✮✱ ❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ❛ ✐ ❝ ✉❧ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ❣ ♠ ❡ ♥ ♦ ♠ ♦ ✐ ♦ ♥ ✱ ❤ ❡ ❝ ❛❧ ❛
❝ ♦ ✐ ♥ ❡ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ❤ ♦❧ ❞✱ ✇✐ ❤ ✐ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥✿

c o s φ 1 3 = c o s φ 1 2 · c o s φ 2 3 , ( ε = ± π / 2 ) ,

c o s φ =

t

k = 1

c o s φ ( k ) , εi j = ± π / 2 , 1 ≤ i, j ≤ t ≤ n, i ≠ j, ( ♦ ♥ ❛ ① ❡ −→y ❛ ♥ ❞ −→y ( k ) ) . ( 1 9 5 A )

■ ✐ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✸ ✶ ❆ ✮ ✐ ♥ ❈ ❤✳ ✼ ❆✳ ❚ ❤ ❡ ✜ ♥ ❛❧ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ φ ❛ ♥ ❞ ❤ ❡
❞✐ ❛ ♥ ❝ ❡ a = R · φ ❞ ♦ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ♦ ❞ ❡ ✐ ♥ ❣ ♦❢ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ❛ ✐ ❝ ✉❧ ❛ ❛ ♥ ❣❧ ❡ ✳

■❢ ❛❧❧ t ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ❣ ♠ ❡ ♥ ❛ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧✱ ❤ ❡ ♥ ❤ ❡ ■ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❤ ♦❧ ❞ ❢ ♦ ♥ ♦ ✇

♥ ♦ ♥✲ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ❣ ♠ ❡ ♥ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ❛ ✉ ❡ ♦❢ ▲ ❛ ♠ ❜ ❡ φ ✳



✷ ✹ ✽ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ❤ ❡ ✐ ♥ ❡ ♦❢ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♠ ♦ ✐ ♦ ♥ ✉ ♠✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿
si n 2 φ 1 3 = si n 2 φ 1 2 + ( si n φ 2 3 · c o s φ 1 2 ) 2 = si n 2 φ 2 3 + ( si n φ 1 2 · c o s φ 2 3 ) 2 , (φ = l / R).
❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ✱ ✐ ♥ ❡ ❛ ❞ ♦❢ ❤ ❡ ♣ ♦ ✐ ❜❧ ❡ k ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥✬ ❛ ♥ ❣❧ ❡ ✱ ✇ ❡ ❞ ❡ ❛❧ ✇✐ ❤

♦ ♥❧ ② ❤ ❡✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ③ ❡ ♦ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ❡ ❛ ♥ ❣❧ ❡ ❛ ❤ ❡ ♣ ♦✐ ♥ M ✳ ❚ ❤ ❡ ♥ ✇ ❡
❤ ❛ ✈ ❡ ❤ ❡ ❘ ✉❧ ❡ ♦❢ ❤ ❡✐ ✉ ❛ ❡ ❞ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✭ ✐❧❧ k = n ✮✿

(d φ 1 3 ) 2 = ( d φ 1 2 ) 2 + ( d φ 2 3 ) 2 .
❚ ❤ ❡ ❘ ✉❧ ❡ ✐ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ❤ ❡ ✉ ❛ ❡ ❞ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ♥ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❧ ♦ ❝ ❛❧ ❜ ❛ ❡ ♦❢ ❙ ❚ ❘ ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ✾ ❆✳
❙ ❡ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✉ ❛ ❞ ✐ ❝ ✱ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ♥ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧✱ ❜ ❡❧ ♦ ✇ ✐ ♥ ✭ ✶ ✾ ✼ ❆✮✳

❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❡ ♠ ❡ ❛ ✉ ❡ R si n h ( l / R) ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ❛❧ ♦ ✐ ♥ ❤ ❡ ✢ ❛ ✐ ♥ ❡ ♠ ♦ ❞ ❡❧ ♦❢
❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♦❢ ❛ ❞✐ ✉ R ✱ ✇ ❤✐ ❝ ❤ ❢ ♦❧❧ ♦ ✇ ❤ ❡ ❇✐ ❣ ❛ ♥ ❞ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✳

❉ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ d si n φ ✐ ♥ ✭ ✶ ✾ ✷ ❆✮ ❛ ♥ ❞ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✾ ✸ ❆✮ ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ✐ ♥ ❤✐ ♠ ♦ ❞ ❡❧ ✐ ♥
❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ❣ ✭ ❜ ❛❧❧✮✱ ❧✐ ♠✐ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ [⟨⟨ E n ⟩⟩ ] ❜ ② ❤ ❡ ❛ ❞✐ ✉ R ✳

✭ ❆ R → ∞ ✱ ✐ ✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ❈ ❤✳ ✶ ✷✳✮
❲❡ ❝ ❛ ♥ ✉ ❡ ❤ ❡ ❛ ♠ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✸ ✻ ❆✮ ❛ ♥ ❞ ✭ ✶ ✸ ✾ ❆✮ ❢ ♦ ❤ ❡ ✈ ❡ ❝ ♦ ♦❢ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✿

e ν =
e β − c o s ε · e α

si n ε
=

− − − →
e α e ′

α · e β

||
− − − →
e α e ′

α · e β ||
, e ∠

ν
=

e α − c o s ε · e β

si n ε
=

− − − →
e β e ′

β · e α

||
− − − →
e β e ′

β · e α ||
.

❆ ♥ ❞ ✇ ❡ ♦ ❜ ❛✐ ♥✿ c o s θ 1 3 = e ′
∠
σ

· e σ ; e β = c o s ε · e α + si n ε · e ν ↔ e α = c o s ε · e β + si n ε · e ∠
ν
,

e ′
ν · e ∠

ν
= − c o s ε = + c o s A 1 2 3 , e α · e ∠

ν
= e β · e ν = + si n ε = + si n A 1 2 3 .

❱❡ ❝ ♦ e
( 1 )
α ✱ e

( 2 )
β ✱ e ν ✱ e σ ✱ e ∠

ν
① e ∠

σ
❛ ❡ ❢ ♦ ♠ ❛❧❧ ② ✐ ♥ ✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣❧ ❡ π ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ≡ ⟨ e α , e β ⟩✳

❉ ✉ ❡ ♦ ● ❡ ♥ ❡ ❛❧ ❙✐ ❣ ♥ ❘ ✉❧ ❡ ✱ ❡ ❡ ✐ ♥ ✭ ✶ ✽ ✷ ❆✮ ❛ ♥ ❞ ✐ ♥ ❡ ❝ ✳ ✶ ✷✳ ✷✱ ❢ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②

✇ ❡ ❤ ❛ ✈ ❡✿ s g n θ 1 3 = + s g n ε ! ✳ ■❢ ε > 0 ✱ ❤ ❡ ♥ θ 1 3 > 0 ✱ ❛ ♥ ❞ ✐❢ ε < 0 ✱ ❤ ❡ ♥ θ 1 3 < 0 ✱ ✐✳ ❡✳✱

❤ ❡ ❧ ❡ ❣ ✶ ✸ ✐ ❤✐❢ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✇ ❛ ② ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❤ ❡ ✉ ♠ ♦❢ ❛ ♥ ❣❧ ❡
✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸✳ ❧ ❛ ♥ ❡ ♦❢ ❤✐ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ⟨ E 2 ⟩ ≡ ⟨ e α , e β ⟩✳ ■❢
n = 3 ✱ ❤ ❡ ♥ ✈ ❡ ❝ ♦ e α , e β , − →e N ❛ ♥ ❞ e ∠

σ
, e σ , − →e N ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ✭ε > 0 ✮ ♦ ❧ ❡❢ ε < 0 ✐ ♣❧ ❡ ✳

❚ ❤ ❡ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❝ ♦ ✉ ♥ ❡ ✲ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❝ ❛❧ ❛ ❛ ♥ ❣❧ ❡ ✐ ♥ ✐ ❣ ❤ ✲ ❤ ❛ ♥ ❞ ❡ ❞ ❜ ❛ ❡ ✳ ✭ ❖ ✐ ❡ ♥ ❡ ❞ ✈ ❡ ❝ ♦
− →r N (θ ) = e ∠

σ
⊗ e σ = ± si n θ · − →e N ❞ ❡ ❡ ♠✐ ♥ ❡ ✐ ❣ ❤ ❝ ❡ ✇ ♦❢ ♦ ❛ ✐ ♦ ♥ ✐❢ n = 3 ✳✮

❋ ♦ ♠ ✉❧ ❛ ✭ ✶ ✹ ✸ ❆✮ ❢ ♦ ♠ ❈ ❤✳ ✼ ❆ ❢ ♦ c o s θ 1 3 ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ❜ ② ✐ ♠✐❧ ❛ ✇ ❛ ② ❛ ✐ ✇ ❛ ♦ ♥ ❤ ❡
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳ ❋ ♦ ✇ ♦✲ ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ✱ ❢ ♦ ♠ ✉❧ ❛ ❣✐ ✈ ❡ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ♦❢
❣ ❡ ♦ ❞ ❡ ✐ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳ ❋ ♦ ✇ ♦ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✭ ❛
♠ ❛ ①✐ ♠ ✉ ♠ |θ |✮ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧ ♠ ♦ ✐ ♦ ♥ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❢ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ❣ θ 1 3 ✿

c o s θ 1 3 =
c o s φ 1 2 + c o s φ 2 3

c o s φ 1 2 · c o s φ 2 3 + 1
> 0 ,

si n θ 1 3 =
+ si n φ 1 2 · si n φ 2 3

c o s φ 1 2 · c o s φ 2 3 + 1
; si n d θ = d θ = + si n ε ·

si n φ d φ

1 + c o s φ
= + si n ε · t a n ( φ / 2 ) d φ.

❆ ❜ ❡❢ ♦ ❡✱ ✐ ♥ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ✇ ❡ ❤ ❛❧❧ ❛ ♣ ♣❧ ② ❤ ❡ ✉ ❡❢ ✉❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ❝ ♦ ✐ ♥ ❡
♦❢ ❤ ❡ ✜ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✭ ✇✐ ❤ ❡ ① ❛ ❝ ♥ ❡ ✉ ♣ ♦ 2 ✲ ♥ ❞ ♣ ♦ ✇ ❡ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✮ ✿
c o s d φ = 1 − (d φ ) 2 / 2 ❛ ♥ ❞ c o s d θ = 1 − (d θ ) 2 / 2 .

■ ♥ ❜ ♦ ❤ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✾ ✹ ❆✮✱ ♣ ✉ ❤ ❡ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❛ ♥ ❣❧ ❡ ✿ φ 1 2 = φ, φ 2 3 = d φ ✳ ❚ ❤ ❡ ❧ ❛ ❡
✐ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❛ ♥ ❛ ❝ φ ✉ ♥ ❞ ❡ ❛ ♥ ❣❧ ❡ ε ♦ ❤ ❡ ❡ ❣ ♠ ❡ ♥ φ ✳ ❋ ✉ ❤ ❡ ✱ ❜ ② ❛ ❜ ❛ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧✲
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✸✮ ♦ ✭ ✶ ✼ ✷ ❆✮ ❛ n ≥ 2 ✱ ❛ ♥ ❞ ✐ ♠✐❧ ❛ ♦ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡
✭ ✶ ✹ ✹ ❆✮ ✐ ♥ ❈ ❤✳ ✼ ❆ ✭ ✉ ✐ ♥ ❣ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✐ ♥ ❣ ✈ ❛ ✐ ❛ ♥ ♦❢ ✭ ✶ ✾ ✹ ❆✮ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣❧ ❡ φ
❛ ♥ ❞ d φ ❛ ♥ ❞ ❡❧ ❛ ✐ ♦ ♥ ✭ ✶ ✹ ✶ ❆✮✮✱ ✇ ❡✬❧❧ ♦ ❜ ❛✐ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ✉ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
❤✐❢ ✐ ♥ ⟨ E n ⟩ ( 1 ) ♦❢ ⟨ Q n + 1 ⟩ ❛ ♥ ❞✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ( 1 ) ≡ ⟨ e α , e β ⟩✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✇ ❡

✉ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ d α ♦❢ ❤ ❡ ❝ ✉ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❛❧ ❤✐❢ ♦❢ ❤ ❡ ✉ ♥✐ ② ❞✐ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ e α ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡

⟨ E 2 ⟩ ( m ) ≡ ⟨ e α , e
( m )
β ⟩✳



❈ ❍ ❆ ❚ ❊ ❘ ✽ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❍ ❊ ❘ ■ ❈ ❆ ▲ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✹ ✾

❲✐ ❤ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❣ ♥ ❘ ✉❧ ❡ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ si n ε d φ =
⊥

d φ = si n φ d α ✱ ✐ ♥ ❡ ✉❧ ✇ ❡ ❣ ❡ ✿

e ∠
σ

× e σ = d θ · − →e N
( m ) =

si n φ · e α

1 + c o s φ
⊗ d φ · e

( m )
β = t a n

φ

2
d φ · − →r N = + t a n

φ

2
· si n ε d φ · − →e N = ( 1 9 6 A )

= t a n
φ

2

⊥
d φ ·− →e N =

1 − c o s φ

si n φ
·si n φ d α ·− →e N = ( 1 − c o s φ ) d α ·− →e N → d θ = ( 1 − c o s φ ) d α = 2 si n 2 ( φ / 2 ) d α .

◆ ♦ ❡ ❤ ❛ ❤ ❡ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✭ ♦❢ ② ♣ ❡ ❛ ❜ ♦ ✈ ❡ ✮ ✇✐❧❧ ♦ ❜ ❛✐ ♥ ✇✐ ❤ ❛ ✐ ❣ ♦ ♦ ✉ ❥ ✉ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✸ ❉ ❘ ❡❧ ❛ ✐ ✈ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❤ ❡ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆ ♦❢ ❤ ❡ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳ ■ ✐ ❛ ❜ ❛ ❝
❛ ♥ ❛❧ ♦ ❣ ♦❢ ✭ ✶ ✼ ✶ ❆ ✮✳ ■ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜✲ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ( 1 ) ✱ ❤✐ ❤✐❢ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡
❡ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d e α = d α ✐ ♥ ⟨ E n ⟩ ( m ) ♦ ♥ ❛ ❝ ✉ ✈ ❡ ❞ ❛❥ ❡ ❝ ♦ ② ✭ ♠ ❛ ② ❜ ❡ ❝❧ ♦ ❡ ❞ ✮

❛ ♥ ❞ ✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ✭ ❤ ❡ ❡ ✮ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨ ⟨ E n ⟩ ⟩ ( 1 ) ✦
■ ❤ ❛ ♣ ♦ ✐ ✐ ✈ ❡ ✈ ❛❧ ✉ ❡ ❞ ✉ ❡ ♦ ❛ ♠ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ θ ❛ ♥ ❞ ε ✳ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ φ ❛ ♥ ❞ d φ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥

❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ Ẽ m ♦❢ ⟨ Q n + 1 ⟩ ✳ ❚ ❤✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✈ ❛ ✐ ❛ ♥ ♦❢ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ❛ ♥ ❞
♦ ❛ ✐ ♦ ♥ θ ✐ ✉ ❡❢ ✉❧ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦ ♥ ❤ ❡ ●❧ ♦ ❜ ❡✱ ✐ ❣✐ ✈ ❡ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❧ ❛ ✐ ✉ ❞ ❡

✕ ❡ ❡ ❢ ✉ ❤ ❡ ✳ ✭ ❇ ✉ ❡ ❝ ❛❧❧ ❤ ❛ ❢ ♦ ✇ ♦ ❛ ❝ ✱ ❤ ❡ ✐ ♥ ❣❧ ❡ ♥ ♦ ♠ ❛❧ − →e N ❡ ①✐ ♦ ♥❧ ② ✐ ♥ ⟨ Q 3 + 1 ⟩ ✦ ✮ ❚ ❤ ✉ ✱ ❢ ♦
❛ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ✐ ♥ ⟨ Q 3 + 1 ⟩ ✱ ❢ ♦ ♠ ❡ ❞ ❜ ② d φ 1 2 ❛ ♥ ❞ d φ 2 3 ✱ ✇✐ ❤ ❤ ❡✐ ❛❧ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ① ❡ ♥ ❛❧ ❛ ♥ ❣❧ ❡ ε
✭ ✉ ✐ ♥ ❣ ❤ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❢ ♦ ✈ ❡ ❝ ♦ ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ❛ ❡ ❛ ❬ ✷ ✶✱ ♣✳ ✺ ✷ ✻❪ ✮ ✮✱ ✇ ❡ ✐ ♥❢ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ❢ ♦ ♠ ✉❧ ❛ d S ( d θ ) ✿

d θ 1 3 · − →e N = si n ε ·
( d φ 1 2 ) · ( d φ 2 3 )

2
· − →e N = si n ε ·

( dl 1 2 ) · ( dl 2 3 )

2 R 2
· − →e N =

d S 1 2 3

R 2
· − →e N .

❉ ✉ ❡ ♦ ❤ ❡ ❍ ❛ ✐ ♦ ✬ ❡ ✉❧ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦ ❣ ❡ ♥ ❡ ❛❧❧ ② ♦ ❤ ❡ ● ❛ ✉ ✕ ❇ ♦ ♥ ♥ ❡ ❚ ❤ ❡ ♦ ❡ ♠
❬ ✷ ✶✱ ♣✳ ✺ ✸ ✸❪✱ ❤ ❡ ❛ ❡ ❛ ♦❢ ❤ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ✭ ♦ ♥ ❛ ✉ ❢ ❛ ❝ ❡ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ❝ ♦ ♥ ❛ ♥ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡
❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ♦❢ ❤✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ✭ ❤ ❡ ❡ ✇✐ ❤ ❡ ① ❡ ♥ ❛❧ ε ✮ d δ 1 2 3 = 2 π − ( ε 1 + ε 2 + ε 3 )
❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛ d δ 1 2 3 = d S 1 2 3 / R 2 = K G d S 1 2 3 > 0 ✳ ❆ ❡ ✉❧ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞
✐ ♥ ❡ ❣ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ✇ ♦ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❣❧ ❡

d θ 1 3 = d δ 1 2 3 =
d S 1 2 3

R 2
= K G d S 1 2 3 ⇒ θ 1 3 = δ 1 2 3 =

S 1 2 3

R 2
= K G · S 1 2 3

✐ ♥ ❤ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♥ ❞✱ ❤ ❡ ♥ ❝ ❡✱ ✐ ♥ ❤ ❡ ♦ ❤ ❡ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ♦ ♥✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦ ♦✳ ❚ ❤ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ♠ ❡ ❛ ♥✿ ❤ ❡ ❛ ♥ ❣❧ ❡ θ 1 3 ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ❣ ❛ ♥ ❞ ❍ ❛ ✐ ♦ ✬
❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ + δ 1 2 3 ✐ ♥ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ❛ ❡ ❡ ✉ ❛❧✱ ❛ ✇ ❡❧❧ ❛ ✐ ✇ ❛ ❢ ♦ ▲ ❛ ♠ ❜ ❡ ✬ ❛ ♥ ❣ ✉❧ ❛
❞ ❡❢ ❡ ❝ − δ 1 2 3 ✐ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ✭ ❈ ❤✳ ✼ ❆ ✮✦✦✦

❆ ♥ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ❜ ♦ ❤ ❤ ❡ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❝ ♦ ♥ ✐ ✐ ♥ ❝ ♦ ♥ ♦ ✉ ❛ ♥ ❞ ✉ ❢ ❛ ❝ ❡ ✐ ♥ ❡ ❣ ❛ ✐ ♥ ❣ ✇✐ ❤ ❢ ✉ ❤ ❡
❛ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡✐ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ✐ ❞ ❡ ♥ ✐ ②✳ ❚ ❤✐ ✐ ✐ ♥ ❡ ♥ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❣ ❡ ♦ ♠ ❡ ②✳
■ ✭ ❛ ✇ ❡❧❧ ❛ ❛ ♥ ② ♣ ❤ ❡ ❡ ✮ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❜ ❡ ♥ ✇✐ ❤ ♦ ✉ ❧ ♦ ♦❢ ✐ ♠ ❡ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ✱ ❛ ♥ ❞✱ ❤ ❡ ♥ ❝ ❡✱ ✐ ✐
❛ ✉ ❢ ❛ ❝ ❡ ♦❢ ❝ ♦ ♥ ❛ ♥ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ❞✐ ✉ ✳ ✭ ❚ ❤ ❡ ❛ ♠ ❡ ✐ ✈ ❛❧✐ ❞ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ❛ ❛ ♣ ❤ ❡ ❡ ♦❢ ❤ ❡
✐ ♠ ❛ ❣✐ ♥ ❛ ② ❝ ♦ ♥ ❛ ♥ ❛ ❞✐ ✉ i R✱ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶ ✷✳ ✮

❚ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♦ ❛ ✐ ♦ ♥ Θ 1 3 ✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❡ ♥ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽ ✹ ❆ ✮✱ ✭ ✶ ✽ ✼ ❆ ✮✱
✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❡ ♥ ♦ ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ♦❢ ❛ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳ ❆ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥
✭ ❝ ❛❧ ❛ ❛ ♥ ❞ ❡ ♥ ♦ ✮ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❞ ✉ ❡ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ♣ ❛ ❛❧❧ ❡❧ ❞✐ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ♦ ♥ ❛ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ❝ ✉ ✈ ❛ ✉ ❡
♦ ♥ ✐ ✇ ❛ ②✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ♦ ❡ ♥ ♦ ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ❡ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ θ
♦ Θ ❛ ❤ ❡ ❡ ✉❧ ♦❢ ❛ ❝❧ ♦ ❡ ❞ ❝ ② ❝❧ ❡ ♦❢ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ✐ ❞ ❡ ✦ ❚ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥
❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❡ ✉❧ ✐ ♥ ❈ ❤✳ ✼ ❆✱ ✇ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ✉ ❡ ✉❧ ❢ ♦ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②

♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ①✐ ✱ ✇ ❤✐ ❝ ❤ ❛ ❞ ❞ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ♦ ✉ ❡ ✉❧ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■
❛ ♥ ❞ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✳

● ❡ ♥ ❡ ❛❧ ❈ ♦ ♦❧❧ ❛ ② ✭ ❚ ❤ ❡ ♦ ❡ ♠ ✮ ✳ ❚ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ Θ ✐ ❛ ✉ ❡ ❝ ❛ ✉ ❡ ♦❢ ❤ ❡
❍ ❛ ✐ ♦ ✱ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❞✱ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ● ❛ ✉ ✕ ❇ ♦ ♥ ♥ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ♥ ✈ ❡ ① ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✜ ❣ ✉ ❡ ✐ ♥
♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ❡✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ✦

❚ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✐ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦✲ ❡ ♣ ♦ ♣ ♦❧ ② ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✇ ❤ ❡ ♥ ❜ ♦ ❤ ♣ ❛ ✐ ❝ ✉❧ ❛ ❛ ♥ ❣❧ ❡
❛ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧❧ ② ♠ ❛❧❧ ✳ ❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✾ ✸ ❆ ✮✱ ✭ ✶ ✾ ✻ ❆ ✮ ✇✐ ❤ n = 2 ❜ ♦ ❤
❤ ❡ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧✳ ❙ ♦✱ ❢ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✶ ✷ ✸ ✇✐ ❤ c o s ε = 0 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥

❛ φ 1 2 → 0 , φ2 3 → 0 ✿

φ 1 3 = φ 2
1 2 + φ 2

2 3 , θ1 3 =
φ 1 2 · φ 2 3

2
=

a 1 2 · a 2 3

2 R 2
= S 1 2 3 · K G .



✷ ✺ ✵ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ k ✲ ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❡ ♦✐ ❞✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✾ ✸✮✱
❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ❤ ♦❧ ❞ ✿

li m
φ ( j ) → 0

l = R ·
k

j = 1

φ 2
( j ) .

V = φ ( 1 ) · · · φ ( k ) · R k , k ≤ n, ε = ± π / 2 .

❚ ❤ ❡ ② ❛ ❡ ❤ ❡ ✐ ♠ ♣❧ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♦❢
❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✳ ❚ ❤✐ ❝ ♦ ♥ ✜ ♠ ❤ ❡ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ♦ ♥
❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♦❢ ❛ ❞✐ ✉ R ✳

❈ ♦ ♦❧❧ ❛ ② ✳ ● ❡ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✐ ✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧❧ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✳

❈ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥✳ ❖ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❤✐❢ ✐ ♥ ❣ Θ ❣✐ ✈ ❡ ❤ ❡ ❝❧ ❡ ❛ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥✱
✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ♦ ❤ ❡ ❍ ❛ ✐ ♦ ❛ ♥ ❣ ✉❧ ❛ ❡ ① ❝ ❡ ✐ ♥ ❝❧ ♦ ❡ ❞ ✜ ❣ ✉ ❡ ✐ ♥ ❤ ❡
♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ♦ ♥ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✦

❈ ♦ ♠ ♠ ✉ ❛ ✐ ✈✐ ② ♦❢ ❤ ❡ ♣ ❛ ✐ ❛❧ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ❛ ❝ ✮ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ❝ ❛❧ ❛ ✈ ❛ ✐ ❛ ♥
♦❢ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ✜ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡
♦ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ❝ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ♦ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ♥ n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ♦ ❤ ❡

n ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q n + 1 ⟩ ≡ ⟨ E n ⊞ −→y ⟩
✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ I ± ✭ ❛ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ❈ ❤✳ ✼ ❆✮✿

(d φ ) 2 =
n

k = 1

[d φ ( k ) ]
2 , (dl ) 2 = ( R d φ ) 2 =

n

k = 1

[dl ( k ) ]
2 , ε( i j ) = ± π / 2 , ( 1 9 7 A )

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❇✐ ❣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✭ ❡ ❡ ✐ ✐ ♥ ✐ ♥ ❡ ✈ ❡ ✐ ♦ ♥ ✿ ❝ ❛❧ ❛ ✭ ✶ ✾ ✵ ❆✮ ❛ ♥ ❞
✈ ❡ ❝ ♦ ✐ ❛❧ ✭ ✶ ✾ ✷ ❆✮✮✱ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ✉ ❡ ❈ ❛ ❡ ✐ ❛ ♥

✉ ❜✲ ❜ ❛ ❡ Ẽ
( n )
1 ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✱ ❛ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ♦

❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ⟨⟨ E n ⟩⟩ ✱ ❜ ✉ ♦ ♥❧ ② ✐ ♥ ✐ ❞ ❡ ❤ ❡ ❜ ❛❧❧ ✇✐ ❤ ❛ ❞✐ ✉ R ♦ ❢ ♦ ❤ ❡
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ R = 1 ✭ ✐ ♠✐❧ ❛ ♦ ❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ❈ ❤✳ ✶ ✷✮✳ ❚ ❤ ❡ ✐ ♥ ❡ ♠ ♦ ❞ ❡❧ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤
✐ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❛ ❡ ♣ ❡❢ ❡ ❡ ❞ ❤ ❡ ❡✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ② ❛ ❡ ❜ ♦ ✉ ♥ ❞ ❡ ❞ ❜ ② ✜ ♥✐ ❡ ♣ ❛ ❛ ♠ ❡ ❡
❡✐ ❤ ❡ 1 ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ♥ ❡ ♦ R ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ♥ ❡ ❢ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ❜❧ ❡ ♠ ✳

✯ ✯ ✯
■ ♥ ⟨ Q 2 + 1 ⟩✱ ❢ ♦ ❛ ♥ ❛❧ ② ✐ ❛ ♥ ❞ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❜ ②

❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♠ ❡ ❤ ♦ ❞ ✐ ✐ ✉ ❡❢ ✉❧ ♦ ❛ ♣ ♣❧ ② ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ♥ ❡ ♦ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d φ β

❛❧ ♦ ♥ ❣ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❛ ①✐ x ( m ) ✐ ♥ ♦ ✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✱ ♣ ❛ ❛❧❧ ❡❧ ✭ ❛❧ ♦ ♥ ❣ e α ✮ ❛ ♥ ❞
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✭ ❛❧ ♦ ♥ ❣ e ν ✮ ♦ ♥ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❝ ✉ ❡ ♥ ✈ ❡ ❝ ♦ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ e α ❛ ❤ ❡

❧ ♦ ❝ ❛❧ ♣ ♦✐ ♥ M ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ❜ ❛ ❡ Ẽ m ✳ ❲❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❤✐ ❝ ✉ ❡ ♥ ✐ ♥ ♥ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡
✐ ♥ ❝ ❡ ♠ ❡ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❝ ❛ ✉ ✐ ♥ ❣ ✐ ✐ ♥ ♦ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧
♣ ❛ ❜ ② ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜✲ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( m ) ✱ ✇✐ ❤ ❡ ♣ ❡ ❝
♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ e α ✱ ❛ ❢ ♦❧❧ ♦ ✇ ✿

d φ β · e β = c o s ε d φ β · e α + si n ε d φ β · e ν = d φ β · e α +
⊥

d φ β ·e ν → ( d φ β ) 2 = d φ β

2
+

⊥

d φ β

2

,

dl β · e β = c o s ε · dl β · e α + si n ε · dl β · e ν = dl β · e α +
⊥

dl β · e ν → dl 2
β = dl β

2
+

⊥

dl β

2

.






( 1 9 8 A )

■ ✐ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ▲ ♦ ❝ ❛❧ ❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧

❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜✲ ❜ ❛ ❡ Ẽ
( 3 )
m ♦❢ ❤ ❡ ❜ ✉ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d φ · e β ✱ ✇✐ ❤ ❡ ♣ ❡ ❝

♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✈ ❡ ❝ ♦ e α ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ φ ✳ ❚ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ♣ ❛ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡
♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ❝ ✉ ✈ ❡✱ ❤ ❡ ♥ ♦ ♠ ❛❧ ♣ ❛ ♦ ❛ ❡ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ✐ ❝ ✉ ✈ ❡✳



❈ ❍ ❆ ❚ ❊ ❘ ✽ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❍ ❊ ❘ ■ ❈ ❆ ▲ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✺ ✶

✯ ✯ ✯
❈ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♦❢ ❛ ❞✐ ✉ R ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ♥ ❡ ✐❢ R = 1 ✳

❍ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✭ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹✮ ❤ ❛ R = + 1 ✳ ✭ ❘ ❛ ❞✐ ✉ ♠ ❛ ② ❜ ❡ R ✮✱ φ > 0 ✐❢ ∆ y > 0 ✳
❘ ❡ ♣ ❡ ❡ ♥ ✐ ❜ ② t (φ ) = r (φ ) ❛ ✐ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ ♦ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡
❛ ♥ ❞ ❜ ② n (φ ) ❛ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ ♦ ❤ ❡ ❛ ♠ ❡ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ⟨ Q 2 + 1 ⟩ ✉ ♥ ❞ ❡ ❛ ❜ ❛ ❝
❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ■ ✐ ♥ ⟨ P 2 + 1 ⟩ ✭ ❡ ❡ ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✻ ❆✮✳ ❚ ❤ ❡ ② ❛ ❡ ❡ ① ♣ ❡ ❡ ❞
✐ ♥ Ẽ 1 ✇✐ ❤ ❤ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ φ ❝ ♦ ✉ ♥ ❡ ❞ ♦ ✛ −→y ( 1 ) ❛ ♥ ❞ ✇✐ ❤ ❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ φ ❝ ♦ ✉ ♥ ❡ ❞ ♦ ✛ ⟨ E n ⟩ ( 1 ) ✳
❲✐ ❤ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ✐ ◆ ♦ ❤ ♦❧ ❡ ❛ ♥ ❞ ❊ ✉ ❛ ♦ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ✿

t (φ ) =
si n φ
c o s φ

=
si n φ · e α

c o s φ
, n (φ ) =

c o s φ
− si n φ

=
c o s φ · e α

− si n φ
. ( 1 9 9 A − I I, I )

t (φ ) ′
1 k · t (φ ) 1 k = si n ′ φ 1 k · si n φ 1 k + c o s 2 φ 1 k = si n 2 φ 1 k · e ′

α e α + c o s 2 φ 1 k = 1 . ( 2 0 0 A − I I )

n (ξ ) ′
1 k · n (ξ ) 1 k = c o s ′ φ 1 k · c o s φ 1 k + si n 2 φ 1 k = c o s 2 φ 1 k · e ′

α e α + si n 2 φ 1 k = 1 . ( 2 0 0 A − I )

si n φ 1 k ✐ ❤ ❡ n × 1 ✲ ✈ ❡ ❝ ♦ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ t (φ ) 1 k ✐ ♥ ♦ ⟨ E n ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦ −→y ( 1 ) ✱
c o s φ 1 k ✐ ❤ ❡ ❝ ❛❧ ❛ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ t (φ ) 1 k ✐ ♥ ♦ −→y ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E n ⟩ ( 1 ) ✳
c o s φ 1 k ✐ ❤ ❡ n × 1 ✲ ✈ ❡ ❝ ♦ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ n (φ ) 1 k ✐ ♥ ♦ ⟨ E n ⟩ ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦ −→y ( 1 ) ✱
si n φ 1 k ✐ ❤ ❡ ❝ ❛❧ ❛ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ n (φ ) 1 k ✐ ♥ ♦ −→y ( 1 ) ♣ ❛ ❛❧❧ ❡❧ ♦ ⟨ E n ⟩ ( 1 ) ✕ ✭ ❡ ❡ ❋✐ ❣ ✉ ❡ ✹✮✳

❈ ♦ ♥ ✐ ❞ ❡ ❢ ♦ ❤ ❡ ✶✲ ❝ ❛ ❡ ❤ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ t 1 2 , t 2 3 → t 1 3 ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛❧ ♦ ♥ ❣ ❧ ❛ ❣ ❡ ❝✐ ❝❧ ❡
✐ ♥ Ẽ 1 ❛ ♥ ❞ Ẽ 2 ✇✐ ❤ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✼ ✾ ❆ ✮✱ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ✐ ♥ ✭ ✶ ✽ ✶ ❆ ✮ ❛ ♥ ❞ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ✭ ✶ ✹ ✽ ❆ ✮✿

t 1 2 t 1

= { r ot Φ 2 3 }
Ẽ 2

·
si n φ 1 2 · e α

c o s φ 1 2
= { r ot Φ 2 3 }

Ẽ 2
· {r ot Φ 1 2 }

Ẽ 1
·

0
1

= ( 2 0 1 A )

t 1 t 1

= { r ot Φ 1 2 · ( r ot Φ 2 3 )
Ẽ 1

· r ot ′ Φ 1 2 } · r ot Φ 1 2 ·
0
1

= { r ot Φ 1 2 }
Ẽ 1

· {r ot Φ 2 3 }
Ẽ 1

·
0
1

=

t 1 t 1 t 1 3

= r ot Φ 1 3 · r ot Θ 1 3 ·
0
1

= r ot Φ 1 3 ·
0
1

=
si n φ 1 3 · e σ

c o s φ 1 3
.

❲❡✬❧❧ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❤✐ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✳ ❆ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❛ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤ ❛ ❞✐ ✉ R ❝ ❛ ♥
❜ ❡ ❡ ❛ ② ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ❛ ❛ ❝ ② ❝❧ ❡ ♦❢ ✸ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✳ ■❢ ❤ ❡ ❛ ❛ ♣ ❡ ① ✐ ❛ ❝ ❡ ♥ ❛❧ ❡❧ ❡ ♠ ❡ ♥ u 1 ✱ ❤ ❡ ♥
r ot Φ 1 2 · u 1 = u 1 2 , { r ot Φ 1 2 · r ot Φ 2 3 · r ot ′ Φ 1 2 }

Ẽ 2
· u 1 2 = u 1 3 , { r ot Φ 3 1 }

Ẽ 3
· u 1 3 = u 1 .

❚ ❤ ❡ ✐ ♣❧ ❡ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ❞ ✐ ♥ ♦ ❛ ♥ ♦ ♥✲ ❝ ❡ ♥ ❡ ❡ ❞ ✐ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❤ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳
❆ ❛❥ ❡ ❝ ♦ ② ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ u 1 2 → u 1 3 ✐ ✐ ♥ ❤ ❡ ❝ ✉ ♦❢ ✉ ♥✐ ② ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❜ ② ❤ ❡
❡✐ ❣ ❡ ♥ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥ { r ot Φ 2 3 }

Ẽ 2
✳ ■ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤✐ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡

❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ✐ ❛ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ❡ ❣ ♠ ❡ ♥ u 2 3 ✐ ♥ ⟨⟨ E n ⟩⟩ ✱ ✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤✐ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❛❥ ❡ ❝ ♦ ②✳
❚ ❤ ✉ ✱ ❢ ♦ ❛ ♥ ② ✇ ♦ ♣ ♦✐ ♥ u 1 2 ❛ ♥ ❞ u 1 3 ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ♦❢ ❛ ❞✐ ✉ ❘✱ ❤ ❡ ❡ ❡ ①✐

❛ ✉ ♥✐ ✉ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧✐ ♥ ❡ ♣ ❛ ✐ ♥ ❣ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♠ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❡ ✐ ❛ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✱ ✇ ❤ ❡ ♥ ✇ ♦
♣ ♦✐ ♥ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ❡ ♣ ♦❧ ❛ ✭ ❛ ◆ ♦ ❤ ♦❧ ❡ C I I ❛ ♥ ❞ ❙ ♦ ✉ ❤ ♦ ♥ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹✮✳ ❙ ✉ ❝ ❤
✇ ♦ ♣ ♦✐ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ♦ ♥❧ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❞✐ ❣ ♦ ♥ ✳ ✭■ ✐ ❛ ♣ ♦❧ ② ❣ ♦ ♥ ✇✐ ❤ ✇ ♦ ✐ ❞ ❡ ❛ ♥ ❞ ✇ ♦ ✈ ❡ ✐ ❝ ❡ ✳✮

❚ ❤✐ ✐❧❧ ✉ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✿ ❛ ♥ ② ✇ ♦ ♣ ♦✐ ♥ ♦❢
❛ ❡ ♠✐ ♣ ❤ ❡ ❡ ✭ ❜ ❡ ✐ ❞ ❡ ♥ ♦ ♥ ♣ ♦❧ ❛ ♦ ♥ ❡ ✮ ♦❢ ❛ ♣ ❤ ❡ ❡ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❛ ✉ ♥✐ ✉ ❡ ❛ ❝ ♦❢ ❛ ❧ ❛ ❣ ❡
❝✐ ❝❧ ❡ ✭ ❛ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧✐ ♥ ❡✮✱ ❤✐ ❛ ❝ ✐ ❤ ♦ ❡ ✐ ♥ ❤ ❡ ♥ ❛ ✉ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❣ ✉❧ ❛
❧ ❡ ♥ ❣ ❤ ♠ ❡ ❛ ✉ ❡ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤✐ ❣✐ ✈ ❡ ❤ ❡ ♠ ❛ ✐ ① ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✇ ❛ ② ❢ ♦ ♦❧ ✈✐ ♥ ❣ ✉ ❝ ❤
❛ ♣ ♦ ❜❧ ❡ ♠✳ ■ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 2 = r ot Φ 1 2 · Ẽ 1 ✱ ❤ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ♠ ♦ ✐ ♦ ♥ u 1 2 → u 1 3 ✐ ❣ ♦✐ ♥ ❣ ❛❧ ♦ ♥ ❣ ❤ ❡
❤ ♦ ❡ ❛ ❝ ✇✐ ❤ ❧ ❡ ♥ ❣ ❤ a 2 3 = R ·φ 2 3 ✳ ❇ ② ✭ ✷ ✵ ✶ ❆✮✱ ❢ ♦ ♦ ♥❧ ② ❛ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ u 1 ✱ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ Θ 1 3 ✱ ✐ ♥ ❢ ❛ ❝ ✱ ❛ ♥ ♥✐ ❤✐❧ ❛ ❡ ✳ ❆ ✐ ❛ ♥ ❣❧ ❡ ❝ ② ❝❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❡ ✉ ♥ ❛ ♥ ♦ ♥ ♣ ♦✐ ♥ ♦ ❜❥ ❡ ❝ ✐ ♥ ♦
❤ ❡ ❛ ♣ ♦✐ ♥ ✱ ❜ ✉ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ♥ ✐ ✐ ✉ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 3 ❛ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❛ ♥ ❣❧ ❡ Θ 1 3 ✳

❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♣ ♦✐ ♥ ♦❢ ❤✐ ♥ ♦ ♥✲ ♣ ♦✐ ♥ ♦ ❜❥ ❡ ❝ ✐ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ❤ ❡ ❡ ❛ u 1 → u 1 2 → u 1 3

❛❧ ♦ ♥ ❣ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❧✐ ♥ ❡ R φ 1 2 ❛ ♥ ❞ R φ 2 3 ❛ ❛ ❝ ❢ ♦ ♠ ❤ ❡ ❧ ❛ ❣ ❡ ❝✐ ❝❧ ❡ ♦❢ ❛ ❞✐ ✉ R ✳



✷ ✺ ✷ ❆ ❊ ◆ ❉ ■ ❳

▲ ❡ ✉ ❛ ♣ ♣❧ ② ❤ ❡ 2 D ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❊ ❛ ❤ ❛ ①✐ ❢ ♦ ♠ ❡ ❝ ✳ ✺✳ ✶ ✷✳✱ ✇✐ ❤ ◆ ♦ ❤ ❛ ♥ ❞ ❙ ♦ ✉ ❤

♦❧ ❡ ✭ ❛ φ 0 = 0 , ξ0 = ± π / 2 ❛ ♥ ❞ θ 0 = 0 ✮ ❛ ♥ ❞ ❤ ❡ ❣ ❡ ❡ ♥ ✇✐ ❝ ❤ ❡ ♣ ❡ ♠ ❡ ✐ ❞✐ ❛ ♥ ❢ ♦ ❛ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

♠ ♦ ❞ ❡❧ ♦❢ ❛ ♥ ② ❛ ♥ ❣ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❊ ❛ ❤ ❣❧ ♦ ❜ ❡ ✇✐ ❤ ✇ ♦ ✐ ✜ ① ❡ ❞ ❛ ♥ ❣ ✉❧ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✿ ξ = π / 2 − φ

✭ ❛ ❧ ❛ ✐ ✉ ❞ ❡ ✮ ❛ ♥ ❞ θ ✭ ❛ ❧ ♦ ♥ ❣✐ ✉ ❞ ❡ ✮✳  ❋ ♦ ❤✐ ✱ ✇ ❡✬❧❧ ✉ ❡ ❜ ♦ ❤ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ ❢ ♦ ♠ ✭ ✶ ✼ ✾ ❆ ✮ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧ ❛

T ( m ) = r ot Φ ·r ot Θ ✕ ❡ ❡ ✐ ❜ ❡❧ ♦ ✇ ✐ ♥ ✭ ✷ ✵ ✷ ❆ ✮✳ ✭ ❙ ♦✱ r ot Θ ♠ ❛ ② ❜ ❡ ❢ ❡ ❡ ❛ ♥ ❞ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣

❤ ❡ ❣❧ ♦ ❜ ❡ ♣ ❛ ❛❧❧ ❡❧ ✳ ✮ ❲❡ ❝ ❛ ♥ ❜ ❡ ❣✐ ♥ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ♦ ♠ ❡ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ♣ ♦✐ ♥ ✇✐ ❤ ✐ ✇ ♦ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✿

ξ 0 = π / 2 − φ 0 ✭ ❛ ✐ ♥✐ ✐ ❛❧ ❧ ❛ ✐ ✉ ❞ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❊ ✉ ❛ ♦ ✮ ❛ ♥ ❞ θ 0 ✭ ❛ ✐ ♥✐ ✐ ❛❧ ❧ ♦ ♥ ❣✐ ✉ ❞ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝

♦ ❤ ❡ ❣ ❡ ❡ ♥ ✇✐ ❝ ❤ ♠ ❡ ✐ ❞✐ ❛ ♥ ✮✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ ✐ ♥ ✐ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✇ ♦ ❡ ♥ ♦ ❛ r ot Φ 0 ❛ ♥ ❞

r ot Θ 0 ✇✐ ❤ T ( 0 ) = r ot Φ 0 · r ot Θ 0 ✳ ❆ ❤ ❡ ❣✐ ✈ ❡ ♥ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ◆ ♦ ❤ ❡ ♥ ❤ ❡ ♠✐ ♣ ❤ ❡ ❡ ❢ ♦ ♠ ❡ ❛ ✉ ✐ ♥ ❣ ✇ ❡ ❝ ❤ ♦ ❡ ❤ ❡

❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ φ = π / 2 − ξ ✇✐ ❤ ✐ ③ ❡ ♦ ♣ ♦✐ ♥ C I I ❛ ❤ ❡ ◆ ♦ ❤ ♦❧ ❡✱ ❜ ✉ ❛❢ ❡ ❤ ❡ ❊ ✉ ❛ ♦ ❛ ♥ ✐ ✐ ♦ ♥ ❢ ♦

❤ ❡ ❛ ♠ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❙ ♦ ✉ ❤ ❡ ♥ ❤ ❡ ♠✐ ♣ ❤ ❡ ❡ ❢ ♦ ♠ ❡ ❛ ✉ ✐ ♥ ❣ ✇ ❡ ❝ ❤ ♦ ❡ ❤ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ φ = π / 2 − ξ ❜ ② ❝ ❤ ❛ ♥ ❣ ❡

♦❢ ✐ ✐ ❣ ♥ ❤ ♦ ✇ ♦ ♥ ❤ ❡ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ♣ ❛ ♦❢ ❤ ❡ ❣❧ ♦ ❜ ❡✳ ❋ ♦ ❤ ❡ ❙ ♦ ✉ ❤ ❡ ♥ ❤ ❡ ♠✐ ♣ ❤ ❡ ❡✱ ✇ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦ ♥❧ ② ❤ ❡

✐ ❣ ♥ ♦❢ ❛ ❧ ❛ ✐ ✉ ❞ ❡✳ ❋ ♦ ❤ ❡ ❲❡ ❡ ♥ ❤ ❡ ♠✐ ♣ ❤ ❡ ❡✱ ✇ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦ ♥❧ ② ❤ ❡ ✐ ❣ ♥ ♦❢ ❛ ❧ ♦ ♥ ❣✐ ✉ ❞ ❡✳ ❙ ❡ ❡ ❛❧ ♦ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✳

✯ ✯ ✯
◆ ♦ ✇✱ ✇ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ❛ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ♠ ❛✐ ♥ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ✉ ♠ ♠ ❛ ②

♣ ♦❧ ② ❡ ♣ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ✐ ♥ ⟨ Q n + 1 ⟩ ❛ ♥ ❞ ⟨ Q 2 + 1 ⟩ ≡ ⟨ E 2 ⊞ −→y ⟩ ✐ ♥ ❤ ❡ ❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ✐ ❛❧✱ ❛ ♥ ❞ ❡ ♥ ♦
❢ ♦ ♠ ✳  ❚ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❛ ✇✐ ❤ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❢ ♦ ♠ ✉❧ ❛ ✭ ✹ ✽ ✺ ✮ ❢ ♦ ✐ ❣ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡
♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ✳ ❖ ♥ ❤ ❡ ✜ ♥ ❛❧ ❡ ♣ ♦❢ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠✱ ❤ ❡ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✭ ✶ ✼ ✻ ❆ ✮✱ ✭ ✶ ✼ ✼ ❆ ✮
❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✽ ✶ ❆ ✮✲ ✭ ✶ ✽ ✹ ❆ ✮ ✐ ✉ ❡ ❞✳ ❖ ♥ ❤ ❡ ❡ ❛ ❣ ❡ ✱ ✇✐ ❤ T ❛ ♥ ❞ T ⋆ ❢ ♦ ♠ ✭ ✶ ✽ ✸ ❆ ✮✱ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉
♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❡

Ẽ t = r ot Φ 1 2 · r ot Φ 2 3 · · · r ot Φ ( t − 1 ) , t · Ẽ 1 = T 1 t · Ẽ 1 = { T 1 t } ,

Ẽ ⋆
t = r ot Φ ( t − 1 ) , t · · · r ot Φ 2 3 · r ot Φ 1 2 · Ẽ 1 = T ⋆

1 t · Ẽ 1 = { T ⋆
1 t } .

T 1 t = r ot Φ 1 t · r ot Θ 1 t = r ot Θ 1 t · r ot
∠

Φ 1 t , T ⋆
1 t = r ot

∠

Φ 1 t · r ot ( − Θ 1 t ) = r ot ( − Θ 1 t ) · r ot Φ 1 t .

T 1 t · T ⋆
1 t = r ot 2 Φ 1 t = r ot 2 Φ 1 t ,  T ⋆

1 t · T 1 t = r ot 2 ∠

Φ 1 t = r ot 2
∠

Φ 1 t .

r ot
∠

Φ 1 t = r ot ′ Θ 1 t · r ot Φ 1 t · r ot Θ 1 t ; r ot Θ 1 t = r ot ′ Φ 1 t · T 1 t .

❚ ❤ ❡ ♠ ❛ ✐ ① r ot Φ 1 t ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✶ ✸ ✮✱ ✭ ✸ ✶ ✹ ✮❀ ❤ ❡ ♠ ❛ ✐ ① r ot Θ 1 t ✕

❜ ② ✭ ✷ ✺ ✾ ✮ ♦ ✭ ✹ ✾ ✼ ✮✳ ◗ ✉ ❛ ✐ ♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✭ ✶ ✼ ✻ ❆ ✮✱ ✭ ✶ ✼ ✼ ❆ ✮ ✐ ✉ ❡ ❞ ❢ ♦ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢

✉ ♠ ♠✐ ♥ ❣ ♠ ✉❧ ✐ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②

♦❢ ⟨ Q n + 1 ⟩ ✱ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✉ ♣ ♦ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ R ♦ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ❤ ❡

❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳ ❆ ♠ ❛✐ ♥ ❡ ✉❧ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✳

❚ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❛ ♥ ❞ ♣ ♦❧ ❛ ❢ ♦ ♠ ♦❢ ◗ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✱
✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❢ ♦ ❛ ❜✐ ❛ ② ❛ ♥ ❞ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ♠ ✉❧ ✐ ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✿

T 1 t = r ot Φ 1 2 · · · r ot Φ ( t − 1 ) , t = r ot Φ · r ot Θ = r ot Θ · r ot
∠

Φ = ( 2 0 2 A )

= c o s φ ·
← − − −
e σ e ′

σ +
− − − →
e σ e ′

σ − si n φ · e σ

+ si n φ · e ′
σ c o s φ

·
[r ot Θ] n × n 0

0 ′ 1
=

=
[r ot Θ] n × n 0

0 ′ 1
·




c o s φ ·

← − − −
e ∠

σ
e ′

∠
σ

+
− − − →
e ∠

σ
e ′

∠
σ

− si n φ · e ∠
σ

+ si n φ · e ′
∠
σ

c o s φ



 =

=
[r ot Θ] n × n − ( 1 − c o s φ ) · e σ e ′

∠
σ

− si n φ · e σ

+ si n φ · e ′
∠
σ

c o s φ
=

=




[r ot Θ] n × n − ( 1 − c o s φ ) ·

←− −−
e σ e ′

∠
σ

− si n φ · e σ

+ si n φ · e ′
∠
σ

c o s φ



 (❈ ♦ ♠ ♣ ❛ ❡ ✇✐ ❤ ❛ ② ♠ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✭ ✶ ✺ ✸ ❆✮✮✳



❈ ❍ ❆ ❚ ❊ ❘ ✽ ❆✳ ◆ ❖ ◆ ✲ ❈ ❖ ▲ ▲ ■ ◆ ❊ ❆ ❘ ▼ ❖ ❚ ■ ❖ ◆ ❙ ■ ◆ ❙ ❍ ❊ ❘ ■ ❈ ❆ ▲ ● ❊ ❖ ▼ ❊ ❚ ❘ ❨ ✷ ✺ ✸

❋ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✵ ✷ ❆✮ ❣✐ ✈ ❡ ● ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ Q n + 1 ⟩
❛ ♥ ❞ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ②
❜ ❛ ❡ Ẽ 1 = { I } ✳ ❚ ❤ ❡ ♠ ❛ ✐ ① r ot Φ ( n + 1 ) × ( n + 1 ) ✐ ❡ ♠ ❛ ♥ ❛ ❡ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❜ ② ❤ ❡ ❧ ❛ ❡❧ ❡ ♠ ❡ ♥
tn n ❛ ♥ ❞ ❛❧❧ ❤ ❡ ✐ ❣ ❤ ❡❧ ❡ ♠ ❡ ♥ tk n ❢ ♦ ♠ ❛ ✐ ① T ✐ ♥ ✭ ✷ ✵ ✷ ❆✮✳ ❚ ❤ ❡ ② ♣ ❡ ♠✐ ♦ ♥ ❡ ♦ ❡ ① ♣ ❡ ✐
✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✭ ✸ ✶ ✸✮✱ ✭ ✸ ✶ ✹✮ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✐ ♥ ⟨ Q n + 1 ⟩ ❛ ♥ ❞ ❡ ✈ ❛❧ ✉ ❛ ❡
❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ φ ✇✐ ❤ ✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✈ ❡ ❝ ♦ e σ ✳

❚ ❤ ❡ 3 D ❝ ❛ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ n = 2 ✱ ✇ ❤ ❡ ♥ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ♦❢ ♠ ❛ ✐ ❝ ❡ r ot Φ 3 × 3

❛ ♥ ❞ ❝ ❡❧❧ r ot Θ 2 × 2 ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ✭ ✸ ✶ ✸✮ ❛ ♥ ❞ ✭ ✷ ✺ ✾✮✱ ❜ ✉ ✇✐ ❤ θ ✳ ❚ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ♠ ❛ ✐ ①
r ot Θ 3 × 3 ❛ n = 2 ♦ ❣ ❡ ♥ ❡ ❛❧ r ot Θ ( n + 1 ) × ( n + 1 ) ♠ ❛ ② ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❛❧ ♦ ❜ ② ♠ ❛ ✐ ① ❢ ♦ ♠ ✉❧ ❛
✭ ✶ ✽ ✹ ❆✮✱ ♦ ❤ ♦ ✉ ❣ ❤ ✭ ✹ ✾ ✼✮✲✭ ✹ ✾ ✾✮ ✐❢ n = 3 ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ①✐ e N ❛ ♥ ❞ ❤ ❡ ✐ ❣ ♥ ♦❢ θ ✳

■❢ n = 2 , k = 1 , 2 ✱ ❤ ❡ ❡ ❤ ♦❧ ❞✿

c o s φ = t3 3 , si n φ = + 1 − c o s 2 φ = || − si n φ · e σ ||; si n φ k = − tk 3 ;

c o s σ k = − tk 3 / si n φ, c o s
∠
σ k = t3 k / si n φ, e σ = { c o s σ k } , e ∠

σ
= { c o s

∠
σ k } .

c o s θ = e ′
σ · e ∠

σ
= e ′

∠
σ

· e σ , si n θ =
√

1 − c o s 2 θ > 0 ❛ ε > 0 ❛ ♥ ❞ ✈✳ ✈✳





( 2 0 3 A )

❇ ❡ ✐ ❞ ❡ ✱ ✐❢ n = 3 ✱ ❤ ❡ ♥ ✇ ❡ ✉ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✹ ✾ ✾✮✿ − →r N (θ 1 3 ) = e ∠
σ

⊗ e σ = ± si n θ 1 3 · − →e N ✳ ■ ✐

✐ ♠✐❧ ❛ ♦ ✭ ✶ ✺ ✸ ❆ ✕ ✶ ✺ ✺ ❆✮ ✐ ♥ ⟨P n + 1 ⟩ ♦ ♥ ❤ ❡ ❛ ❜ ❛ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✲ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ② ❢ ♦ ♠ ❈ ❤✳ ✻✳
❙ ❝ ❛❧ ❛ ✜ ♥ ❛❧ ❡ ✉❧ ❞ ♦ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ✉ ♥ ❞ ❡ ❤ ❡ ♠✐ ♦ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ✳

■ ❧ ❡ ❛ ❞ ♦ ♥❧ ② ♦ ❤ ❡ ✉ ❜ ✐ ✉ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✵ ✷ ❆✮✿ T → T ⋆ ✇✐ ❤ Θ → − Θ ✱ e σ → e ∠
σ
✳

❚ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ♠ ❛ ✐ ① T ⋆ ✐ ♥ ✭ ✶ ✽ ✺ ❆✮ ✇✐ ❤ ❝ ♦ ♥ ❛ ② ♦ ❞ ❡ ✐ ♥ ❣ ♦❢ ♣ ❛ ✐ ❛❧ ♠ ♦ ✐ ♦ ♥ ✭T ⋆ ≠ T ′✱ ❛
Φ ≠ Φ ′✱ ❜ ✉ Φ = − Φ ′✮ ❤ ❛ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✉ ❝ ✉ ❡✱ ❣ ♦ ❡ ♥ ❢ ♦ ♠ T ✇✐ ❤ e σ ↔ e ∠

σ
✿

T ⋆ = r ot Φ 2 3 · r ot Φ 1 2 = r ot
∠

Φ · r ot (− Θ) = r ot (− Θ) · r ot Φ = { r ot (− Θ) · T · r ot (− Θ) }

=
[r ot (− Θ)] 2 × 2 − ( 1 − c o s φ ) · e ∠

σ
e ′

σ − si n φ · e ∠
σ

+ si n φ · e ′
σ c o s φ

. ( 2 0 4 A )

T ❛ ♥ ❞ T ⋆ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ✐ ♠ ♣❧ ❡ ❛ ♥ ♣ ♦ ✐ ♥ ❣ ✐ ♥ ♦ ✐ ❣✐ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ① ❜✐ ♥ ❛ ② ❜ ❛ ❡ ✭ ✷ ✼ ✶✮✱ ✇ ❤ ❡ ❡
❞ ✉ ❡ ♦ ✭ ✷ ✼ ✼✮ ❤ ❡ ② ❜ ♦ ❤ ❛ ❡ ❍ ❡ ♠✐ ✐ ❛ ♥❧ ② ② ♠ ♠ ❡ ✐ ❝ ✭ ❡ ❡ ❛ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ❤✐ ❈ ❤ ❛ ♣ ❡ ✮✳

❚ ❤ ❡ ♦ ❡ ♠ ✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❛ ♥ ② ♣ ♦❧ ② ❡ ♣ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Φ 1 t ✐ ♥ ⟨ Q n + 1 ⟩ ♦
♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❣❧ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✳

❙ ✉ ❝ ❤ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❧ ❛ ✇ ✭ ✷ ✵ ✷ ❆✮ ❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮ ✐ ❝ ♦ ♥ ✜ ♠ ❡ ❞
✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❜ ② ❤ ❡ ❢ ❛ ❝ ✱ ❤ ❛ r ot Θ ✐ ❡ ✈ ❡ ❛❧ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡
Ẽ 1 s = r ot Φ 1 t · Ẽ 1 ❜ ② ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✽ ✶ ❆✮✳ ■ ♥ ❤ ❡ ❈ ❤ ❛ ♣ ❡ ✱ ❧ ❛ ✇ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❣ ❡ ♦ ♠ ❡ ② ♠ ♦ ✐ ♦ ♥ ✱ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ✐ ♥ ❈ ❤ ✳ ✺ ❆ ❛ ♥ ❞ ✼ ❆✱ ✇ ❡ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ♦ ♠ ❡ ✐ ♠ ❡ ❜ ② ✉ ✈ ❡ ②
✐ ♠ ♣❧ ② ❜ ② ✐ ♥ ✈ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✲ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✸✮ iΓ → Φ ✐ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ✦ ❆ ♥ ❞ ❤ ❡ ♥

♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✭ ✶ ✽ ✸ ❆✮ ✇ ❛ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❢ ♦ ♠ ♦❢ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❡ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✷✮ − iΦ ↔ Γ ✳ ❇ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ② ♣ ❡ ♦❢ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♥ ❞

❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ✱ ✇ ❡ ✉ ❡ ❞ ❤ ❡ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ② Φ ↔ − iΦ ↔ Γ ↔ iΓ ↔ Φ ❡ ♥ ✐ ❡❧ ②✳
✯ ✯ ✯

❋✐ ❡ ♣ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✇ ❡ ❡ ♠ ❛ ❞ ❡ ❜ ② ❏✳ ❍✳ ▲ ❛ ♠ ❜ ❡
❬ ✸ ✻❪ ❛ ♥ ❞ ❋✳ ❆✳ ❚ ❛ ✉ ✐ ♥ ✉ ❬ ✸ ✽❪✳ ▲ ❛ ♠ ❜ ❡ ❛ ✉ ♠ ❡ ❞ ✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ♦ ♥ ❛ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ♣ ❤ ❡ ❡
♦❢ ❛ ♥ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ❞✐ ✉ i R ✇✐ ❤ ❡❧ ❛ ✐ ♦ ♥ φ → i γ ❛ ♥ ❞ γ = γ (φ )✱ ❛ ♥ ❞ ❡ ✈ ❡ ❛❧ ❡ ❞ ❡ ① ❛ ❝ ❧ ② ❤ ❡
❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡✳ ❚ ❛ ✉ ✐ ♥ ✉ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ♦ ♥ ❤ ❡ ♣ ❤ ❡ ❡ ✜ ❢ ♦ ♠ ✉❧ ❛ ❡
♦❢ ✐ ♣❧ ❛ ♥✐ ♠ ❡ ② ❛ ♥ ❞ ♣ ♦ ✈ ❡ ❞ ❤ ❛ ✐ ♥ ✐ ✐ ❛ ♥ ❣❧ ❡ ❤ ❡ ✉ ♠ ♦❢ ❛ ♥ ❣❧ ❡ ❧ ❡ ❤ ❛ ♥ π / 2 ✳ ▲ ❛ ❡
❋✳ ❑❧ ❡✐ ♥ ❬ ✹ ✽❪ ❛ ♥ ❞ ❍✳ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❬ ✻ ✺❪ ♣ ♦ ✈ ❡ ❞ ❤ ❛ ❤✐ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✐ ❤ ❡
✉ ♣ ♣ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳ ◆✐ ❝ ♦❧ ❛✐ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ❬ ✹ ✵✱ ✹ ✶❪ ❛ ♥ ❞ ❏ ✁❛ ♥ ♦ ❇ ♦❧ ② ❛✐ ❬ ✹ ✷❪ ❝ ❡ ❛ ❡ ❞
✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ② ❤✐ ✜ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❢ ✉❧❧ ❢ ♦ ♠ ❜ ② ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❛ ①✐ ♦ ♠ ❛ ✐ ❝ ♠ ❡ ❤ ♦ ❞✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ② ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ♦ ♥ ❤ ❡ ✇ ❤ ♦❧ ❡ ❛ ❡
✉ ♥ ✈✐ ✉ ❛❧ ❢ ♦ ♠ ❡ ♥✱ ✐ ♥ ❝ ♦ ♥ ❛ ♦ ❤ ❡ ▲ ❛ ♠ ❜ ❡ ✬ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❤ ❡ ❡ ✭ ❛ ✉ ♣ ♣ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✮✳



✏ ❊ ✈ ❡ ② ❤✐ ♥ ❣ ♠ ✉ ❜ ❡ ♠ ❛ ❞ ❡ ❛ ✐ ♠ ♣❧ ❡ ❛ ♣ ♦ ✐ ❜❧ ❡✳ ❇ ✉ ♥ ♦ ✐ ♠ ♣❧ ❡ ✳✑ ✕ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥

❈ ❤ ❛ ♣ ❡ ✾ ❆

❘ ❡ ❛❧ ❛ ♥ ❞ ♦ ❜ ❡ ✈ ❛ ❜❧ ❡ ❜ ② ✉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ❣ ❛ ✈✐ ② ✜ ❡❧ ❞ ✶

■ ♥ ♣ ❡ ❡ ♥ ✇ ❡ ❝ ❛ ♥ ❛ ❡✱ ✉ ♥ ❞ ❡ ❡ ♥ ♦ ✉ ❣ ❤ ❧ ♦ ❣✐ ❝ ❛❧ ♣ ❡ ✈✐ ♦ ✉ ❛ ♥ ❞ ♠ ♦ ❞ ❡ ♥ ❛ ❣ ✉ ♠ ❡ ♥ ✱ ❤ ❛ ✱ ✐ ♥ ❞ ❡ ❡ ❞✱
❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇✐ ❤ ✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ♣ ❛ ✐ ♥ ❝ ❡ ✷ ✵ ✵ ✹ ❬ ✶ ✺❪ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ❢ ♦
✐ ♠ ♣❧ ❡ ❝ ♦ ❡ ❝ ✉ ❞ ②✐ ♥ ❣ ❛ ♥ ❞ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ❤ ❡ ◆ ❛ ✉ ❡ ✐ ♥ ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ♣ ❛ ❛❧❧ ❡❧ ✇✐ ❤ ❤ ❡ ✐ ♠ ♣❧ ❡
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ❙ ❚ ❘✲ ❛ ♥ ❞ ● ❘✲ ❡ ✛ ❡ ❝ ❛ ♥ ❞ ♣ ❛ ❛ ❞ ♦ ① ❡ ✳ ❋ ♦ ❤✐ ✇ ❡ ❛ ♣ ♣❧ ②

♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✕ ♣ ❤ ② ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ❡ ❝ ✳ ✶ ✷✳ ✸✮ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ❤ ② ✐ ❝ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ✐ ② ♦❢
❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❊ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ②✱ ✇✐ ❤

✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ❛ ✉ ❝ ❤ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❢ ❛ ❝ ♦ ♦❢
✇ ♦ ♣ ❡ ❝✐ ✜ ❝ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✳ ◆ ♦ ❡✱ ❤ ❛ ❤ ❡ ② ❞ ♦ ♥ ♦ ❡❧ ❛ ❡ ♦ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♠ ❡

❞✐❧ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ✈ ❡❧ ♦ ❝✐ ② ✭ ❈ ❤✳ ✸ ❆✮✳ ❍ ❡ ❡ ❛ ❡ ❤ ❡ ❢ ❛ ❝ ♦ ❢ ♦ ♠ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g a ❛ ♥ ❞ ✐ ♥ ❡ ♥ ✐ ② g f ✳
■❢ ♦✐ ♥ ❝ ❛ ✁❡ ❧✐❢ ❡ ❤ ❛ ❞ ♥ ♦ ❡ ♥ ❞ ❡ ❞ ♦ ❡ ❛ ❧ ② ✕ ❛ ❤ ❡ ❛ ❣ ❡ ♦❢ ✺ ✽ ✭✐ ♥ ✶ ✾ ✶ ✷✮✱ ❤ ❡ ♥✱ ♣ ❡ ❤ ❛ ♣ ✱

❤ ❡ ✇ ♦ ✉❧ ❞ ❤ ❛ ✈ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ❞ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❤✐ ♥ ❡ ✇ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤ ❡ ♦ ② ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡
❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ❛❧ ♦ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ♣ ❛ ❤✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ✐ ♥ ❝ ❡ ✐ ♥ ❤✐ ♣✐ ♦ ♥ ❡ ❡ ✐ ♥ ❣ ❛ ✐ ❝❧ ❡ ❬ ✻ ✸❪ ❤ ❡
♣ ❡ ❞✐ ❝ ❡ ❞ ❤ ❡ ♣ ♦ ✐ ❜✐❧✐ ② ♦❢ ❤ ❡ ❡ ①✐ ❡ ♥ ❝ ❡ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✇ ❛ ✈ ❡ ✱ ✐✳ ❡✳✱ ✇✐ ❤ ♦ ✉ ✉ ♥ ♥ ❡ ❝ ❡ ❛ ✐❧ ②
❜ ❡ ♥ ❞✐ ♥ ❣ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❜ ✉ ❞ ✉ ❡ ♦ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❜ ❡ ♥ ❞✐ ♥ ❣ ❧✐ ❣ ❤ ❛ ② ♦ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ♦ ♣ ✐ ❝ ❛❧ ❡ ❛ ♦ ♥
✕ ❡ ❡ ❜ ❡❧ ♦ ✇ ✐ ♥ ✭ ✷ ✵ ✽ ❆✮✳ ❇ ❡❢ ♦ ❡ ❤ ❡ ❝ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ②✱ ✐ ♥ ❢ ❛ ❝ ♦ ♥
❤ ❡ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ✐ ✐ ♥ ❤ ❡ ❡ ♥ ❝ ✉ ✈ ❛ ✉ ❡✱ ✐ ♥ ❡ ✈ ❡ ♦ ❝ ❝ ✉ ❡ ❞ ♦ ❛ ♥ ② ♦ ♥ ❡ ♦ ❛ ❦ ❡ ❧✐ ❣ ❤ ❛ ② ❢ ♦ ❛

✐❢ ❛ ♣ ✐ ♦ ✐ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✳ ■ ♥ ● ❚ ❘✱ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ♠✐ ①✐ ♥ ❣ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ❛ ♥ ❞ ❧✐ ❣ ❤ ❛ ② ✐ ♥ ♦
♦ ♥ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦ ❝ ❝ ✉ ❡ ❞✱ ❜ ✉ ❛ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ♥ ❤ ❡ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳

❚ ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧ ♠ ❡ ✐ ❤ ❛ ❤ ❡ ✐ ♥ ❡ ✐ ❛ ♦❢ ❛ ♥ ② ♠ ❛ ✐ ✈ ❡ ♦ ❜❥ ❡ ❝ ✐ ❝ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ▼ ❛ ♦❢ ❤ ❡
❯ ♥✐ ✈ ❡ ❡ ❛ ❛ ✇ ❤ ♦❧ ❡ ❜ ❡❧ ♦ ♥ ❣ ♦ ❊ ♥ ▼ ❛ ❝ ❤ ❬ ✺ ✺❪ ✕ ❡ ♠✐ ♥ ❡ ♥ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞ ♣ ❤✐❧ ♦ ♦ ♣ ❤ ❡ ✲ ♣ ♦ ✐ ✐ ✈✐
♦❢ ❙ ❝✐ ❡ ♥ ❝ ❡✳ ❚ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ♦❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤✐ ❢ ❛ ♥ ❛ ✐ ❝ ▼ ❛ ❝ ❤ ❤ ② ♣ ♦ ❤ ❡ ✐ ❡ ♠ ❛✐ ♥ ❡ ❞ ✉ ♥ ❝❧ ❡ ❛ ❢ ♦
❛ ❧ ♦ ♥ ❣ ✐ ♠ ❡✳ ❆ ♥ ❞ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ✐ ♥ ❤✐ ● ❚ ❘ ❡❢ ✉ ❡ ❞ ✐ ✇✐ ❤ ❛❧❧ ❤ ❡ ● ❛❧✐❧ ❡ ❛ ♥ ✐ ♥ ❡ ✐ ❛❧ ② ❡ ♠ ✳
❚ ❤ ❡ ▼ ❛ ❝ ❤ ❙ ② ❡ ♠✱ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❈ ❡ ♥ ❡ ♦❢ ▼ ❛ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✱ ♣ ❡ ❝✐ ✜ ❡ ❞ ❛ ♣ ✐ ♦ ✐
❤ ❡ ✉ ♥✐ ✉ ❡ ✐ ♥ ❡ ✐ ❛❧ ❙ ② ❡ ♠ ♦❢ ● ❛❧✐❧ ❡ ♦ ❣ ❡ ♥ ❡ ❛❧❧ ② ❢ ♦ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈ ❡ ♦ ✐ ❛❧❧ ♦ ❤ ❡

● ❛❧✐❧ ❡ ❛ ♥ ② ❡ ♠ ✳ ❇ ✉ ✐ ♥ ✶ ✾ ✻ ✹✱ ✜ ♥ ❛❧❧ ②✱ ❤ ❡ ❍✐ ❣ ❣ ❤ ❡ ♦ ② ❛ ♣ ♣ ❡ ❛ ❡ ❞ ❬ ✽ ✷❪✱ ✇ ❤✐ ❝ ❤ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞
❤ ❛ ✱ ❞ ✉ ✐ ♥ ❣ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ✇✐ ❤ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ✐ ▼ ❛ ❛ ❛ ✇ ❤ ♦❧ ❡✱ ❤ ❡ ❧ ❛ ❡

♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ❍✐ ❣ ❣ ✜ ❡❧ ❞✱ ❝ ❡ ❛ ❡ ❞ ❤ ❡ ● ❛❧✐❧ ❡ ♦✬ ✐ ♥ ❡ ✐ ❛ ♦❢ ❛ ♥ ② ♠ ❛ ❡ ❛ ❤ ❡ ♥ ❡ ❝ ❡ ❛ ②
❢ ♦ ❝ ❡ ♦❢ ❤ ❡ ◆ ❛ ✉ ❡✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❥ ✉ ❧✐ ❦ ❡ ✐ ♥ ❤ ❡ ✢ ❛ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐✱ ❛
❛ ♥ ② ♣ ♦✐ ♥ ❛ ♥ ❞ ✐ ♥ ❛ ♥ ② ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤✐ ❍✐ ❣ ❣ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✱ ❤ ❡ ✐ ♥ ❡ ✐ ❛ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥❧ ②
♦ ♥ ❤ ❡ ♠ ❛ ♦❢ ❛ ♥ ♦ ❜❥ ❡ ❝ ✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ● ❛❧✐❧ ❡ ♦✬ ▲ ❛ ✇✦ ❚ ❤ ❡ ♥✱ ✐ ✐ ❤ ❡ ❡ ❛❧ ♣ ❛ ❝ ❡✲
✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝ ♠ ❛ ❡ ✐ ❛❧

❍✐ ❣ ❣ ✜ ❡❧ ❞ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✦ ❚ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ◆ ♦ ❡ ❤ ❡ ✬ ❚ ❤ ❡ ♦ ❡ ♠ ❢ ♦
❛ ❝ ✐ ♥ ❣ ❤ ❡ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ✕ ▼ ♦ ♠ ❡ ♥ ✉ ♠ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥✬ ❊ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡

✐ ♥ ❝✐ ♣❧ ❡✱ ✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱ ❛ ♥ ❞ ❤✐ ❢ ❛ ❝ ❤ ❛ ❜ ❡ ❡ ♥ ❡ ♣ ❡ ❛ ❡ ❞❧ ②
❛ ♥ ❞ ❛ ❝ ❝ ✉ ❛ ❡❧ ② ❝ ♦ ♥ ✜ ♠ ❡ ❞✱ ❛ ✐ ♥ ❣ ✇✐ ❤ ◆ ❡ ✇ ♦ ♥✬ ♦ ✇ ♥ ❡ ① ♣ ❡ ✐ ❡ ♥ ❝ ❡✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ✇✐ ❤ ❤ ❡
◆ ❡ ✇ ♦ ♥✬ ❤ ❡ ♦ ② ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✱ ❜ ✉ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ✜ ♥✐ ❡ ♣ ❡ ❡ ❞ ✏ ❝✑ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡✲❧✐ ❦ ❡
♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❣ ❛ ✈✐ ②✱ ❞ ✉ ❡ ♦ ♦✐ ♥ ❝ ❛ ✁❡ ❤✐ ♠ ❡❧❢ ✐ ♥ ❬ ✻ ✸❪✱ ✐ ♥ ❢ ❛ ❝ ✐ ♥ ❝ ❡ ❏ ✉ ♥ ❡ ✶ ✾ ✵ ✺ ✉ ❝ ❤ ♥ ❡ ✇
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇ ❛ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞✦ ❚ ❤ ❡ ❡ ♠ ✏ ✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥✑ ✐ ♥ ❤ ❡ ❍✐ ❣ ❣

❚ ❤ ❡ ♦ ② ❤ ❛ ❜ ❡ ❡ ♥ ❡ ✈✐ ✈ ❡ ❞ ✐ ♥ ❤✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❚ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ✧ ❡ ❤ ❡ ✧✱ ❡❥ ❡ ❝ ❡ ❞ ❛❧ ♦
❜ ② ❊✐ ♥ ❡✐ ♥✱ ❢ ❛ ❝ ✉ ❛❧❧ ② ❡ ✉ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❛ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♠ ❡ ❞✐ ✉ ♠ ♦❢ ❤ ❡ ❍✐ ❣ ❣ ✜ ❡❧ ❞✱
❜ ✉ ✉ ♥ ❞ ❡ ♦ ❤ ❡ ♥ ❛ ♠ ❡✳ ♦✐ ♥ ❝ ❛ ✁❡ ❛ ♥ ❞ ▲ ♦ ❡ ♥ ③ ♥ ❡ ✈ ❡ ❡❥ ❡ ❝ ❡ ❞ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♠ ❡ ❞✐ ✉ ♠ ♦❢ ❤ ❡
❯ ♥✐ ✈ ❡ ❡✱ ❛ ♥ ❞ ✐ ♥ ❤ ❡✐ ✇ ♦ ❦ ✐ ❛ ♣ ♣ ❡ ❛ ❡ ❞ ✉ ♥ ❞ ❡ ❤ ❡ ❡ ♠ ✏ ❡ ❤ ❡ ✑ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❛ ❤ ❛ ✐ ♠ ❡✳ ❙ ♦✱
❤ ❡ ❣ ❡ ❛ ❝ ❤ ❡ ♠✐ ❉ ♠✐ ✐ ▼ ❡ ♥ ❞ ❡❧ ❡ ❡ ✈ ❤ ❛ ♣❧ ❛ ❝ ❡ ❞ ❤ ❡ ✏ ❡ ❤ ❡ ✑ ✐ ♥ ❤ ❡ ③ ❡ ♦ ❝ ❡❧❧ ♦❢ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧

✧ ❡ ✐ ♦ ❞✐ ❝ ❚ ❛ ❜❧ ❡ ♦❢ ❈ ❤ ❡ ♠✐ ❝ ❛❧ ❊❧ ❡ ♠ ❡ ♥ ✧✱ ✇ ❤✐ ❝ ❤ ❤ ❡ ❤ ❛ ❞ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ♦ ♥ ▼ ❛ ❝ ❤ ✶✱ ✶ ✽ ✻ ✾✳

✶ ❚ ❤ ❡ ❝ ❤ ❛ ♣ ❡ ✾ ❆ ❤ ❛ ❞ ❜ ❡❢ ♦ ❡ ❞✐ ❝ ✉ ✐ ♦ ♥ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✉ ♣ ♦ ❤✐ ✸✲ ❞ ❡ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜ ♦ ♦ ❦✳



❈ ❍ ❆ ❚ ❊ ❘ ✾ ❆✳ ❘ ❊ ❆ ▲ ❆ ◆ ❉ ❖ ❇ ❙ ❊ ❘ ❱ ❆ ❇ ▲ ❊ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ■ ◆ ❚ ❍ ❊ ● ❘ ❆ ❱ ■ ❚ ❨ ❋ ■ ❊ ▲ ❉ ✷ ✺ ✺

❚ ❤ ❡ ♥ ❡ ✇ ❡ ❡ ♥ ✐ ❛❧ ❡ ♥ ♦ ✈ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥ ✐ ❡ ❛❧✐ ③✐ ♥ ❣ ❢ ♦ ♠ ✶ ✾ ✻ ✹ ❬ ✽ ✷❪✱
❜ ② ❤ ❡ ✈ ❡ ② ❡ ♠✐ ♥ ❡ ♥ ♥ ♦ ✇ ❡ ❡ ❍✐ ❣ ❣ ✱ ✇✐ ❤✐ ♥ ❤ ❡ ❢ ❛ ♠ ❡ ✇ ♦ ❦ ♦❢ ❤ ❡ ❙ ❛ ♥ ❞ ❛ ❞ ▼ ♦ ❞ ❡❧ ❢ ♦ ❤ ❡
❡ ♦❢ ❡❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❛ ✐ ❝❧ ❡ ✱ ♣ ✉ ❢ ♦ ✇ ❛ ❞ ❛ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥ ❛ ② ❤ ❡ ♦ ②✱ ❤ ❛ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ❯ ♥✐ ✈ ❡ ❡✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❇✐ ❣ ❇ ❛ ♥ ❣ ❚ ❤ ❡ ♦ ② ♦❢ ❤ ❡ ❡ ♠✐ ♥ ❡ ♥ ♣ ❤ ② ✐ ❝✐ ● ❡ ♦ ❣ ❡ ● ❛ ♠ ♦ ✇✱ ❛
❤ ❡ ❛ ❣ ❡ ✇ ❤ ❡ ♥ ✐ ❢ ✉❧❧ ▼ ❛ ❛ ♣ ♣ ❡ ❛ ✱ ❤ ❡ ❧ ❛ ❡ ❝ ❡ ❛ ❡ ✐ ♥ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❛ ❝ ❡ ❛✐ ♥ ♠ ❛ ❡ ✐ ❛❧ ✜ ❡❧ ❞

✇✐ ❤ ✐ ♠ ♦ ♠ ❛ ✐ ✈ ❡ ✉ ❛ ♥ ✉ ♠ ♣ ❛ ✐ ❝❧ ❡ ✏ ❜ ♦ ♦ ♥✑✳ ■ ✐ ❤ ❡ ❍✐ ❣ ❣ ✜ ❡❧ ❞ ❝ ❡ ❛ ❡ ✏✐ ♥ ❡ ✐ ❛✑✱ ❛ ❤ ❡
❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❢ ♦ ❝ ❡ ♦❢ ❤ ❡ ◆ ❛ ✉ ❡ ✉ ♥ ❞ ❡ ✉ ❝ ❤ ✐ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♥ ❛ ♠ ❡✳ ❚ ❤ ❡ ✐ ♥ ❡ ✐ ❛ ❛ ❝ ♦ ♥ ❛ ♥ ②
♠ ❛ ✐ ✈ ❡ ♦ ❜❥ ❡ ❝ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ♦ ✐ ♠ ❛ ✭ ❛ ✐ ❝ ❤ ❛ ❣ ❡✮✱ ❜ ✉ ✐ ✛ ❤✐ ♦ ❜❥ ❡ ❝ ❞ ❡ ✈✐ ❛ ❡ ❢ ♦ ♠
❤ ❡ ✉ ♥✐❢ ♦ ♠ ❛ ♥ ❞ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✜ ❡❧ ❞✱ ✐✳ ❡✳✱ ❞ ✉ ❡ ♦ ● ❛❧✐❧ ❡ ♦✬ ▲ ❛ ✇✳ ❚ ❤✐ ❍✐ ❣ ❣ ❤ ❡ ♦ ②

✇ ❛ ✐ ❝ ❧ ② ❝ ♦ ♥ ✜ ♠ ❡ ❞ ✇✐ ❤ ❤ ❡ ❞✐ ❝ ♦ ✈ ❡ ② ♦❢ ❤ ❡ ❍✐ ❣ ❣ ❜ ♦ ♦ ♥ ✐ ♥ ✷ ✵ ✶ ✷ ❛ ❤ ❡ ❍ ❛ ❞ ♦ ♥ ❈ ♦❧❧✐ ❞ ❡
✐ ♥ ❤ ❡ ❙ ✇✐ ③ ❡ ❧ ❛ ♥ ❞✳ ❆ ♥ ❞ ❤ ❡ ✇ ❛ ❞ ❡ ❡ ✈ ❡ ❞❧ ② ❛ ✇ ❛ ❞ ❡ ❞ ❤ ❡ ◆ ♦ ❜ ❡❧ ❡ ❛ ♥ ✐ ③ ❡✳

❲❡ ❤ ♦ ♣ ❡ ❤ ❛ ❤ ❡ ❜ ✐ ❡❢ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ❤ ❡❧ ♣ ♦ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ♦ ♦ ✉ ❡ ❛ ❞ ❡ ✱ ✇ ❤ ② ❤ ❡
❛ ✉ ❤ ♦ ✱ ✐ ♥ ❝ ❡ ✜ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ✷ ✵ ✵ ✹ ❬ ✶ ✺❪✱ ❞ ❡ ✈ ❡❧ ♦ ♣ ✐ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤
❤ ❡ ♠ ❛ ♥ ② ✈ ❛ ✐ ♦ ✉ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ♥ ❡ ✇ ♠ ❛ ❤ ✉ ❜❥ ❡ ❝ ✐ ♥ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✱ ♥ ❛ ♠ ❡❧ ②✱

✐ ♥ ❤ ❡ ✹ ❉ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❇ ✉ ✱ ✉ ♥❧✐ ❦ ❡ ❛ ♥ ✉ ♠ ❜ ❡ ♦❢ ✈ ❡ ②
❛ ❣ ❣ ❡ ✐ ✈ ❡ ❛ ♣ ♦❧ ♦ ❣✐ ♦❢ ● ❚ ❘✲ ❝ ✉ ✈ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❤ ❡ ❛ ✉ ❤ ♦ ❞✐ ❞ ♥ ♦ ✐ ♠ ♣ ♦ ❡ ♦ ✇ ♥ ❛ ✉ ❤ ♦ ✬
♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦ ♥ ❤ ❡ ♦ ❤ ❡ ♠ ❡ ♥✱ ❛ ❤ ♦ ✉❧ ❞ ❜ ❡ ✐ ♥ ❤ ❡ ❋ ❡ ❡ ❙ ❝✐ ❡ ♥ ❝ ❡✱ ❞ ❡ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❤✐ ❞✐ ❡ ❝ ✐ ♦ ♥✱
✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ♦ ✇ ♥ ❡❧❢ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝✐ ❡ ♥ ✐ ✜ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✳ ❇ ❡ ✐ ❞ ❡ ✱ ✇ ❡ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥
❤ ❡ ✜ ❤ ❡ ♦ ② ✇✐ ❤ ✢ ❛ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ❛ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ❜ ② ◆ ❛ ❤ ❛ ♥ ❘ ♦ ❡ ♥✱

✇ ❤ ♦ ✇ ❛ ❊✐ ♥ ❡✐ ♥✬ ❛ ✐ ❛ ♥ ❛ ✐ ♥ ❝ ❡ ♦ ♥✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ❞✐ ❞ ♥ ♦ ♣ ❡ ✈ ❡ ♥ ❤✐ ♠
❢ ♦ ♠ ❞ ❛ ✐ ♥ ❣ ✐ ♥ ♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥✦ ❇ ✉ ❤ ❡ ❜ ♦ ♦ ❦ ❛ ✉ ❤ ♦ ❜ ❡❧✐ ❡ ✈ ❡ ❤ ❛ ❤ ❡ ♦ ✐ ❡ ✇✐ ❤ ❝ ✉ ✈✐ ♥ ❣
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♠ ❛ ② ♠ ❛ ♣ ♣✐ ♥ ❣ ♦ ♥❧ ② ♦ ❜ ❡ ✈ ❛ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❤ ♦ ✉ ❣ ❤ ❛ ✐❢ ❛ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❧ ❡ ♥ ♦❢
❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✜ ❡❧ ❞✱ ❜ ✉ ❛ ♥ ② ❡ ❛❧ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❖ ✉ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❛ ❣ ♦ ♦ ❞ ❝ ♦ ♠ ♣ ♦ ♠✐ ❡ ❤ ❛ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♦ ② ❤ ❡ ❤ ❛ ♠ ♦ ♥ ②✱ ❜ ✉

❡ ① ❝❧ ✉ ❞ ❡ ❤ ❡ ♣ ♦ ✐ ✐ ✈✐ ♠ ✐ ♥ ❡ ❛❧ ❛ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✇ ♦ ❧ ❞ ❡ ✈ ❡ ♥ ✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱
❛ ❣ ❣ ❡ ✐ ✈ ❡ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ♣ ❡ ❝✐ ✜ ❝ ❛ ♣ ♦❧ ♦ ❣✐ ♦❢ ❛ ❝ ✉ ✈ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❡ ✐ ✉ ❝ ❤ ❛ ♣ ❡ ❛ ❝ ❡✲❧ ♦ ✈✐ ♥ ❣
♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ❛ ♥ ❞ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ♦ ❡ ❝ ❡ ❧ ② ❛ ♥ ❞ ♣ ❡ ✐ ❡ ♥ ❧ ② ❤✐ ♥ ❞ ❡ ✐ ♣ ♦ ♣ ✉❧ ❛ ✐ ③ ❛ ✐ ♦ ♥✳

❚ ❤ ❡ ❙ ♣ ❡ ❝✐ ❛❧ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✭ ❙ ❚ ❘✮ ❢ ♦ ♠ ✉❧ ❛ ❡ ❤ ❡ ▲ ❛ ✇ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢
❤ ❡ ♠ ❛ ❡ ❜ ♦ ❤ ✐ ♥ ✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ② ❡ ♠ ✉ ♥ ❞ ❡ ❛ ❜ ❛ ❝ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❤ ❛

❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✐ ✉ ♣ ♣ ♦ ❡ ❞ ♦ ❜ ❡ ❛ ❜ ❡ ♥ ✕ ❡ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❬ ✼ ✻❪✳ ❚ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ❦ ❡
♣❧ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ♠ ❛ ❝ ♦ ✇ ♦ ❧ ❞ ❛ ♥ ❞ ❤ ❡ ♠✐ ❝ ♦ ✇ ♦ ❧ ❞ ❛ ♥ ❞ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❛ ♥ ❛ ✉ ❡ ♦❢ ❛ ❝ ✐ ✈ ❡ ❢ ♦ ❝ ❡ ✳
■ ♥ ❈ ❤ ✳ ✶ ❆ ✕ ✼ ❆✱ ✇ ❡ ✉ ❡ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❢ ♦ ❞ ❡ ❝ ✐ ❜✐ ♥ ❣ ▲ ❛ ✇ ♦❢ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥
❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✳ ■ ♥ ❏ ✉ ♥ ❡ ✶ ✾ ✵ ✺✱ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ♠ ❛ ❞ ❡ ❤ ❡ ✉ ♣ ❡ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥ ❛ ② ❡ ♣✿
❤ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✐ ♠ ❡ ❛ ①✐ ✇✐ ❤ ❝ ❛❧ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✧ ❝ ✧ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❝ ♦ ♥ ❛ ♥ ♣ ❡ ❡ ❞
♦❢ ❧✐ ❣ ❤ ✐ ♥ ❢ ❛ ❈ ♦ ♠ ♦ ✳ ❲✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤✐ ✐ ♥ ♥ ♦ ✈ ❛ ✐ ♦ ♥✱ ❤ ❡ ✉ ❣ ❣ ❡ ❡ ❞ ❤ ❡ ✐ ❞ ❡ ❛ ♦❢ ❤ ❡ ✉ ♥✐ ❡ ❞
❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❣ ♦ ✉ ♣ ♥ ❛ ✉ ❡ ♦❢
✐ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✬ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ♥ ❛ ♠ ❡ ❞ ❜ ② ❤✐ ♠ ❛ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ♦ ♥ ❡ ❬ ✻ ✸✱ ✼ ✻✱ ♣✳ ✶ ✵ ✼❪✳ ❍ ♦ ✇ ❡ ✈ ❡
❤✐ ❣ ❡ ♥✐ ✉ ✐ ❞ ❡ ❛ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ✇ ❛ ✐ ❣ ♥ ♦ ❡ ❞ ❛ ♥ ❞ ♥ ♦ ❡ ✐ ♠ ❛ ❡ ❞ ❜ ② ❝ ♦ ♥ ❡ ♠ ♣ ♦ ❛ ✐ ❡ ✭ ❜ ❡ ✐ ❞ ❡ ❜ ②

❍ ❡ ♥ ❞ ✐ ❝ ▲ ♦ ❡ ♥ ③ ❤✐ ♠ ❡❧❢ ✮✳ ■ ♥ ✶ ✾ ✵ ✾✱ ❍ ❡ ♠ ❛ ♥ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✉ ❣ ❣ ❡ ❡ ❞ ❤ ❡ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ✈ ❛ ✐ ❛ ♥ ♦❢
❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ❜ ♦ ✈ ❡ ❬ ✻ ✺❀ ✼ ✻✱ ♣✳ ✹ ✶❪✱ ❜ ✉ ✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡

❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ✇ ♦ ❦ ✳ ❍ ❡ ❤ ❛ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤ ❡ ♦ ② ❤ ❡ ♥ ♦ ✐ ♦ ♥ ♦❢ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✱
✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ✈ ❛❧ ✱ ♣ ♦ ♣ ❡ ✐ ♠ ❡✱ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♠ ❛ ♥ ② ♦ ❤ ❡ ✳ ✭❲❡ ❝ ❛ ♥ ♦ ♥❧ ②

❣ ✉ ❡ ✇ ❤ ❛ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ✇ ❛ ❜ ❡ ✇ ❡ ❡ ♥ ● ❡ ♠ ❛ ♥ ❛ ♥ ❞ ❋ ❡ ♥ ❝ ❤ ❝✐ ❡ ♥ ✐ ❛ ❤ ❛ ✐ ♠ ❡✦✮
✯ ✯ ✯

❲ ❤✐❧ ❡ ❡❧ ❛ ❜ ♦ ❛ ✐ ♥ ❣ ❤ ❡ ● ❚ ❘ ❬ ✻ ✾❪✱ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ♣ ❛✐ ❞ ❛ ❡ ♥ ✐ ♦ ♥ ♦ ❡ ♠ ♣✐ ✐ ♦ ❝ ✐ ✐ ❝ ❛❧ ▼ ❛ ❝ ❤✬
❡ ❣ ❛ ❞ ♦ ♥ ❤ ❡ ❝ ❡❧ ❡ ✐ ❛❧ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ✉ ♥✐ ✐ ♥ ❣ ❞ ② ♥ ❛ ♠✐ ❝ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ♦ ♥ ❤ ❡ ▲ ❛ ✇

♦❢ ● ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ■ ♥ ❡ ✐ ❛❧ ▼ ❛ ❡ ■ ❞ ❡ ♥ ✐ ②✳ ❙ ♦✱ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥
✉ ❜ ❛ ♥ ❝ ❡ ♥ ❛ ✉ ❡✱ ❤✐ ✇ ❛ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❜ ② ■✳ ◆ ❡ ✇ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ✇✐ ❤ ❤✐ ❣ ❤ ♣ ❡ ❝✐ ✐ ♦ ♥ ❜ ②

▲✳ ❊ ☎♦ ✈ ☎♦ ✳ ❚ ❤✐ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❊ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ❤ ♦❧ ❞ ✐ ♥ ❝❧ ❛ ✐ ❝ ❛❧ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ♦ ♠ ✱ ❜ ✉ ♥ ♦ ♦ ♥ ❡
❤ ❛ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧❧ ②✿ ✇ ❤ ❡ ❤ ❡ ❤✐ ✐ ♥ ❝✐ ♣❧ ❡ ❛ ♣ ♣❧✐ ❡ ♦ ♠ ♦ ✈✐ ♥ ❣ ♠ ❛ ✧ ♠ ✧ ♦ ♥ ♦ ❄
❲❡✬❧❧ ✉ ❡ ❜ ❡❧ ♦ ✇ ✉ ❝ ❤ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❢ ✉❧❧ ♠ ❛ ✧ ♠ ✧ ♦❢ ❤ ❡ ▼ ❡ ❝ ✉ ② ✇✐ ❤ ♥ ♦ ♥✲ ♠ ♦ ✈✐ ♥ ❣ ♠ ❛ ✧ M 0 ✧
♦❢ ❤ ❡ ❙ ✉ ♥ ✐ ♥ ♦ ✉ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤✐❢ ✳



✷ ✺ ✻ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ♠ ♦ ❡ ❝ ♦ ♥ ✈✐ ♥ ❝✐ ♥ ❣ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ● ❚ ❘✱ ❆✳ ❊✐ ♥ ❡✐ ♥ ❤ ❛ ❞ ♣ ♦ ♣ ♦ ❡ ❞ ❤ ❡ ● ❡ ♥ ❡ ❛❧ ✐ ♥ ❝✐ ♣❧ ❡
♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✱ ✐ ♥ ❡ ❛ ❞ ● ❛❧✐❧ ❡ ❛ ♥✲ ♦✐ ♥ ❝ ❛ ✁❡✱ ✐ ♥ ✇ ❤✐ ❝ ❤ ❛❧❧ ▲ ❛ ✇ ♦❢ ◆ ❛ ✉ ❡ ❤ ❛ ✈ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❢ ♦ ♠
✐ ♥ ❛ ♥ ② ❢ ❡ ❡ ♠ ♦ ✈✐ ♥ ❣ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ✭ ❜ ✉ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ❢ ❛ ♠ ❡✬ ♦ ✐ ❣✐ ♥✦ ❄✮✳ ❋ ♦ ✐ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥✱
❤ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❤ ❡ ● ❡ ♥ ❡ ❛❧ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❊ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ♦❢ ✐ ♥ ❡ ✐ ❛ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✳
❚ ❤✐ ❧ ❡ ❞ ♦ ❝ ✉ ✈✐ ♥ ❣ ✹ ❉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ● ❚ ❘✳ ❙ ✉ ❝ ❤ ❜ ❡ ♥ ❞ ❡❧ ❛ ❡ ♥ ♦ ♦ ♥❧ ② ♦ ✐ ♠ ❡✲ ❛ ♦ ✇ ✱ ❜ ✉
❛ ♥ ❞ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ✸ ❉ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ✇✐ ❤ ✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ ✦ ❄

❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ❤✐ ✐ ♥ ❝✐ ♣❧ ❡ ❛ ♥ ❞ ❤✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❛ ♥ ✐ ♥ ❡ ✐ ❛❧ ② ❡ ♠ ❛ ❢ ❡ ❡❧ ② ❢ ❛❧❧✐ ♥ ❣ ✐ ♥ ♣ ❛ ❝ ❡
❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❝ ♦ ♥ ❛ ❞✐ ❝ ❤ ❡ ❍✐ ❣ ❣ ❤ ❡ ♦ ②✳ ❚ ❤✐ ✐ ♠ ❡ ❛ ❣ ❣ ❡ ✐ ✈ ❡ ❛ ♣ ♦❧ ♦ ❣✐ ♦❢ ● ❚ ❘ ❡ ♠ ❛✐ ♥ ✐❧ ❡ ♥ ✦

❆ ♥ ♦ ❤ ❡ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❜ ♦ ❤ ❤ ❡ ❡ ♠ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ② ▲ ❛ ✇ ✐ ❝❧ ♦ ❡ ♦ ▼ ❛ ❝ ❤✬ ❛ ♣ ♣ ♦ ❛ ❝ ❤✳ ❙ ♦✱
❢ ♦ ❛ ❜ ♦ ❞ ② M ✱ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❢ ♦ ❝ ❡ ♦❢ ❛ ❛ ❝ ✐ ♦ ♥ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❛ ❝ ✐ ✈ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❛ ❝ ✐ ♦ ♥ ♦❢
♦ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ ✱ ✇ ❤✐❧ ❡ ❤ ❡ ❢ ♦ ❝ ❡ ♦❢ ✐ ♥ ❡ ✐ ❛ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ♣ ❛ ✐ ✈ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦❢
❤ ❡ ✇ ❤ ♦❧ ❡ ▼ ❛ ✐ ♥ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ M ❛ ♥ ❞ ♥ ♦ ✇ ❞ ✉ ❡ ♦ ❤ ❡ ❍✐ ❣ ❣ ❤ ❡ ♦ ②✳ ■ ♥ ✉ ❝ ❤ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥✱
❤ ❡ ✷ ♥ ❞ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ▲ ❛ ✇ ♦❢ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♥ ❛ ✉ ❛❧❧ ② ❤✐ ❤ ❡ ▲ ❛ ✇ ♦❢ ● ❛ ✈✐ ❛ ✐ ♦ ♥✳

❚ ♦ ❣ ❡ ❢ ♦ M ❤ ❡✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ✐ ♥ Ẽ m ♦❢ ⟨ P 3 + 1 ⟩✱ ✇ ❡ ♣ ❛ ❢ ♦ ♠ ✐ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥
♦ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ✐ ♥ ✭ ✽ ✶ ❆✮ ✕ ❤ ❡ ❧ ♦ ❝ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ K ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✿

− F ( i ) = F ( a ) = m 0 g = m 0 c 2 / R K = E 0 / R K → R K = E 0 / F ( i ) , K = F ( i ) / E 0 < 0 . ( 2 0 5 A )

❍ ❡ ❡✿
F ✐ ❤ ❡ ✐ ♥ ♥ ❡ ✭✐✳ ❡✳✱ ❛ ♣ ♣❧✐ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ❜ ❛ ❡ Ẽ m ✮ ❛ ❝ ✐ ✈ ❡ ❢ ♦ ❝ ❡ ❝ ❛ ✉ ✐ ♥ ❣ ❜ ❡ ♥ ❞✐ ♥ ❣ ❛❥ ❡ ❝ ♦ ②
♦❢ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ♦❢ M ✐ ♥ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ K ❀
F ( i ) ✐ ❤ ❡ ♣ ❛ ✐ ✈ ❡ ❢ ♦ ❝ ❡ ♦❢ ✐ ♥ ❡ ✐ ❛ ❝ ♦ ✉ ♥ ❡ ❛ ❝ ✐ ♥ ❣ ♦ F ✐ ♥ Ẽ m ❀
m 0 ❛ ♥ ❞ E 0 ❛ ❡ ❤ ❡ ♦ ✇ ♥ ♠ ❛ ❛ ♥ ❞ ❤ ❡ ♦ ✇ ♥ ❡ ♥ ❡ ❣ ② ♦❢ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ ❀
R K ✐ ❤ ❡ ❛ ❞✐ ✉ ♦❢ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❛ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ K ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
❛ ❤ ❡ ♣ ♦✐ ♥ M ✐ ♥ ⟨ P 3 + 1 ⟩❀
c ✐ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ✹✲ ♣ ❡ ✉ ❞ ♦ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ▼ ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡✳

❊ ♥ ❡ ❣ ❡ ✐ ❝ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❢ ♦ ♠ ✭ ✷ ✵ ✺ ❆✮ ♦❢ ❤ ❡ ✷ ♥ ❞ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ▲ ❛ ✇ ✐ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✭ ❛ ♥ ❞ ✐
✐ ♥ ❡ ❝ ❡ ❛ ②✮ ✇✐ ❤ ❤✐ ✶ ❛ ♥ ❞ ✸ ❞ ♦ ♥ ❡ ✱ ✇ ❤ ❡ ❡✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ F = F ( a ) ♦ F = F ( f ) ❛ ❤ ❡
❢ ♦ ❝ ❡ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✿✿

F = 0 ↔ g = 0 ↔ K = 0 ( 1 st ), F = − F ( i ) ( 3r d ). ( 2 0 6 A. )

■ ♥ ❤✐ ❈ ❤ ❛ ♣ ❡ ✱ ✇ ❡✬❧❧ ❜ ♦ ♥ ❞ ❜ ♦ ❤ ❦✐ ♥ ❞ ♦❢ ❤ ❡ ♠ ❛ ❡ ❍✐ ❣ ❣ ✐ ♥ ❡ ✐ ❛✱ ❝ ❛ ✉ ❡ ❞ ❜ ② ❛ ❝ ✐ ♥ ❣ ❡✐ ❤ ❡
♣ ❤ ② ✐ ❝ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ( a ) ✭ ✶ ✮ ♦ ❣ ❛ ✈✐ ②✲✐ ♥ ❡ ♥ ✐ ② g ( f ) ✭ ✷ ✮ ✇✐ ❤ ✇ ♦ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❧ ♦ ❝ ❛❧ ❝ ♦ ✐ ♥ ❡
✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❛ ✐ ✱ ❤ ❡ ✐ ♥ ❡ ✐ ❛ ✐ ♥ ❜ ♦ ❤ ❦✐ ♥ ❞ ❛ ♥ ❞ ❤ ❡ ❧ ♦ ❝ ❛❧ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✐ ♥ ❜ ♦ ❤ ❦✐ ♥ ❞

❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ✐ ♥ ⟨ P 3 + 1 ⟩✳ ❚ ❤ ❡ ✜ ❝ ❛ ❡ ✐ ✐❧❧ ✉ ❛ ❡ ❞ ❛ ❋✐ ❣ ✉ ❡ ✸ ❆✱ ❈ ❤✳ ✺ ❆✱ ✇✐ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡✳ ❙ ❡ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ✐ ♥ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✵ ✾ ❆✮✱ ✭ ✷ ✶ ✵ ❆✮✳

❋ ♦ ♠ ✧ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ✧ ✭ ✷ ✵ ✺ ❆✮✱ E 0 = − F ( i ) · R K ✱ ❛ ❛ ♥ ✐ ♥ ❡ ✐ ❛❧ ♦ ✉ ❡ ♦❢ ❤ ❡ ♣ ❛ ✐ ✈ ❡
❢ ♦ ❝ ❡ F ( i ) ✱ ❝ ❛ ✉ ❡ ❧ ♦ ❝ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✭F = 0 ↔ R K = ∞ ✮✳
❋ ♦ ❡ ❛ ❝ ❤ ❜ ♦ ❞ ② ❛ ❜ ♦❧ ✉ ❡❧ ② ♠ ♦ ✈✐ ♥ ❣ ✇✐ ❤ ❣ ❡ ♥ ❡ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✭✐ ♥ ❡ ① ❡ ♠ ❡ ❝ ❛ ❡ ✱ ❛ ♣ ❛ ❛❧❧ ❡❧ ♦
♥ ♦ ♠ ❛❧ ♦ ✈ ❡❧ ♦ ❝✐ ②✮✱ ✉ ❝ ❤ ✧ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✧ ♦❢ ✐ ♥ ❡ ✐ ❛ ❛ ✐ ♥ ✭ ✷ ✵ ✺ ❆✮ ♠ ❡ ❛ ♥ ❤ ❛
F ( i ) ✐ ❤ ❡ ❝ ❡ ♥ ✐ ♣ ❡ ❛❧ ❢ ♦ ❝ ❡ ❛❧ ✇ ❛ ② ❞✐ ❡ ❝ ❡ ❞ ♦ ✇ ❛ ❞ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❝ ❡ ♥ ❡ ♦❢ ❛ ♣ ❡ ✉ ❞ ♦ ❝✐ ❝❧ ❡
✭ ❡✐ ❤ ❡ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ♦ ♦❢ ❛ ♥ ♦ ♠ ❛❧ ❝✐ ❝❧ ❡✮✱ ❛ ♥ ❞ ♥ ❛ ♠ ❡❧ ② F ( i ) ❝ ✉ ✈ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩✳
❘ ❡ ❝ ❛❧❧✱ ❤ ❛ ❛ ❧ ♦ ♥ ❣ ❛ ❣ ♦ ❛ ✐ ♥ ❤ ❡ ✶ ✺✲ ❤ ❝ ❡ ♥ ✉ ② ◆✐ ❝ ❤ ♦❧ ❛ ♦❢ ❈ ✉ ❛ ✭ ◆✐ ❝ ♦❧ ❛ ✉ ❈ ✉ ❛ ♥ ✉ ✮ ♥ ♦ ❡ ❞✿
✧ ❚ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ✐ ❛ ♣ ❤ ❡ ❡✱ ❛ ♥ ❞ ✐ ❈ ❡ ♥ ❡ ✐ ❡ ✈ ❡ ② ✇ ❤ ❡ ❡✦ ✧

❲✐ ❤ ❡ ✉❧ ✱ ❣ ♦ ❡ ♥ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ❈ ❤✳ ✼ ❆ ✐ ♥ ✭ ✶ ✸ ✶ ❆✲■■■✮ ❛ ♥ ❞ ✭ ✶ ✹ ✺ ❆✮✱ ❢ ♦ ❛ ♣ ♦✐ ♥ M ♦❢
✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩✱ ✇ ❡ ❤ ❛ ✈ ❡ ❣ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❘ ✉❧ ❡ ✇✐ ❤ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❢ ♦
✉ ♠ ♠✐ ♥ ❣ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✱ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ♥ ❞ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✱ ✐ ♥
❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❝ ♦❧❧✐ ♥ ❡ ❛ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ✳ ■ ♥ ❞ ❡ ❡ ❞✱ ❛ c o s ε = ± 1 ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❢ ♦ ♠ ✭ ✶ ✷ ✹ ❆✮✿

si n h 2 γ 1 3 = si n h 2 γ 1 2 + si n h 2 γ 2 3 + 2 · si n h 2 γ 1 2 · si n h 2 γ 2 3 + 2 · c o s h γ 1 2 · si n h γ 1 2 · c o s h γ 2 3 · si n h γ 2 3 ⇒

⇒ si n h γ 1 3 = si n h γ 1 2 · c o s h γ 2 3 ± c o s h γ 1 2 · si n h γ 2 3 ⇒ γ 1 3 = γ 1 2 ± γ 2 3 .

❆ γ 1 2 → 0 ❛ ♥ ❞ γ 2 3 → 0 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ d γ 1 3 = d γ 1 2 ± d γ 2 3 → k 1 3 = k 1 2 ± k 2 3 → g 1 3 = g 1 2 ± g 2 3 ✳



❈ ❍ ❆ ❚ ❊ ❘ ✾ ❆✳ ❘ ❊ ❆ ▲ ❆ ◆ ❉ ❖ ❇ ❙ ❊ ❘ ❱ ❆ ❇ ▲ ❊ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ■ ◆ ❚ ❍ ❊ ● ❘ ❆ ❱ ■ ❚ ❨ ❋ ■ ❊ ▲ ❉ ✷ ✺ ✼

❇ ✉ ❛ c o s ε = 0 ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❢ ♦ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✇ ♦ ❡ ♣ ❛ ♥ ❞ ❤ ❡ ❡ ❡ ♣ ✐ ♥ ❡ ✉ ♠ ♠ ❛ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ✿

si n h 2 γ 1 3 = ( c o s h γ 2 3 · si n h γ 1 2 ) 2 + si n h 2 γ 2 3 = ( c o s h γ 1 2 · si n h γ 2 3 ) 2 + si n h 2 γ 1 2 .

❆ γ 1 2 → 0 ❛ ♥ ❞ γ 2 3 → 0 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿ d γ 2
1 3 = d γ 2

1 2 + d γ 2
2 3 → k 2

1 3 = k 2
1 2 + k 2

2 3 → g 2
1 3 = g 2

1 2 + g 2
2 3 ✳

❇ ② ❛ ♥ ❛❧ ♦ ❣ ② ✉ ♣ ♦ ❊ ✉ ❝❧ ❞ ❡ ❛ ♥ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✸ ✐ ♥ ⟨ P 3 + 1 ⟩ ✱ ✇ ❡ ❤ ❛ ✈ ❡✿

si n h 2 γ 1 4 = si n h 2 γ 1 2 + si n h 2 γ 2 3 + si n h 2 γ 3 4 +

+ si n h 2 γ 1 2 · si n h 2 γ 2 3 + si n h 2 γ 1 2 · si n h 2 γ 3 4 + si n h 2 γ 2 3 · si n h 2 γ 3 4 + si n h 2 γ 1 2 · si n h 2 γ 2 3 · si n h 2 γ 3 4 =

= ( c o s h γ 3 4 · c o s h γ 2 3 · si n h γ 1 2 ) 2 + ( c o s h γ 3 4 · si n h γ 2 3 ) 2 + si n h 2 γ 3 4 =

= ( c o s h γ 1 2 · c o s h γ 2 3 · si n h γ 3 4 ) 2 + ( c o s h γ 1 2 · si n h γ 2 3 ) 2 + si n h 2 γ 1 2 .

■ ♥ ✐ ✉ ♥✱ ❛ γ 1 2 → 0 ✱ γ 2 3 → 0 ❛ ♥ ❞ γ 3 4 → 0 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿

d γ 2
1 4 = d γ 2

1 2 + d γ 2
2 3 + d γ 2

3 4 → k 2
1 4 = k 2

1 2 + k 2
2 3 + k 2

3 4 → g 2
1 3 = g 2

1 2 + g 2
2 3 + g 2

3 4 ✳

■❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✐ ✉ ❜❥ ❡ ❝ ❡ ❞ ♦ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❛ ❝ ✐ ♦ ♥ ♦❢ ❛ ❢ ❡ ✇ ♦❢ ❛ ❝ ✐ ✈ ❡ ❢ ♦ ❝ ❡ ✇✐ ❤
❞✐ ✛ ❡ ❡ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ✭ ♦ ♥❧ ② ❤ ❡ ❡ ♠ ❛ ② ❜ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✮✱ ❤ ❡ ♥ ❢ ♦ ❝ ❡ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ♠
✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❛ ✸✲ ✈ ❡ ❝ ♦ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( m ) ♦❢ ⟨ P 3 + 1 ⟩✿

F =
t

j = 1

F j =
t

j = 1

m 0 · g j = m 0 · g = m 0 g · e → g =
t

j = 1

g j , k =
t

j = 1

k j = K · e . ( 2 0 7 A. )

❚ ❤ ❡ ❡❢ ♦ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❢ ✉❧❧ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❜ ♦ ❤ ❤ ❡ ❍✐ ❣ ❣ ✐ ♥ ❡ ✐ ❛ ❛ ♥ ❞ ◆ ❡ ✇ ♦ ♥ ❣ ❛ ✈✐ ② ✜ ❡❧ ❞ ✱
✇ ❡ ✜ ① ❤ ❡ ❝ ❛ ❞✐ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤✐ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ▲ ❛ ✇ ♦❢ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ✐ ♥ ♥ ❡
❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ❢ ♦ ♠ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ▲ ❛ ✇ ♦❢ ✉ ♠ ♠✐ ♥ ❣ ✈ ❡❧ ♦ ❝✐ ✐ ❡
✐ ♥ ❙ ❚ ❘✱ ❛ ♥ ❞ ❤ ❡ ❛ ♠ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ ❤ ❡ ❝ ✉ ✈✐ ♥ ❣ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦❢ ● ❚ ❘ ❜ ② ❊✐ ♥ ❡✐ ♥✳

■ ♥ ❈ ❤✳ ✶ ✵ ❆✱ ✇ ❡✬❧❧ ♦ ❜ ❛✐ ♥ ❛❧❧ ❘ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❆ ❜ ♦❧ ✉ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ✐ ♥
⟨ P 2 + 1 ⟩ ❛ ♥ ❞ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛❧❧ ✐ ♥ ♥ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ✱ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣ ✉❧ ❛
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐ ♥ ❤ ❡ ♠ ♦ ❝ ♦ ♠ ♠ ♦ ♥ ❢ ♦ ♠ ✳

❙✐ ♥ ❝ ❡ ❤ ❡ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ❤ ❛ ✐ ♠✐❧ ❛ ♣ ♦ ♣ ❡ ✐ ❡ ✱ ❤ ❡ ♥ ❢ ♦ ❤ ❡ ❛ ❞✐ ✉ ♦❢
❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❧✐ ❣ ❤ ✬ ✇ ❛ ②✱ ❤ ❡ ❛ ❞ ❞✐ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❢ ♦ ♠ ✉❧ ❛ ❛ ❝ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♣ ♦ ♣ ❡ ②✿

1 / R 1 + 1 / R F = 1 / R 2 , → k 1 + k F = k 2 (e α = ❝ ♦ ♥ ), ( 2 0 8 A )

✇ ❤ ❡ ❡ R F ✐ ❤ ❡ ❢ ♦ ❝ ❛❧ ❞✐ ❛ ♥ ❝ ❡ ♦❢ ❛ ❧ ❡ ♥ ♦ ❛ ♠✐ ♦ ✱ ✐ ✐ ❡✐ ❤ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡✱ ♦ ♣ ♦ ✐ ✐ ✈ ❡✳ ■ ✐
❤ ❡ ✜ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ❡ ♣ ❡ ❛ ❡ ❞❧ ② ❛ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♣ ♦✐ ♥

♦❢ ❛ ❝ ❡ ❛✐ ♥ ❧✐ ❣ ❤ ❛ ② ❛❧ ♦ ♥ ❣ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✱ ❡ ❛ ❝ ❤ ✐ ♠ ❡ ❢ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ❞ ♠✐ ✐ ❜❧ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ✦✮✳
■ ♥ ❙ ❚ ❘✱ ❢ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❛ ● ❛❧✐❧ ❡ ❛ ♥ ✲✐ ♥ ❡ ✐ ❛❧ ❖ ❜ ❡ ✈ ❡ N j ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( j ) ✱ ❛ ♥ ②

❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ Ẽ m ✱ ❛ ❛ ♥ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡ ✱ ♣ ❡ ❡ ✈ ❡ ❢ ♦ ♠ ❛❧❧ ② ❢ ♦ ❤✐ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ❤ ❡ ✐ ♥ ❡ ✐ ❛❧✐ ②
✐ ♥ ⟨ P 3 + 1 ⟩ ✿ ✐✳ ❡✳✱ Ẽ m ∈ ⟨ Ẽ j ⟩ ✳ ❚ ❤✐ ❢ ❛ ❝ ✇ ❛ ✉ ❡ ❞ ✐ ♥ ❈ ❤ ✳ ✺ ❆ ✕ ✼ ❆✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❢ ♦ ❛ ♥ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❖ ❜ ❡ ✈ ❡ N m ✱ ✐ ✉ ❛ ❡ ❞

✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( m ) ✱ ✐ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ♥ ♦ ❡ ❞ ❢ ✉ ❤ ❡ ❛ Ẽ m ✱ ✐ ● ❛❧✐❧ ❡ ❛ ♥✲ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ♦ ♥ ❡

✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ⟨ Ẽ j ⟩ ✦ ❚ ❤ ✉ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❞ ✉ ❛❧✐ ♠ ❛ ♥ ❞ ✇ ♦ ✇ ❛ ② ✭ ✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ① ✮ ❢ ♦ ❞ ❡ ❝ ✐ ❜✐ ♥ ❣

❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ✳ ❙ ✉ ❝ ❤ ❛ ❞ ✉ ❛❧✐ ♠ ✇ ❛ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❬ ✶ ✵ ✺✱ ♣✳ ✶ ✷ ✶✲ ✶ ✷ ✽❪✳ ■ ♥ Ẽ m = { x̃ , c τ }

❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❛ ❡ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ✳ ▼ ❛ ♣ ♣✐ ♥ ❣ Ẽ j ↔ Ẽ m ✐ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠✳ ❙ ♣ ❡ ❝✐ ✜ ❝ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ✉ ❝ ❤ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠ ✇ ❡ ❡ ❣✐ ✈ ❡ ♥
✐ ♥ ❈ ❤✳ ✺ ❆ ❛ ♥ ❞ ✻ ❆ ❛ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✇✐ ❤ ♠ ❛ ♣ ♣✐ ♥ ❣
♣ ♦✲ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✐ ♥ ♦ ♦ ❤ ❡ ❝ ✉ ✈ ❡ ✕ ❛ ✐❢ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ② ❛ ♥ ❞ ❛ ✐❢ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❛ ❝ ✐ ① ✇✐ ❤
♦ ♥ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ✐ ♥ ❡ ♥ ❛❧ ❛ ❣ ✉ ♠ ❡ ♥ γ ❛❧ ♦ ♥ ❣ ❛❧❧ ❤ ❡ ❡ ❝ ✉ ✈ ❡ ✳  ❚ ❤ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡
Ẽ m ❛ ♥ ❞ Ẽ m ✱ ✐ ❡ ① ♣ ❡ ❡ ❞ ❛❧ ♦ ❜ ② ❛ ♠ ♦ ♦ ❤ ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ❤ ❛ ✐ ✇ ❤ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d ( c τ ) ❛ ♥ ❞ d x̃ k ✐ ♥ Ẽ m = { x̃ , c τ } ❛ ❡

❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❧✐ ♥ ❡ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ d x
( m )
k ❛ ♥ ❞ d ( c τ ( m ) ) ✐ ♥ Ẽ m = { x ( m ) , c τ ( m ) } ✱ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡

♦ ♥ ❡✲ ✈ ❛❧ ✉ ❡ ❞ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ d ũ = V − 1
( i )

d u ( m ) ✳

❚ ❤ ❡ ❛ ❝ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❛ ♣ ♦✐ ♥ M ✱ ❛ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❛❧ ❛ ❡❧ ❡ ♠ ❡ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ✱ ♠ ❛ ② ❜ ❡ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❜ ② ❤ ❡ ❡ ✇ ♦

✇ ❛ ② ✱ ❡✐ ❤ ❡ ✐ ♥ Ẽ m ✱ ♦ ✐ ♥ Ẽ m ✿

[d ( c τ )]
2

= [ d u
( m )

]
′

· I
±

· d u
( m )

= d ũ
′

· {V
′

( i ) · I
±

· V ( i ) } · d ũ = d ũ
′

· G
±
( i ) · d ũ .

❚ ❤ ❡ ♠ ❛ ✐ ① ♦❢ ❧ ♦ ❝ ❛❧ ❧✐ ♥ ❡ ❛ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ V ( i ) ✐ ✉ ♥✐ ✉ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤✐ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ♥ ❣ ✉ ❡ ♥ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ✐ ♥ ❡ ✐ ❛ ✭ ❡ ❡ ❛❧ ♦ ✐ ♥ ❡ ❝ ✳ ✶ ✶✳ ✶ ✮✿

G
±
( i ) = R

′
· D

±
· R = (

√
D ⊕ · R )

′
· I

±
· (

√
D ⊕ · R ) = V

′
( i ) · I

±
· V ( i ) .



✷ ✺ ✽ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ✉ ✱ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ♠ ❡ ✐ ❝ ♦❢ ❤ ❡ ❜ ❛ ✐ ♣ ❛ ❝ ❡ ♦❢ ❡ ✈ ❡ ♥ ✐ ♣ ❡ ❡ ✈ ❡ ❞ ✉ ♥ ❞ ❡ ♣ ❛ ❛ ❣ ❡ ✐ ♥ ♦ ✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❜ ❛ ❡ ✳ ■ ♥
❤ ❡ ✢ ❛ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✱ ❛ ♣ ♣❧ ②✐ ♥ ❣ ● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ Ẽ m ❢ ♦ ✐ ♥ ♥ ❡

❛ ♥ ❛❧ ② ✐ ♦❢ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ❛❧❧ ② ❧ ❡ ❛ ❞ ♦ ❤ ❡ ✉ ❡ ♦❢ ❘✐ ❝ ❝✐ ❡ ♥ ♦ ❝ ❛❧ ❝ ✉❧ ✉ ✇✐ ❤ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ♦❢ ♦ ♣ ♦❧ ♦ ❣ ②✳
❙ ♦✱ ✐ ♥ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ✐ ❛❧ ❜ ❛ ❡ ✱ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡✐ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❢ ♦ ❤ ❡ ❛ ♠ ❡ ❛ ❝ ❛ ❡ ❛ ✣ ♥ ❡✲ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞✱ ❤✐
❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✈ ❛ ✐ ❛ ❜❧ ❡ ❡ ♥ ♦ G ±

( i )
✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✭ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢

✐ ♥ ❡ ✐ ❛✮✳  ❚ ❤ ❡ ❡ ♥ ♦ ❛ ❝ ❛ ❛ ❝ ❡ ❛✐ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛❧❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❛ ♥ ❛ ❜✐ ❛ ② ♣ ♦✐ ♥ M ✳ ■ ✐ ✐ ♠ ♣ ♦ ❛ ♥ ❤ ❛

❡ ♥ ♦ ♦❢ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ✕ ❈ ❤ ✐ ♦ ✛ ❡❧✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ ❢ ♦ G ±
( i )

✐ ③ ❡ ♦ ❤ ❡ ❡✱ ❛ ❤✐ ❜ ❛ ✐ ♣ ❛ ❝ ❡ ✲ ✐ ♠ ❡ ✐ ✢ ❛ ✳ ■ ♥ ❛ ♥

❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ❜ ❡ ♥ ❞✐ ♥ ❣ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❣ ✐ ❞ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❥ ✉ ❡❧ ❛ ✐ ✈ ❡❧ ② ♦ ❖ ❜ ❡ ✈ ❡ N m ✳  ❍ ❡ ✐
✐ ✉ ❛ ❡ ❞ ❛❧ ✇ ❛ ② ✐ ♥ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ❤✐ ♦ ✇ ♥ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡ Ẽ m ✳  ❇ ✉ ● ❛❧✐❧ ❡ ❛ ♥ ✲✐ ♥ ❡ ✐ ❛❧ ❖ ❜ ❡ ✈ ❡ N j ♥ ♦ ✐ ❝ ❡ ♥ ♦

❜ ❡ ♥ ❞ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ x ❛ ♥ ❞ −→c τ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ Ẽ m ✇ ❤ ❡ ❡ ✈ ❡ N m ✐ ✐ ♥ Ẽ m ✳ ■ ♥
♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❛ ♦ ❞ ♠ ♦ ✈✐ ♥ ❣ ✇✐ ❤ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❖ ❜ ❡ ✈ ❡ N m ✐ ❡ ❡ ♥ ❜ ② N j ❛ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ✱ ✐ ♥ ❝ ❡ ❢ ♦ ❤ ❡

❖ ❜ ❡ ✈ ❡ ❛ ❛ ♥ ② ♣ ♦✐ ♥ ♦❢ Ẽ m ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✐ I ± ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✉ ♥✐ ♥ ❡ ✐ ❛❧ ❖ ❜ ❡ ✈ ❡ N m ✐ ♥ Ẽ m ❝ ❛ ♥ ❡ ❡ ❤ ❡ ❡ ① ❛ ❝ ❧ ②
❛ ♠ ❡ ♦ ❞ ✐ ♥ Ẽ j ❜ ❡ ♥ ✳ ❚ ❤✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✐ ♦ ❜ ❡ ✈ ❛ ❜❧ ❡ ✦ ❚ ❤ ❡ ❡ ❛ ❡ ♥ ♦ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ❡ ❝ ❤ ❡ ✐ ♥ ❤✐ ♦ ❞

♠ ❡ ❡❧ ② ❡ ❡ ♠ ❡ ❞ ❜ ❡ ♥ ✱ ❛ ❤ ❡ ❛ ♠ ❡ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡ ♠ ❛ ② ❜ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❛ ♥ ② ✐ ♥ ❡ ✐ ❛❧ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ✭ ❞ ✉ ❡ ♦

❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❝ ❛❧ ❡ ♦❢ ❛ ❞ ② ♥ ❛ ♠ ♦ ♠ ❡ ❡ ✐ ♥ Ẽ j ✮✳ ❚ ❤ ❡ ② ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❛ ❛ ❜ ♦❧ ✉ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ ⟨ P 3 + 1 ⟩ ✳ ❚ ❤ ❡ ♠ ❡ ✐ ❝

❡ ♥ ♦ G ±
( i )

✐ ✉ ❡ ❞ ❢ ♦ ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ❢ ♦ ♠ ♦❢ ❛ ♠ ❡ ✐ ❝ ✐ ♥ ❡ ✈ ❛❧ ✐ ♥ ❤ ❡ ❜ ❛ ✐ ♣ ❛ ❝ ❡ ❛ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝

♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✳ ❙ ✉ ❝ ❤ ❡ ♥ ♦ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❛❧ ♦ ✐ ♥ ❡ ♠ ♦❢ ❛ ❧✐ ♥ ❡ ❛ ❡❧ ❡ ♠ ❡ ♥ ũ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✿

[dl ]
2

= d u
′
c o n · d u c o v ≡ d u

′
c o v · d u c o n = d u

′
c o n

d u c o v

d u c o n

d u c o n = d u
′
c o n G ( i ) d u c o n ≡

≡ d u
′
c o v

d u c o n

d u c o v

d u c o v = d u
′
c o v Ĝ ( i ) d u c o v , Ĝ ( i ) = G

− 1
( i ) .

■ ♥ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ Ẽ m ✱ ♦ ♥ ❡ ❤ ❛ ✈ ❡ ❞✐ ♦ ❡ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❣ ❡ ♦ ♠ ❡ ②✱ ✈ ❛ ✐ ❛ ❜❧ ❡ G ±
( i )

✱ ❛ ♥ ❞ ❤ ❡ ③ ❡ ♦ ❡ ♥ ♦ ♦❢ ❤ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥✲

❈ ❤ ✐ ♦ ✛ ❡❧✐ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡ ✭ ❡ ❝ ✳ ✶ ✶✳ ✶ ✮✳ ❈ ❤ ✐ ♦ ✛ ❡❧✐ ❛ ♥ ② ♠ ❜ ♦❧ ✐ ♥ Ẽ m ♣❧ ❛ ② ❛ ♦❧ ❡ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥✳

■❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✐ ♣ ❡ ❡ ♥ ✱ ❤ ❡ ♥ N j ✐ ♥ Ẽ j ✜ ① ❡ ❤ ❡ ❞✐ ♦ ✐ ♦ ♥ ♦❢ Ẽ m ♦ ♦ ✇✐ ❤ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ G ± = { g k l } ✭✐✳ ❡✳✱
✐❢ ✐❧❧ ❤ ❡ 2 ✲ ♥ ❞ ♦ ❞ ❡ ♦❢ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❡ ❛❧ ❞✐ ♦ ✐ ♦ ♥✦ ✮✱ ❛ N j ❛ ♥ ❞ N m ❛ ❡ ❞✐ ✈✐ ❞ ❡ ❞ ❜ ② ❛ ✜ ❡❧ ❞✳ ❚ ❤ ❡ ❝ ❛ ❞✐ ♥ ❛❧
❡ ❛ ♦ ♥ ❢ ♦ ✉ ❝ ❤ ❞✐ ♦ ✐ ♦ ♥ ✐ ❤ ❛ ✐ ♥ ❝ ♦ ♠✐ ❝ ♣ ❛ ❝ ❡ ❤ ❡ ❡ ✐ ♦ ♥❧ ② ♦ ♥ ❡ ♦ ♦❧ ♦❢ ❡ ✐ ♠ ❛ ✐ ♥ ❣ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❡ ♠ ♣ ♦ ❛❧

♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ● ❚ ❘✿ ✐ ✐ ❛ ❧✐ ❣ ❤ ❛ ② ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♥ ♦ ❜ ❥ ❡ ❝ ❛ ♥ ❞ ✐ ❡ ① ❡ ♥ ❛❧ ❖ ❜ ❡ ✈ ❡ ✭ ♦ ♥ ❤ ❡ ❊ ❛ ❤ N j ✐ ♥ ❛ ✇ ❡ ❛ ❦ ✜ ❡❧ ❞ ✮✳
❚ ❤✐ ❧✐ ❣ ❤ ❛ ②✱ ❞ ✉ ❡ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❤ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ♦ ♥ ❛ ❧✐ ❣ ❤ ✬ ♣ ❛ ❤✱ ✐ ✉ ❜ ❥ ❡ ❝ ❡ ❞ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❙ ♦❧ ❞ ♥ ❡ ✬
❬ ✼ ✾❪ ❛ ♥ ❞ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❊✐ ♥ ❡✐ ♥✬ ❬ ✻ ✾❪ ❜ ❡ ♥ ❞ ✳ ❚ ❤ ❡ ✐ ❞ ❡ ❛ ♦❢ ❛ ❝ ❝ ❡ ♣ ✐ ♥ ❣ ❛ ② ♦❢ ❧✐ ❣ ❤ ❛ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ♦ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ✐ ♥ ● ❚ ❘ ✮
✐ ♥ ❝ ♦ ♠✐ ❝ ♣ ❛ ❝ ❡ ✇ ❛ ❛ ❦ ❡ ♥ ❜ ② ❊✐ ♥ ❡✐ ♥ ❢ ♦ ♠ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ♦❢ ❤ ❡ ❣ ❡ ❛ ❈ ❛ ❧ ● ❛ ✉ ✇✐ ❤ ❤✐ ✉ ❞ ❡ ♥ ✭ ❛ ❛ ❤ ❡ ❛ ❞
♦❢ ❤ ❡ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ♦ ❜ ❡ ✈ ❛ ♦ ② ✐ ♥ ● ☎♦ ✐ ♥ ❣ ❡ ♥ ✮ ✇✐ ❤ ♠ ❡ ❛ ✉ ✐ ♥ ❣ ❤ ❡ ✉ ♠ ♦❢ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❛ ✐ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ❡ ❞ ❜ ② ❤ ❡ ❡
♠ ♦ ✉ ♥ ❛✐ ♥ ♣ ❡ ❛ ❦ ✳ ■ ✇ ❡ ❡ ♥ ❡ ❝ ❡ ❛ ② ♦ ♦❧ ✈ ❡ ❤ ❡ ❞✐❧ ❡ ♠ ♠ ❛✿ ❡✐ ❤ ❡ ✇ ❤ ❛ ✐ ♦ ❜ ❡ ✈ ❡ ❞ ❛ ♥ ❞ ♠ ❡ ❛ ✉ ❡ ❞ ✉ ✐ ♥ ❣ ❧✐ ❣ ❤ ❛ ②
❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ❦ ❡ ♥ ❢ ♦ ❡ ❛❧✐ ② ✭ ❛ ♣ ♦ ✐ ✐ ✈✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✮✱ ♦ ❤ ❡ ❛ ♠ ❡ ❤ ♦ ✉❧ ❞ ♥ ♦ ❛❧ ✇ ❛ ② ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❛ ❡ ❛❧ ❛ ❡ ♠ ❡ ♥

♦❢ ❤ ❡ ♣ ❡ ❡ ♥ ✱ ❜ ✉ ♦ ♥❧ ② ❛ ✐ ♠ ❛ ♣ ♣✐ ♥ ❣ ✇✐ ❤ ♣ ♦ ✐ ❜❧ ❡ ❞✐ ♦ ✐ ♦ ♥ ♦❢ ❡ ❛❧ ❧ ♦ ❝ ❛❧ ❞ ❛ ❛ ✭ ❛ ♥ ♦ ❜ ❥ ❡ ❝ ✐ ✈✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✮✳ ❊✐ ♥ ❡✐ ♥

❛ ❝ ❝ ❡ ♣ ❡ ❞ ❤ ❡ ✜ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇✱ ❛ ❛ ❡ ✉❧ ♦❢ ✇ ❤✐ ❝ ❤✱ ❛ ❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❤ ❡ ✐ ♥ ❣❧ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ R 3 + 1 ⟩ ♦❢ ● ❚ ❘ ✇✐ ❤
✐ ✐ ♠ ❡ ❛ ♦ ✇ ❛ ♥ ❞ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ❛ ♦ ❡✳ ❚ ❤ ❡ ♥ ❢ ♦ N j ✐ ♥ ❤ ❡ ✜ ❡❧ ❞✱ ❤ ❡ ❡ ♥ ♦ ♦❢ ❘✐ ❡ ♠ ❛ ♥ ♥ ✕ ❈ ❤ ✐ ♦ ✛ ❡❧ ❝ ✉ ✈ ❛ ✉ ❡
❜ ❡ ❝ ♦ ♠ ❡ ♥ ♦ ♥✲ ③ ❡ ♦ ✐ ♥ ● ❚ ❘✳ ❚ ❤ ❡ ❞ ✉ ❛❧✐ ♠ ✐ ♥ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ❡ ♠ ♦ ✐ ♦ ♥ ❜ ② N j ❛ ♥ ❞ N m ✇ ❛ ❡ ❡ ♥ ✐ ❛❧❧ ② ✇✐ ❞ ❡ ♥✿

♥ ♦ ✇ ✇ ♦ ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝ ❛ ❡ ♦ ♥ ❡✲ ✈ ❛❧ ✉ ❡ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦ ♥ ❡ ♦❢ ❛ ♥ ♦ ❤ ❡ ✳ ■ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ R 3 + 1 ⟩ ❤ ❡ ❡ ✐ ♥ ♦ ✉ ❝ ❤ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥

♦❢ ❧✐ ❣ ❤ ❛ ② ✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ♥ ✐ ❤ ❡ ❡ ❛ ② ❛ ❡ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✳ ■ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❜ ♦ ❤ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ❧✐ ❣ ❤ ❛ ② ❛ ❡

✜ ① ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛✐ ❣ ❤ ❧✐ ♥ ❡ ✐ ♥ Ẽ j ✳

❙✐ ♠✐❧ ❛ ❞ ✉ ❛❧✐ ♠ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ❜✐ ♠ ❡ ✐ ❝ ❤ ❡ ♦ ✐ ❡ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✭ ❇ ▼ ❚ ✮ ✇✐ ❤ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ♦❢ ❤ ❡

▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ♥ ❞ G ± ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❚ ❤ ❡ ② ❞ ♦ ♥ ♦ ❢ ✉❧❧ ❡❢ ✉ ❡ ♦❢ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❛ ● ❚ ❘✱ ❛ ♥ ❞ ✉ ❡ ✐ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❞ ❡ ❣ ❡ ❡✳  ❚ ❤ ❡ ✜ ❇ ▼ ❚ ✇ ❛ ❝ ♦ ♥ ✉ ❝ ❡ ❞✱ ✐ ♥ ❤ ❡ ❯ ❙ ❆✱ ✐ ♥ ✶ ✾ ✹ ✵ ✕ ✶ ✾ ✼ ✺

❜ ② ◆ ❛ ❤ ❛ ♥ ❘ ♦ ❡ ♥ ❬ ✼ ✽❪✱ ✇ ❤ ♦ ✇ ❛ ❛ ♥ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝ ♦❧❧ ❡ ❛ ❣ ✉ ❡ ♦❢ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ❛ ❤ ❡ ✐ ♥ ❝ ❡ ♦ ♥

❯ ♥✐ ✈ ❡ ✐ ②✦ ■ ♥ ❘ ♦ ❡ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ❇ ▼ ❚✱ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ❞ ❡ ❝ ✐ ❜ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ✐ ♥ ❙ ❚ ❘ ❤ ❡ ✐ ♥ ❡ ✐ ❛❧ ♣ ❛ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞
✇✐ ❤ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♠ ❛ ❡ ♠ ♦ ✐ ♦ ♥✳  ❚ ❤ ❡ ❡ ♥ ♦ ♦❢ ❡ ♥ ❡ ❣ ② ✕ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ❢ ♦ ❛ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞✱ ✐
❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❤✐ ✜ ❡❧ ❞ ❜ ② G ± ✱ ✇ ❤✐ ❝ ❤ ❞ ❡ ❡ ♠✐ ♥ ❡ ⟨ R 3 + 1 ⟩ ✇✐ ❤ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❢ ♦ ♦ ❜ ❡ ✈ ❛ ✐ ♦ ♥

♦❢ ✉ ❝ ❤ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❛ ✇ ❡ ❛ ❦ ✜ ❡❧ ❞✳  ❯ ♥ ❞ ❡ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ R 3 + 1 ⟩ ❜ ② ❖ ❜ ❡ ✈ ❡ ♦ ♥ ❤ ❡ ❊ ❛ ❤✱ ❤ ❡
✐ ♠ ❡ ❧ ♦ ✇ ❞ ♦ ✇ ♥❀ ❜ ✉ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ❡ ❛ ✐❢ ❞✐ ♦ ❡ ❞✱ ❛ ❡ ❛❧ ❦✐ ♥ ❡ ✐ ❝ ❞✐ ♦ ✐ ♦ ♥ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ ✐

✐ ♠ ♣ ♦ ✐ ❜❧ ❡✳ ❲ ❡ ❤ ❛ ✈ ❡ ♣ ❛ ❛ ❞ ♦ ① ✐ ♥ ❇ ▼ ❚ ❧✐ ❦ ❡ ❛ ♣ ♣ ❛ ❡ ♥ ♦ ♣ ✐ ❝ ❛❧ ❝ ✉ ✈✐ ♥ ❣ ❛ ❧✐ ❣ ❤ ♣✐ ❝ ✉ ❡ ❡ ❡ ♥ ❤ ♦ ✉ ❣ ❤ ❛ ❧ ❡ ♥ ✱ ✇ ❤ ❡ ❡ G ±

✐ ❛ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❧ ❡ ♥ ❢ ♦ ⟨ R 3 + 1 ⟩ ❛ ❤ ❡ ❧ ❡ ♥ ❡ ❞ ♣ ❛ ❝ ❡ ✲ ✐ ♠ ❡✦ ❚ ❤✐ ❡ ♠ ✐ ✉ ❡ ❞ ✐ ♥ ❆ ♦ ♥ ♦ ♠ ②✱ ✇ ❤ ❡ ♥ ❝ ♦ ♠✐ ❝ ♦ ❜ ❥ ❡ ❝
❛ ❡ ♦ ❜ ❡ ✈ ❡ ❞ ♦ ♥ ❤ ❡ ❊ ❛ ❤ ❤ ♦ ✉ ❣ ❤ ❛ ♦ ♥ ❣ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❬ ✾ ✼❪✳

■ ♥ ❤ ❡ ❯ ❙ ❙ ❘✱ ✐ ♥ ✶ ✾ ✽ ✹✲ ✶ ✾ ✽ ✼ ❤ ❡ ❣ ♦ ✉ ♣ ♦❢ ♣ ❤ ② ✐ ❝✐ ❢ ♦ ♠ ❤ ❡ ▼ ♦ ❝ ♦ ✇ ❙ ✳  ❯ ♥✐ ✈ ❡ ✐ ② ❤ ❡ ❛ ❞ ❡ ❞ ❜ ② ❛ ❝ ❛ ❞ ❡ ♠✐ ❝✐ ❛ ♥
❆ ♥ ❛ ♦❧ ② ▲ ♦ ❣ ✉ ♥ ♦ ✈ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤ ❡ ♦ ② ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✭ ❘ ❚ ● ✮✱ ❛ ❛ ❦✐ ♥ ❞ ♦❢ ❇ ▼ ❚ ❬ ✶ ✵ ✹❪✱ ✉ ❡ ❞ ❤ ❡ ❛ ♠ ❡
✇ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✇✐ ❤ ❞✐ ✈✐ ❞✐ ♥ ❣ ✐ ♥ ❡ ✐ ❛ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✉ ♥❧✐ ❦ ❡ ● ❚ ❘✳ ● ❛ ✈✐ ❛ ✐ ♦ ♥ ✐ ❡ ❣ ❛ ❞ ❡ ❞ ♦ ❤ ❡ ❡ ♥ ♦ ♣ ❤ ② ✐ ❝ ❛❧

✜ ❡❧ ❞ ✐ ♥ ⟨ P 3 + 1 ⟩ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ❡ ♥ ♦ ♦❢ ❡ ♥ ❡ ❣ ②✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ❢ ♦ ❛❧❧ ❦✐ ♥ ❞ ♦❢ ♠ ❛ ❡ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✜ ❡❧ ❞ ✳ ❚ ❤ ❡ ♠ ♦ ✐ ♦ ♥

❡ ✉ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡ ✲ ✐ ♠ ❡✱ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❡ ♥ ♦ G ± ♦❢ ❤✐ ✜ ❡❧ ❞✳
❚ ❤ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❤ ❛ ♦ ♠ ❡ ✐ ♥ ❡ ♥ ❛❧ ❧ ♦ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳ ■ ❣ ❡ ♦ ♠ ❡ ② ❤ ❛ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✱

❞ ❡ ✜ ♥ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ② ♠ ♠ ❡ ✐ ❝ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ✐ ♣ ❛ ❝ ❡✱ ❛ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛ ♣ ♦✐ ♥ ❡❧ ❡ ♠ ❡ ♥ ✳ ❇ ✉ ❤ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥
❣ ❡ ♦ ♠ ❡ ② ❛ ❛ ✇ ❤ ♦❧ ❡ ❞✐ ✛ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❢ ♦ ♠ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱ ✉ ❝ ❤ ❛ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ✱
✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❣ ♦ ✉ ♣ ♦❢ ♠ ♦ ✐ ♦ ♥ ✱ ❢ ❡ ❡ ❞ ♦ ♠ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦❢ ✜ ❣ ✉ ❡ ✱ ❛ ♥ ❞ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ❛ ❡ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛
✐ ♠ ♣ ♦ ❛ ♥ ❝ ❡✳ ❋ ♦ ❤ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡ ❛ ❛ ✇ ❤ ♦❧ ❡ ✇✐ ❤ ✐ ✐ ♥ ❞ ❡ ✜ ♥✐ ❡ ♦ ♣ ♦❧ ♦ ❣ ②✱ ❤ ❡ ♥ ♦ ✐ ♦ ♥ ♦❢ ✧ ❡ ♠ ❜ ❡ ❞ ❞ ❛ ❜✐❧✐ ② ✧ ✇✐ ❤
❡ ♣ ❡ ❝ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ♣ ❡ ♣ ❛ ❝ ❡ ❞ ♦ ❡ ♥ ♦ ♠ ❛ ❦ ❡ ❛ ♥ ② ❡ ♥ ❡✳ ❚ ❤✐ ❝ ❛ ✉ ❡ ❤ ❡ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ❢ ♦ ✐ ♦❢ ❤ ❡ ♠✐ ♥✐ ♠ ✉ ♠

❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ✉ ♣ ❡ ♣ ❛ ❝ ❡ n m i n ✳ ❇ ✉ ✐❢ ✇ ❡ ❡ ✐ ❝ ♦ ✉ ❡❧ ✈ ❡ ♦ ❤ ❡ ✉ ❞ ② ♦❢ ❛ ♥ ② ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧❧ ② ❛ ✣ ♥ ❡✲
❡ ✉✐ ✈ ❛❧ ❡ ♥ ❞ ♦ ♠ ❛✐ ♥ ♦❢ ❤ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ m ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡✱ ❤ ❡ ♥ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ n m i n ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❡ ♥ ✐ ❡❧ ② ❜ ② ✐
❧ ♦ ❝ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧✲ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ♣ ❡ ✐ ❡ ✳ ❚ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ⟨ R m ⟩ ❝ ♦ ♥ ❛✐ ♥ ❛ ♠ ❛ ①✐ ♠ ✉ ♠ ♦❢ k = m · ( m + 1 ) / 2
✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ❝ ❛❧ ❛ ❡❧ ❡ ♠ ❡ ♥ g i j ✐ ♥ ❛❧❧ ✐ ❝ ❡❧❧ ✳  ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❞ ♦ ♠ ❛✐ ♥ D ♦❢ ❤ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ m ✲ ♣ ❛ ❝ ❡ ✐

❡ ♠ ❜ ❡ ❞ ❞ ❛ ❜❧ ❡ ✐ ♥ ✢ ❛ ⟨ E k ⟩ ✇✐ ❤ ♦ ✉ ❝ ❤ ❛ ♥ ❣✐ ♥ ❣ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳  ❚ ❤✐ ✇ ❛ ✐ ♥❢ ❡ ❡ ❞ ✐ ❝ ❧ ② ❜ ② ❊✳ ❏✳ ❈ ❛ ❛ ♥ ❬ ✶ ✵ ✽❪✳
❈ ♦ ♥ ✐ ❞ ❡ ❛ ♥ ❛ ♥ ❛❧ ② ✐ ❝ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ D ✐ ♥ ❤ ❡ ✉ ♣ ❡ ♣ ❛ ❝ ❡ ⟨ E n ⟩ ✱ ✇ ❤ ❡ ❡ n ≥ k ✱ ✇✐ ❤ ✐ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ❤ ♦ ✉ ❣ ❤
n × 1 ✲ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ u ✇✐ ❤ m ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠ ♦❢ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ✳ ▲ ❡ ❡ ❛ ❝ ❤ ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠ u ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡
● ❛ ✉ ✐ ❛ ♥ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ v t ♦❢ ❤ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ m ✲ ♣ ❛ ❝ ❡✳ ❚ ❤ ❡ ♥ ❤ ❡ ❡ ✐ ❛ ♥ ❡ ① ❛ ❝ ♠ ❛ ♣ v ( u ) ↔ u ( v ) ✳ ❍ ❡ ♥ ❝ ❡✱
❛ ❛ ♥ ❡ ❛ ❝ ❤ ♣ ♦✐ ♥ v ♦❢ D ✐ ♥ ⟨ R m ⟩ ❤ ❡ ❡ ❡ ①✐ n × m ❏ ❛ ❝ ♦ ❜✐ ♠ ❛ ✐ ① d u / d v ( n > m ) ❛ ✶✲ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ♦❢ u ✐ ♥ v ✳



❈ ❍ ❆ ❚ ❊ ❘ ✾ ❆✳ ❘ ❊ ❆ ▲ ❆ ◆ ❉ ❖ ❇ ❙ ❊ ❘ ❱ ❆ ❇ ▲ ❊ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ■ ◆ ❚ ❍ ❊ ● ❘ ❆ ❱ ■ ❚ ❨ ❋ ■ ❊ ▲ ❉ ✷ ✺ ✾

❚ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ♦❢ D ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❤ ♦ ♠ ♦ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ❤ ❡ m × m ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ⟨ R m ⟩ ⊂ ⟨ E n ⟩ ✿

d v
′

· G
+

· d v = d u
′

· d u ⇔ G
+

=
d u

d v

′

·
d u

d v
, d e t G

+
≠ 0 ( v , u ∈ D ) .

❋ ♦ ⟨ R 3 + 1 ⟩ ✱ ❞ ✉ ❡ ♦ ❆✳ ❋ ✐ ❡ ❞ ♠ ❛ ♥ ✐ ♥ ✶ ✾ ✻ ✶ ❬ ✶ ✵ ✾❪✱ ❤ ❡ ❡ ✐ 1 0 D ♣ ❛ ❝ ❡ ♦❢ ❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ⟨ P 9 + 1 ⟩ ✱ ❛ ♥ ❞ ❤ ❡ ♥
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′

· G
±

· d v = d u
′

· I
±

· d u ⇔ G
±

=
d u

d v

′

· I
±

·
d u

d v
, d e t G

±
≠ 0 ( v , u ∈ D ) .

❋ ♦ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ❛❧❧ k ❡❧ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ② ♠ ♠ ❡ ✐ ❝ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✱ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ❤ ❛ ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ②

n ≥ k ❤ ♦❧ ❞ ✳ ■ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❛ ♥ ❡ ✉ ❛❧ ✐ ❣ ♥✱ ❤✐ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ✐ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥❧ ② ✇✐ ❤ ❤ ❡ ❛ ✣ ♥ ❡ ♦ ♣ ♦❧ ♦ ❣ ② ♦❢ ❤ ❡

❣✐ ✈ ❡ ♥ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡ ✳  ❖ ❤ ❡ ✇✐ ❡✱ ❤ ❡ ② ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ♦ ♠ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✳  ❙ ♦✱ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❛

♣ ❤ ❡ ❡ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ✐ ❛ ❞✐ ✉ R ✳  ❋ ♦ n > k ✱ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦❢ ● ❛ ✉ ✐ ❛ ♥ ❊ ❣ ❡ ❣✐ ✉ ♠ ❚ ❤ ❡ ♦ ❡ ♠ ❛❧❧ ♦ ✇ ♦ ❧ ♦ ✇ ❡

❤ ❡ ♦ ❞ ❡ ♦❢ ❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ♦❢ ❛ ❜ ♦ ✉ ♥ ❞ ❡ ❞ ❞ ♦ ♠ ❛✐ ♥ ♦❢ ❤ ❡ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ m ✲ ♣ ❛ ❝ ❡ ♦ ❛ ❧ ❡ ❛ n m i n = k ✉ ✐ ♥ ❣ ❜ ❡ ♥ ❞✐ ♥ ❣✳

❇ ② ❤✐ ✇ ❛ ②✱ ❛ ♥ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ k ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❜ ✉

✇✐ ❤✐ ♥ m ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ✐ ✱ ✐ ❝ ❛ ✐ ❡ ❞ ♦ ✉ ✳  ❋ ♦ ❤ ❡ ♦ ❜ ❡ ✈ ❛ ✐ ♦ ♥ ❛❧ ♣ ❡ ✉ ❞ ♦✲

❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ R 3 + 1 ⟩ ✱ ✐ ✐ n m i n = 1 0 ✳ ⟨ P 9 + 1 ⟩ ❝ ❛ ♥ ❜ ❡ ❛ ✢ ❛ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❢ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ♠ ❛ ♣ ♣✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥

✐ ♥ ❛ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ❜ ② ❖ ❜ ❡ ✈ ❡ ✐ ♥ ❛ ✇ ❡ ❛ ❦ ✜ ❡❧ ❞✳ ✭ ❙ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ✷ ✵ ✵ ✹ ❬ ✶ ✺✱ ♣✳ ✷ ✾ ✵✲ ✷ ✾ ✸❪ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ✐ ♥ ✷ ✵ ✶ ✶ ❬ ✶ ✵ ✼❪✳ ✮

✯ ✯ ✯
❋ ♦ ✐ ♠ ♣❧ ❡ ❦✐ ♥ ❞ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ✱ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ✉ ❡ ♦ ✉ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤

✇✐ ❤ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❊ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ❛ − g ( i ) = g ( a ) ≡ g ( f ) ✳ ❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥
✐ ♥ ⟨ P 3 + 1 ⟩ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✺ ❆✮✱ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥
❤ ❡ ✐ ♠ ❡ ✉ ♥ ❞ ❡ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❛ ❝ ♦ ♥ ❛ ♥ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ( a ) ✱ ✐ ❛ ✐❢ ♣ ❤ ② ✐ ❝ ❛❧❧ ②

❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✉ ♥ ❞ ❡ ✭ ♦ ♥❧ ②✦✮ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❛ ❛ ✐ ❝ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ✇✐ ❤
❤ ❡ ✜ ❡❧ ❞ ✐ ♥ ❡ ♥ ✐ ② g ( f ) ✭ ❛ ❤ ❡ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ✐ ♠ ❡✮ ✕ ❜ ♦ ❤ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡

♦ ✐ ❣✐ ♥ ♦❢ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❜ ❛ ❡ Ẽ 1 ✭ ✇✐ ❤ x 0 = 0 , t0 = τ 0 = 0 ✮✳ ❆ ♥ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞
♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ✭ ❡ ❡ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✮✱ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❝✐ ❝ ✉❧ ❛
♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ✐ ♠ ❡ ✉ ♥ ❞ ❡ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❛ ❝ ♦ ♥ ❛ ♥ ❝ ❡ ♥ ✐ ♣ ❡ ❛❧ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ( a ) ✱ ✐ ❛
✐❢ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✉ ♥ ❞ ❡ ✭ ♦ ♥❧ ② ❛ ♥ ❞ ♦ ♥ ❡✲ ✐ ♠ ❡ ✦✮ ❛ ♥ ❛ ❝ ✐ ♦ ♥
♦❢ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ② ♠ ♠ ❡ ✐ ❝ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ✇✐ ❤ ❤ ❡ ✜ ❡❧ ❞ ✐ ♥ ❡ ♥ ✐ ② g ( f ) ❢ ♦ ♠ ❛ ♥ ❛ ♦ ♥ ♦ ♠✐ ❝
♦ ❜❥ ❡ ❝ ✭ ❛ ❤ ❡ ❝✐ ❝ ✉❧ ❛ ♣❧ ❛ ♥ ❡ ❛ ② ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ✐ ♠ ❡✮ ✕ ❜ ♦ ❤ ✇✐ ❤ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♦ ✐ ❣✐ ♥ ♦❢ ❤ ❡
❜ ❛ ❡ Ẽ 1 ✭ ✇✐ ❤ x 0 = 0 , t0 = τ 0 = 0 ✮✳ ❋ ♦ ❛ ❝ ♦ ❡ ❝ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧ ♦ ❝ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ t
✭ ✉ ✉ ❛❧❧ ② ♦ ♥ ❤ ❡ ❊ ❛ ❤✮ ❛ ♥ ❞ ❤ ❡ ❧ ♦ ❝ ❛❧ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ✜ ❡❧ ❞ τ ✱ ✇ ❡ ❝ ❤ ♦ ❡ ❢ ♦ ❤ ❡ ♠
❛ ♥ ♦ ✇ ❛ ❞ ♦ ♣ ❡ ❞ ❤ ❡ ❧ ♦ ❝ ❛❧ ❛ ♥ ❞ ❛ ❞ ❛ ♦ ♠✐ ❝ ❝❧ ♦ ❝ ❦ ✳ ❇ ❡❧ ♦ ✇ ❛ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ ✱
✇ ❤ ❡ ❡ g ≈ ❝ ♦ ♥ ❛ ♥ ❞ v < < c ✱ ❢ ♦ ❜ ♦ ❤ ♦ ❛ ✐ ♦ ♥ ✇ ❡ ✉ ❡ E ≈ m 0 v 2 / 2 = J 0 w 2 / 2 = m 0 (r w ) 2 / 2 ✳

d
d ( ct )
d ( c τ )

= d c o s h γ ( a ) = g ( a ) d χ / c 2 = F ( a ) d χ / ( m 0 · c 2 ) = d E ( a ) / E 0 = d ( P E ) / c 2 ,

d ( ct )
d ( c τ )

= c o s h γ ( a ) = 1 + g ( a ) χ / c 2 = 1 + ∆ E ( a ) / ( m 0 · c 2 ) = 1 + ∆ ( P E ) / c 2 > 1 ,

d ( ct )
d ( c τ )

= c o s h γ ( a ) = 1 + ( r w ( a ) )
2 / 2 c 2 = 1 + E ( a ) / ( m 0 · c 2 ) = 1 + ( P E ) / c 2 > 1 .






( 2 0 9 A )

d
d ( ct )

d ( c
•
τ )

= d c o s h γ ( f ) = g ( f ) d χ / c 2 = F ( f ) d χ / ( m 0 · c 2 ) = d E ( f ) / E 0 = d ( − P G ) / c 2 ,

d ( ct )

d ( c
•
τ )

= c o s h γ ( f ) = 1 + g ( f ) χ / c 2 = 1 + ∆ E ( f ) / ( m 0 · c 2 ) = 1 + ∆ ( − P G ) / c 2 > 1 ,

d ( ct )

d ( c
•
τ )

= c o s h γ ( f ) = 1 + ( r w ( f ) )
2 / 2 c 2 = 1 + E ( f ) / ( m 0 · c 2 ) = 1 + ( − P G ) / c 2 > 1 .






( 2 1 0 A )

■ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ◆ ❡ ✇ ♦ ♥✬ ❊ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ✐ ♥ ❝✐ ♣❧ ❡✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ✭ ✷ ✵ ✾ ❆✮
❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ✐ ♥ ✭ ✷ ✶ ✵ ❆✮ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ❡ ✉❧ ♦❢ ❛ ❝ ✐ ♥ ❣ ✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡
F = m 0 g ♦ ♥ ❛ ❜ ♦ ❞ ② ✇✐ ❤ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧✱ ❝ ❛ ✉ ✐ ♥ ❣ ❡ ✉✐ ✈ ❛❧ ❡ ♥
❝ ♦ ✐ ♥ ❡ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ dt ⇒ d τ ❛❧ ✇ ❛ ② ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣ ❡ ♥ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✶ ✵ ❆✮✳



✷ ✻ ✵ ❆ ❊ ◆ ❉ ■ ❳

❲❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ♦ ♥ ❤ ❡ ❡ ❡ ① ❡ ♠ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞✱
❤ ❛ ❛ ❛ ♥ ✐ ✐ ♦ ♥ ♦ ♣ ♦ ♣ ❡ ✐ ♠ ❡ dt ⇒ d τ ❡ ✉✐ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❡ ① ♣ ❡ ♥ ❞✐ ✉ ❡ ♦❢ ❡ ♥ ❡ ❣ ②✱ ❤ ❡ ❡

♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ♦ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧✱ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ♣ ♦ ❡ ♥ ✐ ❛❧✳ ■ ✐ ❤ ❡ ❛ ♥ ✐ ✐ ♦ ♥ ♦ ♣ ♦ ♣ ❡ ✐ ♠ ❡
♥ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ♦❢ ❡ ♥ ❡ ❣ ②✬ ❧ ❡ ✈ ❡❧ ✭ ❛ ♣ ♦ ❡ ♥ ✐ ❛❧✮✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ♠ ❡ ✐ ♥ ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡ ❛ ❡
♦ ✐ ♥ ✐ ♥ ❡ ✐ ❛❧❧ ② ♠ ♦ ✈✐ ♥ ❣ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ✭ ✷ ✵ ✾ ❆✮ ❛ ♥ ❞ ✭ ✷ ✶ ✵ ❆✮✳ ❋ ♦ ❛ ❜✐ ❛ ② ♠ ♦ ✐ ♦ ♥✱ ♦ ✉
✐ ♥❢ ❡ ✐ ♥ ❣ ✐ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ❜ ② ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ♥ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ♦ ♥ ♦ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞
♥ ♦ ♠ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❝ ✉ ❡ ♥ ✈ ❡❧ ♦ ❝✐ ② ✈ ❡ ❝ ♦ v ✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡
❆ ❜ ♦❧ ✉ ❡ ✸ ❉ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✭ ✶ ✹ ✺ ❆✮ ✕ ❡ ❡ ✐ ✐ ❝ ❧ ② ✐ ♥ ✭ ✷ ✷ ✾ ❆✮✱ ❈ ❤✳ ✶ ✵ ❆✳
❚ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ✉ ❡ ❝ ❛ ✉ ❡ ♦❢ ♠ ❛ ❡ ✐ ♥ ❡ ✐ ❛ ✐ ♥ ❤ ❡ ❡ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✐ ❛ ❛ ♥ ✐ ✐ ♦ ♥ ♦
♣ ♦ ♣ ❡ ✐ ♠ ❡ dt ⇒ d τ ✱ ✇ ❤✐ ❝ ❤ ✐ ❛ ♣ ♣ ❡ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦ ❝ ❡ ♦❢ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ✴ ❞ ❡ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✐ ♦ ♥
✇✐ ❤ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❡ ① ♣ ❡ ♥ ❞✐ ✉ ❡ ✦ ❚ ❤✐ ❛ ❡ ♠ ❡ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❍✐ ❣ ❣ ❤ ❡ ♦ ② ♦❢ ✐ ♥ ❡ ✐ ❛ ❬ ✽ ✷❪✳

❋ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ❤ ❡ ❞✐ ❡ ❝ ❛ ♥ ❞ ❡ ✈ ❡ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ♥ ❡ ❡ ❞ ✐ ♥ ❡ ✉ ❛❧ ❡ ① ♣ ❡ ♥ ❞✐ ✉ ❡ ♦❢
❡ ♥ ❡ ❣ ② ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✸ ❆✳ ■ ✐ ❤ ❡ ❛ ♥ ✐ ✐ ♦ ♥ ♦ ♣ ♦ ♣ ❡ ✐ ♠ ❡ dt ⇒ d τ ✐ ❢ ❡❧ ❜ ② ✉ ♦
♣ ❡ ❝ ❡✐ ✈ ❡ ❞ ❜ ② ✐ ♥ ✉ ♠ ❡ ♥ ❛ ❤ ❡ ✐ ♥ ❡ ✐ ❛✦ ❙ ✉ ❝ ❤ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ✐ ❛
✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❍✐ ❣ ❣ ✜ ❡❧ ❞ ✇✐ ❤ ❤ ❡ ❞ ❡ ✜ ♥✐ ❡ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❡ ① ♣ ❡ ♥ ❞✐ ✉ ❡✦

❚ ❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✇ ❛ ♣ ❡ ❞✐ ❝ ❡ ❞ ❜ ② ❊✐ ♥ ❡✐ ♥ ✐ ♥ ✶ ✾ ✵ ✼ ❬ ✼ ✸❪✱ ❜ ✉ ❛ ❧ ♦ ❝ ❛❧ ♦ ♥ ❡✦
❋ ♦ ♠ ✭ ✷ ✶ ✵ ❆✮ ✇ ❡ ❣ ❡ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥✱ ❤ ♦ ✇ ❡ ✈ ❡ ❛ c = ❝ ♦ ♥ ✭✦✮✿

d (c
•
τ 1 )

d (c
•
τ 2

=
d

•
τ 1

d
•
τ 2 )

= [ 1 + ( − P 2 )/ c 2 ]/ [ 1 + (− P 1 )/ c 2 ] ≈ 1 + [( − P 2 ) − (− P 1 )]/ c 2 . ( 2 1 1 A )

❍ ♦ ✇ ❡ ✈ ❡ ✉ ❝ ❤ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✐ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✉ ♣ ♦ ♥ ♦ ✇ ❜ ② ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ❛ ❞✐ ❛ ✐ ♦ ♥
❢ ❡ ✉ ❡ ♥ ❝ ②✱ ✉ ✉ ❛❧❧ ② ❜ ② ♦ ❝✐❧❧ ❛ ✐ ♦ ♥ ❢ ❡ ✉ ❡ ♥ ❝ ② ♦❢ ♣ ❤ ♦ ♦ ♥ ✳ ❲ ❤✐❧ ❡✱ ❧ ♦ ❝ ❛❧❧ ② ✐ ♥ ⟨ P 3 + 1 ⟩✱ ♣ ❤ ♦ ♦ ♥
❣ ❡ ❢ ❛ ❡ ❢ ♦ ♠ ❤ ❡ ♠ ❛❧❧ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ − P 2 ♦ ❤ ❡ ❜✐ ❣ ❣ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ − P 1 ✱ ❤ ❡✐
❦✐ ♥ ❡ ✐ ❝ ❡ ♥ ❡ ❣ ② h ν ❛ ♥ ❞ ❢ ❡ ✉ ❡ ♥ ❝ ② ν ❞ ❡ ❝ ❡ ❛ ❡ ❞ ✉ ❡ ♦ ♦ ✈ ❡ ❝ ♦ ♠✐ ♥ ❣ ♥ ❡ ❣ ❛ ✐ ✈ ❡ [(− P 2 ) − (− P 1 )]✱ ❜ ✉
✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❡ ♥ ❡ ❣ ②✬ ❧ ❡ ✈ ❡❧ ✭ ❛ ♣ ♦ ❡ ♥ ✐ ❛❧✮ ✐ ♥ ❤ ❡ ✜ ❡❧ ❞ ✇✐ ❤ − P 1 ✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥
❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ❤ ❛ ❛ ♣ ✉ ❡ ✉ ❛ ♥ ✉ ♠ ✕ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ♥ ❛ ✉ ❡ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❡ ✈✐ ♥ ❣ ⟨ P 3 + 1 ⟩✦

■❢ P 1 = 0 = ♠ ❛ ①✱ ❤ ❡ ♥
•
τ 1 = t( 1 ) ✐ ❛❧ ♦ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♠ ❡ ♦❢ N 1 ♦ ♥ ❤ ❡ ❊ ❛ ❤✱ ❛ ♥ ❞ ✭✦✮

❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ♣ ♦ ❡ ♥ ✐ ❛❧ ♦❢ M ❣✐ ✈ ❡ ✉ ❛ ❤ ❡ ♣ ❡ ❝✐ ❡ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♥ ❡ ❛ ✲ ❙ ♦❧ ❛ ❡ ❣✐ ♦ ♥ ❬ ✼ ✸❪✿

d (ct )

d (c
•
τ )

= c o s h γ ( f ) = 1 +
(− P G )

c 2 ≈ 1 +
f M
r / c 2 = 1 + g ( f ) r / c 2 > 1 . ( 2 1 2 A )

❍ ❡ ♥ ❝ ❡✱ ✧ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✇✐ ♥ ♣ ❛ ❛ ❞ ♦ ① ✧ ✇✐ ❤ g ( f ) ✐ ♣ ♦ ✐ ❜❧ ❡ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ g ( a ) ✐ ♥ ❙ ❚ ❘✱ ❈ ❤✳ ✺ ❆✳
❆ ❢ ❡ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✉ ♥ ❞ ❡ ❛ ❝ ✐ ♥ ❣ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❡ ① ❛ ❝ ❧ ② ✇✐ ❝ ❡

✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ✇ ♦ ❢ ❛ ❝ ♦ g ( i ) ❛ ♥ ❞ g ( f ) ✕ ❢ ❛ ❝ ✉ ❛❧❧ ② ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❛ ♥ ❞ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❛ ♦ ♥❧ ②
❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ♦❢ ✐ ♥ ❡ ✐ ❛❧ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ❡ ✳ ❖ ♥ ❡ ♠ ✉ ❝ ❤ ♦ ♦ ❡ ✕ ❡✐ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❧ ♦ ❝ ❛❧
❝ ✉ ✈✐ ♥ ❣ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ ❤ ❡ ❢ ❡ ❡ ♠ ♦ ✈✐ ♥ ❣ ♦ ❜❥ ❡ ❝ M ❢ ♦ ♠ g ( f ) ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
♦ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❊✐ ♥ ❡✐ ♥ ❬ ✻ ✾❪✱ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❝ ❡ ❧ ♦ ❝ ❛❧ ❝ ✉ ✈✐ ♥ ❣ ♦❢ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ✐ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
✐ ♥ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❤ ❡ ✐ ❣ ♥ ✐ ♥ ❞ ❡ ✜ ♥✐ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦
♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✇ ❡ ❝ ❤ ♦ ❡ ✜ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ ❙ ❚ ❘ ✐ ♥ ⟨ P 3 + 1 ⟩✳

❋ ❡ ❡ ❙ ❝✐ ❡ ♥ ❝ ❡ ❛❧❧ ♦ ✇ ❢ ❡ ❡ ❞ ♦ ♠ ♦❢ ❝ ❤ ♦✐ ❝ ❡✦ ❲ ❤ ♦ ❜ ❡❧✐ ❡ ✈ ❡ ✐ ❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ♦ ♥ ♦❧❧ ❡ ❞ ❤ ♦❧ ❞ ❜ ❛ ❝ ❦ ✐ ✦

❯ ♣ ♦ ♥ ♦ ✇ ✇ ❡ ❞✐❧❧ ✇✐ ❤ ♠ ❛ ✐ ✈ ❡ ♣ ❛ ✐ ❝❧ ❡ ♦ ❜ ♦ ❞ ② ✇✐ ❤ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ❛ ✐ ♥ ♠ ♦ ✈✐ ♥ ❣
m = m 0 · c o s h γ ✳ ❚ ❤ ❡ ❛ ♠ ❡ ❝ ♦ ✐ ♥ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✵ ✾ ❆✮ ❛ ♥ ❞
✭ ✷ ✶ ✵ ❆✮✳ ■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✱ ✇ ❡✬❧❧ ❞✐❧❧ ✇✐ ❤ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ♠ ❛ ❧ ❡ ♣ ❛ ✐ ❝❧ ❡✱ ♠ ❛✐ ♥❧ ②✱ ❛ ❛ ♣ ❤ ♦ ♦ ♥✳
❚ ❤ ❡ ❡ ♠ ✧ ♠ ❛ ❧ ❡ ✧ ♠ ❡ ❛ ♥ ♦ ♥❧ ② ❤ ❡✐ ③ ❡ ♦ ♠ ❛ ❛ ✐❢ ✐ ♥ ❛ ❜ ❡ ♥ ❝ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦
❤ ❡ ❧ ❛ ♥ ❝ ❦✲ ❊✐ ♥ ❡✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ♠ ❛ ❧ ❡ ♣ ❛ ✐ ❝❧ ❡ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❢ ♦ ❛ ♣ ❤ ♦ ♦ ♥✱ ❤ ❡ ❦✐ ♥ ❡ ✐ ❝

❡ ♥ ❡ ❣ ② ♦❢ ✐ ♠ ♦ ✐ ♦ ♥ ✐ ❡ ✉ ❛❧ ♦ E L = h ν ✱ ✐✳ ❡✳✱ ✐ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ♦ ♥❧ ② ❜ ② ❤ ❡ ❢ ❡ ✉ ❡ ♥ ❝ ② ν
♦❢ ✐ ♦ ❝✐❧❧ ❛ ✐ ♦ ♥ ❞ ✉ ✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥✳ ❆ ♥ ❞ ❢ ♦ ❤ ❡ ♠ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♥ ✭ ✷ ✵ ✾ ❆✮ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞
✐ ♥ ✭ ✷ ✶ ✵ ❆✮ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ✐ ♥ ❡ ❛ ❡ ❛ ✐❢ ♥ ♦ ❛ ❝ ✐ ♥ ❣✳ ❚ ❤ ✉ ✱ ✐ ♥ ❡ ❛ ❞ ✭ ✷ ✶ ✷ ❆✮✱ ❢ ♦
♠ ❛ ❧ ❡ ♣ ❛ ✐ ❝❧ ❡ ✇✐ ❤ ❛ ♣ ❤ ♦ ♦ ♥✱ ✇ ❡ ♠ ✉ ❛ ❞ ♦ ♣ ✱ ❤ ❛

d (ct )

d (c
•
τ )

=
•
ν
ν = λ

•

λ
= 1 +

(− P G )
c 2 ≈ 1 +

f M
r / c 2 > 1 . (ν · λ =

•
ν ·

•

λ = c = ❝ ♦ ♥ ) ( 2 1 3 A )
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❆ ♣ ❤ ♦ ♦ ♥✱ ❛ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❝ ♦ ♣ ✉ ❝❧ ❡ ♦❢ ❧✐ ❣ ❤ ✱ ✇ ❛ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ❣ ❛✐ ♥ ✐ ♥ ❳ ❳ ❝ ❡ ♥ ✳ ❜ ② ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥
♦ ✐ ♥ ❡ ♣ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ◗ ✉ ❛ ♥ ✉ ♠ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❞ ✉ ❛❧✐ ♠ ❤ ❡ ▲ ❛ ✇ ♦❢ ♣ ❤ ♦ ♦ ❡ ✛ ❡ ❝ ❜ ② ❆❧ ❡ ① ❛ ♥ ❞ ❡ ❙ ♦❧ ❡ ♦ ✈

✭✐ ♥ ✶ ✽ ✽ ✽✲ ✾ ✵ ✮✳ ❊ ✈ ❛❧ ✉ ❛ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥✱ ❜ ✉ ✇✐ ❤ ❙ ❚ ❘ ✭ ✶ ✮✱ ❛ ♥ ❞ ❡❢ ❛ ❝ ✐ ♦ ♥ ❛❧ ✭ ✷ ✮ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ♦ ❡ ✈ ❡ ❛❧✐ ♥ ❣
❝ ♦ ♠ ♣❧ ❡ ❡ ❞ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ❛ ❧✐ ❣ ❤ ❛ ② ♥ ❡ ❛ ❤ ❡ ❙ ✉ ♥✳ ▲ ❡ ❤ ❛ ❛ ♣ ❤ ♦ ♦ ♥ ♦❢ ♠ ❛ m ✭✐ ♥ ♠ ♦ ✈✐ ♥ ❣ ✮ ♠ ♦ ✈ ❡
✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ♥ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ♠ ❛ M ❛ ✈ ❡❧ ♦ ❝✐ ② v = c ✉ ♥ ❞ ❡ ❛ ♥ ❣❧ ❡ ε ♦ ❤ ❡ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ r ❢ ♦ ♠
M ❜ ❛ ② ❝ ❡ ♥ ❡ ✳ ❇ ② ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ▲ ❛ ✇ ✇✐ ❤ ❙ ❚ ❘✱ ❤ ❡ ❡ ❤ ♦❧ ❞ ✿

F = F · e β = [ ( f · M · m L ) / r 2 ] · e β = m L g · e β = [ ( m L · c 2 ) / R ] · e β =
⊥

F · e ν + F · e α . ( 2 1 4 A )

⊥

F = si n ε · [ (f · M · m L ) / r 2 ] = (m L · c 2 ) /
⊥

R = E L /
⊥

R = h ν /
⊥

R , ( 2 1 4 A − I )

F = c o s ε · [ (f · M · m L ) / r 2 ] = (m L · c 2 ) / R =
d ( m L · c )

d τ
=

d P L

d τ
=

d E L

dl
=

d ( h ν )

dl
. ( 2 1 4 A − I I )

❚ ✇ ♦ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡ F ✱ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ❛ ♥ ❞ ❝ ✉ ✈ ❛ ✉ ❡ K = 1 / R ✱ ❛ ♥ ♦ ♠ ❛❧ ❛ ♥ ❞
❛ ♥ ❣ ❡ ♥ ✐ ❛❧✱ ❛ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❜ ② ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❛ ❛ ❜ ♦ ✈ ❡ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧❧ ② ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✳

❙✐ ♥ ❝ ❡ M > > m ✱ ❤ ❡ ♥ ❛ ♣ ❤ ♦ ♦ ♥ ❛ ❡ ❛ ❝ ❤ ♠ ♦ ♠ ❡ ♥ ♦❢ ✐ ♠ ❡ ❡ ❝ ❡✐ ✈ ❡ ♦ ♠ ❡ ♦ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ♠ ♦ ✈ ❡ ♠ ❡ ♥
✐ ♥ ⟨ E 3 ⟩ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ❙ ✉ ♥✳ F ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❝ ❛ ✉ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✴ ❞ ❡ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ♣ ❛ ✐ ❝❧ ❡
❛❧ ♦ ♥ ❣ ✈ ❡ ❝ ♦ ✲ ✈ ❡❧ ♦ ❝✐ ② c ✳ ❋ ♦ ❤ ❡ ♣ ❤ ♦ ♦ ♥✱ ✐ ♠ ❡ ❡❧ ② ✐ ♥ ❝ ❡ ❛ ❡ ♦ ❞ ❡ ❝ ❡ ❛ ❡ ✐ ❡ ♥ ❡ ❣ ② E L ❛ ♥ ❞ ♦ ❝✐❧❧ ❛ ✐ ♦ ♥
❢ ❡ ✉ ❡ ♥ ❝ ② ❞ ✉ ✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ❛ c = ❝ ♦ ♥ ✳ ❍ ❡ ♥ ❝ ❡✱ ❤✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✭ ✇✐ ❤ ✈ ❡ ② ♠ ❛❧❧ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ♠ ❛ m ✮
❞ ♦ ❡ ♥ ♦ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ♥ ♦ ♠ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ❛ ❧✐ ❣ ❤ ✳ ❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ✉ ✈✐ ♥ ❣ ✐
❛❧ ♦ ❛ ❜ ❡ ♥ ❛ c = ❝ ♦ ♥ ❛ ❤ ❡ ❝ ❛❧ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦ ✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡✳ ❈ ♦ ♥ ❛ ②✱ F ♥ ♦ ♠ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✱
❛ ❛ ❝ ❡ ♥ ✐ ♣ ❡ ❛❧ ❢ ♦ ❝ ❡✱ ❝ ❛ ✉ ❡ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❜ ❡ ♥ ❞ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❛ ② ✇✐ ❤ ✐ ❧ ♦ ❝ ❛❧ ♥ ♦ ♠ ❛❧ ❛ ❞✐ ✉ ✳

◆ ♦ ❡ ❤ ❛ ❤ ❡ ❛❥ ❡ ❝ ♦ ② ♦❢ ❤✐ ❧✐ ❣ ❤ ❛ ② ✐ ❡ ① ❡ ♠ ❡❧ ② ❡ ❝ ❤ ❡ ❞ ❞ ✉ ❡ ♦ ❤ ❡ ❤✐ ❣ ❤ ✈ ❡❧ ♦ ❝✐ ② c ♦❢ ❧✐ ❣ ❤ ✳
❋ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❤✐ ♠ ❛ ❦ ❡ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ❝ ♦ ♥ ✉ ❝ ❛ ♣ ❡ ❝✐ ❛❧ ❝ ✉ ❡ ♥ ✐ ❣ ❤

✐ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❛ ❝ ♦ ♥ ❛ ♥ ❧ ❡ ❣ b ♦ ♣ ♣ ♦ ✐ ❡ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ε ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ c

❛ ♥ ❞ ❤ ❡ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ r ✱ ❞✐ ❡ ❝ ❡ ❞ ❛ ✜ ❡❧ ❞✬ ✐ ♥ ❡ ♥ ✐ ② g ( f ) ✳ ❋ ♦ ♠ ✭■ ✮ ✇ ❡ ❤ ❛ ✈ ❡✿ 1 /
⊥

R = si n ε ( f M ) / ( r c ) 2 .
■ ♥ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❬ ✼ ✾❀ ✻ ✾❀ ✼ ✺✱ ♣✳ ✸ ✺ ✶✲ ✸ ✺ ✺❪✱ ❤ ❡ ❧ ❡ ❣ b = ❝ ♦ ♥ ✐ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢
M ❛ ♥ ❞ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ♣ ♦✐ ♥ ♦❢ ❤✐ ❧✐ ❣ ❤ ❛ ② ✇ ♦ ❛ ② ♠ ♣ ♦ ❡ ✿ b ≈ r · si n ε ≈ ♠✐ ♥ ✭ ✮✱ ❤ ❡ ❡ ① ❡ ♠ ❡❧ ②

❡ ❝ ❤ ❡ ❞ ❛ ❝ ♦❢ ❤✐ ❧✐ ❣ ❤ ❛ ② ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ❧ ❡ ❣ ✐ l ≈ r · c o s ε ❀ ❤ ❡ ♥ 1 /
⊥

R = si n 3 ε ( f M ) / ( b c ) 2 ✳

❲✐ ❤ ✭■ ✮ ❤✐ ❧✐ ❣ ❤ ❛ ② ❜ ❡ ♥ ❞ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ❢ ♦ ♠ ❛ ❢ ♦❧❧ ♦ ✇ ✿

d δ I = dl /
⊥

R ≈ d ( − r · c o s ε ) /
⊥

R = b d ( − c o t ε ) /
⊥

R = [ f M / ( b c 2 )] · si n ε d ε = [ − P ( ε ) / c 2 ] d ε > 0 ,

δ I ≈ [f M / ( b · c 2 )] ·
π

0

si n ε d ε = 2 f M / ( b · c 2 ) = 2 · ( − P m i n ) / c 2 .

❲✐ ❤ ✭■ ■ ✮✱ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ✐ ♥ ❤✐ ❧✐ ❣ ❤ ❛ ② ✐ ❡❧❢ ❛❧ ♦ ♥ ❣ ❤ ❡ ✈ ❡ ❝ ♦ ❝ ✱ ✐❧❧ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ✇ ❛ ② ♣ ♦✐ ♥ ✱ ❡ ❝ ❡✐ ✈ ❡
❤ ❡ ❡ ♥ ❡ ❣ ②✱ ❛ ♥ ❞ ❛❢ ❡ ♠✐ ❞ ❞❧ ❡ ✇ ❛ ② ♣ ♦✐ ♥ ✱ ❣✐ ✈ ❡ ❜ ❛ ❝ ❦ ✐ ❛ ± h ∆ ν ✱ ✇✐ ❤ ♣ ❡ ❡ ✈✐ ♥ ❣ ❤ ❡✐ ✐ ♥✐ ✐ ❛❧ ❡ ♥ ❡ ❣ ② ✭✦ ✮

❏ ✉ ❤✐ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❡ ✐ ♠ ❛ ✐ ♦ ♥ δ I ✇ ❛ ♦ ❜ ❛✐ ♥ ❡ ❞ ❜ ② ❊✐ ♥ ❡✐ ♥ ✐ ♥ ✶ ✾ ✶ ✶ ❬ ✼ ✻✱ ♣✳ ✷ ✵ ✷❪ ❛ c = ❝ ♦ ♥ ✱ ❜ ✉ ❛
♦❢ ❡ ♥ ❢ ♦ ❤✐ ♠✱ ✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ♣ ❡ ❞ ❡ ❝ ❡ ♦ ✳ ❙ ♦✱ ❏ ♦ ❤ ❛ ♥ ♥ ✈ ♦ ♥ ❙ ♦❧ ❞ ♥ ❡ ✇ ❛ ❤✐ ♦ ✐ ❝ ❛❧❧ ② ✜ ✱ ✇ ❤ ♦
❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ✐ ✐ ♥ ✶ ✽ ✵ ✶ ❬ ✼ ✾❀ ✾ ✼✱ ♣✳ ✼❪ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥✬ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ❝ ♦ ♣ ✉ ❝ ✉❧ ❛ ❤ ❡ ♦ ✐ ❡ ✳
▼ ♦ ❡ ♦ ✈ ❡ ✱ ■ ❛ ❛ ❝ ◆ ❡ ✇ ♦ ♥ ❢ ♦ ❡ ❝ ❛ ❡ ❞ ❞✐ ❝ ♦ ✈ ❡ ② ♦❢ ❤✐ ❡ ✛ ❡ ❝ ❢ ♦ ❤✐ ❧✐ ❣ ❤ ❝ ♦ ♣ ✉ ❝❧ ❡ ✐ ♥ ✶ ✼ ✵ ✹✦

■ ♥ ✶ ✾ ✶ ✺✱ ❊✐ ♥ ❡✐ ♥ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ● ❚ ❘ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ❛ ❧✐ ❣ ❤ ❛ ② ❜ ❡ ♥ ❞ ✐ ♥ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ② ♠ ♠ ❡ ✐ ❝
❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✜ ❡❧ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❚❡ ♥ ♦ ❈ ❛❧ ❝ ✉❧ ✉ ✱ ✇✐ ❤ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ c ✐ ♥ ❤ ❡ ✜ ❡❧ ❞ ✳ ◆ ❡ ✇ ✈ ❛❧ ✉ ❡ ✇ ❛ ♣ ♦ ✈ ❡ ❞
♦ ❜ ❡ ✇✐ ❝ ❡ ❧ ❛ ❣ ❡ ✳ ❚ ♦ ❡ ✐ ♠ ❛ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ❤✐ ✷✲ ♥ ❞ ❡ ♠✱ ✇ ❡ ✉ ❡ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ② ♦❢ ❧✐ ❣ ❤

♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♦ ♣ ✐ ❝ ♠ ❡ ❞✐ ✉ ♠ ✇✐ ❤ ✈ ❛ ✐ ❛ ❜❧ ❡ ❡❢ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❞ ❡ ① ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ✇✐ ❤
✈ ❛ ✐ ❛ ❜❧ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ ❬ ✼ ✺✱ ♣✳ ✸ ✵ ✽❪✳ ❇ ✉ ✇ ❡ ♦ ♦ ❦ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ ❢ ❡ ✉ ❡ ♥ ❝ ② ♦❢ ♣ ❤ ♦ ♦ ♥ ✐ ♥ ♣ ❛ ❛❧❧ ❡❧
♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✭■ ■ ✮✱ ❝ ❛ ✉ ✐ ♥ ❣ ❜ ② ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ♣ ❤ ♦ ♦ ♥ ❦✐ ♥ ❡ ✐ ❝ ❡ ♥ ❡ ❣ ② h ν ❢ ♦ ♠ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧✱ ❛ ♥ ❞
❝ ♦ ♥ ❛ ♥ ❝ ② ♦❢ ❤ ❡ ❧✐ ❣ ❤ ♣ ❡ ❡ ❞ ✇✐ ❤ ❡❧ ❛ ✐ ♦ ♥ c = ν · λ = ❝ ♦ ♥ ✳ ❚ ❤ ❡ ♦ ❝✐❧❧ ❛ ✐ ♦ ♥ ❢ ❡ ✉ ❡ ♥ ❝ ② ♦❢ ♣ ❤ ♦ ♦ ♥ ν
✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❤ ❡ ✶✲ ♣ ❛ ♦❢ ✐ ❛❥ ❡ ❝ ♦ ② ❛ ♥ ❞ ❞ ❡ ❝ ❡ ❛ ❡ ✐ ♥ ❤ ❡ ✷✲ ♥ ❞ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❡❧ ❛ ✐ ♦ ♥ ❢ ♦ ± ∆ ν ✱
✇✐ ❤ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ❡✐ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤ ∓ ∆ λ ✳ ❚ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ✐ ♥ ❝✐ ❞ ❡ ♥ ❝ ❡ ✐ ε ✱ ✐❢ ε ≤ π / 2 ✱
❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ✐ ♥ ❝✐ ❞ ❡ ♥ ❝ ❡ ✐ ( π − ε ) ✐❢ ε > π / 2 ✳ ❲✐ ❤ ✭■ ■ ✮ ❛ ♥ ❞ ❤ ❡ ❙ ♥ ❡❧❧✐ ✉ ▲ ❛ ✇ ✭ ✶ ✻ ✷ ✻ ✮✱ ❤✐ ✐ ✐ ♥ ❡ ♣ ❡ ❡ ❞

❛ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❝❧ ❛ ✐ ❝ ❙ ♦❧ ❞ ♥ ❡ ✬ ❜ ❡ ♥ ❞ ♦❢ ❛ ❧✐ ❣ ❤ ❛ ② ♦ ✇ ❛ ❞ ❤ ❡ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢ M ✿
si n ε / si n ( ε − d δ I I ) = ν + d ν

ν
, ε ≤ π / 2; si n ( π − ε ) / si n ( π − ε + d δ I I ) = ν − d ν

ν
, ε > π /2 →

→ d δ I I = ± d ν / ν =
⊥

d c / c =
⊥
g d τ / c =

⊥
g dl / c 2 = dl /

⊥

R = d δ I . ❍ ❡ ❡ ✶✲ ❞✐ ✛ ❡ ❡ ♥ ❝✐ ❛❧ ♦❢ ❤ ❡ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥

♦❢ ❤ ❡ ✈ ❡ ❝ ♦ ❝ ✇✐ ❤ ❤ ❡ ❧✐ ❣ ❤ ❛ ② ✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ✐ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡ ❤ ❛ ❛ ❜ ♦ ✈ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♥ ♦ ❛ ✐ ♦ ♥✳



✷ ✻ ✷ ❆ ❊ ◆ ❉ ■ ❳

❯ ♥ ❞ ❡ ✜ ♥ ❛❧❧ ② ❜ ❡ ❡ ♥ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ♣ ❤ ② ✐ ❝✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✜ ❡❧ ❞ ν · λ = c = ❝ ♦ ♥ ✱ ✇ ❡ ❤ ❛ ✈ ❡
d ν / ν = d (c / λ )/ (c / λ ) = − d λ / λ ✳ ❚ ❤ ❡ ❡❢ ❛ ❝ ✐ ♦ ♥ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ δ I I ✐ ♥ ❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧
✜ ❡❧ ❞ ❡❧ ❛ ❡ ♦ ♥❧ ② ♦ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ✐ ♠ ❡ ♣ ❛ ✐ ❝❧ ❡ ♠ ♦ ✈✐ ♥ ❣ ♥ ❡ ❛ ❧✐ ❣ ❤ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❉ ❡ ❇ ♦ ❣❧✐ ❡ ♦ ♥ ❡ ✦
❋ ♦ ❛ ❛ ② ❛❧ ♦ ♥ ❣ ❤ ❡ ❝ ❡ ♥ ❛❧ ❛ ①✐ ❢ ♦ ♠ ❤ ❡ ❙ ❛ ♦ ❤ ❡ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢ ♠ ❛ ▼✱ ❤ ❡ ❡ ✐ ♥ ♦
❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❡❢ ❛ ❝ ✐ ♦ ♥ ❛ ❛❧❧ ✭ ❤ ♦ ✇ ❢ ♦ ❛ ♥ ♦ ♣ ✐ ❝ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❧ ❡ ♥ ✦✮ ❛ ❤ ❡ ♥ ♦ ♠ ❛❧ ♦ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
❞ ❡ ✈✐ ❛ ✐ ♥ ❣ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❢ ♦ ❝ ❡ F ✐ ③ ❡ ♦ ✐ ♥ ❤✐ ❝ ❛ ❡ ✇✐ ❤ ε = 0 ✳

❲❡ ❣ ♦ ✇✐ ❤ ✭ ✷ ✶ ✹ ❆✲■ ❛ ♥ ❞ ■■✮ ✇✐ ❝ ❡ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ❛ ❧✐ ❣ ❤ ❛ ② ❢ ♦ ♠ ❤ ❡ ❙ ✉ ♥ ♣ ♦ ❡ ♥ ✐ ❛❧ ❝ ❤ ❛ ♥ ❣ ❡ ✿

δ = δ I + δ I I = 4 f M / (b c 2 ) = 4( − P m i n / c 2 ) = 4( − P S / c 2 ) · (r / b ) ✕ ✉ ♥ ❞ ❡ c = ❝ ♦ ♥ ! ( 2 1 5A )

✶✲ ❝ ✉ ✈✐ ♥ ❣ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ✈ ❛ ✐ ❛ ❜❧ ❡ ♥ ♦ ♠ ❛❧ g ( f ) ✱ ✷✲ ♥ ❞ ❝ ✉ ✈✐ ♥ ❣ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ✈ ❛ ✐ ❛ ❜❧ ❡ P G ✳
❚ ❤ ❡ ♣ ❤ ♦ ♦ ♥✬ ♠ ♦ ♠ ❡ ♥ ❛ ✈ ❡ ❝ ♦ P 0 ❛ ♥ ❞ p ❝ ❤ ❛ ♥ ❣ ❡ ♦ ♥❧ ② ❞✐ ❡ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡ ✇ ♦ ❦ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ♦

♥ ❡ ❣ ❛ ✐ ✈ ❡ ♣ ❛ ❛❧❧ ❡❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✉ ♥ ✐ ♥ ♣ ♦ ✐ ✐ ✈ ❡ ♦ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ✐ ❦✐ ♥ ❡ ✐ ❝ ❡ ♥ ❡ ❣ ② ± ∆ h ν ✳
❚ ❤ ❡ ♥ ♦ ♠ ❛❧ ♣ ♦ ✐ ✐ ✈ ❡ ♦ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♣ ❛ ♦❢ ♣ ❤ ♦ ♦ ♥✬ ❡ ♥ ❡ ❣ ② ❝ ❤ ❛ ♥ ❣ ❡ ❡❧ ❛ ❡ ♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥
♣ ❛ ❛❧ ♦ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✿
d E = ± (− P m i n ) ·si n ε d ε ·h ν 0 / c 2 , ∆ E m a x = ( − P m i n ) ·h ν 0 / c 2 , h νm a x = h ν 0 [ 1 + (− P m i n )/ c 2 ]✳

❲❡ ♠ ❛ ② ❛ ❞ ❞ ♦ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✐ ♥ ⟨ P 3 + 1 ⟩✱ ❜ ✉ ✇✐ ❤ ❛ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ② ✿
❚ ❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ♣ ♦ ❡ ♥ ✐ ❛❧ ✐ ♥ ❛ ♥ ② ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡
✈ ❛❧ ✉ ❡ ♦❢ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ c = ν λ ♠ ❡ ❛ ✉ ❡ ❞ ❧ ♦ ❝ ❛❧❧ ② ❜ ② ♦ ♠ ❡ ♠ ❛ ♥ ♥ ❡ ✳ ❙ ❝ ❛❧ ❛ ♣ ❡ ❡ ❞ ♦❢
❧✐ ❣ ❤ c ✐ ♥ ❤ ❡ ❝ ♦ ♠✐ ❝ ✈ ❛ ❝ ✉ ✉ ♠ ✐ ❡ ✉ ❛❧ ♦ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ❝ ❛❧ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❢ ♦ ✐ ♠ ❡✳

❆ ✈ ❡ ② ❢ ❛ ❖ ❜ ❡ ✈ ❡ ✐ ♥ ❛ ✇ ❡ ❛ ❦ ✜ ❡❧ ❞ ♣ ❡ ❝ ❡✐ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❧ ♦ ❝ ❛❧ ❡ ✈ ❡ ♥ ✐ ♥ ❛ ♦ ♥ ❣ ✜ ❡❧ ❞ ❛ ✐❢ ✐ ♥
❞✐ ♦ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ R 3 + 1 ⟩ ✇✐ ❤ ❜✐ ✈ ❛❧ ❡ ♥ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✉ ♣ ♦ ✷✲ ♥ ❞ ♦ ❞ ❡ ♦❢ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳

❈ ♦ ♥ ✐ ❞ ❡ ❛ ♥ ♦ ❤ ❡ ✱ ❜ ✉ ❛ ✐❢ ● ❘✲ ❡ ✛ ❡ ❝ ✕ ❤ ❡ ✧ ❡ ❞ ❤✐❢ ✧ ♦❢ ❤ ❡ ❙ ✉ ♥ ❛ ❞✐ ❛ ✐ ♦ ♥ ♣ ❡ ❝ ✉ ♠✱
♣ ❡ ❞✐ ❝ ❡ ❞ ✐ ♥ ✶ ✾ ✶ ✸ ❜ ② ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥✳ ❚ ❤ ♦ ✉ ❣ ❤ ✐ ✇ ❛ ♣ ❡ ❞✐ ❝ ❡ ❞ ✜ ✐ ♥ ✶ ✼ ✽ ✸ ❜ ② ❏ ♦ ❤ ♥ ▼✐ ❝ ❤ ❡❧❧
✐ ♥ ❤✐ ❧ ❡ ❡ ♦ ❤ ❡ ▲ ♦ ♥ ❞ ♦ ♥ ❘ ♦ ② ❛❧ ❙ ♦ ❝✐ ❡ ② ❬ ✽ ✶❪ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ❤ ❡ ◆ ❡ ✇ ♦ ♥✬ ❝ ♦ ♣ ✉ ❝ ✉❧ ❛ ❛ ♥ ❞
❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❤ ❡ ♦ ✐ ❡ ✦ ■ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❧ ♦ ✇✐ ♥ ❣✲ ❞ ♦ ✇ ♥ ♦❢ ❛❧❧ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ♦ ❝✐❧❧ ❛ ✐ ♦ ♥ ❢ ♦ ♠
❤ ❡ ❙ ✉ ♥ ✉ ❢ ❛ ❝ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ❡ ✈ ❡ ② ♦ ♥ ❣ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ ❬ ✼ ✺✱ ♣✳ ✸ ✹ ✻❪✳ ❉ ✉ ❡ ♦ ✭ ✷ ✶ ✷ ❆✲■■✮✱

✇ ❡ ❤ ❛ ✈ ❡✿ λ >
•

λ , (ν · λ = c )✳ ▲ ❡ ✬ ♣ ❛ ② ❛ ❡ ♥ ✐ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ❛ ❡ ♠ ❡ ♥ ♦❢ ❤✐ ❡ ✛ ❡ ❝
✐ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ♣ ❡ ❝✐ ❡❧ ② ♦ ♥ ❤ ❡ ❊ ❛ ❤ ✇✐ ❤ ❤ ❡ ❛ ♦ ♠✐ ❝ ❝❧ ♦ ❝ ❦ ✱ ✐✳ ❡✳✱ ✐ ♥ ❛ ✇ ❡ ❛ ❦ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞✦
❚ ❤ ❡ ✧ ❡ ❞ ❤✐❢ ✧ ✇ ❛ ♣ ❡ ❝✐ ❡❧ ② ❛ ✣ ♠ ❡ ❞ ♦ ♥ ❤ ❡ ❊ ❛ ❤ ✐ ♥ ✶ ✾ ✺ ✾ ❜ ② ❘✳ ♦ ✉ ♥ ❞ ❛ ♥ ❞ ❏ ✳ ❘ ❡ ❜ ❦ ❛ ✇✐ ❤
❤ ❡ ✉ ❡ ♦❢ ▼ ☎♦ ❜ ❛ ✉ ❡ ✬ ❡ ✛ ❡ ❝ ❬ ✾ ✻❪✳ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢ ✇ ♦ ♣ ♦ ❡ ♥ ✐ ❛❧ ✇ ❛ ✈ ❡ ② ♠ ❛❧❧✳

❲❡ ✐ ♥ ❡ ♣ ❡ ✧ ❡ ❞ ❤✐❢ ✧ ❜ ② ❤ ❡ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ♣ ❛ ♦❢ ♦ ✉ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥ ✇✐ ❤ ♦ ✉ ♥ ♦ ♠ ❛❧ ❡❢ ❛ ❝ ✐ ♦ ♥
✭ ❛ ε = 0 ✮✳ ❚ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ♦ ♦ ❤ ❡ ♠ ❛ ❧ ❡ ♣ ❛ ✐ ❝❧ ❡ ✱ ✉ ♥ ❞ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❛ ❝ ✐ ♥ ❣ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✱
❣ ❡ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ♦❢ ❤ ❡✐ ❦✐ ♥ ❡ ✐ ❝ ❡ ♥ ❡ ❣ ② E = h ν ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ♦❢ ❤ ❡✐ ❧✐ ❣ ❤ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤
λ = c / ν = h / (E / c ) = h / p ❢ ♦ ❛ ♥ ❖ ❜ ❡ ✈ ❡ ♦❢ ❤✐ ❛ ❞✐ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❊ ❛ ❤✳ ❋ ♦ ♠ ❛ ❧ ❡
♣ ❛ ✐ ❝❧ ❡ ❛ v = c ✱ ❤ ❡ ❡ ❤ ♦❧ ❞ E = p c = m v c = m c 2 ❛ ❤ ❡ ❡ E 0 = 0 ✳ ✭ ❋ ♦ ❛ ❜ ♦ ❞ ②✱ ✇ ❡ ❤ ❛ ✈ ❡
❡ ✉✐ ✈ ❛❧ ❡ ♥ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ♦❢ ♦ ❛❧ ❡ ♥ ❡ ❣ ② E ❛ ♥ ❞ p c = m v c ✭ ❈ ❤✳ ✺ ❆✮ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ♦❢ ❉ ❡ ❇ ♦ ❣❧✐ ❡
✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤ λ = h / p = h / (m v )✳✮ ❚ ❤ ❡ ♥ ❤✐ ❡ ✛ ❡ ❝ ❢ ♦ ❤ ❡ ❙ ✉ ♥ ❛ ❞✐ ❛ ✐ ♦ ♥ ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ✉ ♦ ♥
❤ ❡ ❜ ❛ ✐ ♦❢ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ❜ ② ❤ ❡ ✉ ❛ ♥ ✉ ♠✲ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤✿

E L = h ν = m L c 2 =
•

E L − (− P S ) ·m L = h
•
ν − (− P S ) ·m L < h

•
ν ⇒ ν <

•
ν , λ >

•

λ , ( 2 1 6 A )

✇ ❤ ❡ ❡ m L = h ν / c 2 ✐ ❤ ❡ ❧ ❛ ♥ ❝ ❦ ✕ ❊✐ ♥ ❡✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ♠ ❛ ♦❢ ❛ ♠ ♦ ✈✐ ♥ ❣ ♣ ❤ ♦ ♦ ♥❀
•
ν ,

•

λ
❛ ❡ ❧ ♦ ❝ ❛❧ ✈ ❛❧ ✉ ❡ ♦ ♥ ❤ ❡ ❙ ✉ ♥ ✉ ❢ ❛ ❝ ❡❀ ν, λ ❛ ❡ ✈ ❛❧ ✉ ❡ ♦ ♥ ❤ ❡ ❊ ❛ ❤✳ ❚ ❤ ❡ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✱
✇✐ ❤ ❢ ✉❧❧ ❡ ① ❡ ❝ ✉ ✐ ♥ ❣ ❤ ❡ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✱ ✇ ❡ ❡ ✜ ♥ ♦ ❡ ❞ ❜ ② ❤ ❡ ❡ ♠✐ ♥ ❡ ♥ ♣ ❤ ② ✐ ❝✐
✭ ♣ ♦ ❣ ❡ ♥✐ ♦ ♦❢ ❤ ❡ ♠ ❛ ✐ ① ✉ ❛ ♥ ✉ ♠ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ✮ ▼ ❛ ① ❇ ♦ ♥ ❬ ✼ ✹❪✳ ❍ ❡ ❞✐ ❞ ♥ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❤✐ ✐ ❞ ❡ ❛
❛ ♥ ❞ ❡ ❡ ❞ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ● ❚ ❘✲✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❡ ✛ ❡ ❝ ✳ ❘ ❡ ❝ ❛❧❧ ❛❧ ♦ ✭ ❡ ❡ ♠ ♦ ❡ ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢
❈ ❤ ✳ ✶ ✷ ❛ ♥ ❞ ✼ ❆✮✱ ❤ ❛ ❡❧ ❛ ✐ ♦ ♥ E = m c 2 ❢ ♦ ❤ ❡ ❧✐ ❣ ❤ ✬ ❡ ♥ ❡ ❣ ②✱ ❛ ❛ ❦✐ ♥ ❞ ♦❢ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝
❛ ❞✐ ❛ ✐ ♦ ♥✱ ✇ ❛ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ✐ ♥ ✶ ✾ ✵ ✵ ❜ ② ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ♦ ♥ ❡ ❢ ♦ ♠ ♠ ❛ ♥ ② ❤✐ ♣✐ ♦ ♥ ❡ ❡ ❛ ✐ ❝❧ ❡ ❬ ✻ ✷❪✳



❈ ❍ ❆ ❚ ❊ ❘ ✾ ❆✳ ❘ ❊ ❆ ▲ ❆ ◆ ❉ ❖ ❇ ❙ ❊ ❘ ❱ ❆ ❇ ▲ ❊ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ■ ◆ ❚ ❍ ❊ ● ❘ ❆ ❱ ■ ❚ ❨ ❋ ■ ❊ ▲ ❉ ✷ ✻ ✸

■ ♥ ❞ ❡ ❡ ❞✱ ❞ ✉ ❡ ♦ ❤✐ ▲ ❛ ✇✱ ✇ ❤✐❧ ❡ ♣ ❤ ♦ ♦ ♥ ❣ ❡ ❢ ❛ ❡ ❢ ♦ ♠ ❤ ❡ ❙ ✉ ♥ ♦ ❤ ❡ ❊ ❛ ❤✱ ✐ ❦✐ ♥ ❡ ✐ ❝
❡ ♥ ❡ ❣ ② ❛ ♥ ❞ ❢ ❡ ✉ ❡ ♥ ❝ ② ❞ ❡ ❝ ❡ ❛ ❡ ❞ ✉ ❡ ♦ ♦ ✈ ❡ ❝ ♦ ♠✐ ♥ ❣ ❤ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❙ ✉ ♥ ♣ ♦ ❡ ♥ ✐ ❛❧ ✐ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦
❤ ❡ ❊ ❛ ❤✳ ❲✐ ❤ ♦ ✉ ❤ ❡ ❉ ♦ ♣ ♣❧ ❡ ❡ ✛ ❡ ❝ ✱ ✉ ♣ ♣ ♦ ❡ ✐ ♥✐ ✐ ❛❧❧ ② ❤ ❛ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ ♥ ❡ ❛ ❤ ❡ ♠ ❛ ❡✿

•
c =

•
ν ·

•

λ ✕ ♦ ♥ ❤ ❡ ❙ ✉ ♥✱ ❛ ♥ ❞ c = ν · λ = ♦ ♥ ❤ ❡ ❊ ❛ ❤ ❛ h = ❝ ♦ ♥ ✳

❋ ♦ ♠ ✭ ✷ ✶ ✻ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❡ ✉❧ ✿ ν = c / λ <
•
c /

•

λ =
•
ν ✳ ❋ ✉ ❤ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ♦ ♥❧ ② ✇ ♦ ✈ ❛ ✐ ❛ ♥ ✿

✭ ✶✮ λ >
•

λ ⇒
•
c = c ✕ ✐ ✐ ❝ ♦ ❡ ❝ ✈ ❛ ✐ ❛ ♥ ✱ ❤ ❡ ❡ ✛ ❡ ❝ ✧ ❡ ❞ ❤✐❢ ✧ ✐ ✜ ① ❡ ❞ ♦ ♥ ❤ ❡ ❊ ❛ ❤❀

✭ ✷✮ λ =
•

λ ⇒
•
c > c ✕ ✐ ✐ ✐ ♥ ❝ ♦ ❡ ❝ ✈ ❛ ✐ ❛ ♥ ✳ ✭ ❚ ❤ ❡ ✈ ❛ ✐ ❛ ♥

•
c < c ✐ ❛ ❜ ❡ ♥ ✐ ♥ ✭ ✷ ✶ ✻ ❆✮ ❛ ❛❧❧✦✮

❖ ♥ ❡ ♠ ✉ ❝ ❤ ♦ ♦ ❡ ❡✐ ❤ ❡ ❤ ❡ ❝ ♦ ❡ ❝ ✈ ❛ ✐ ❛ ♥ ✭ ✶✮✱ ♦ ❝ ❤ ♦ ♦ ❡ ❡ ✈ ❡ ♥ ❤ ❡ ♥ ♦ ♥✲ ❡ ①✐ ✐ ♥ ❣ ✐ ♥ ❝ ♦ ❡ ❝
✈ ❛ ✐ ❛ ♥ ✭ ✷✮ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ✧ ❡ ❞ ❤✐❢ ✧ ❤ ❡ ♦ ② ❡❢ ✉ ❡ ♦❢ ❤ ❡ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✳ ❲❡ ❝ ❤ ♦ ❡
✈ ❛ ✐ ❛ ♥ ✭ ✶✮✳ ■ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✐ ❝ ❧ ② ✐ ♥❢ ❡ ❡ ❞ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✶ ✻ ❆✮✳ ❚ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ♦ ♥ ❤ ❡ ❙ ✉ ♥ ✐ ♥
✐ ♦ ♥ ❣ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ❤ ❛ ✈ ❡ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝ ② ❜ ② ❤ ❡ ❧ ♦ ❝ ❛❧ ❛ ♦ ♠✐ ❝ ❝❧ ♦ ❝ ❦ ♦ ♥ ❤ ❡ ❙ ✉ ♥
❛ ♥ ❞ ❤ ❡ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤ ✭ ❛ ❤ ♦ ❡ ❛ ❞✐ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❊ ❛ ❤ ♦ ✇✐ ❤ ♦ ✉ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛ ❛❧❧✮✳ ❲ ❤ ❡ ♥
❤ ❡ ② ❛ ❝ ❤✐ ❡ ✈ ❡ ❤ ❡ ❊ ❛ ❤✱ ❤✐ ❛ ❞✐ ❛ ✐ ♦ ♥ ❤ ❛ ❧ ❡ ✐ ❢ ❡ ✉ ❡ ♥ ❝ ② ❜ ② ❤ ❡ ❧ ♦ ❝ ❛❧ ❛ ♦ ♠✐ ❝ ❝❧ ♦ ❝ ❦ ♦ ♥ ❤ ❡

❊ ❛ ❤ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ♦ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ♦❢ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ❛ ♥ ❞ ♠ ♦ ❡ ✐ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦
✈ ❛ ✐ ❛ ♥ ✭ ✶✮ ✇✐ ❤ ❤ ❡ ✧ ❡ ❞ ❤✐❢ ✧✳ ■ ♥ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❛ ♦ ✉ ❝ ❡ ♦❢ ❛ ❞✐ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❖ ❜ ❡ ✈ ❡ ✳ ❉ ✉ ❡ ♦ ❤ ❡

✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✱ ❖ ❜ ❡ ✈ ❡ ✐ ♥ ❤ ❡ ♦ ♥ ❣ ✜ ❡❧ ❞ ✇✐❧❧ ❡ ❡ ✐ ♥ ✈ ❡ ❡ ✧ ✈✐ ♦❧ ❡ ❤✐❢ ✧✳ ❇ ♦ ❤ ❤✐❢
♦❢ ❉ ❡ ❇ ♦ ❣❧✐ ❡ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤ ♠ ✉ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❛❧ ♦ ❢ ♦ ♠ ❛ ✐ ✈ ❡ ♦ ♠ ❛ ❧ ❡ ♣ ❛ ✐ ❝❧ ❡ ✳ ■ ♥ ❡ ❡ ♥ ❝ ❡✱
❤✐ ❡ ✛ ❡ ❝ ❡❧ ❛ ❡ ♦ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❤ ❡ ♦ ✐ ❡ ✇✐ ❤ ❤ ❡ ◗ ✉ ❛ ♥ ✉ ♠ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ✱ ❜ ✉ ♥ ♦ ♦ ❘ ❡❧ ❛ ✐ ✈✐ ②✦

■ ✐ ✉ ✉ ❛❧❧ ② ❜ ❡❧✐ ❡ ✈ ❡ ❞ ❤ ❛ ❤ ❡ ❤✐ ❞ ● ❘✲ ❡ ✛ ❡ ❝ ✧ ❤ ❡ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤✐❢ ✧
✐ ♥ ♦ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ✐ ♥ ❢ ❛ ♠ ❡ ♦❢ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❤ ❡ ♦ ✐ ❡ ✇✐ ❤ ❙ ❚ ❘✱ ❛ ♥ ❞ ❝ ❛ ♥ ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ♦ ♥❧ ②
❜ ② ● ❚ ❘ ✐ ♥ ❤ ❡ ❛ ♥ ❣ ❡ ❢ ♦ ♠✿ ✧ ■ ✐ ● ❚ ❘✲ ❡ ✉ ❛ ✐ ♦ ♥ ✬ ♦❧ ✉ ✐ ♦ ♥✧✳ ❖ ✉ ✐ ✐ ♠ ♣❧ ❡ ❡ ♥ ♦

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ❜ ❛ ❡ ❞ ♦ ♥
❤ ❡ ❡ ❙ ❚ ❘ ❝ ♦ ✐ ♥ ❡ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✭ ❈ ❤✳ ✸ ❆✱ ✺ ❆✮✱ ✇✐ ❤ ❤ ❡✐ ❞ ♦ ✉ ❜❧✐ ♥ ❣ ❛ ✐ ♥ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥

❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛❧ ❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ✭ ✷ ✵ ✾ ❆✮ ❛ ♥ ❞ ✭ ✷ ✶ ✵ ❆✮✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❢ ♦
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♦ ❛ ✐ ♦ ♥ ✳ ❋ ♦ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❡ ✛ ❡ ❝ ✱ ✇ ❡ ❛ ❞ ♦ ♣ ❤ ❡ ♥ ❡ ① ✳ ✭ ✶✮ ❚ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡

▼ ❡ ❝ ✉ ② ✐ ❛❧ ♠ ♦ ❝✐ ❝ ✉❧ ❛ ✳ ✭ ✷✮ ■ ♥ ✇ ♦ ♦ ❛ ✐ ♦ ♥ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ♠ ✭ ✷ ✵ ✾ ❆✮ ❛ ♥ ❞ ✭ ✷ ✶ ✵ ❆✮✱ ✇ ❡ ✉ ❡
♥ ♦ ✇ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❦✐ ♥ ❡ ✐ ❝ ❡ ♥ ❡ ❣ ② E ≈ m v ∗ 2 / 2 = J w ∗ 2 / 2 = m (r w ∗ ) 2 / 2 ❛ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ✇ ❡❧❧
♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✈ ❛❧ ✉ ❡ ✱ ✐ ♥ ❡ ❛ ❞ ❝❧ ❛ ✐ ❝ ❛❧✳ ❖ ♥ ❤ ❡ ♦ ❜✐ ♦❢ ❤ ❡ ▼ ❡ ❝ ✉ ②✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ♥ ♦ ❛ ✐ ♦ ♥ ❛❧

♣ ❛ ♦❢ ✭ ✷ ✵ ✾ ❆✮ ❛ ♥ ❞ ✭ ✷ ✶ ✵ ❆✮ ❤ ❡ ❡ ❙ ❚ ❘ ❝ ♦ ✐ ♥ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✿ ♦ ♥ ❡ ❜ ② ❛ ♥ ❧ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝
♠ ❛ m = c o s h γ · m 0 ❛ ♥ ❞ ✇ ♦ ❜ ② ❛ ♥ ❧ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ✐ ♥ ❤ ❡ ✐ ❡ ♠ v ∗ 2 ✱ ✇ ❤ ❡ ❡
v ∗ = c o s h γ · v ✳ ❲✐ ❤ ✭ ✷ ✵ ✻ ❆✮✱ ✭ ✷ ✵ ✾ ❆✮✱ ✭ ✷ ✶ ✵ ❆✮✱ ❤ ❡ ② ❧ ❡ ❛ ❞ ♦ ❤ ❡ ✉ ♠ ♠ ❛ ② ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ❜ ②
✐ ① ❢ ❛ ❝ ♦ k E = c o s h γ − 1 ✉ ♥ ❞ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ c o s h 6 γ − 1 ≈ 6( c o s h γ − 1) ❛ v / c < < 1 ✳

❲✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ✐ ♠ ❡ ✐ ♥ ❛ ✇ ❡ ❛ ❦ ✜ ❡❧ ❞ ❛ ♦ ♥ ❤ ❡ ❊ ❛ ❤✱ ❢ ♦ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♣❧ ❛ ♥ ❡ ❛ ②
♦ ❛ ❡ ❞ ▼ ❡ ❝ ✉ ② ❛ ♦ ✉ ❝ ♦ ❡ ❝ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ✭ ✷ ✵ ✾ ❆✮ ❛ ♥ ❞ ✭ ✷ ✶ ✵ ❆✮ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ✇✐ ❤ ♦ ✉

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❜ ❡ ♥ ❞✐ ♥ ❣ ♦❢ ✐ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❤ ❡ ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ✐ ❤✐❢ ✐ ♥ ❣ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ✇✐ ❤ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥
k = 3 × 2 π r ✱ ❤ ❛ ✉ ♣ ♦ ♥ ♦ ✇ ♥ ♦ ❜ ♦ ❞ ② ♣ ❤ ② ✐ ❝ ❛❧❧ ② ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❡ ❞ ✦ ❊ ✐ ♠ ❛ ❡ ❤✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤✐❢
♦❢ ❤ ❡ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ✐ ♥ ♦ ♥ ❡ ✐ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥✱ ✐ ♥ ✉ ❝ ❤ ♦ ✉ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ❛ v / c < < 1 ✿

∆ = + T · 6 ( c o s h γ − 1) ·
d α

dt
=

6 · 2 π r

v
· (w ∗

α − w α ) ≈
1 2 π r

v
·

si n h 2 γ

2
· w α =

6 π r

c 2 · v ∗ · w ∗
α =

=
6 π r

c 2 ·
v ∗ 2

r
=

6 π r

c 2 ·
⊥
g ( f ) =

6 π r

c 2 ·
f M

r 2 ≈ 6 π ·
f M

r c 2 = 6 π ·
(− P G )

c 2 > 0 . ( 2 1 7 A )

❲❡ ❣ ♦ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤✐ ❡ ✛ ❡ ❝ ❤ ❛ ❛ ❝ ❝ ✉ ♠ ✉❧ ❛ ❡ ♦ ✈ ❡ ✐ ♠ ❡✳
❲✐ ❤ ✉ ❝ ❤ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✐ ✐ ♥ ♦ ♥ ❡ ❝ ❡ ❛ ② ♦ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❧ ♦ ❝ ❛❧ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ ❛ ♥ ❞ ♦ ❜ ❡ ♥ ❞
▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❜ ✉ ♦ ♥❧ ② ♦ ❞✐❧ ❛ ❡ ✐ ♠ ❡ ❜ ② ✐ ① ❢ ❛ ❝ ♦ k E ✭ ✾ ✾ ❆✮✳ ❚ ❤✐ ♣ ♦ ✐ ✐ ✈ ❡ ♦ ❜✐ ❛❧
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ Ẽ 1 ✐ ♥ ❤ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ⟨ E 2 ⟩ N ❛ ✐❢
♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✭ ✶ ✼ ✷ ❆✮ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❛ ①✐ e µ ≡ e α × e ν

♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ❧ ② ♦ ❤ ❡ ♦ ❜✐ ✳ ❚ ❤ ❡ ❡ ❝ ❝ ❡ ♥ ✐ ❝✐ ② ♦❢ ❤ ❡ ▼ ❡ ❝ ✉ ② ♦ ❜✐ ❣✐ ✈ ❡ ♦ ♥❧ ② ❛ ♥ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧
♦ ♣ ♣ ♦ ✉ ♥✐ ② ✉ ♦ ♦ ❜ ❡ ✈ ❡ ❤✐ ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ❤✐❢ ✳ ❚ ❤ ❡ ❛ ✈ ❡ ❛ ❣ ❡ ❛ ❞✐ ✉ r ✐ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❤ ♦ ✉ ❣ ❤
❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ r = a ( 1 − e 2 ) ✇✐ ❤ ❛ ❜✐ ❣ ❡ ♠✐ ❛ ①✐ ♦❢ ❤ ❡ ❡ ① ❛ ❝ ❧ ② ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♦ ❜✐ ✳



✷ ✻ ✹ ❆ ❊ ◆ ❉ ■ ❳

❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❤✐ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❤✐❢ ♦❢ ❤ ❡ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ❜ ② ❤ ❡ ♦ ❝ ❛❧❧ ❡ ❞
✧ ❡ ① ❛ ❝ ❢ ♦ ♠ ✉❧ ❛ ✧ ✭✐ ♥❢ ❡ ❡ ❞ ❛ ❜ ♦ ✈ ❡✮✱ ❜ ✉ ✐ ♥ ❤ ❡ ❢ ❛ ♠ ❡ ♦❢ ● ❚ ❘ ✇✐ ❤ ❝ ✉ ✈✐ ♥ ❣ ❜ ② ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ♣ ❛ ❝ ❡✲
✐ ♠ ❡✱ ✐ ♥ ❤✐ ❛ ✐ ❝❧ ❡ ❬ ✼ ✷✱ ✻ ✾❪✳ ❋ ♦ ♦ ❜❥ ❡ ❝ ✐ ✈✐ ②✱ ✐ ❤ ♦ ✉❧ ❞ ❜ ❡ ♥ ♦ ❡ ❞✱ ❤ ❛ ❊✐ ♥ ❡✐ ♥ ♦ ♦ ❦ ❤ ❡ ✇ ❡❧❧✲

❦ ♥ ♦ ✇ ♥ ✐ ♥ ❤ ❛ ✐ ♠ ❡ ❢ ♦ ♠ ✉❧ ❛ ❜ ② ❛ ✉❧ ● ❡ ❜ ❡ ❛ ❣ ❛✐ ♥ ✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ✇✐ ❝ ❡ ✐ ♥ ✶ ✽ ✾ ✽
❛ ♥ ❞ ✶ ✾ ✵ ✷✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❤ ❡ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥✬ ❤✐❢ ✈ ❡ ② ✇ ❡❧❧✱ ❜ ✉ ❢ ♦ ♠ ❤ ❡ ♥ ♦ ♥✲
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ❣ ✉ ♠ ❡ ♥ ❬ ✾ ✾❪✳ ❊✐ ♥ ❡✐ ♥ ❤ ❛ ❡ ① ♣ ❡ ❡ ❞ ❤ ❡ ♦ ♣✐ ♥✐ ♦ ♥ ❤ ❛ ✉ ❝ ❤ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛

✇ ♦ ✉❧ ❞ ❜ ❡ ✐ ♠ ♣ ♦ ✐ ❜❧ ❡ ♦ ❞ ❡ ✐ ✈ ❡ ✐ ❝ ❧ ② ❛ ❤ ❡ ❡ ① ❛ ❝ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ● ❚ ❘ ❡ ✉ ❛ ✐ ♦ ♥ ✳ ❍ ♦ ✇ ❡ ✈ ❡
✐ ♥ ✶ ✾ ✶ ✻✱ ✐ ♥ ❤ ❡ ❢ ❛ ♠ ❡ ♦❢ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ● ❚ ❘✱ ❤ ❡ ❲ ♦ ❧ ❞ ❲ ❛ ■ ✈ ❡ ❡ ❛ ♥ ❑ ❛ ❧ ❙ ❝ ❤ ✇ ❛ ③ ❝ ❤✐❧ ❞
✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ ✐ ♥ ♦ ♣ ♦ ♣ ❡ ♦ ♥ ❡ ❬ ✶ ✵ ✵❀ ✼ ✺✱ ♣✳ ✸ ✷ ✻✱ ✸ ✹ ✽❪✱ ❛ ♥ ❞✱ ✐ ♥ ❤✐ ♥ ❡ ✇
❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✱ ❡ ❛❧✐ ③ ❡ ❞ ✉ ❝ ❤ ✧ ❡ ① ❛ ❝ ❢ ♦ ♠ ✉❧ ❛ ✧✳ ■ ♥ ❈ ❤ ✳ ✺ ❆ ❛ ♥ ❞ ✻ ❆✱ ✇ ❡ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❛ ♥ ❧ ❛ ✐ ♦ ♥
dt → d τ ❧ ❡ ❛ ❞ ✐ ♥ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ♦ ❤ ❡ ❧ ♦ ♦❢ ♣ ♦❧ ② ❡ ♣ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ⟨r ot h Γ k ⟩✳
❙ ✉ ❝ ❤ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❛ ✐ ✜ ❝✐ ❛❧ ❛ ✐❢ ❢ ♦ ❛ ♥ ❡ ❝ ❡ ❛ ② ❦ ♥ ♦ ✇ ♥ ❡ ✉❧ ✱ ❛ ✇ ❛ ♦❢ ❡ ♥ ✐ ♥ ● ❚ ❘ ✐ ♥❢ ❡ ✳

◆ ♦ ❡✱ ❤ ❛ ♥ ❦ ♦ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ✐ ①❢ ♦❧ ❞ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ✐ ♥ ✭ ✷ ✶ ✼ ❆ ✮✱ ✇ ❡ ♣ ♦ ✈ ❡ ❞
❤ ❛ ✐ ♥ ◆ ❡ ✇ ♦ ♥✬ ▲ ❛ ✇ ♦❢ ❯ ♥✐ ✈ ❡ ❛❧ ● ❛ ✈✐ ❛ ✐ ♦ ♥✱ ❜ ♦ ❤ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ❡ ♠ ✉ ♥ ♦ ♦ ♥❧ ② ❜ ❡

❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ✐ ♥ ❡ ✐ ❛❧ ♠ ❛ ❡ ✱ ❜ ✉ ❛❧ ♦ ❜ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝✱ ✐✳ ❡✳✱ ✇✐ ❤ ❤ ❡✐ ♦ ✇ ♥ ❝ ♦ ✐ ♥ ❡ ❢ ❛ ❝ ♦ ✦

❋ ♦ ❡ ① ❡ ❝ ✉ ✐ ♥ ❣ ❤ ❡ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✱ ✇ ❡ ♠ ✉ ❛ ❞ ♦ ♣ ✱ ❤ ❛ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❡ ① ♣ ❡ ♥ ❞✐ ✉ ❡
♦ ♥ ❤✐ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ♣ ♦ ✐ ✐ ✈ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤✐❢ ✐ ♥ ✐ ♠ ❡ ✐ ❝ ♦ ♠ ♣ ❡ ♥ ❛ ❡ ❞ ❜ ② ❤ ❡ ❙ ✉ ♥✱ ❝❧ ♦ ❡
❡ ♥ ♦ ✉ ❣ ❤ ♦ ❤ ❡ ▼ ❡ ❝ ✉ ②✳ ❈ ♦ ♥ ❛ ②✱ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ✐ ♥ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❤ ❛ ♥ ♦ ❡ ♥ ❡ ❣ ❡ ✐ ❝
❝ ♦ ♠ ♣ ❡ ♥ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ♥ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ❝ ❛ ✉ ❡ ❞ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ❛❧ ♦ ❜ ② ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♦ ♥ ❡✲ ✐ ♠ ❡
❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❡ ♥ ❡ ❣ ② ❡ ❜ ♦ ✉ ♥ ❞ ✇✐ ❤ ❤ ❡ ❢ ❛ ❝ ♦ k E ✐ ♥ ✭ ✾ ✾ ❆✮ ❛ ♥ ❞ ✭ ✶ ✼ ✷ ❆✮ ♦❢ ❤ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❡❧ ❛ ✐ ✈✐ ✐ ❝
❡ ♥ ❡ ❣ ② ♦❢ ♦ ❛ ✐ ♦ ♥ ♦ ♥ ♦ ❜✐ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❢ ❛ ❝ ♦ k E ❞ ✉ ❡ ♦ w ∗

α > w α ✉ ♥ ❞ ❡ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ♦
♣ ♦ ♣ ❡ ✐ ♠ ❡✳ ❆ ♥ ❞✱ ❤ ✉ ✱ ❤✐ ❡ ❜ ♦ ✉ ♥ ❞ ❡ ♦ ❡ ❛ ❝ ✐ ♥ ❣ ♦❢ ❤ ❡ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✦

■ ♥ ♦ ✉ ❙ ❚ ❘✲✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ∆ ✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❊✐ ♥ ❡✐ ♥✬ ✇✐ ❤ ❡ ✐ ♥ ❤ ❡ ❊ ♣✐ ❣ ❛ ♣ ❤ ♦
❈ ❤ ❛ ♣ ❡ ✱ ✐ ✐ ❡ ❡ ♥ ❤ ❛ ❤ ❡ ❞✐ ♦ ♥ ❛ ♥ ❝ ❡ δ = w ∗

α − w α = ( c o s h γ − 1) · w α ✐ ❤ ❡ ✉✐ ♥ ❡ ❡ ♥ ❝ ❡ ♦❢
♦ ✉ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✶ ✼ ❆✮ ❛ ♥ ❞ ✭ ✶ ✼ ✷ ❆✮✱ ✇ ❤✐ ❝ ❤ ♠ ♦ ✈ ❡ ✇✐ ❤ ❤ ❡ ♣❧ ✉ ✐ ❣ ♥ ❤ ❡ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ❛ ♥ ❞
✇✐ ❤ ❤ ❡ ♠✐ ♥ ✉ ✐ ❣ ♥ ✐ ♥ ✭ ✶ ✼ ✷ ❆✮ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥✱ ❛ ♥ ❞ k E = ± ( c o s h γ − 1) = ± ∆ E / E 0

✐ ❛ ♥ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❢ ❛ ❝ ♦ ✐ ♥ ❤ ❡ ♠✳ ❚ ❤ ❡ ❞✐ ♦ ♥ ❛ ♥ ❝ ❡ ❛ ✐ ❡ ❢ ♦ ♠ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❜ ♦ ❤ ❤ ❡ ❡ ♦ ❛ ✐ ♦ ♥
✇✐ ❤ ❝❧ ♦ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❛ ❝ ✐ ♥ ❛ ❞❥ ❛ ❝ ❡ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ❛ ♠ ❛❧❧ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ γ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✳

❖ ✉ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ● ❘✲ ❡ ✛ ❡ ❝ ❛ ❡ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❈ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ②
◆✐ ❡❧ ❇ ♦ ❤ ✦ ❙ ♦✱ ❛ ♥ ❢ ❡ ✐ ♥ ❣ ♦ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♠ ❡ ❛ ♥ ❞ ✐ ❣ ♥ ♦ ✐ ♥ ❣ ❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❡❢ ❛ ❝ ✐ ♦ ♥✱
✇ ❡ ❡ ✉ ♥ ♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❤ ❡ ♦ ②✳ ❲❡ ❛ ❡ ♥ ♦ ❛ ❛❧❧ ❛ ✐ ✜ ❡ ❞ ✇✐ ❤ ❤ ❡ ♥ ♦ ♦ ✐ ♦ ✉ ❛ ♣ ♣ ♦ ❛ ❝ ❤
♦ ❡ ① ♣❧ ❛✐ ♥✐ ♥ ❣ ● ❘✲ ❡ ✛ ❡ ❝ ✇✐ ❤ ❝ ❛ ♠ ♦ ✉ ✢ ❛ ❣✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ✐ ♦ ♥ ❧✐ ❦ ❡✿ ✧✐ ✐ ❡ ✉ ❛ ✐ ♦ ♥ ✬ ♦❧ ✉ ✐ ♦ ♥✧

✭ ✐ ♠✐❧ ❛ ♦ ❛ ❜ ❛ ❝ ❢ ❛ ♥ ❛ ✐ ❡ ✮✳ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✐ ♥ ✐ ♦ ✐ ❣✐ ♥ ❛❧ ❡ ♥ ❡ ✇✐ ❤ ❤ ❡ ❣ ♦ ✉ ♣
♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▲ ♦ ❡ ♥ ③ ✐ ❤ ❡ ✐ ❣ ♦ ♦ ✉ ❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❛ ♥ ❞ ❡ ① ❛ ❝ ❝✐ ❡ ♥ ❝ ❡✳

❚ ❤ ❡ ❡ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ♥✐ ❛ ❜❧ ❡ ❢ ❛ ❝ ✿ ● ❘✲ ❡ ✛ ❡ ❝ ✐ ♥ ❤ ❡ ❙ ♦❧ ❛ ② ❡ ♠ ❛ ❡ ✜ ① ❡ ❞ ❜ ② ❖ ❜ ❡ ✈ ❡ ♦ ♥ ❤ ❡
❊ ❛ ❤ ✐ ♥ ❛ ✇ ❡ ❛ ❦ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✱ ❜ ✉ ♦ ❝ ❝ ✉ ✐ ♥ ❛ ♦ ♥ ❣ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ♥ ❡ ❛ ❤ ❡ ❙ ✉ ♥ ✳
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡✐ ❢ ✉❧❧ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♠ ✉ ❤ ❛ ✈ ❡ ❞ ✉ ❛❧✐ ♠ ❢ ♦ ♠ ✇ ♦ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ❛ ✐ ♥ ❇ ▼ ❚✳ ❇ ✉
● ❚ ❘ ❣✐ ✈ ❡ ♦ ♥❧ ② ✐ ♥ ❣❧ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ❬ ✼ ✺✱ ♣✳ ✸ ✹ ✻✲ ✸ ✺ ✻❪✱ ❛ ❡ ❡ ♥ ❜ ② ❊ ❛ ❤ ❖ ❜ ❡ ✈ ❡ ✇✐ ❤ ♦ ✉
❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❛ ❧ ♦ ❝ ❛❧ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ✉ ❡ ❛ ❝ ❤ ❤✐ ♠ ❤ ♦ ✉ ❣ ❤ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ❣ ❛ ✈✐ ② ✜ ❡❧ ❞✳

❙ ✉ ❝ ❤ ♣ ♦ ✐ ✐ ✈✐ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ✈✐ ❛ ❜❧ ② ❧ ❡ ❛ ❞ ♦ ✈✐ ♦❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✳

❚ ❤ ❡ ❤✐ ♦ ✐ ❝ ❛❧ ❛ ❡ ♠ ❡ ♥ ♦❢ ❉ ❛ ✈✐ ❞ ❍✐❧ ❜ ❡ ❛ ❤ ❡ ✜ ❛ ✉ ❤ ♦ ♦❢ ● ❚ ❘ ♠ ♦ ✐ ♦ ♥ ❡ ✉ ❛ ✐ ♦ ♥
❬ ✼ ✵❪ ✭ ✶ ✾ ✶ ✼✮ ❜ ❡ ❝ ♦ ♠ ❡ ✿ ✧■ ❛ ❡ ✳✳✳ ❤ ❛ ❢ ♦ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❤ ❡ ♦ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ②✱ ✐✳ ❡✳✱ ✐ ♥ ❤ ❡ ❝ ❛ ❡
♦❢ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ❍ ❛ ♠✐❧ ♦ ♥✐ ❛ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ✳✳✳ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ♥ ❡ ❣ ② ❡ ✉ ❛ ✐ ♦ ♥
✐ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❤ ❡ ♦ ✐ ❡ ❞ ♦ ♥ ♦ ❡ ①✐ ❛ ❛❧❧✳ ■ ❝ ♦ ✉❧ ❞ ❡ ✈ ❡ ♥ ❛ ❦ ❡ ❤✐ ❝✐ ❝ ✉ ♠ ❛ ♥ ❝ ❡
❛ ❤ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❢ ❡ ❛ ✉ ❡ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❤ ❡ ♦ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ②✳ ✧ ❬ ✼ ✶❪✳ ❚ ❤✐ ❤ ❛ ♥ ♦ ❜ ❡ ❡ ♥
❡ ❝ ♦ ❣ ♥✐ ③ ❡ ❞ ❜ ② ♣ ❤ ② ✐ ❝ ❛❧ ❝ ♦ ♠ ♠ ✉ ♥✐ ② ❢ ♦ ❛ ❧ ♦ ♥ ❣ ✐ ♠ ❡✳ ❚ ❤✐ ✈✐ ♦❧ ❛ ✐ ♦ ♥ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❛ ● ❚ ❘
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❞ ♦ ♥ ♦ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ❡ ♥✲ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❣ ♦ ✉ ♣ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ✐ ♥ ⟨ P 3 + 1 ⟩✮✱ ❞ ✉ ❡ ♦

✐ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ❡ ♥ ✐ ♥ ❛ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ② ✕ ❡ ❡ ✐ ♥ ❬ ✶ ✵ ✺✱ ♣✳ ✶ ✻ ✸❪✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱
❉✳ ❍✐❧ ❜ ❡ ✱ ② ❡ ✐ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ✶ ✾ ✶ ✺✱ ♣ ✉ ❤ ❡ ❛ ❦ ❢ ♦ ❢ ❛ ♠ ♦ ✉ ❝ ♦❧❧ ❡ ❛ ❣ ✉ ❡ ❊ ♠ ♠ ② ◆ ♦ ❡ ❤ ❡
✐ ♥ ● ☎♦ ✐ ♥ ❣ ❡ ♥✿ ♦ ✜ ♥ ❞ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❢ ✉❧ ✜❧❧✐ ♥ ❣ ❤✐ ▲ ❛ ✇ ♦❢ ◆ ❛ ✉ ❡✳ ❆ ♥ ❞ ✐ ♥ ✶ ✾ ✶ ✺✱ ❤ ❡ ♣ ♦ ✈ ❡ ❞
❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ❤ ② ✐ ❝ ✱ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❤ ❡ ■ ♥ ❡ ❣ ❛❧ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ②

❛ ♥ ❞ ▼ ♦ ♠ ❡ ♥ ✉ ♠ ❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❛ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ② ♠ ♠ ❡ ② ❬ ✶ ✵ ✷❪✳



❈ ❍ ❆ ❚ ❊ ❘ ✾ ❆✳ ❘ ❊ ❆ ▲ ❆ ◆ ❉ ❖ ❇ ❙ ❊ ❘ ❱ ❆ ❇ ▲ ❊ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ■ ◆ ❚ ❍ ❊ ● ❘ ❆ ❱ ■ ❚ ❨ ❋ ■ ❊ ▲ ❉ ✷ ✻ ✺

❍ ♦ ✇ ❡ ✈ ❡ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ♦ ♥✲ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ♥ ♦ ♥✲✐ ♦ ♦ ♣✐ ❝✳
❚ ❤ ❡ ❡❢ ♦ ❡ ❤✐ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❝❧ ❛ ✐ ❝ ❛❧ ▲ ❛ ✇ ♦❢ ◆ ❛ ✉ ❡ ❝ ❛ ♥ ♥ ♦ ❤ ♦❧ ❞ ✐ ♥ ✐ ✳ ❚ ❤ ❡ ❝ ✉ ✈ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
❝ ❛ ♥ ♥ ♦ ❤ ❛ ✈ ❡ ❡ ✈ ❡ ♥ ❝ ♦ ♥ ❛ ♥ ❝ ✉ ✈ ❛ ✉ ❡✱ ❛ ✐ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧ ❝ ❛ ✉ ❛❧ ♠ ❛ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥✳

■ ♥ ✷ ✵ ✵ ✹✱ ✇✐ ❤ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❘ ✉ ✐ ❛ ♦❢ ✶ ❡ ❞✐ ✐ ♦ ♥ ♦❢ ♦ ✉ ✧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✧ ❬ ✶ ✺❪✱ ❛
❤✐ ✐ ♠ ❡ ❤ ❡ ❡ ♠✐ ♥ ❡ ♥ ❊ ♥ ❣❧✐ ❤ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥✱ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞ ● ❚ ❘ ♣ ❤✐❧ ♦ ♦ ♣ ❤ ❡ ❘ ♦ ❣ ❡ ❡ ♥ ♦ ❡✱

♣ ♦❢ ❡ ♦ ♦❢ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛ ❤ ❡ ❯ ♥✐ ✈ ❡ ✐ ② ♦❢ ❖ ①❢ ♦ ❞✱ ✇ ♦ ❡ ❤ ❡ ✐ ♠✐❧ ❛ ✐ ♥ ❤✐ ❜ ♦ ♦ ❦ ❬ ✾ ✽❪✿

✧ ❲❡ ❡ ❡ ♠ ♦ ❤ ❛ ✈ ❡ ❧ ♦ ❤ ♦ ❡ ♠ ♦ ❝ ✐ ✐ ❝ ❛❧ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❧ ❛ ✇ ♦❢ ♣ ❤ ② ✐ ❝ ✱ ❤ ❡ ❧ ❛ ✇ ♦❢
❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ♦❢ ❡ ♥ ❡ ❣ ② ❛ ♥ ❞ ♠ ♦ ♠ ❡ ♥ ✉ ♠✦ ■ ♥ ❢ ❛ ❝ ✱ ❤ ❡ ❡ ✐ ❛ ♠ ♦ ❡ ❛ ✐ ❢ ❛ ❝ ♦ ② ♣ ❡ ♣ ❡ ❝ ✐ ✈ ❡ ♦ ♥
❡ ♥ ❡ ❣ ②✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤ ❡❢ ❡ ❛❧ ♦ ♦ ❝ ❡ ❛✐ ♥ ❝ ✉ ✈ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ M ❛ ✇ ❡❧❧
❛ ♦ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡ ✳ ✳ ✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❧ ❛ ✇ ❤ ♦❧ ❞ ♦ ♥❧ ② ✐ ♥ ❛ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❢ ♦ ✇ ❤✐ ❝ ❤ ❤ ❡ ❡
✐ ❤ ❡ ❛ ♣ ♣ ♦ ♣ ✐ ❛ ❡ ② ♠ ♠ ❡ ②✱ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❑✐❧❧✐ ♥ ❣ ✈ ❡ ❝ ♦ k ✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❤ ❡ ② ❞ ♦ ♥ ♦ ❡ ❛❧❧ ②
❤ ❡❧ ♣ ✉ ✐ ♥ ✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣ ✇ ❤ ❛ ❤ ❡ ❢ ❛ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❧ ❛ ✇ ✇✐❧❧ ❜ ❡ ✇ ❤ ❡ ♥ ❣ ❛ ✈✐ ② ✐ ❡❧❢
❜ ❡ ❝ ♦ ♠ ❡ ❛ ♥ ❛ ❝ ✐ ✈ ❡ ♣❧ ❛ ② ❡ ✳ ❲❡ ✐❧❧ ❤ ❛ ✈ ❡ ♥ ♦ ❡ ❣ ❛✐ ♥ ❡ ❞ ♦ ✉ ♠✐ ✐ ♥ ❣ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❧ ❛ ✇ ♦❢ ❡ ♥ ❡ ❣ ②
❛ ♥ ❞ ♠ ♦ ♠ ❡ ♥ ✉ ♠✱ ✇ ❤ ❡ ♥ ❣ ❛ ✈✐ ② ❡ ♥ ❡ ❤ ❡ ♣✐ ❝ ✉ ❡✳ ✧ ❆ ♥ ② ❤✐ ♥ ❣ ♦ ❛ ❞ ❞ ♦ ❤ ❡ ❡ ❝❧ ❡ ❛ ✇ ♦ ❞ ✦

❙ ♦ ✈✐ ❡ ❛ ❝ ❛ ❞ ❡ ♠✐ ❝✐ ❛ ♥ ❱❧ ❛ ❞✐ ♠✐ ❋ ♦ ❝ ❦ ♣ ♦ ✈ ❡ ❞ ❤ ❛ ♣ ❡ ❞✐ ❝ ✐ ♦ ♥ ♦❢ ● ❚ ❘ ❝ ♦ ♥ ❝ ❡ ♥✐ ♥ ❣ ● ❘✲ ❡ ✛ ❡ ❝
✐ ♥ ❤ ❡ ❙ ♦❧ ❛ ② ❡ ♠ ❛ ❡ ❛ ♠ ❜✐ ❣ ✉ ♦ ✉ ❬ ✼ ✼❪✳ ❚ ❤ ❡ ② ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳ ❇ ② ❤ ❡ ❝ ❛ ✉ ❡✱
❊✐ ♥ ❡✐ ♥ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ● ❘✲ ❡ ✛ ❡ ❝ ❛ ✐❢ ❤ ❡ ② ❛ ❡ ✐ ♥ ❛ ✇ ❡ ❛ ❦ ❛ ✐ ♦ ♥ ❛ ② ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ✐ ♥ ❢ ❛ ❝
❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❬ ✶ ✵ ✺✱ ♣✳ ✶ ✺ ✻ ✕ ✶ ✻ ✺❪✳ ❙ ✉ ❝ ❤ ❛ ♥ ❛ ✐ ✜ ❝✐ ❛❧
❛ ♣ ♣ ♦ ❛ ❝ ❤ ❞✐ ❞ ♥ ♦ ✜ ① ❤✐ ♣ ♦ ❜❧ ❡ ♠✳ ◆ ✉ ♠ ❡ ♦ ✉ ❛ ♥ ❣ ❡ ❛ ❡ ♠ ♣ ♦ ❝ ♦ ♠ ❜✐ ♥ ❡ ● ❚ ❘ ✇✐ ❤ ♦ ✉
❣ ♦ ✉ ♣ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❛ ♥ ❞ ❤ ❡ ◗ ✉ ❛ ♥ ✉ ♠ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ✇✐ ❤ ❣ ♦ ✉ ♣ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ♠ ❛ ♥ ② ② ❡ ❛
❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❤✐ ♠ ❡❧❢✱ ❤ ❛ ✈ ❡ ♥ ♦ ②✐ ❡❧ ❞ ❡ ❞ ❛ ♥ ② ❡ ✉❧ ❛ ♥ ❞ ❞ ♦ ❤ ❡ ♠ ✐ ♠✐❧ ❛ ✉ ❛ ✐ ♥ ❣ ❛ ❝✐ ❝❧ ❡ ✭ ❜ ✉
❤ ❡ ❡ ❛ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ❛✮✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ❡ ❛ ♦ ♥ ♦❢ ❤✐ ❧✐ ❡ ✐ ♥ ❤ ❡ ♣ ♦ ✐ ✐ ✈✐ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ● ❚ ❘✱ ✇ ❤✐ ❝ ❤
❝ ♦ ♠ ❜✐ ♥ ❡ ❤ ❡ ❡ ❛❧ ❛ ♥ ❞ ❤ ❡ ♦ ❜ ❡ ✈ ❛ ❜❧ ❡ ✐ ♥ ♦ ♦ ♥ ❡ ✇ ❤ ♦❧ ❡✳ ■❢ ❡ ✉ ♥ ♦ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐
♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❤ ❡ ♥ ❤✐ ♣ ♦ ❜❧ ❡ ♠ ❝ ❛ ♥ ❜ ❡ ♦❧ ✈ ❡ ❞ ✉✐ ❡ ♥ ❛ ✉ ❛❧❧ ②✱ ❛ ✇ ❛ ✐ ♥ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ♦❧ ❡

❉✐ ❛ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❤ ❡ ◗ ✉ ❛ ♥ ✉ ♠ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ❬ ✶ ✵ ✶❪✱ ❜ ✉ ♥ ♦ ✇ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❤ ❡ ❍✐ ❣ ❣ ✜ ❡❧ ❞✳

❚ ❤ ❡ ✜ ①✲✐ ❞ ❡ ❛ ♦❢ ❊✐ ♥ ❡✐ ♥✬ ● ❚ ❘ ❬ ✻ ✾❪ ✐ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ● ❡ ♥ ❡ ❛❧ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②
❛ ❤✐ ♦ ✉❧ ❛ ❡✿ ❆❧❧ ♣ ❤ ② ✐ ❝ ❛❧ ▲ ❛ ✇ ✐ ♥ ❢ ❡ ❡ ❛ ❜✐ ❛ ② ♠ ♦ ✈✐ ♥ ❣ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ Ẽ m ♠ ✉
❤ ❛ ✈ ❡ ❧ ♦ ❝ ❛❧❧ ② ❛ ♥ ❞ ❛ ❞ ❢ ♦ ♠ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ✭ ❛ ✐❢ ✐ ♥ ❛❧❧ Ẽ k ♦❢ ❙ ❚ ❘✮✳ ❙ ✐ ❝ ❧ ②
♣ ❡ ❛ ❦✐ ♥ ❣✱ ❤✐ ♦ ✉❧ ❛ ❡ ✐ ❛ ❤ ② ♣ ♦ ❤ ❡ ✐ ❛ ♥ ❞ ❡❧ ❛ ❡ ♦ ♥❧ ② ♦ ③ ❡ ♦ ♣ ♦✐ ♥ ♦❢ Ẽ m ✱ ✇ ❤✐❧ ❡ ✐ ✐ ♥ ♦

❝ ♦ ♥ ✜ ♠ ❡ ❞ ❝ ♦ ♥ ✈✐ ♥ ❝✐ ♥ ❣ ❡ ♥ ♦ ✉ ❣ ❤✱ ♦✱ ❜ ② ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✇✐ ❤ ❛ ❢ ❡ ❡ ❤ ♦ ♦ ❝ ♦ ♣ ❡ ✐ ♥ ❛ ❝ ♦ ♠✐ ❝ ♦ ❜✐ ✳
❙ ❚ ❘ ✐ ✈ ❛❧✐ ❞ ✐ ♥ ● ❚ ❘ ♦ ♥❧ ② ✐ ♥ ❧ ♦ ❝ ❛❧❧ ② ❛ ♥ ❣ ❡ ♥ ⟨ P 3 + 1 ⟩✱ ❤ ❡ ♥ ❝ ❡ ❤ ❡ ▼ ❛ ❝ ❤✬ ❜ ❛ ❡ Ẽ 0 ✇ ❛ ❡❢ ✉ ❡ ❞
❜ ② ❊✐ ♥ ❡✐ ♥✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❞✐ ❞ ♥ ♦ ✉ ♥ ❛ ✇ ❛ ② ❢ ♦ ♠ ❤ ❡ ▼ ❛ ❝ ❤✬ ♣ ♦ ✐ ✐ ✈✐ ♠ ❬ ✺ ✺✮✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱
● ❚ ❘ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ❍✐ ❣ ❣ ✜ ❡❧ ❞ ✇✐ ❤ ✐ ● ❛❧✐❧ ❡ ♦ ✐ ♥ ❡ ✐ ❛✦ ❚ ❤ ✉ ✱ ✐ ♥ ● ❚ ❘
❛❧❧ ❢ ❛ ♠ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ❢ ❡ ❡✲ ♠ ♦ ✈✐ ♥ ❣ ✐ ♥ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❜ ❡ ❝ ❛ ♠ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✳ ❚ ❤✐ ✇ ❛
❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤✐ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❡ ① ❡ ♠ ❡✱ ❜ ✉ ❝✐ ❡ ♥ ✐ ✜ ❝ ❛❧❧ ② ❤ ♦ ♥ ❡ ❛ ❡ ♠ ❡ ♥ ♦ ♥ ❤ ❡ ❡ ✉ ❛❧ ✐ ❣ ❤
♦❢ ❑ ♦ ♣ ❡ ♥✐ ❦ ❛ ♥ ❞ ♦❧ ❡ ♠ ② ❙ ♦❧ ❛ ② ❡ ♠ ✳ ■ ♥ ❞ ❡ ❡ ❞✱ ✐ ♥ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❝ ✉ ✈ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✐ ✐ ♦✳
■ ♥ ✢ ❛ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ✐ ♥ ♦ ♦✦ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱ ❤ ❡ ✈ ❡ ② ❛ ❣ ❣ ❡ ✐ ✈ ❡ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢
♣ ❡ ❝✐ ✜ ❝ ❛ ♣ ♦❧ ♦ ❣✐ ♦❢ ❛ ❡ ❛❧❧ ② ❝ ✉ ✈ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐❧❧ ❡ ✐ ❢ ♦ ♦ ❤ ❡ ❧ ♦ ❣✐ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇

✐ ♥ ❤ ❡ ♣ ❤ ❡ ❡ ♦❢ ❝✐ ❡ ♥ ✐ ✜ ❝ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ② ❝ ♦ ♥ ✐ ♥ ✉ ❡ ♦ ♠ ❛ ❦ ❡ ❢ ♦ ♠ ❆❧ ❜ ❡ ❊✐ ♥ ❡✐ ♥ ❛
✐❢ ❤ ❡ ♥ ❡ ✇ ♦❧ ❡ ♠ ② ❤ ♦ ✇ ✐ ♥ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ❆ ❣ ❡ ✳ ❙ ♦✱ ❡ ❝ ❛❧❧ ✇✐ ❡ ❛ ②✐ ♥ ❣ ♦❢ ❊✐ ♥ ❡✐ ♥ ❤✐ ♠ ❡❧❢✿
✏ ❯ ♠ ♠✐ ❝ ❤ ❢ ☎✉ ♠ ❡✐ ♥ ❡ ❆ ✉ ♦ ✐ ☎❛ ❱❡ ❛ ❝ ❤ ✉ ♥ ❣ ③ ✉ ❜ ❡ ❛❢ ❡ ♥✱ ❤ ❛ ♠✐ ❝ ❤ ❞ ❛ ❙ ❝ ❤✐ ❝ ❦ ❛❧ ❡❧ ❜ ③ ✉
❡✐ ♥ ❡ ❆ ✉ ♦ ✐ ☎❛ ❣ ❡ ♠ ❛ ❝ ❤ ✦✑ ✭❚ ♦ ♣ ✉ ♥✐ ❤ ♠ ❡ ❢ ♦ ♠ ② ❝ ♦ ♥ ❡ ♠ ♣ ❢ ♦ ❛ ✉ ❤ ♦ ✐ ②✱ ❢ ❛ ❡ ♠ ❛ ❞ ❡ ♠ ❡ ❛ ♥
❛ ✉ ❤ ♦ ✐ ② ♠ ② ❡❧❢ ✦ ✮ ❚ ❤ ❡ ✜ ❝ ♦ ♥ ✜ ♠ ❛ ✐ ♦ ♥ ♦❢ ● ❚ ❘ ❝ ✉ ✈ ❡ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❛ ❧ ♦ ♦❢ ❡ ♥ ❛ ✐ ♦ ♥ ❛❧
♥ ♦✐ ❡ ❛ ♦ ✉ ♥ ❞ ❤✐ ❡ ✈ ❡ ♥ ✇ ❛ ❤ ❛ ❛ ♦ ♥ ♦ ♠ ❡ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ❤ ❡ ✇✐ ❝ ❡ ❜ ❡ ♥ ❞ ♦❢ ❛ ❧✐ ❣ ❤ ❜ ❡ ❛ ♠ ❝❧ ♦ ❡
❡ ♥ ♦ ✉ ❣ ❤ ♦ ❤ ❡ ❙ ✉ ♥ ❞ ✉ ✐ ♥ ❣ ✐ ❡ ❝❧✐ ♣ ❡✳ ◆ ♦ ❜ ♦ ❞ ② ❡ ♠ ❡ ♠ ❜ ❡ ❡ ❞ ❤ ❛ ❛ ❧✐ ❣ ❤ ❜ ❡ ❛ ♠ ✐ ❜ ❡ ♥ ✱ ♣ ❛ ✐ ♥ ❣
❤ ♦ ✉ ❣ ❤ ❛ ♥ ♦ ♣ ✐ ❝ ❛❧❧ ② ♥ ♦ ♥✲ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠ ❞ ✉ ❡ ♦ ❤ ❡ ❙ ♥ ❡❧❧✐ ✉ ▲ ❛ ✇ ✉ ♥ ❞ ❡ ❤ ❡ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡

♦❢ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ♠✱ ✇ ❤✐ ❝ ❤ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ①✱ ❛ ♥ ❞ ❤✐ ♠ ❛ ② ❜ ❡ ❛❧ ♦ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥
♦ ✐ ❙ ♦❧ ❞ ♥ ❡ ✬ ❜ ❡ ♥ ❞✐ ♥ ❣✳ ◆ ♦ ❜ ♦ ❞ ② ❤ ❛ ❞ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❤ ♦ ✉ ❣ ❤ ♦ ❝ ✉ ✈ ❡ ♦ ✉ ♣ ❛ ❝ ❡ ✉ ♥ ❞ ❡ ❛ ❝ ✐ ♥ ❣ ❤ ❡

❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ✜ ❡❧ ❞ ♦ ❡ ① ♣❧ ❛✐ ♥ ✉ ❝ ❤ ❛ ❜ ❡ ♥ ❞ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❜ ❡ ❛ ♠✳ ❚ ❤ ♦ ❡ ✇ ❤ ♦ ❛ ❝ ❝ ❡ ♣ ❡ ✈ ❡ ② ❤✐ ♥ ❣
❡ ♠ ♦ ❡❧ ② ♦ ❜ ❡ ✈ ❡ ❞ ❛ ♥ ❞ ♠ ❡ ❛ ✉ ❡ ❞ ❛ ❛ ♥ ❡ ① ❛ ❝ ❡ ❛❧✐ ② ❛ ❡ ❝ ♦ ♠ ♠✐ ❡ ❞ ♦ ♣ ♦ ✐ ✐ ✈✐ ♠✱ ❛❧ ❤ ♦ ✉ ❣ ❤
❤✐ ♣ ❡ ✉ ❞ ♦✲ ❝✐ ❡ ♥ ✐ ✜ ❝ ♣ ❤✐❧ ♦ ♦ ♣ ❤ ② ✇✐ ❤ ✐ ❛ ♣ ♦❧ ♦ ❣✐ ❛ ✐❢ ❡ ♠ ❛✐ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ✶ ✾ ❤ ❝ ❡ ♥ ✉ ②✳



✷ ✻ ✻ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ❡ ♦ ❜ ❡ ✈ ❡ ❞ ❛ ♥ ❞ ❡ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ♣ ❡ ❝ ❡✐ ✈ ❡ ❞ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧❧ ② ♦ ♥ ❤ ❡ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧
❝ ❛❧ ❡ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✱ ✐❢ ♦ ♥❧ ② ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✉ ✈ ❛ ✐ ♦ ✉ ❧ ② ❞✐ ❛ ♥ ♣ ❛ ❝ ❡ ♦ ❜❥ ❡ ❝

❛ ✐ ✈ ❡ ♦ ❤ ❡ ❊ ❛ ❤ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ♠ ❡ ✐ ♥ ❡ ✈ ❛❧ ✳ ❙ ♦ ❢ ❛ ✱ ♥ ♦ ♦ ♥ ❡ ❤ ❛ ♠ ❛ ♥ ❛ ❣ ❡ ❞ ♦ ♠ ❛ ❦ ❡ ❤✐
♣✐ ❝ ✉ ❡ ❡ ❡ ♠ ✉ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❜ ② ♦ ✉ ♦ ♣✐ ♥✐ ♦ ♥✱ ❤ ❡ ♠ ♦ ✉ ♥ ❛ ❝ ❝ ❡ ♣ ❛ ❜❧ ❡ ❤✐ ♥ ❣ ✐ ♥ ❤ ❡
● ❚ ❘ ✐ ✉ ❝ ❤✱ ❤ ❛ ✐ ♥ ❣ ❛ ✈✐ ② ✜ ❡❧ ❞ ✐ ❡ ❛❧ ❞✐ ♦ ✐ ♦ ♥ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ♥ ♦ ♦ ♥❧ ② ♦ ❤ ❡ ✐ ♠ ❡✱ ✇ ❤✐ ❝ ❤
✐ ✉✐ ❡ ♥ ❛ ✉ ❛❧ ❡ ✈ ❡ ♥ ❞ ✉ ❡ ♦ ❙ ❚ ❘✱ ❜ ✉ ❛ ♥ ❞ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ ✐ ♥
❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❄✦ ❙✐ ♠✐❧ ❛ ❛ ♠✐ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥ ✇ ❛ ♦ ♥ ❝ ❡ ❤ ❡❧ ❞ ❜ ② ♦ ♠ ❡ ❡❧ ❛ ✐ ✈✐ ❡ ❣ ❛ ❞✐ ♥ ❣ ❡ ❛❧✐ ② ♦❢
❤ ❡ ▲ ♦ ❡ ♥ ③ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✭ ❡ ❡ ✐ ♥ ❈ ❤✳ ✹ ❆✮✳ ❚ ❤ ❡ ❡ ♥ ❤ ✉ ✐ ❛ ♠ ✇✐ ❤ ❤ ❡ ❡ ♠ ♣ ② ♣ ♦❥ ❡ ❝ ♦❢ ✈ ♦ ② ❛ ❣ ❡
❤ ♦ ✉ ❣ ❤ ✧ ✇ ♦ ♠ ❤ ♦❧ ❡ ✲ ✉ ♥ ♥ ❡❧ ✧ ✐ ♥ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✱ ✇✐ ❤ ❛ ❡ ♥ ♦ ✈ ❛ ❡ ❞ ❛ ♥ ❞ ♥ ♦ ✇ ❝ ♦ ♠✐ ❝ ♣ ❡ ♣ ❡ ✉ ✉ ♠

♠ ♦ ❜✐❧ ❡✱ ❛ ♥ ❞ ♠ ❛ ♥ ② ♦ ❤ ❡ ❜ ❛ ❡❧ ❡ ● ❚ ❘✲❢ ❛ ♥ ❛ ✐ ❡ ❛ ❡ ❛ ♥ ✉ ✉ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❝✐ ❡ ♥ ✐ ✜ ❝ ❘✲ ♣ ♦ ♣ ✉❧✐ ♠✦

❚ ❤ ❡ ❡ ✉ ♥ ❛ ♥ ✇ ❡ ❡ ❞ ❜ ② ❤ ❡ ● ❚ ❘ ✉ ❡ ✐ ♦ ♥ ❛ ❡ ❛ ♥ ✇ ❡ ❡ ❞ ❝❧ ❛ ✐ ② ❛ ♥ ❞ ✉ ♥ ❛ ♠ ❜✐ ❣ ✉ ♦ ✉ ❧ ② ❜ ②
❇ ▼ ❚ ✕ ❤ ❡ ♦ ✐ ❡ ✇✐ ❤ ✇ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✳ ❚ ❤ ❡ ✜ ❇ ▼ ❚ ✭ ❛ ✐❢ ✇✐ ❤ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ♦❢ ❜ ❛ ✐
⟨ P 3 + 1 ⟩ ❛ ♥ ❞ G ± ♦❢ ♦ ❜ ❡ ✈ ❛ ❜❧ ❡ ⟨ R 3 + 1 ⟩ ✐❧❧ ❤ ❡ 2 ✲ ♥ ❞ ♦ ❞ ❡ ♦❢ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ♣ ♦ ✐ ❜❧ ❡
❞✐ ♦ ✐ ♦ ♥ ✮✱ ✇ ❛ ❝ ❡ ❛ ❡ ❞ ❜ ② ◆ ❛ ❤ ❛ ♥ ❘ ♦ ❡ ♥✱ ❤ ❡ ❊✐ ♥ ❡✐ ♥✬ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ❝❧ ♦ ✉ ❡ ❝ ♦❧❧ ❡ ❛ ❣ ✉ ❡✦ ❬ ✼ ✽❪✳
❈ ♦ ❡ ❝ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❞ ❛ ✇ ♥ ❛ ✉ ❡ ♦ ♥❧ ② ❢ ♦ ♠ ❧ ♦ ❝ ❛❧ ❛ ♥ ❞ ♥ ♦ ♦ ❜ ❡ ✈ ❡ ❞ ❞ ❛ ❛✳
❚ ❤ ❛ ✐ ✇ ❤ ②✱ ⟨ P 3 + 1 ⟩ ❡ ①✐ ❡ ❛❧❧ ② ✐ ♥ ❇ ▼ ❚✱ ❜ ✉ ✇✐ ❤ ✐ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ♦ ❜ ❡ ✈ ❡ ❞ ❧ ❡ ♥ ❡ ❞ ♠ ❛ ♣ ♣✐ ♥ ❣
❛ ⟨ R 3 + 1 ⟩✱ ✐✳ ❡✳✱ ✇✐ ❤ ❛ ❝ ✐ ♥ ❣ ❤ ❡ ❣ ❡ ❛ ▼ ❛ ❝ ❤ ✐ ♥ ❝✐ ♣❧ ❡ ❬ ✺ ✺❪✦ ❈ ♦ ♥ ❝ ❡ ♣ ✐ ♦ ♥ ♦❢ ❇ ▼ ❚✱ ❜ ② ❤✐ ♦ ✐ ❝
♦ ♦ ✱ ✐ ❡ ♦ ♥ ❤ ❡ ❍ ❡ ❣ ❡❧ ❞✐ ❛❧ ❡ ❝ ✐ ❝ ♣✐ ❛❧ ❬ ✺ ✼❪ ♦ ❡ ❛ ❝ ❤✐ ♥ ❣ ♦❢ ❣ ❡ ❛ ❤✐ ♥ ❦ ❡ ♦❢ ❤ ❡ ❛ ✿ ■✳ ❑ ❛ ♥

✇✐ ❤ ❤✐ ♦ ✉❧ ❛ ❡ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ❝ ♦❧ ❡ ♦❢ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ❡ ❛❧ ✇ ♦ ❧ ❞ ❬ ✺ ✻❪ ❛ ♥ ❞✱ ♦❢
❝ ♦ ✉ ❡✱ ■✳ ◆ ❡ ✇ ♦ ♥ ✇✐ ❤ ❤✐ ♦ ✉❧ ❛ ❡ ♦ ♥ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✐ ♠ ❡ ❬ ✺ ✹❪✳ ❚ ❤ ❡ ❡ ♥ ♦ ✐ ♦ ♥ ✇ ❡ ❡
✉ ♥✐ ❡ ❞ ❜ ② ❍✳ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✸❪ ❛ ♥ ❞ ❜ ② ❍✳ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✐ ♥ ✶ ✾ ✵ ✾ ❬ ✻ ✺❪ ✐ ♥ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
⟨ P 3 + 1 ⟩ ♦❢ ❤ ❡ ◆ ❛ ✉ ❡✳ ❇ ▼ ❚ ♠ ❛ ② ✐ ♥ ❡ ♣ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❘✐ ❡ ♠ ❛ ♥ ♥✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ♦ ❜ ❡ ✈ ❛ ❜❧ ❡
❧ ❡ ♥ ❡ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❚ ❤ ❡ ♥ ❛❧❧ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✈ ❡ ♥ ❤ ❛ ✈ ❡ ♣❧ ❛ ❝ ❡ ❡ ❛❧❧ ② ✐ ♥ ❜ ❛ ✐ ⟨ P 3 + 1 ⟩✱
✇ ❤ ❛ ❣✐ ✈ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜✐❧✐ ② ✇✐ ❤ ❤ ❡ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❈ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡✱ ❈ ❛ ✉ ❛❧✐ ②✱ ❯ ♥✐ ✉ ❡ ♥ ❡ ✱ ✇✐ ❤
❤ ❡ ▲ ❛ ✇ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠✲ ❡ ♥ ❡ ❣ ② ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ◆ ♦ ❡ ❤ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ❬ ✶ ✵ ✷❪✱ ❛ ♥ ❞

✇✐ ❤ ❤ ❡ ▲ ❛ ✇ ♦❢ ◗ ✉ ❛ ♥ ✉ ♠ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ✭ ❛ ✐ ♥ ❙ ❚ ❘✮✦ ❇ ✉ ✐ ♥ ♦ ❞ ❡ ♦ ❝❧ ♦ ❡ ❤✐ ♣ ♦ ❜❧ ❡ ♠✱ ✐
✐ ♥ ❡ ❝ ❡ ❛ ② ♦ ❛ ❜ ❛ ♥ ❞ ♦ ♥ ❤ ❡ ❡ ①✐ ✐ ♥ ❣ ✉ ♣ ♦ ♥ ♦ ✇ ♣ ♦ ✐ ✐ ✈✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ● ❡ ♥ ❡ ❛❧ ❘ ❡❧ ❛ ✐ ✈✐ ②
❛ ♥ ❞ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ♦ ❡ ♣ ❛ ❛ ❡ ❤ ❡ ❡ ❛❧ ❛ ♥ ❞ ♦ ❜ ❡ ✈ ❡ ❞ ♣✐ ❝ ✉ ❡ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✳ ❙ ✉ ❝ ❤ ❞ ✉ ❛❧✐ ♠
♦❢ ❇ ▼ ❚ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♠ ❛ ② ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❡ ① ♣❧✐ ❝✐ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
✉ ♥ ❞ ❡ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥✿ ✜ ❧ ②✱ ❛ ❡ ❛❧ ♦ ♥ ❡ ✐ ♥ 4 D ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❛ ♥ ❞✱
❡ ❝ ♦ ♥ ❞❧ ②✱ ❛ ♦ ❜ ❡ ✈ ❛ ❜❧ ❡ ♦ ♥ ❡ ✐ ♥ ⟨ R 3 + 1 ⟩✱ ♦ ❡ ✈ ❡ ♥ ✐ ♥ ❤ ❡ 1 0 D ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 9 + 1 ⟩ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✱

✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✳ ✭ ❙ ❡ ❡ ♠ ♦ ❡ ❛ ❜ ♦ ✉ ❤ ❡ ❧ ❛ ✐ ❞ ❡ ❛ ✐ ♥ ❬ ✶ ✵ ✾❪✱ ❬ ✶ ✺❪✱ ❬ ✶ ✵ ✼❪✮✳

■ ♥ ♣ ❛ ✐ ♥ ❣✱ ✇ ❡ ♥ ♦ ❡ ❤ ❛ ❇ ▼ ❚ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❛ ✣ ♥ ❡ ♦ ♣ ♦❧ ♦ ❣ ② ♦❢ ❤ ❡ ◆ ❛ ✉ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤
♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❡ ♥ ❞❧ ❡ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ✜ ♥✐ ② ✳ ❖ ♥ ❡ ❛ ❣ ✉ ❡ ♦✿ ❛ ♥ ✐ ♥ ✜ ♥✐ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❛ ♦❢ ❤✐ ✹ ❉
✇ ♦ ❧ ❞ ♠ ✉ ❤ ❛ ✈ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ❍✳ ❖❧ ❜ ❡ ✬ ♣ ❛ ❛ ❞ ♦ ① ✭ ✶ ✽ ✷ ✻✮✱ ❤ ❡ ❧✐ ❣ ❤ ♥✐ ❣ ❤ ❦ ②✱ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡
✜ ♥✐ ❡ ✇ ♦ ❧ ❞ ♦❢ ❛ ❞✐ ✉ R ✳ ❇ ✉ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✐ ♥ ✜ ♥✐ ② ♦❢ ⟨ P 3 + 1 ⟩ ❞ ♦ ❡ ♥ ♦ ♠ ❡ ❛ ♥ ❤ ❡ ✐ ♥ ✜ ♥✐ ②
♦❢ ✇ ♦ ❧ ❞✬ ♠ ❛ ❡ ✳ ■ ♠ ❛ ② ❜ ❡ ❧✐ ♠✐ ❡ ❞✳ ❍ ♦ ✇ ❛ ♣ ♦❧ ♦ ❣✐ ♦❢ ❤ ❡ ✜ ♥✐ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❝ ❛ ♥ ♣❧ ❛ ❝ ❡ ✐ ♥ ✐
❤ ❡ ❡ ♥ ❞❧ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ ✇✐ ❤ ♦ ✉ ✈✐ ♦❧ ❛ ✐ ♥ ❣ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥✐ ♠ ❄ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❍✳ ♦✐ ♥ ❝ ❛ ✁❡✱ ❤✐
✐ ♠ ❡✲ ❛ ♦ ✇ ✐ ✐ ♠ ❛ ❣✐ ♥ ❛ ②✱ ✇ ❤✐ ❝ ❤ ❡ ✈ ❡ ❛❧ ❡ ❞ ❜ ② ❤✐ ♠ ❛ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ❛ ✉ ❡ ♦❢ ♦ ✉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳

❆ ❞ ✉ ❛❧ ♦ ♣✐ ♥✐ ♦ ♥ ♦ ♥ ❤ ❡ ✧ ❇❧ ❛ ❝ ❦ ❍ ♦❧ ❡ ✧ ✐ ♥ ❇✐ ❣ ❈ ♦ ♠ ♦ ❢ ♦ ♠ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥
✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ♥ ❞ ✐ ♥ ♦ ❜ ❡ ✈ ❡ ❞ ⟨ R 3 + 1 ⟩ ❞ ❡ ❡ ✈ ❡ ❛ ❜ ✐ ❡❢ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥✳ ❙ ♦✱ ❤ ❡ ❡ ♦ ❜❥ ❡ ❝ ✇ ❡ ❡
♣ ❡ ❞✐ ❝ ❡ ❞ ✐ ♥ ✶ ✼ ✽ ✸ ❜ ② ❏ ♦ ❤ ♥ ▼✐ ❝ ❤ ❡❧❧ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❚ ❤ ❡ ♦ ✐ ❡ ❛ ♥ ❞ ❧ ❛ ❡ ❤ ❡ ② ❤ ❛ ✈ ❡
❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❞ ❡ ❛✐❧ ❜ ② ❤ ❡ ❣ ❡ ❛ ▲ ❛ ♣❧ ❛ ❝ ❡ ❬ ✽ ✶❪✳ ❚ ❤ ❡ ♠ ❛❧❧ ❡ ❛ ♥ ❞ ✈ ❡ ② ❧ ❛ ❣ ❡ ✧ ❇❧ ❛ ❝ ❦ ❍ ♦❧ ❡ ✧
❝ ❛ ♥ ❜ ❡ ❢ ♦ ♠ ❡ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ② ❜ ② ♦ ♠ ❡ ❡ ♥ ♦ ✉ ❣ ❤ ♠ ❛ ✐ ✈ ❡ ✐ ❣ ❤ ❙ ❛ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ♦ ♠ ❡
✈ ❡ ② ♠ ❛ ✐ ✈ ❡ ● ❛❧ ❛ ① ②✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ♦ ✉ ▼✐❧ ❦ ② ❲ ❛ ②✳ ❙ ✉ ❝ ❤ ✧ ❇❧ ❛ ❝ ❦ ❍ ♦❧ ❡ ✧ ❛ ❡ ✉ ♦ ✉ ♥ ❞ ❡ ❞ ❜ ② ❤ ❡✐
❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❤ ♦ ✐ ③ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥ ✳ ❆ ♥ ❞ ✇ ❤ ❛ ✐ ❤ ❛ ♣ ♣ ❡ ♥✐ ♥ ❣ ❜ ❡ ② ♦ ♥ ❞ ❤✐ ❤ ♦ ✐ ③ ♦ ♥✱ ♥ ♦ ♦ ♥ ❡ ❦ ♥ ♦ ✇ ✱ ❜ ✉

♣ ✉ ❡❧ ② ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ❧ ♦ ♦ ❦ ❤ ❡ ❡✳ ❋ ♦ ♠ ❛ ✐ ✈ ❡ ✐ ❣ ❤ ❙ ❛ ✱ ❤ ❡ ▼✐ ❝ ❤ ❡❧❧✬ ❛ ❞✐ ✉
♦❢ ✉ ❝ ❤ ✧ ❇❧ ❛ ❝ ❦ ❍ ♦❧ ❡ ✧ ✐ ❡ ✉ ❛❧ r = f M / c 2 ✱ ❡ ✈ ❡ ♥ ✐ ♥ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❚ ❤ ❡ ♦ ✐ ❡ ✳
❚ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❙ ❝ ❤ ✇ ❛ ③ ❝ ❤✐❧ ❞ ❛ ❞✐ ✉ ❢ ♦ ❤ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ✧ ❇❧ ❛ ❝ ❦ ❍ ♦❧ ❡ ✧ ✐ ✇✐ ❝ ❡ ♠ ♦ ❡✱ ✐✳ ❡✳✱ ❛
r = 2 f M / c 2 ❬ ✶ ✵ ✵❪✳ ❚ ❤✐ ❞ ✉ ❛❧ ♦ ♣✐ ♥✐ ♦ ♥ ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦❢ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛❧
❛ ♥ ❞ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✭ ✷ ✵ ✾ ❆✮ ❛ ♥ ❞ ✭ ✷ ✶ ✵ ❆✮✱ ❛ ✇ ❡ ♥ ♦ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❢ ♦ ✐ ♠✐❧ ❛
❞ ♦ ✉ ❜❧✐ ♥ ❣ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ❤✐❢ ❛ ♥ ❞ ❝ ♦ ♥ ✐ ❞ ❡ ❢ ✉ ❤ ❡ ✐ ♥ ❧ ❛ ❈ ❤✳ ✶ ✵ ❆✳



❈ ❍ ❆ ❚ ❊ ❘ ✾ ❆✳ ❘ ❊ ❆ ▲ ❆ ◆ ❉ ❖ ❇ ❙ ❊ ❘ ❱ ❆ ❇ ▲ ❊ ❙ ❆ ❈ ❊ ✲ ❚ ■ ▼ ❊ ■ ◆ ❚ ❍ ❊ ● ❘ ❆ ❱ ■ ❚ ❨ ❋ ■ ❊ ▲ ❉ ✷ ✻ ✼

❚ ❤ ❡ ❍ ✉ ❜ ❜❧ ❡ ▲ ❛ ✇ ✐ ♥ ✐ ✶✲ ❛ ♥ ❝ ❡ ❛❧ ❢ ♦ ♠ ∆ λ / λ = − ∆ ν / ν = − ∆ h ν / h ν = Hl / c = H t ✱
✇✐ ❤ ❛ ✉ ❤ ♦ ✬ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ❛ ♥ H ✱ ♦ ♥❧ ② ❝ ♦ ♥ ♥ ❡ ❝ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ❧✐ ❣ ❤ ✬ ✧ ❡ ❞ ❤✐❢ ✧
❛ ♥ ❞ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ l ♦ ✧❧✐ ❣ ❤ ✐ ♠ ❡ ✧ t ✐❧❧ ❛ ● ❛❧ ❛ ① ②✳ ▲ ❛ ❡ ✱ ❢ ♦ ♠ ❞✐ ❝ ♦ ✈ ❡ ② ✐ ♥ ✶ ✾ ✷ ✾✱ ✐ ✇ ❛ ✉ ❡ ❞
❢ ♦ ❝ ♦ ♥ ✜ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❊ ① ♣ ❛ ♥ ❞✐ ♥ ❣ ❯ ♥✐ ✈ ❡ ❡ ❜ ② ❆❧ ❡ ① ❛ ♥ ❞ ❡ ❋ ✐ ❡ ❞ ♠ ❛ ♥ ♥ ✭ ❛ ♥ ❞ ❧ ❛ ❡ ❜ ②
♦ ❤ ❡ ✇✐ ❤ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❄✦ ✮✳ ❇ ✉ ❤✐ ▲ ❛ ✇ ❤ ❛ ✈ ❡ ❛ ♥ ♦ ❤ ❡ ❧ ♦ ❣✐ ❝ ❛❧ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♠✐ ♥ ❡ ♥
❛ ♦ ♣ ❤ ② ✐ ❝ ❋✳ ❩ ✇✐ ❝ ❦ ② ✐ ♥ ✶ ✾ ✷ ✾ ✭✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ✧ ❜❧ ❛ ❝ ❦ ♠ ❛ ❡ ✧✮✳ ❙ ♦✱ ❤✐ ✧ ❡ ❞ ❤✐❢ ✧
♠ ❛ ② ❡ ① ♣ ❡ ❤ ❡ ❧ ❛ ❝ ❦ ♦❢ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ❡✐ ❧ ♦ ♥ ❣ ✇ ❛ ② ❢ ♦ ♠ ❛ ● ❛❧ ❛ ① ② ♦
❤ ❡ ❊ ❛ ❤ ❞ ✉ ❡ ♦ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ❧ ♦ ♦❢ ❤ ❡✐ ❡ ♥ ❡ ❣ ② ✭❧✐ ❦ ❡ ❛ ❝ ❡ ❛✐ ♥ ❝ ♦ ♠✐ ❝ ✧❢ ✐ ❝ ✐ ♦ ♥ ✧✮✳ ❚ ❤ ❡ ♥ ❤ ❡

♣ ❤ ♦ ♦ ♥ ❧ ♦ ❡ ❡ ♥ ❡ ❣ ② ✇✐ ❤ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ❢ ❡ ✉ ❡ ♥ ❝ ② ❛ ♥ ❞ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤ ❛ c = ❝ ♦ ♥ ✳ ❆ ♥ ❞
❛ ❛ ❡ ✉❧ ♦❢ ✉ ❝ ❤ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥✱ ❛ ♥ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ❝ ❛❧❧ ❡ ❞ ❞ ❛ ❦ ❡ ♥ ❡ ❣ ② ♦ ❥ ✉ ✐❢ ② ❤ ❡ ❤ ② ♣ ♦ ❤ ❡ ✐
♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ✇✐ ❤ ✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ❛ ❜ ❡ ♥ ✳ ❆ ❛ ♥ ❛❧ ② ③✐ ♥ ❣ ♦❢ ❤✐ ❡ ❞ ❤✐❢ ✱ ❤ ❡
❧✐ ❣ ❤ ❝ ♦ ♠✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ❣ ❛❧ ❛ ❝ ✐ ❝ ❝❧ ♦ ✉ ❞ ❢ ♦ ♠ ❜✐❧❧✐ ♦ ♥ ♦❢ ❙ ❛ ✱ ❛ ♦ ♠ ❡ ❤✐ ♥ ❣ ❛ ✈ ❡ ❛ ❣ ❡ ✇✐ ❤ ❛
✉ ♥✐❢ ♦ ♠ ❝ ❛❧ ❡ ♦❢ ❧ ♦ ❝ ❛❧ ✐ ♠ ❡✱ ❤ ♦ ✉❧ ❞ ♥ ♦ ❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✱ ♦❢ ❝ ♦ ✉ ❡✱ ❡ ① ❛ ❝ ❧ ② ❛ ❛ ❜ ❡ ❛ ♠ ♦❢ ❧✐ ❣ ❤
❢ ♦ ♠ ❤ ❡ ❙ ✉ ♥ ♦ ♦ ❤ ❡ ✐ ♥ ❣❧ ❡ ❙ ❛ ✳ ❚ ❤ ♦ ✉ ❣ ❤✱ ❢ ♦ ❤ ❡ ❜ ♦ ♦ ❦ ❛ ✉ ❤ ♦ ✱ ❛ ♣ ✉❧ ❛ ✐ ♥ ❣ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡
❯ ♥✐ ✈ ❡ ❡ ✭ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥✲ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥✮ ✐ ♠ ♦ ❡ ♣ ❡❢ ❡ ❛ ❜❧ ❡✱ ✐ ♥ ❝ ❡ ✐ ♥ ✐ ♠ ❛ ❡ ❞ ♦ ❡ ♥ ♦ ❞✐ ❛ ♣ ♣ ❡ ❛
❛ ♥ ② ✇ ❤ ❡ ❡ ❛ ♥ ❞ ❞ ♦ ❡ ♥ ♦ ❝ ♦ ♠ ❡ ❢ ♦ ♠ ❛ ♥ ② ✇ ❤ ❡ ❡✱ ✉ ♥ ❞ ❡ ✐ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❛ ♥ ❣ ❡ ❝ ♦ ✉ ❛ ❣ ❡ ✐

✐ ❦✐ ♥ ❣ ✇ ❤ ❡ ♥ ♦ ♠ ❡ ❤ ② ♣ ♦ ❤ ❡ ❡ ❡❧ ❛ ✐ ♥ ❣ ❡ ✈ ❡ ♥ ♦ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❛ ♥ ❞ ✐ ❤ ② ♣ ❡ ✲ ❡ ♠ ♦ ❡ ♦ ❜❥ ❡ ❝
❛ ❡ ❡ ❛ ✐❧ ② ✉ ♥ ❡ ❞ ❜ ② ❤ ❡✐ ❛ ♣ ♦❧ ♦ ❣✐ ✐ ♥ ♦ ❤ ❡ ✜ ♥ ❛❧ ❤ ❡ ♦ ✐ ❡ ❤ ❛ ❛ ❡ ♥ ♦ ✉ ❜❥ ❡ ❝ ♦ ❞ ♦ ✉ ❜ ✦

❆ ♣ ✐ ♦ ✐ ❛ ❝ ❡ ❛✐ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ❡ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ❧ ❛ ❣ ❡ ✇ ❛ ♥ ♦ ❤ ❡ ❡ ❞✐ ❝ ✉ ❡ ❞✳ ❋ ♦
♦ ✉ ♦ ♣✐ ♥✐ ♦ ♥✱ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡ ♦❢ ✐ ❣❧ ♦ ❜ ❛❧ ✉ ❝ ✉ ❡✱ ✐ ♥ ♣ ✐ ♥ ❝✐ ♣❧ ❡✱ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞✳
■❧❧ ✉ ✐ ♦ ♥ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ❡ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡ ✐ ♥ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ✇ ❡ ❡ ❜ ♦ ❦ ❡ ♥ ❜ ② ❤ ❡ ● ☎♦ ❞ ❡❧✬ ❚ ❤ ❡ ♦ ❡ ♠ ✳
❇ ✉ ✐ ♥ ❚ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❤ ② ✐ ❝ ✱ ❤ ❡ ✐ ❞ ❡ ❛ ❛ ❜ ♦ ✉ ❛ ♥ ❝ ❡ ♥ ❞ ❡ ♥ ♥ ❛ ✉ ❡ ♦❢ ❛❧❧ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ✐ ♥ ♦
② ❡ ✉ ♥ ❞ ❡ ♦ ♦ ❞✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ✐ ♥ ♦ ✉ ✐ ♠ ❡✱ ❛ ♥ ② ♣ ❤ ② ✐ ❝✐ ✲ ❡❧ ❛ ✐ ✈✐ ♠ ✉ ❞ ❡ ❝✐ ❞ ❡ ♦ ♥ ❤ ❡ ♠ ❛✐ ♥
❞✐❧ ❡ ♠ ♠ ❛✿ ❡✐ ❤ ❡ ♦ ❛ ❝ ❝ ❡ ♣ ❛ ❣ ❛✐ ♥ ❤ ❡ ❣ ❡ ❛ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❜ ② ● ❛❧✐❧ ❡ ♦ ✕ ♦✐ ♥ ❝ ❛ ✁❡✱
❢ ♦ ♠ ✉❧ ❛ ❡ ❞ ❢ ✉❧❧ ② ❛ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ❤ ❡ ✷ ✵ ❤ ❝ ❡ ♥ ✉ ②✱ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❤ ❡ ♥ ❡ ✇ ❍✐ ❣ ❣ ❤ ❡ ♦ ②
♦❢ ♠ ❛ ❡ ✐ ♥ ❡ ✐ ❛ ✭ ❡ ✈ ❡ ♥ ✇✐ ❤ ❤ ❡ ❘ ♦ ❡ ♥✬ ❇ ▼ ❚ ✉ ♥ ❞ ❡ ✇ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✮✱ ♦ ♦ ❝ ♦ ♥ ✐ ♥ ✉ ❡
♦ ✉ ❜ ❜ ♦ ♥❧ ② ❛ ❞ ❤ ❡ ❡ ♦ ● ❡ ♥ ❡ ❛❧ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❜ ② ❊✐ ♥ ❡✐ ♥ ✭ ✶ ✾ ✶ ✻✮✱ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡

✇✐ ❤ ❤ ❡ ❍✐ ❣ ❣ ❤ ❡ ♦ ②✱ ❛ ✇ ❡❧❧ ❛ ✇✐ ❤ ❤ ❡ ◗ ✉ ❛ ♥ ✉ ♠ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ❀ ❛ ♥ ❞ ✇ ❤ ❛ ✐ ❡ ✈ ❡ ♥ ✇ ♦ ❡✿ ♦
❝ ♦ ♥ ✐ ♥ ✉ ❡ ♦ ✐ ♠ ♣ ♦ ❡ ❤ ❡ ❧ ❛ ❡ ✐ ♥ ♥ ❡ ✇ ❝✐ ❡ ♥ ✐ ✜ ❝ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❡ ❞ ✉ ❝ ❛ ✐ ♦ ♥ ❛❧ ♣ ♦ ❝ ❡ ✳
❍ ♦ ✇ ❡ ✈ ❡ ❛ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❤ ❡ ❡ ♥ ✐ ❡ ❯ ♥✐ ✈ ❡ ❡ ❝ ✉ ✈ ❡ ❞ ❜ ② ❤ ❡ ❣❧ ♦ ❜ ❛❧ ❣ ❛ ✈✐ ② ✇ ❛ ♥ ♦ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ❜ ②
♥ ✉ ♠ ❡ ♦ ✉ ❧ ♦ ♥ ❣ ✐ ♠ ❡ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ♦ ❜ ❡ ✈ ❛ ✐ ♦ ♥ ✱ ❜ ❡ ✐ ❞ ❡ ♦❢ ❝ ✉ ✈✐ ♥ ❣ ❤ ❡ ❧✐ ❣ ❤ ❛ ② ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥✳

❙✐ ♥ ❝ ❡ ❤ ❡ ✶✲ ❡ ❞✐ ✐ ♦ ♥ ♦❢ ♦ ✉ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ✐ ♥ ✷ ✵ ✵ ✹ ❬ ✶ ✺❪✱ ✐ ♥ ✜ ♥ ❛❧ ❈ ❤ ❛ ♣ ❡ ✶ ✵ ❆✱ ✇ ❡ ❛ ♣ ♣❧ ②
✇✐ ❞ ❡❧ ② ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✭ ❜ ✉ ♥ ♦ ✇ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ❍✐ ❣ ❣ ✜ ❡❧ ❞✮✱ ✉ ✐ ♥ ❣
♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❛ ❞ ❞ ❡ ❞ ❜ ② ✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❛❧ ♣ ❛ ✱ ❢ ♦ ❛ ♥ ❛❧ ② ✐
♦❢ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ♥ ② ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳

❆ ❛ ❡ ✉❧ ✱ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ❛ ❞ ♦ ♣ ❡ ❛ ♦ ♥ ❛ ❜❧ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♠ ♣ ♦ ❛ ♥ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡ ✳
■❢ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ✈ ❛ ✐ ♦ ✉ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ❡ ① ❝❧ ✉ ✐ ✈ ❡❧ ② ❧ ♦ ❝ ❛❧❧ ② ❛ ✐❢ ✐ ♥ ❤ ❡ ❡ ❛❧ ♣ ❤ ② ✐ ❝ ❛❧

♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❛ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞✱ ❜ ✉ ✇✐ ❤ ❤ ❡ ❡ ❛❧ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♦ ❝ ♦ ♠ ♣❧ ❡ ① ♦✐ ♥ ❝ ❛ ✁❡
♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✇ ❤ ❡ ❡ c = d x ( k ) / dt ( k ) = ❝ ♦ ♥ ✱ ❤ ❡ ♥ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡✱ ✇✐ ❤ ❢ ❛✐ ❧ ② ❤✐ ❣ ❤ ❞ ❡ ❣ ❡ ❡ ♦❢

❛ ❝ ❝ ✉ ❛ ❝ ② ✭ ❛ ✇ ❛ ❤ ♦ ✇ ♥ ❛ ❜ ♦ ✈ ❡✮✱ ♦ ✉ ❞ ② ❛ ♥ ❞ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ❡ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞
❞ ② ♥ ❛ ♠✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❛ ❧ ♦ ❝ ❛❧ ❧ ❡ ✈ ❡❧ ❞✐ ❡ ❝ ❧ ② ✐ ♥ ✉ ❝ ❤ ❜ ❛ ✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ♦ ✉ ❞✐ ♦ ✐ ♦ ♥ ✳

❚ ❤ ✉ ✱ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ 4 D ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❤ ❛ ✈ ❡ ❤ ❡ ❢ ♦ ✉ ❛ ❜ ♦❧ ✉ ❡
❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ✇✐ ❤ ❡❧ ❛ ✐ ✈ ❡ ♦ ♥ ❡ ✐ ♥ ❤ ❡ 3 D ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩

❛ ♥ ❞ ❝ ❛❧ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ✳ ❆ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♠ ❛ ♣ ♣ ❡ ❞ ❜ ② ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥

⟨ P 3 + 1 ⟩ ✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✇✐ ❤ ❛ ❞ ♠✐ ❡ ❞ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ❧ ♦ ♣ ❡ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇✳
❆ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❤ ❛ ✐ ♠ ♣ ♦ ❛ ♥ ❢ ❡ ❛ ✉ ❡ ❛ ✐ ❞ ② ♥ ❛ ♠✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✇✐ ❤ 4 ✲ ✈ ❡❧ ♦ ❝✐ ② c ♦❢ ♦✐ ♥ ❝ ❛ ✁❡✳
❚ ❤✐ ❡ ♥ ❛ ❜❧ ❡ ✉ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛❧❧ ❛ ❜ ♦❧ ✉ ❡ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢
❤ ❡ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ✐ ♦❢ ❛ ❜ ♦ ❞ ② ♦ ❛ ♣ ❛ ✐ ❝❧ ❡✳ ❆❢ ❡ ❢ ✉❧❧ ❝ ♦ ♥ ✜ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❍✐ ❣ ❣ ❚ ❤ ❡ ♦ ②

✇✐ ❤ ❤ ❡ ▼ ❛ ❝ ❤ ✐ ♥ ❝✐ ♣❧ ❡ ✐ ♥ ✶ ✾ ✻ ✹ ✕ ✷ ✵ ✶ ✷✱ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❜ ❡ ❝ ❛ ♠ ❡ ✐ ♠ ♣❧ ❡ ✱ ❝❧ ❡ ❛ ✱
✇ ❡❧❧✲ ✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣ ❛ ♥ ❞ ❛❧❧✲ ❛ ♦ ✉ ♥ ❞ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✐ ♥ ✉ ♠ ❡ ♥ ❢ ♦ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝
♣ ❛ ❝ ❡ ✱ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✦



✏ ♦✐ ♥ ❝ ❛ ✁❡✱ ❣ ❡ ♥✐ ❡ ✁❡ ❣ ❛❧ ❛ ● ❛ ✉ ✱ ❡ ❛ ✉ ✐ ✉ ♥✐ ✈ ❡ ❡❧✳✑
✕ ❏ ❡ ❛ ♥ ❉✐ ❡ ✉ ❞ ♦ ♥ ♥ ✁❡✱ ❢ ♦ ♥ ❞ ❛ ❡ ✉ ❞ ✉ ❣ ♦ ✉ ♣ ❡ ❇ ♦ ✉ ❜ ❛ ❦✐

❈ ❤ ❛ ♣ ❡ ✶ ✵ ❆

❉✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❝ ✉ ✈ ❡

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❍ ❡ ♠ ❛ ♥ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❬ ✻ ✺❪✱ ❡ ❛ ❝ ❤ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢
❛ ❜ ♦ ❞ ②✱ ✐ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ❧ ② ❛ ❜ ♦❧ ✉ ❡❧ ② ♠ ♦ ✈✐ ♥ ❣ ❛❧ ♦ ♥ ❣ ✐ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞
✐ ♦ ♦ ♣✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❛ n = 3 , q = 1 ❛ ❡ ❛❧✐ ✜ ❝ ❛ ❡ ❞ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠ ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧
❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ♦✐ ♥ ❝ ❛ ✁❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 3 + 1 ⟩ c ✳ ❲❡ ♠ ❛ ② ❛ ♥ ❛❧ ② ③ ❡ ❛ ❝ ✉ ✈ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ❛ ♥
✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ✐ ❝ ♦ ♠ ♣❧ ❡ ①✐ ② ❢ ♦ ♠ n = 1 ✐❧❧ n = 3 ✭q = 1 ✮ ❢ ♦ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ✱ ✢ ❛ ❛ ♥ ❞ ♣ ❛ ✐ ❛❧
❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ❛ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ♦❢ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ✱ ❛ ♥ ❞ ✐ ✐ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✇✐ ❤ ❧ ♦ ❝ ❛❧ 4 × 1

❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ r (c τ )✳ ❚ ❤ ❡ ✐ ♥ ❡ ① ♦ ❛ ❜❧ ❡ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥✱ ❧✐ ♠✐ ❡ ❞ ❜ ② ❤ ❡ ❧ ♦ ♣ ❡ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦
❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ ❜ ❡❧ ♦ ✇ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❧✐ ♥ ❡✱ ❡ ♥ ✉ ❡ ✐ ❡ ❣ ✉❧ ❛ ✐ ②✳ ❤ ② ✐ ❝ ❛❧❧ ② ✐ ❛❥ ❡ ❝ ♦ ② ✐ ❛

❧ ♦ ❝ ❛❧❧ ② ♦ ✐ ❡ ♥ ❡ ❞ ♣ ♦ ♣ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇ −→c τ ♦❢ ♦ ❜❥ ❡ ❝ ♦ ♣ ❛ ✐ ❝❧ ❡ M ✳ ❚ ❤ ❡ ❝ ❛❧ ❛ ✐ ♥ ❡ ❣ ❛❧ ✈ ❛❧ ✉ ❡ ♦❢
♣ ♦ ♣ ❡ ✐ ♠ ❡ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❛ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ ♦ ♦✳ ❇ ② ❤ ❡✐
❧ ♦ ♣ ❡ d r ✕ ❋✐ ❣ ✉ ❡ ✷ ❆✱ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❡❧ ❛ ❡ ♦ ♥❧ ② ♦ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ❝ ❛ ✈✐ ② ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡✳ ❋ ♦

❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ② ❛ ♥ ❞ ✈✐ ✉ ❛❧✐ ②✱ ✇ ❡ ❛ ♥ ❛❧ ② ③ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 = ⟨x ,
−→
ct ⟩

❛ ♥ ❞ Ẽ m = ⟨x ( m ) , −→c τ ⟩✳ ■ ♥ Ẽ 1 ✱ ❤ ❡✐ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ✱ ❞ ✉ ❡ ♦ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❣ ❡ ♥ ✕ ❛ ♥ ❣ ❡ ♥
❛ ♥ ❛❧ ♦ ❣ ②✱ ♦ ❤ ❡ ✈✐ ✉ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ φ R : t a n h γ ≡ t a n φ R ✳ ■ ♥ ❛ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ ✐
♣ ♦✐ ♥ M ✱ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ✐ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ✜ ❣ ✉ ❛ ✐ ♦ ♥ ✐ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡ ❞
❜ ② ❢ ♦ ✉ ❛ ❜ ♦❧ ✉ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ❡❧ ❛ ✐ ✈ ❡ 4 ✲ ✈ ❡ ❝ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧✲ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❛ ♠ ❡ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩✳
❚ ❤ ❡ ❝ ❛❧ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✳ ❙ ✉ ❝ ❤
❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❣✐ ✈ ❡ ✉ ♦ ♣ ♣ ♦ ✉ ♥✐ ② ❢ ♦ ✉ ✐ ♥ ❣ ❋ ❡ ♥ ❡ ✕ ❙ ❡ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❤ ❡ ♦ ②
♦❢ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ❤ ❡ ✸ ❉ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❬ ✷ ✶❪✱ ✇ ❤ ❡ ♥ ❤ ❡ ② ❛ ❡ ✉ ♣ ♣ ♦ ❡ ❞ ♦ ❜ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞
♥ ❛ ♠ ❡❧ ② ✐ ♥ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♦ ♦ ♣✐ ❝ ♣ ❛ ❝ ❡ ♦❢ ✐ ✜ ① ❡ ❞ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❢ ♦ ✉ ♥✐ ✉ ❡ ❡ ✉❧ ✳

❆❧❧ ❛ ♥ ❣ ✉❧ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ γ ♦❢ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤
✐ ❞✐ ❡ ❝ ✐ ♦ ♥ e α ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥✐ ✐ ❛❧❧ ② ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ❛ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ ♦ ♥ ✐ ✿

r ( 1 ) ( c τ ) =







x 1

x 2

x 3

ct





 =

x ( c τ )
ct ( c τ )

, iα = iα ( c τ ) = i( γ, e α ) = d r
d ( c τ )

=
✐ ♥ ❤ γ · e α

c o s h γ )
;

si n h γ = d x
d ( c τ )

= si n h γ · e α = v ∗

c , t a n h γ = d x
d ( ct )

= t a n h γ · e α = v
c = si n h γ / c o s h γ ;

γ = ❛ ✐ ♥ ❤
d x 2

1 + d x 2
2 + d x 2

3

d ( c τ )
= ❛ ❛ ♥ ❤

d x 2
1 + d x 2

2 + d x 2
3

d ( ct )
> 0 , ❛ d ( ct ) > 0;

e α = { c o s α k } , k = 1 , 2 , 3; c o s α k = d x k
||d x ||

; η ∗
γ =

d γ
d τ

, w∗α = d α
d τ

= − ❛ ♥ ❣ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ .






■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ✉ ♥✐❢ ♦ ♠ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ r = r (c τ ) ❛ ❡ ♦❢ ❡ ♣ ❡ ❝✐ ❛❧ ✐ ♥ ❡ ❡ ✳
❆ ♠ ♦ ♥ ❣ ❤ ❡ ♠✱ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ♠ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❤ ❡ ❡ ② ♣ ❡ ✿
❤ ❡ ✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❛ γ = ❝ ♦ ♥ , e α = c o n s t ✭ ❈ ❤ ✳ ✶ ❆ ✕ ✹ ❆✮❀
❤ ❡ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❛ η ∗

γ = ❝ ♦ ♥ , e α = c o n s t ✭ ❈ ❤✳ ✺ ❆✮❀
❤ ❡ ❝✐ ❝ ✉❧ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✇✐ ❤ ✈ ❡❧ ♦ ❝✐ ✐ ❡ v ∗ = ❝ ♦ ♥ ❛ ♥ ❞ w ∗

α = ❝ ♦ ♥ ❛ γ = ❝ ♦ ♥ ✳
■ ♥ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❡ ♥ ♦ { I ± } ✭ ✶ ✼ ❆✮✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❈ ❤✳ ✺ ❆ ♠ ❡ ❛ ✉ ❡❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

4 × 4 ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ r ot h Γ ( m ) = F (γ, e α ) ✭ ✶ ✵ ✵ ❆✮✱ ❛ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜✐ ✈ ❛❧ ❡ ♥
② ♠ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✱ ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ♦ ❛ ✐ ♦ ♥ ✭ ✸ ✹ ✽✮ ❛ ♥ ❞ ✭ ✸ ✻ ✷✮✱ ✭ ✸ ✻ ✸✮ ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❚ ❤ ❡ ♦ ②

♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✳ ■ ❞ ❡ ❡ ♠✐ ♥ ❡ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❤ ❡ ❝ ✉ ❡ ♥ ❧ ♦ ❝ ❛❧ ❜ ❛ ❡ Ẽ
( 4 )
m = r ot h Γ ( m ) · Ẽ 1 ✱

❛ ♥ ❞ ✐ ❧ ♦ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ Γ ✇✐ ❤ ❤ ❡ ❧ ♦ ❝ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ e α ✐ ♥ Ẽ 1 ✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✻ ✾

❚ ❤✐ ❡ ♥ ♦ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦✐ ♥ M ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ❜ ② ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ✉ ❝ ✉ ❡
✭ ✸ ✻ ✷✮ ♦ ✭ ✸ ✻ ✸✮✳ ❚ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ d Γ ❝ ❛ ✉ ❡ ❧ ♦ ❝ ❛❧❧ ② ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ❛ ❛ ❝ ♦❢
❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ d γ ❛ ♥ ❞ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ e α ❛ ♣ ♦ ✐ ❜❧ ❡ ❛ ❝ ♦❢ ❤ ❡

♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ d e α = d α 1 ,2 ,3 ❢ ♦ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ⟨ E 3 ⟩ ( m ) ✳ ❍ ❡ ♥ ❝ ❡ ❛ ♥ ② ✇ ♦ ❧ ❞
❧✐ ♥ ❡ ❝ ❛ ♥ ❤ ❛ ✈ ❡ ❛ ✐ ♣ ♦✐ ♥ M ♠ ❛ ①✐ ♠ ✉ ♠ ❢ ♦ ✉ ✐ ♥ ✐ ♥ ✐ ❝ ✈ ❡ ❝ ♦ ✲ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ♦ ❞ ❡ ✉ ♣ ♦ 4 ✱
❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❞ ❡ ✜ ♥ ❡ ❞ ✐ ❧ ♦ ❝ ❛❧ ❝ ♦ ♥ ✜ ❣ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩✳ ❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡ ❣ ❛❧ ❧ ❡ ♥ ❣ ❤
♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ −→c τ ✐ ❝ ♦ ✉ ♥ ❡ ❞ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧❧ ② ❢ ♦ ♠ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ♣ ♦✐ ♥ O ✇✐ ❤ ✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d r ✳
■ ✐ ❛ ♥ ✐ ♥ ❡ ♥ ❛❧ ❛ ❣ ✉ ♠ ❡ ♥ ❢ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳ ■ ♥ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ②✱ ♣ ❡ ❡ ❞ ♦❢ ❛ ♥ ❛ ❜ ♦❧ ✉ ❡
♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ M ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ 4 × 1 ✲✈ ❡❧ ♦ ❝✐ ②
✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ✜ ❜ ② ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ✶ ✾ ✵ ✺ ✇✐ ❤ ❤✐ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✹ ♣ ❛ ❝ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✿

c (c τ ) = c · d r
d (c τ )

= d r
d τ

= d −→c τ
d τ

= c · i(c τ ) = c · iα ,

c ′(c τ ) · I ± · c (c τ ) = ||c (c τ )||2P = − c 2 = ❝ ♦ ♥ .





( −→c = c · iα ) ( 2 1 8 A )

■ ♠ ❛ ② ❜ ❡ ❛❧ ♦ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ❤ ❡ 4 × 1 ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ R = ic ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳
■ ♣ ❡ ✉ ❞ ♦ ♠ ♦ ❞ ✉❧ ❡ ” c ” ✐ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ♥ ♦ ♠ ❛❧✐ ③✐ ♥ ❣ ❝ ❛❧ ❡ ♠ ✉❧ ✐ ♣❧✐ ❡ ♦ ✐ ♠ ❡✲ ❛ ①✐ ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ②
❍✳ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ✶ ✾ ✵ ✺ ❬ ✻ ✸❪ ❢ ♦ ✐ ♦ ♦ ♣ ②✱ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ② ❛ ♥ ❞ ♠ ❡ ✐ ❝ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ⟨ P 3 + 1 ⟩ ✭ ❈ ❤✳ ✶ ❆✮✳
❖ ❤ ❡ ♣ ♦ ♣ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✱ ✐ ♥ ❡ ♠ ♦❢ ♣ ♦ ♣ ❡ ✐ ♠ ❡ τ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ♠ ❡ ❛ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿
r (c τ ) ✐ ❛ 4 × 1 ✲ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ♣ ♦✐ ♥ ▼ ♦❢ ❛ ✇ ♦ ❧ ❞✲❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ✱
i(c τ ) = iα ✐ ❛ ✉ ♥✐ ② 4 ✲ ✈ ❡ ❝ ♦ ❛❧ ♦ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ❛ ♦ ✇ −→c τ ✇ ❤✐ ❝ ❤ ♠ ❛ ② ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛
✶✮ ❤ ❡ 4 ✲ ❛ ♥ ❣ ❡ ♥ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ r (c τ )✱ ✷✮ ❤ ❡ ✹✲ ❤ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ r ot h Γ ( m ) ✱
✸✮ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ 4 × 1 ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ✭ ✶ ✹ ✻ ❆✮ ♦❢ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳

❙✐ ♥ ❝ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡✱ ✇✐ ❤ ❤ ❡ ❝ ❛❧✐ ♥ ❣ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ c ❢ ♦ ✐ ♠ ❡ t( k ) ✱
❤ ❡ ❧✐ ❣ ❤ ❛ ② ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❜ ❛ ❡ Ẽ k ❛ ∆ x ( k ) = ∆[ ct ( k ) ]✱ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ②

❢ ♦❧❧ ♦ ✇ ✿ ∆ x ( k ) / ∆ t( k ) = c = ❝ ♦ ♥ ✳ ✭ ❍ ❡ ♥ ❝ ❡✱ ✐ ✐ ❡ ① ❝ ❡ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ❙ ❚ ❘ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❡ ✉ ❛❧✐ ②
♦❢ ❧✐ ❣ ❤ ♣ ❡ ❡ ❞ ✧ ❝ ✧ ✐ ♥ ❛❧❧ Ẽ k ❬ ✻ ✼❪✳✮ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❝ ② ♦❢ c ✱ ❛ ❡ ✉❧ ♦❢ ♠ ❡ ❛ ✉ ❡ ♠ ❡ ♥ ♦ ♥
❤ ❡ ❊ ❛ ❤ ❛ ♥ ❞ ✐ ♥ ♥ ❡ ❛ ❝ ♦ ♠ ♦ ✱ ✐ ♠ ❡ ❡❧ ② ❛ ❤ ② ♣ ♦ ❤ ❡ ✐ ✱ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ❛ ♥ ❞ ♣ ❡ ❛ ❞

✐ ♥ ♦ ❤ ❡ ✇ ❤ ♦❧ ❡ ❯ ♥✐ ✈ ❡ ❡ ❛ ♥ ❞ ♦ ♥ ♦ ❤ ❡ ❣❧ ♦ ❜ ❛❧ ✇ ♦ ❧ ❞ ✐ ♠ ❡✳ ❡ ❤ ❛ ♣ ✱ ✐ ✐ ♠ ♦ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❤ ❛ ♥
❤ ❡ ❛ ♥ ✇ ❡ ♦ ❤ ❡ ✐❧❧ ❞ ❡ ❜ ❛ ❛ ❜❧ ❡ ✉ ❡ ✐ ♦ ♥✿ ✏■ ✐ ♥ ❡ ❝ ❡ ❛ ② ❜ ❡ ♥ ❞✐ ♥ ❣ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦ ♥ ♦ ❄✑

❈ ♦ ♦ ❞✐ ♥ ❛ ❡ ✸✲ ✈ ❡❧ ♦ ❝✐ ② v ✐ ❛ ❛ ♥ ❣ ❡ ♥ ❝ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✭ ❈ ❤✳ ✹ ❆✮ ♦❢ ❤ ❡ ✹✲ ✈ ❡❧ ♦ ❝✐ ② c ✐ ♥ ♦ ⟨ E 3 ⟩✳
■ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ❛ ♣ ♦ ♣ ❡ ✸✲ ✈ ❡❧ ♦ ❝✐ ② v ∗ ✳ ✭ ❇ ♦ ❤ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ❤ ❛ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ e α ✳✮

■ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦
−→
ct ✐ ❛ ❝ ❛❧ ❛ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡ ✐ ♠ ❡ t ❡ ❛ ♠ c ∗ = c o s h γ · c

❢ ♦ ❣✐ ✈ ❡ ♥ ❛ ♥ ❣❧ ❡ γ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ✳ ❚ ❤ ❡ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ❝ ♦❢ ❛ ♣ ❛ ✐ ❝❧ ❡ ♦ ❛ ❜ ♦ ❞ ②
❝ ❛ ♥ ❜ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ♦ ♥❧ ② ✐ ♥ ✐ ♣ ❛ ✐ ❛❧ ❞✐ ❡ ❝ ✐ ♦ ♥ ✿ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ γ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
❛ ♥ ❞ ✴ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ e α ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡✳ ❚ ❤✐ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ✇ ❤ ❡ ♥ ❡ ✈ ❡

✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡
−→
F ❛ ❝ ♦ ♥ ❤ ❡ ♠✳ ❋ ♦ ❛ ♥ ② ♠ ❛ ❡ ✐ ❛❧ ♦ ❜❥ ❡ ❝ ✭ ❛ ♥ ❡❧ ❡ ❝ ♦ ♥✱ ❛ ❞ ♦ ✇ ♥✱ ❛ ❛ ✱ ❛ ♥ ❞ ♦

♦ ♥ ❡✮ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ② ♦ ♥ ❤ ❡✐ ♠ ❛ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♠ ♦ ❞ ✉❧ ❡ ♦❢ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡✐ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥
✐ ♥ ⟨ P 3 + 1 ⟩ ✐ ❤ ❡ ❝ ♦ ♥ ❛ ♥ c ✳ ❆❧❧ ❤ ❡ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❡ ✐ ♦ ♥✳
❆ ♥ ② ♠ ❛ ❡ ✐ ❛❧ ❜ ♦ ❞ ② ✐ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ❧ ② ❛ ❜ ♦❧ ✉ ❡❧ ② ♠ ♦ ✈✐ ♥ ❣ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩
❛❧ ♦ ♥ ❣ ♦ ✇ ♥ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ✐ ❝ ✉ ❡ ♥ ✐ ♠ ❡✲ ❛ ♦ ✇ −→c τ ✇✐ ❤ ❤ ❡ ♠ ♦ ✐ ♦ ♥ 4 ✲ ♣ ❡ ✉ ❞ ♦ ✈ ❡❧ ♦ ❝✐ ② c = c · i
❤ ❛ ✈✐ ♥ ❣ ❤ ❡ ❝ ♦ ♥ ❛ ♥ c ❛ ♥ ❞ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ♣ ❡ ✉ ❞ ♦ ✉ ♥✐ ② 4 ✲ ✈ ❡ ❝ ♦ i✱ ✇ ❤✐ ❝ ❤ ✐ ❝ ♦ ♥ ❛ ♥ ♦ ♥❧ ② ❢ ♦
✉ ♥✐❢ ♦ ♠ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ❜ ♦ ❞ ② ✐ ✛ ♥ ♦ ❛ ♥ ② ✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡ ✐ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ✐ ✳

■ ♥ ♣ ❤✐❧ ♦ ♦ ♣ ❤ ②✱ ✉ ❝ ❤ ❛ ♥ ❛ ❡ ✐ ♦ ♥ ♠ ❡ ❛ ♥ ❤ ❡ ♦ ❝ ❛❧❧ ❡ ❞ ♣ ❡ ♣ ❡ ✉ ❛❧ ♠ ❛ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳
❚ ❤ ❡ ♦ ✉❧ ❛ ❡ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♥ ♦ ✐ ♦ ♥ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ❛ ♥ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐

❛ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ❝ ❛ ♥ ❞ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ❛ ❛❥ ❡ ❝ ♦ ② ♦❢ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ♦❢ ❤ ❡
❜ ♦ ❞ ② M ✳ ❲✐ ❤ ✐ ✇ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ♠ ❛✐ ♥ ❞ ② ♥ ❛ ♠✐ ❝ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✿ ❤ ❡ ♦ ✇ ♥ ✹✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠
P 0 = m 0

−→c ✱ ❤ ❡ ❡ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ p = m v = m 0 v ∗ ❛ ♥ ❞ ❤ ❡ ♦ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P = m c ✳ ❙ ❡ ❡
❤ ❡ ♠ ✐ ♥ ❈ ❤ ✳ ✺ ❆ ❛ ♥ ❞ ✼ ❆✱ ✇ ❤ ❡ ❡ ❤ ❡ ② ✇ ❡ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❆ ❜ ♦❧ ✉ ❡
② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ⟨ P 3 + 1 ⟩✳ ❆❧❧ ♠ ❡ ❛ ✉ ❡ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ✈ ❛❧ ✉ ❡ ❡❧ ❛ ❡ ♦ ❤ ❡✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

❢ ♦ ♠ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦ ♥ ♦
−→
ct ❛ ♥ ❞ ✐ ♥ ♦ ⟨ E 3 ⟩✳ ❚ ❤ ❡ ② ❛ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ✐ ✛ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ i ✐ ❝ ❤ ❛ ♥ ❣ ❡ ❞✦



✷ ✼ ✵ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ❡ ● ❡ ♥ ❡ ❛❧ ♦ ✉❧ ❛ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❣✐ ✈ ❡ ✉ ♦ ❞ ♦ ❤ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ✐ ♥❢ ❡ ✳
✶✳ ■ ❛❧❧ ♦ ✇ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♥ ♦ ♦ ♥❧ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ②✱ ❜ ✉ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ❛ ❤ ❡ ✐ ♠ ❡

♥ ❛ ✉ ❡ ✇ ♦ ❧ ❞ ❛❥ ❡ ❝ ♦ ✐ ❡ ✇✐ ❤ ❛ ❜ ♦❧ ✉ ❡ ❧ ♦ ❝ ❛❧ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❤ ❡
❜ ♦ ❞ ② M ✐ ♥ ❤ ❡ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩✱ ❛ ♥ ❞ ❡ ✈ ❛❧ ✉ ❛ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ✐ ❡❧ ❛ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ♦ ❞ ❡ ✐❧❧ 4 ✐ ♥ ❛ ❝ ❡ ❛✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ k ✳

✷✳ ■ ❣✐ ✈ ❡ ✐ ♠ ♣❧ ❡ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦ ❛ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ♠ ❛ ❡ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❛ ❡ ❛ ♠ ♦❢
♣ ♦ ♣ ❡ ✐ ♠ ❡ c τ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❛ ♥ ❞ ✈✐ ❝ ❡ ✈ ❡ ❛✦ ❚ ❤ ❡ ② ❜ ♦ ❤ ♠ ♦ ✈ ❡ ✇✐ ❤ ✹✲ ♣ ❡ ✉ ❞ ♦ ✈ ❡❧ ♦ ❝✐ ② c ✳

✸✳ ■ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ❡ ① ♣❧ ❛✐ ♥ ❡✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✱ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✭ ✉ ♥ ❞ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❡
❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❧ ♦ ♣ ❡ ✮ ♣ ❛ ✐ ❛❧ ❞✐ ♦ ✐ ♦ ♥ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✉ ♥ ❞ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ❢ ❛ ❝ ♦ ❛ ❝ ✐ ♥ ❣
♦ ♥ ❛ ♣ ❛ ✐ ❝❧ ❡ ♦ ❜ ❛ ② ❝ ❡ ♥ ❡ ♦❢ ❛ ❜ ♦ ❞ ②✳ ■ ♥ ❞ ❡ ❡ ❞✱ ❞ ✉ ❡ ♦ ❝ ♦ ♥ ❛ ♥ ♣ ❡ ✉ ❞ ♦ ♠ ♦ ❞ ✉❧ ❡ ♦❢ c ✱ ✐ ✈ ❡ ❝ ♦
❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ❧ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ c ✭ ♦ i✮✿

c ′(c τ ) · I ± · c (c τ ) = − c 2 = ❝ ♦ ♥ ⇒ c ′(c τ ) · I ± · c ·
d c (c τ )

d (c τ )
= c ′(τ ) · I ± ·

d c (τ )

d τ
=

= c ′(τ ) · I ± · g (τ ) = c ′(c τ ) · I ± · g (c τ ) = c · i′(c τ ) · I ± · p (c τ ) · g = 0 . ( 2 1 9 A )

❲❡ ♦ ❜ ❛✐ ♥ ③ ❡ ♦ ❝ ❛❧ ❛ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ✹✲ ✈ ❡ ❝ ♦ c ✇✐ ❤ ✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ 4 ✲ ✈ ❡ ❝ ♦ ✲
❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ g ✱ ❤ ♦ ✉ ❣ ❤ ✉ ❝ ❤ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ❤ ♦❧ ❞ ✇✐ ❤ ♥ ❡ ✇ ♦ ❤ ❡ 4 ✲ ✈ ❡ ❝ ♦ ✲ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ♦❢
❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ✉ ♣ ♦ ✹ ✐ ♥ ⟨ P 3 + 1 ⟩✳ ■ ♥ ❡ ✉❧ ♦❢ ✉ ❝ ❝ ❡ ✐ ✈ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦❢ ✉ ♥✐ ②
✈ ❡ ❝ ♦ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✇ ❡ ❤ ♦ ✉❧ ❞ ♦ ❜ ❛✐ ♥ ❛❧❧ ❢ ♦ ✉ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ✭ ♦❢ ✐ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ♥ ❞
♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ❝ ❛❧ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ✮ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✳ ❙✐ ♠✐❧ ❛ ✐ ❞ ❡ ❛
✇ ❛ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❋ ❡ ♥ ❡ ✲ ❙ ❡ ❡ ❤ ❡ ♦ ② ♦❢ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ❬ ✶ ✹✱ ✷ ✶❪✳

❲❡ ❛❧ ♦ ♥ ♦ ❡ ❤ ❛ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✱ ❛ ✹✲ ✈ ❡ ❝ ♦ c ❛ ♥ ❞ g ✱ ❞✐ ✛ ❡ ❤ ❡ ❡
❢ ♦ ♠ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✸✲ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❛ ✱ ❤ ❡ ② ❝ ♦ ♥ ❛✐ ♥ ♥ ♦ ♥✲ ③ ❡ ♦ ❢ ♦ ✉ ❤ ❝ ❛❧ ❛
✐ ♠ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✳ ❇ ❡❢ ♦ ❡ ✐ ♥ ❈ ❤ ✳ ✺ ❆✱ ✼ ❆✱ ✽ ❆ ✇ ❡ ❞ ❡ ❛❧ ✇✐ ❤ ✐ ♠✐❧ ❛ ❛ ❜ ♦❧ ✉ ❡ ♥ ♦ ✐ ♦ ♥ ✱ ❜ ✉ ❤ ❡ ②

✇ ❡ ❡ ❜ ② ♣ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✸✲ ✈ ❡ ❝ ♦ ✱ ✐✳ ❡✳✱ ❤ ❡ ② ✇ ❡ ❡ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ❜ ❛ ❡ Ẽ m

✉ ♥ ❞ ❡ ③ ❡ ♦ ✈ ❛❧ ✉ ❡ ♦❢ ❢ ♦ ✉ ❤ ✐ ♠ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✕ ❡ ❡ ✭ ✾ ✼ ❆✮✱ ✭ ✶ ✹ ✺ ❆✮ ✭ ✶ ✻ ✶ ❆✮✱ ✭ ✶ ✾ ✽ ❆✮✳ ◆ ♦ ✇ ✇ ❡
♠ ❡ ❛ ♥ ❤ ❡ ♠ ❛ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ❛ ❜ ♦❧ ✉ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ✐ ♥ ❢ ✉❧❧ ❢ ♦ ♠ ❛ ✹✲ ✈ ❡ ❝ ♦ ✇✐ ❤ ❤ ❡✐ ❝ ❛❧ ❛
♠ ♦ ❞ ✉❧ ✉ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦ ♦✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳ ❚ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ✇ ❤✐ ❝ ❤ ✐ ♥ ❝❧ ✉ ❞ ❡
♦ ♥❧ ② ♣ ❛ ✐ ❛❧ ♦ ♦ ♥❧ ② ❡ ♠ ♣ ♦ ❛❧ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✱ ♣ ♦ ✈✐ ❞ ❡ ❞ ❤ ❛ ❜ ♦ ❤ ♦❢ ❤ ❡ ♠ ❛ ❡ ♥ ♦ ♥✲ ③ ❡ ♦✱ ❛ ❡
❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❛ ❡❧ ❛ ✐ ✈ ❡ ♦ ♥ ❡ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❤ ❡ ♦ ❡ ♠ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✹ ✺ ❆✮✱ ✭ ✶ ✾ ✽ ❆✮
✇ ❡ ❡ ❛ ❜ ♦❧ ✉ ❡✱ ❜ ✉ ❡❧ ❛ ✐ ♦ ♥ ♦❢ ② ♣ ❡ ✭ ✶ ✸ ✺ ❆✮✱ ✭ ✶ ✻ ✸ ❆✮✱ ✭ ✶ ✾ ✷ ❆✮ ❣✐ ✈ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ❤ ❡ ♦ ❡ ♠ ✳

❈ ♦ ♥ ✐ ♥ ✉✐ ♥ ❣ ✭ ✷ ✶ ✾ ❆✮✱ ✐ ♥ ❤ ❡ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ ❛ ♣ ♦✐ ♥ M ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✐ ♥ ❡ ✉❧ ♦❢ ❢ ❡ ❡
✶✲ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣ ❡ ♥ i(c τ ) ✐ ♥ c τ ♥ ♦ ♦ ♥❧ ② ✇✐ ❤✐ ♥ ❤ ❡ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣
♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦ ❛ ❝ ✉ ✈ ❡✱ ✇ ❡ ❣ ❡ ♦ ❛❧ ❝ ❛❧ ❛ ❛ ♥ ❞ 4 ✲ ✈ ❡ ❝ ♦ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❤ ❡ ✷✲ ♥ ❞ ♦ ❞ ❡ ❛
4 ✲ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ k ✭ ✇✐ ❤ ❛ ❞✐ ✉ R K = 1 / K ✮ ❛ ♥ ❞ ✐ ♥ ♥ ❡ 4 ✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g = c 2 ·K ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞
❜ ② ✉ ✐ ♥ ✭ ✼ ✾ ❆✮ ❛ ♥ ❞ ✭ ✶ ✻ ✶ ❆✮ ❛ ✸✲ ✈ ❡ ❝ ♦ ✱ ✇✐ ❤ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ✉ ♥✐ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ❝ ♦
♦❢ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p β ❛ ♥ ❞ ❝ ♦ ♠ ♠ ♦ ♥ ✐ ♥ ❡ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ e β ✿

K β (c τ ) = 1 / R
( m )
K = g β (c τ )/ c 2 , ( 2 2 0 A )

k β (c τ ) = K β (c τ ) · p β (c τ ) = [ g β (c τ )/ c 2 ] · p β (c τ ) = g β (c τ )/ c 2 . ( 2 2 1 A )

❉ ❡ ✜ ♥ ❡ ❤ ❡ ♦ ❞ ❡ ♦❢ ❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ζ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❤ ❡ ❧ ❡ ❛ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ζ = k + 1 ♦❢ ❤ ❡
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ P k + 1 ⟩ ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❝ ♦ ♥ ❛✐ ♥✐ ♥ ❣ ❤ ❡ ✇ ❤ ♦❧ ❡ ❝ ✉ ✈ ❡✳ ❆❧❧
❤ ❡ ♣ ♦ ✐ ❜❧ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤✐ ♦ ❞ ❡ ❛ ❡ ζ ∈ { 1 , 2 , 3 , 4 } ❛ k = 0 , 1 , 2 , 3 ✳ ❙ ♦✱ ✐❢ ζ = 1 ( k = 0) ✱ ❤ ❡ ♥

❤✐ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ✉ ❜ ♣ ❛ ❝ ❡ ✐ ❤ ❡ ❛✐ ❣ ❤ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct ❛ ✐ ❡❧❢✳ ❚ ❤✐ ✐ ❛ ❡❧ ❛ ✐ ✈ ❡❧ ② ✐ ♠ ♠ ♦ ✈ ❛ ❜❧ ❡

✈ ♦ ② ❛ ❣ ❡ ✐ ♥ ✐ ♠ ❡ ❛❧ ♦ ♥ ❣ ❛ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ♣ ❡ ✉ ❞ ♦ ✈ ❡❧ ♦ ❝✐ ② c ✳ ❆ ✢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
❤ ❛ ζ = 2 ( k = 1) ✳ ❚ ❤✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ❆ ✇✐ ❡ ❞ ✇ ♦ ❧ ❞
❧✐ ♥ ❡ ❤ ❛ ♦ ❞ ❡ ζ ❛ ✸ ♦ ✹ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ♦ ❞ ❡ ♦❢ ❤ ❡ ❧✐ ♥ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ✷ ♦ ✸✳ ❚ ❤ ❡ ♦ ❞ ❡
k = ζ − 1 ✐ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E k ⟩✱ ✇ ❤ ❡ ❡ ❛ ❛❥ ❡ ❝ ♦ ② ♦❢
♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ P k + 1 ⟩✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✼ ✶

❯ ♥✐ ② ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ iα (c τ ) ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✭ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✸✮✮ ✐ ❤ ❡ ♣ ✐ ♠ ❛ ② ✈ ❡ ❝ ♦
❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦❢ ❛ ❝ ✉ ✈ ❡ r (c τ ) ✕ ❡ ❡ ✐ ♥ ❈ ❤✳ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣✳ ■ ✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥
❜ ❛ ❡ Ẽ 1 ❜ ② ❤ ❡ ✉ ♥ ❛ ♠ ❜✐ ❣ ✉ ♦ ✉ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✭ ✷ ✶ ✽ ❆✮ ♦❢ ❛ ❞✐ ✉ ✲
✈ ❡ ❝ ♦ r (c τ ) ✐ ♥ d γ ❡ ① ❛ ❝ ❧ ② ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✭ ❛ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡✮✿

d r (c τ )

d γ α

= iα (c τ ) =
si n h γ i · e α

c o s h γ i
= r ot h Γ i · i1 = r ot h Γ i ·

0
1

, ( 2 2 2 A )

✇ ❤ ❡ ❡ i1 ✐ ❝ ❡ ♥ ❡ ✭ ✶ ✹ ✻ ❆✮ ♦❢ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✭ ❋✐ ❣ ✉ ❡ ✹✮ ❛ ♥ ❞ ❤ ❡ ✉ ♥✐ ② ✹✲ ✈ ❡ ❝ ♦ ♦❢
−→
ct ❀

r ot h Γ i = F (γ i , e α ) ✐ ❤ ❡ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✵ ✵ ❆✮✱ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ①✐
−→
ct ✱ ❜ ♦ ♥ ❞✐ ♥ ❣ i1 ❛ ♥ ❞ iα ✳

❋ ♦ ♠ ❤ ❡ ❡✱ ❛ ❝ ♦ ♥ ❛ ♥ e α ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥✱ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞
✐ ♥ ❈ ❤✳ ✺ ❆✳ ■❢ ♦ ❞ ♦ ❤✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♠ ♦ ❡ ❢ ❡ ❡ ❛ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♦ ♥ ❡✱ ✇ ❡
♠ ✉ ✉ ❡ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❤ ❡ ❧ ❛ ❡ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥✱ ❛ ♥ ❞ ❜ ♦ ❤ ♠ ♦ ✐ ♦ ♥ ♠ ✉
❜ ❡ ✐ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡ ✶✲ ✇ ♦✲ ❡ ♣ ♠ ❡ ✐ ❝ ♥ ♦ ♠ ❛❧ ❢ ♦ ♠ ✭ ✶ ✸ ✷ ❆✮ ♦ ♥ ❛ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳
❲ ❤ ❛ ✐ ♠ ♦ ❡✱ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❣ ❡ ♥ iα (c τ ) ♦❢ ❛ ✉ ❝ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❜ ♦ ❤ ❛
♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ❛ 4 × 1 ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ✭ ✶ ✹ ✻ ❆✮ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ✹✲ ✈ ❡ ❝ ♦ ♦❢ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡
❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡ ❧ ♦ ❝ ❛❧❧ ② ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✇ ❤ ❡ ❡ ♦ ♥❧ ② ♦ ♥ ❡ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❝ ❛ ♥ ♣ ❛
❤ ♦ ✉ ❣ ❤ ❛ ♣ ♦✐ ♥ M ✳ ■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♠✐❧ ❛ ❜ ♦ ♥ ❞ ❤ ❡❧ ♣ ✉ ✐❧❧ ❤ ❡ ✜ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣

❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✇ ❤ ❡ ♥ ❤ ❡ ② ✇✐❧❧ ❝❧ ♦ ❡ ❛❧❧ ❤ ❡ ❝ ② ❝❧ ❡✱ ❛ ♥ ❞ ❤ ❡ ❡✬ ✇ ❤ ②✳
▲ ❡ ✬ ♣ ❡✲ ❛ ❛ ❝ ❤ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ d γ i ≠ 0 ❛ M ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ♠ ♦ ✈ ❛ ❜❧ ❡ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡

✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■ ✭ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹✮ ♦✱ ❤ ❛ ❤ ❡ ② ♠ ❛ ② ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❧ ♦ ❝ ❛❧❧ ② ❜ ②
❢ ♦ ✉ ❝ ✉ ❡ ♥ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ❛ ❝ ❤ ♦ ♦ ❤ ❡ ✉ ♥✐ ② ❜ ❛ ✐ ✈ ❡ ❝ ♦ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✕ ❛ ♥ ❣ ❡ ♥ iα ✱
♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ❛ ♥ ❞ ✇ ♦ ❜✐ ♥ ♦ ♠ ❛❧ ✭ ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ♠ ♦ ❞ ❡❧ ✮✳ ❖ ✉ ✐ ❞ ❡ ❛ ✐ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ❢ ♦

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ② ❛ ♦ ♥ ❡ ♦ ♦ ♥ ❡ ❤ ❡ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ❤ ❡ ✶✲
♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ✇ ♦ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✭ ✶ ✸ ✷ ❆✱ ✶ ✸ ✸ ❆✮✳ ❲❡✬❧❧ ✜ ♥ ❞ ❤ ❡ ❡ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✇✐ ❤
❤ ❡✐ ❜ ❛ ✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ✐ ♥ ♣ ♦ ❝ ❡ ♦❢ ❡ ✉ ❡ ♥ ✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳ ❚ ❤✐

✇✐❧❧ ✐ ♥ ❡ ✉ ♣ ❤ ❡ ♣ ♦ ❝ ❡ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ ✜ ♥ ❛❧✱ ❛ ✐ ❤ ♦ ✉❧ ❞ ❜ ❡ ✐ ♥ ❤ ❡ ② ♣ ❡ ♦❢ ❤ ❡ ♦ ②✳
■ ♥ ❡ ❝ ♦ ♥ ❞ ✱ ✇ ❡ ♠ ✉ ❝ ♦ ♥ ♥ ❡ ❝ ❤✐ ② ❡ ♠ ♦❢ ❢ ♦ ✉ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❜ ❛ ✐ ✈ ❡ ❝ ♦ ✇✐ ❤ ❤ ❡
❡ ①✐ ✐ ♥ ❣ ② ❡ ♠ ♦❢ ❢ ♦ ✉ ❜ ❛ ✐ ✈ ❡ ❝ ♦ ✲ ❝ ♦❧ ✉ ♠ ♥ ✐ ♥ ♦ ✉ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✵ ✵ ❆✮ ✐ ♥ ❢ ♦ ♠ ✭ ✸ ✻ ✷✮✳

❚ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❞ ❢ ❡ ❡✲ ✈ ❛❧ ✉ ❡ ❞ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ k α ❛ ♥ ❞ k β ❛ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ✶✲
❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ c τ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ♦ ♥ ❡ ❛ ♥ ❞ ✇ ♦ ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠ ✭ ❛ ζ ≥ 3 , k ≥ 2) ✱
❧ ♦ ❣✐ ❝ ❛❧❧ ② ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✿

d iα (c τ )
d (c τ )

α

= K α (c τ ) ·
c o s h γ i · e α

si n h γ i
= K α (c τ ) · p α (c τ ) = k α (c τ ) =

g α

c 2 ,

d iα (c τ )
d (c τ )

= K β (c τ ) ·
c o s h γ p · e β

si n h γ p
= K β (c τ ) · p β (c τ ) = k β (c τ ) =

g β

c 2 .






( 2 2 3 A )

❯ ♥✐ ② ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ 4 ✲ ✈ ❡ ❝ ♦ p α ❛ ♥ ❞ p β ❛ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❞ ❢ ❡ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳
❉ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✐ ♥ γ ✿ i′α = p α ↔ p ′

α = iα ❀ iα ❛ ♥ ❞ p α ❛ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❝ ✉ ✈ ❡ ❧ ♦ ♣ ❡ ❡✐ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡
♦ ❞✐ ✈ ❡ ❣ ❡✳ ❋✐ ❡ ① ♣ ❡ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✷ ✸ ❆✮ ✐ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ✉ ❞ ♦ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ❡ ✶✲
❋ ❡ ♥ ❡ ✕ ❙ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ✱ ❜ ✉ ❡ ❝ ♦ ♥ ❞ ❡ ① ♣ ❡ ✐ ♦ ♥ ♠ ✉ ❡ ✈ ❡ ❛❧ ❤ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✐ ♥ ❤ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡✳
❆❧❧ ❢ ❡ ❡ ✈ ❡ ❝ ♦ p β ❛ ❡ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ iα ✭ ✷ ✷ ✷ ❆✮✱ p α ✐ ♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
♦ iα ✳ ❲❡ ❤ ❛ ✈ ❡ c o s ε = e ′

β e α = e ′
α e β ✳ ❋ ♦ ♠ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ❢ ♦ iα

❛ ♥ ❞ p β ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❣❧ ❡ γ p ❛ ♥ ❞ γ i ✿

{ t a n h γ p = c o s ε ·t a n h γ i ↔ t a n h γ p = c o s ε ·v i / c } → γ p < γ i (γ ∈ [ 0, ∞ ), ε ∈ [ 0; π ]). ( 2 2 4 A )

■❢ e β = e α ✱ ❤ ❡ ♥ iα ❛ ♥ ❞ j1 = p α ❞ ❡ ❡ ♠✐ ♥ ❡ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♣ ♦✐ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■■

✐ ♥ ✭ ✶ ✹ ✻ ❆✮✱ ✭ ✶ ✹ ✾ ❆✮ ❛ ♥ ❞ ❛ ❋✐ ❣ ✉ ❡ ✹✳ ■❢ e ν ⊥ e α ✐ ♥ ⟨ E 2 ⟩ ( m ) ≡ ⟨ e α , e β ⟩ ( m ) ≡ ⟨ v , g ∗ ⟩ ( m ) ✱
❤ ❡ ♥ j2 = p ν ✐ ❛ ❜✐ ♥ ♦ ♠ ❛❧ ✭✐✳ ❡✳✱ ❛ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ✇✐ ❤ ✐ ♠✐ ♥✐ ♠ ❛❧ ♣ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❛

c o s ε = 0 , γp = 0 ✱ ❡ ❡ ❜ ♦ ♦ ♠ ♣ ♦✐ ♥ ♦ ♥ ■■✮✳ ❘ ❡ ❝ ❛❧❧ ❛❧ ♦ ✈ ❡ ② ✉ ❡❢ ✉❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✶ ✸ ✼ ❆✮✿

e β = c o s ε · e α + si n ε · e ν , ✇ ❤ ❡ ❡ ε ∈ [ 0; π ], (e ′
β · e α = c o s ε, e ′

β · e ν = si n ε, e ′
α · e ν = 0) .



✷ ✼ ✷ ❆ ❊ ◆ ❉ ■ ❳

♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✹✲ ✈ ❡ ❝ ♦ k β ❛ ♥ ❞ g β = c 2 · k β ✐ ♥ ✭ ✷ ✸ ✸ ❆✮ ❛ ❡ ❞✐ ❡ ❝ ❡ ❞ ✐ ♥ ✐ ❞ ❡ ❡ ❣✐ ♦ ♥
♦❢ ❝ ♦ ♥ ❝ ❛ ✈✐ ② ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❝ d 2 r ( m ) ♦ ✉ ❝ ❡ ♥ ❡ O ♦❢ ❤ ❡ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✕ ❡ ❡ ❛
❋✐ ❣ ✉ ❡ ✷ ❆✭ ✸✮✿ c o s ε > 0 ❢ ♦ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✭g β > 0 ✮✱ c o s ε < 0 ❢ ♦ ❞ ❡ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✭g β < 0 ✮✳
■❢ c o s ε = ± 1 ✱ ❤ ❡ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❣ ✐ ♣ ❛ ❛❧❧ ❡❧ ♦ ✈ ✭ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ❡ ❝ ✐❧✐ ♥ ❡ ❛ ✮✳
■❢ c o s ε = 0 ✱ ❤ ❡ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❣ ❣✐ ✈ ❡ ♥ ♦ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ♦ ||v || ❛ ♥ ❞ ❧ ❡ ❛ ❞ ♦ ✇ ♦ ❧ ❞
❧✐ ♥ ❡ ❜ ❡ ♥ ❞ ♦ ✇ ❛ ❞ e ν ✱ ✐✳ ❡✳✱ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ♦ ❤ ❡ ❝ ✉ ✈ ❡ ✭ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ❝ ❡ ♥ ✐ ♣ ❡ ❛❧✮✳

❋ ✉ ❤ ❡ ✱ ❢ ♦ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣✱ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝
❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❢ ♦ ♠ ✭ ✷ ✷ ✸ ❆✮ ✇✐ ❤ ❤ ❡✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♥ ♦ ♣ ❛✐ ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 = { I } ❛ ♥ ❞

✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ❜ ❛ ❡ Ẽ m = r ot h Γ
( m )
i · Ẽ 1 = { r ot h Γ

( m )
i } = { F (γ i , e α )} ✳ ❲❡✬❧❧ ❞ ♦ ✐ ♥ ✇ ♦ ❛ ❣ ❡

❤ ❡ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✿ ❛ ❤ ❡ ✶✲ ❛ ❣ ❡✱ ♦❢ ❡❧ ❛ ✐ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❡ ♠ ♦ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❝ ✉ ✈ ❛ ✉ ❡ ❣✐ ✈ ❡ ♥ ❜ ② ✸✲ ✈ ❡ ❝ ♦ ❛ ⟨ E 2 ⟩
( m )
N s ≡ ⟨ e

( m )
α , e ν

( 1 )
⟩❀

❛ ♥ ❞✱ ❛ ❤ ❡ ✷✲ ♥ ❞ ❛ ❣ ❡✱ ♦❢ ❤ ❡ ✐ ♥ ✐ ♥ ✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ♦ ♥ ❤ ❡ ❡ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧

♣❧ ❛ ♥ ❡ ✱ ❣✐ ✈ ❡ ♥ ❤ ❡ ❡ ❜ ② ✹✲ ✈ ❡ ❝ ♦ ❛ ⟨ E 2 ⟩
( m )
N s I I ≡ ⟨ p

( m )
α , b

( 1 )
ν ⟩ ✐ ♥ ❤ ❡ ✜ ♣ ❛ ✐ ❛❧ 3 D ♣ ❛ ❝ ❡✲ ✐ ♠ ❡

⟨ P 2 + 1 ⟩ I I ≡ {⟨ E 2 ⟩
( m )
N s ⊠

−→
ct } ≡ {⟨ E 2 ⟩

( m )
N s ⊠

− − →
y ( m ) } ✭ ❛ ζ = 3 ✮✱ ✇ ❤ ❡ ❡ p α ✐ ❛ ✉ ♥✐ ② ✹✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡

♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ✇✐ ❤ e α ✱ b ν ✐ ❛ ✉ ♥✐ ② ✹✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤ e ν ✳ ❚ ❤ ❡
♦ ❛❧ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ k β ✐ ♥ ✭ ✷ ✷ ✸ ❆✮ ✐ ❛❧ ♦ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ♦ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ✳

■ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ± } ✭ ✶ ✼ ❆✮ ✭ ♦ ✐ ♥ ❤ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝
♦ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✮ ❛ ζ ≥ 3 ✱ ❞ ✉ ❡ ♦ ✭ ✷ ✷ ✸ ❆✮ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✶ ✸ ✼ ❆✮✱ ✇ ❡ ❡ ① ❡ ❝ ✉ ❡
❤ ❡ ✜ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡

✹✲ ✈ ❡ ❝ ♦ ♦❢ ❛ ❢ ❡ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ k β ❛ ♥ ❞ ❡ ✈ ❡ ❛❧✐ ♥ ❣ ❛❧❧ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ❜ ♦❧ ✉ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✿

k β ( c τ ) =
d iα ( c τ )

d ( c τ )
=

d γ p

d ( c τ )
·

c o s h γ p · e β

si n h γ p
=

d γ p

d ( c τ )
· p β ( c τ ) = K β ( c τ ) · p β ( c τ ) ≡ ( 2 2 5 A − I )

≡
d γ i

d ( c τ )
·

c o s h γ i · e α

si n h γ i α

+
si n h γ i · d e α

d ( c τ )
0

( 1 )

γ

=
d γ i

d ( c τ )
·

c o s h γ i · e α

si n h γ i α

+
si n h γ i · d α 1

d ( c τ )
· e ν

0

( 1 )

γ

=

= K α ( c τ ) ·
c o s h γ i · e α

si n h γ i α

+ K ν ( c τ ) ·
e ν

0

( 1 )

γ

= K α ( c τ ) · p α ( c τ ) + K ν ( c τ ) · b ν ( c τ ) ≡

≡
d γ p

d ( c τ )
·

c o s h γ p · e β

si n h γ p
=

d γ p

d ( c τ )
·

c o s ε · c o s h γ p · e α

si n h γ p
+

si n ε · c o s h γ p · e ν

0

( 1 )

=

= K β ( c τ ) ·
c o s h γ p · e β

si n h γ p
= K β ( c τ ) · p β ( c τ ) = K ×

β · p α ( c τ ) +
⊥

K ⋆
β ·b ν ( c τ ) = k ×

β ( c τ ) +
⊥

k ⋆
β ( c τ ) .

❇ ❡❧ ♦ ✇ ✇ ❡ ✉ ❡ ✐ ♥ ✉✐ ✐ ✈ ❡ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❛ ❜❧ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K β ✿

K β =
d γ p

d ( c τ )
=

g β

c 2 ; K ◦
β = si n h γ p · Kβ = K ◦

α = si n h γ i · Kα ; K α =
d γ i

d ( c τ )
=

g α

c 2 ;

K ⋆
β = c o s h γ p · Kβ =

g ⋆
β

c 2 , K ×
β = c o s 2 ε · c o s h 2 γ p − si n h 2 γ p · Kβ = k p · Kβ = K α ;

K ⋆
β = c o s h γ p · c o s ε · Kβ = c o s h γ p · K β = c o s h γ i · Kα = K ⋆

α =
g ⋆

β

c 2 =
g ⋆

α

c 2 ;

⊥
K β =

⊥
g β

c 2 ,
⊥

K ⋆
β =

⊥

g ⋆
β

c 2 = c o s h γ p · si n ε · Kβ = K ν = si n h γ i · d α 1
d ( c τ )

=
v ∗

i w ∗
α 1

c 2 =
g ν

c 2 .

K 2
β = K ⋆

β
2 − K ◦

β
2 = K ⋆

β

2
+

⊥
K ⋆

β

2

− K ◦
β

2 = K ×
β

2

+
⊥

K ⋆
β

2

= K 2
α + K 2

ν = K 2
R ( d γ p

2
+

⊥
d γ p

2

) .






( 2 2 5 A − I I )

❊ ✉ ❛❧✐ ♥ ❣ ✉ ♥ ❞ ❡ I ± ♣ ❛✐ ❡ ❞ ✉ ♠ ♠ ❛ ♥ ❞ ✱ ✇ ❡ ❣ ❡ ♥ ❡ ① ❡❧ ❛ ✐ ♦ ♥ ✇✐ ❤ ϱ > ε : d γ 2
p = c o s h 2 γ p d γ 2

p − si n h 2 γ p d γ 2
p =

= ( c o s 2 ε · c o s h 2 γ p d γ 2
p + si n 2 ε · c o s h 2 γ p d γ 2

p ) − si n h 2 γ p d γ 2
p = ( c o s h 2 γ i d γ 2

i + si n h 2 γ i d α 2
1 ) − si n h 2 γ i d γ 2

i =

= d γ 2
i + si n h 2 γ i d α 2

1 = ( c o s 2 ε · c o s h 2 γ p − si n h 2 γ p ) d γ 2
p + ( si n 2 ε · c o s h 2 γ p ) d γ 2

p = c o s 2 ϱ d γ 2
p + si n 2 ϱ d γ 2

p > 0 .

❙ ✉ ♣ ✐ ✐ ♥ ❣❧ ②✱ ❜ ✉ ✇ ❡ ❣ ❡ ✇ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ d γ p ✕ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✭ ✇✐ ❤ ✉ ♥ ❞ ❡ ✲

❧✐ ♥ ❡ ❢ ♦ ❘ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❆ ❜ ♦❧ ✉ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ✮✱ ❤ ❡ ❧ ❛ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✸ ✷ ❆ ✮ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✦

❚ ❤✐ ♣ ❛ ❛ ❞ ♦ ① ❡❧ ❛ ❡ ♦ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ♦❢ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ② ♦❢ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ❛ n ≥ 2 ✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✼ ✸

p α =
c o s h γ i · e α

si n h γ i
✐ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧✱ ❛ ❛ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦✲

❝ ✉ ✈ ❛ ✉ ❡ K α ✱ ❛ ♥ ❞ k α = K α · p α ✐ ❛ ✹✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ✭ ❝ ♦❧❧✐ ♥ ❡ ❛ ✮ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡❀

b ν =
e ν

0
✐ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✱ ❛ ❤ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K ν ✱

k ν = K ν · b ν ✱ ✐ ✉ ❛ ❡ ❞ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ γ i ✱ ✐ ❛ ✹✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡❀
||d e α ||E

d τ
· d e α

||d e α ||E
= d α 1

d τ
· e ν = w ∗

α 1
· e ν ✐ ❛ ♣ ♦ ♣ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ② ♦❢ e α ✳

❲ ❡ ✉ ❡ ❛ ❡ ✐ ❦ ❢ ♦ ♣ ♦ ♣ ❡ ✐ ❡ ♠ ✱ ❛ ❛ ♥ ❞ ❝✐ ❝❧ ❡ ❢ ♦ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♣ ♦ ❥ ❡ ❝ ✐ ♦ ♥ ✦
❚ ❤ ❡ ❘ ❡❧ ❛ ✐ ✈ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❛ ♦❢ ✭ ✷ ✷ ✺ ❆✮ ✐ ♥ ✸✲ ✈ ❡ ❝ ♦ ❛ ♥ ❞

✉ ❛ ❞ ✐ ❝ ❝ ❛❧ ❛ ❢ ♦ ♠ ✳ ■ ❛ ❝ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N s ≡ ⟨ e

( m )
α , e

( 1 )
ν ⟩ ❢ ♦ ❤ ❡ ❡ ❤ ❡ ❡

♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ❤ ❡✐ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ❛

γ ∈ [ 0, ∞ ), ε ∈ [ 0; π ]✱ ✉ ✐ ♥ ❣ ✭ ✷ ✷ ✺ ❆✮ ✇✐ ❤ ✭ ✶ ✸ ✼ ❆✮ ❛ ♥ ❞ ❝ ♦ ♥ ✜ ♠✐ ♥ ❣ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✭ ✶ ✻ ✷ ❆✮✱ ✭ ✶ ✻ ✸ ❆✮✿





c o s h γ p d γ p · e β = c o s h γ p ( c o s ε d γ p · e α + si n ε d γ p · e ν ) = c o s h γ i d γ i · e α + si n h γ i d α 1 · e ν ,

c o s h 2 γ p d γ 2
p = c o s h 2 γ p ( c o s 2 ε d γ 2

p + si n 2 ε d γ 2
p ) = c o s h 2 γ p [ (d γ p ) 2

E + (
⊥

d γ p ) 2
E ] =

= c o s h 2 γ i d γ 2
i + si n h 2 γ i d α 2

1 ;






⇒

⇒






K β · c o s h γ p · e β = K ⋆
β · e β = c o s ε · K⋆β · e α + si n ε · K⋆β · e ν = K ⋆

β · e α +
⊥

K ⋆
β · e ν =

= K α · c o s h γ i · e α + si n h γ i · d α
d ( c τ )

= K ⋆
α · e α +

v ∗
i · w ∗

α 1

c 2 · e ν = K ⋆
α · e α + K ν · e ν =






⇒

⇒






= k ⋆
β = k ⋆

β +
⊥

k ⋆
β = k ⋆

α + k ν ,

( K ⋆
β ) 2 = ( K ⋆

β ) 2 + (
⊥

K ⋆
β ) 2 = ( K ⋆

α ) 2 + ( K ν ) 2 ;





⇒

⇒






c o s h γ p · g β = g ⋆
β = g ⋆

β +
⊥

g ⋆
β = c o s h γ i · g α · e α + v ∗

i w ∗
α 1

· e ν = g ⋆
α · e α + g ν · e ν ,

c o s h 2 γ p · g 2
β = g ⋆

β
2 = ( g ⋆

β ) 2 + (
⊥

g ⋆
β ) 2 = c o s h 2 γ i · g 2

α + ( v ∗
i w ∗

α 1
) 2 = g ⋆

α
2 + g 2

ν .





( 2 2 6 A )

K β · si n h γ p = K α · si n h γ i ⇔ si n h γ p d γ p = si n h γ i d γ i → d γ p / d γ i > 1 . ( 2 2 7 A )

⇒ c o s h γ p · c o s ε d γ p = c o s h γ p d γ p = c o s h γ i d γ i ⇒ c o s ε = 1 ↔ γ p = γ i , c o s ε = 0 ↔ γ p = 0;

γ p / γ i < 1 − ❡ ❡ ✐ ♥ ✭ ✷ ✷ ✹ ❆ ✮ , ⇒ γ p < γ i ( v p < v i ) , γi = 0 ↔ γ p = 0; d γ p > d γ p > d γ i { γ ∈ [ 0, ∞ ) } .

❋ ♦ ♠ ✭ ✷ ✷ ✺ ❆ ✮ ✕ ✭ ✷ ✷ ✼ ❆ ✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✇✐ ❤ ❤ ❡ ✶✲ ♠ ♦ ❜✐❧ ❡

✐ ❤ ❡ ❞ ♦ ♥ Ê
( 3 )
m = ⟨ p α , b ν , iα ⟩ ✐ ♥ ⟨ P 3 + 1 ⟩ ✉ ♥ ❞ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ✭ ✶ ✼ ❆✲■ ✮✦ ■ ❛ ❝ ♦ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N s I I

≡ ⟨ p
( m )
α , b

( 1 )
ν ⟩ ✐ ♥ ✸ ❉ ⟨ P 2 + 1 ⟩ I I ≡ { ⟨ E 2 ⟩

( m )
N s ⊠

−→
ct } ( ζ = 3 ) ✳ ■ ♥ ❤ ❡ ✐ ❣ ❤

✐ ❛ ♥ ❣❧ ❡ ♦❢ iα ♦ ❛ ✐ ♦ ♥ ✱ ✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♥ ♦ ♠ ❛❧ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✸ ✷ ❆ ✮ ❢ ♦ ❤ ❡
❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✭✦✦✦ ✮✱ ❛ ❛ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ⟨ P 3 + 1 ⟩ ✳ ■ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧
❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✧ ✈ ✧ ✮ ❢ ♦ ♠ ✇✐ ❤ ♦ ✇ ♥ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ✐ ❡ ♠ ✿






k β = K β p β = K ×
β p α +

⊥

K ⋆
β b ν = K α p α + K ν b ν ,

K 2
β = ( K ⋆

β ) 2 − ( K ◦
β ) 2 = ( K ×

β ) 2 + (
⊥

K ⋆
β ) 2 = K 2

α + K 2
ν ,





⇒

g β = g α p α + g ν b ν ,

g 2
β = g ⋆

β
2 − g ◦

β
2 = g 2

α + g 2
ν ,

⇒

⇒






d γ p · p β = d γ i · p α + si n h γ i d α 1 · b ν , ( p ′
α · I ± · p α = + 1 , b ′

ν · I ± · b ν = + 1 )

d γ 2
p = d γ 2

i + si n h 2 γ i d α 2
1 = c o s 2 ϱ d γ p

2 + si n 2 ϱ d γ p
2 = d γ p

2

P
+

⊥

d γ p

2

E

> 0 .





( 2 2 8 A )

❍ ❡ ❡ d γ p = d λ R / R, ϱ > ε ✳ ❇ ② ❤✐ ❊ ❣ ❡ ❣✐ ✉ ♠ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢ ❉✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②

✭ ✶✲ ❢ ♦ ♠ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝✮✱ ✇ ❡ ❡ ❞ ✉ ❝ ❡ ❤✐ ♠✐ ① ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧ Ẽ 1 ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
❛ ♥ ❞ ♦ ♥ ■■ ❛ ❛ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ❛ ❝ ❛ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ d γ p ✐ ♥ ❤ ❡ ✜ ♥ ❛❧

❜ ❛ ❡ Ẽ m ✳ ❍ ❡ ❡ g β ✐ ❛ ✉ ♠ ♠ ❛ ② 4 ✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ♦❢ M ✱ ❜ ✉ ❛❧ ♦ ♥ ❣ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ d γ p ✭ ❛ ✈ ❡❧ ♦ ❝✐ ②
v p = c · t a n h γ p ✮✳ ❇ ♦ ❤ ❛ ❡ ❝ ♦❧❧✐ ♥ ❡ ❛ ❞ ✉ ❡ ♦ ✭ ✷ ✷ ✺ ❆✮✳ ❚ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ d c o s h γ p = d c o s h γ i ✐ ♥❢ ❡ ✱

❤ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✐ ❡ ✉ ❛❧ ♦ ♦ ♥ ❡ ✐ ♥ Ẽ 1 ✱ ✇ ❤ ❡ ❡ ❡ ❛❧ ✈ ❡❧ ♦ ❝✐ ② v i ❛ ❝ ❛ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳



✷ ✼ ✹ ❆ ❊ ◆ ❉ ■ ❳

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♠ ♣❧ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ♥ ✶ ✾ ✵ ✺ ✕ ✶ ✾ ✵ ✻ ❬ ✻ ✸✱ ✻ ✹❪ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ♥ ❡ ✇
❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ❜ ♦❧ ✉ ❡ ❞ ② ♥ ❛ ♠✐ ❝ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡

❝❧ ❛ ✐ ❝ ❛❧ ◆ ❡ ✇ ♦ ♥✬ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛ ♥ ❞ ❙ ❚ ❘ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✭ ❈ ❤ ✳ ✺ ❆✱ ✼ ❆✮✱ ✇ ❡ ❣ ❡ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ❢ ♦
❛ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❝ ❛ ♣ ❛ ❝✐ ② ♦❢ ❤ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡❧ ② ♠ ♦ ✈✐ ♥ ❣ ❜ ♦ ❞ ② M ✳ ■ ♥ ❞ ❡ ❡ ❞✱ ❤ ❡ ❢ ❛ ❝ ♦
si n h γ p d γ p = si n h γ i d γ i → d c o s h γ p = d c o s h γ i ✐ ♥ ✭ ✷ ✷ ✼ ❆✮ ❝ ❛ ✉ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥ ✿

v ∗
p · g β = v ∗

i · g α → v ∗
p · m 0 g β = v ∗ i ·m 0 g α = v ∗

p · F β = v ∗
i · F α → N ( s )

∗
p

= N ( s )
∗
i

✐ ♥ Ẽ m ❛ ♥ ❞ Ẽ 1 ✦

❚ ❤ ❡ ✈ ❛❧ ✉ ❡ γ p ❛ ♥ ❞ v p = c · t a n h γ p = c o s ε · v i = c o s ε · c · t a n h γ i ❛ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❜ ② ✭ ✷ ✷ ✹ ❆✮✳
❍ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ♠ ♦ ❞ ❡❧ ✭ ❤ ❡ ❡ ❛ ♦ ♣ ■■✮ ✐ ✉ ❡❢ ✉❧ ❢ ♦ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ✳

❲❡ ❛ ✇ ❤✐ ♦ ♥ ❤ ❡ ♥ ✉ ♠ ❡ ♦ ✉ ❡ ① ❛ ♠ ♣❧ ❡ ❜ ❡❢ ♦ ❡✳ ■ ♥ ❤ ❡ ❣✐ ✈ ❡ ♥ ❝ ❛ ❡✱ ❞ ✉ ❡ ♦ ✭ ✷ ✷ ✽ ❆✮✱ ❤ ❡ ✉ ♠ ♠ ❛ ②

✈ ❡❧ ♦ ❝✐ ② v p ♦ ❛ ♥ ❣❧ ❡ γ p ✐ ♥ ❤ ❡ ✜ ♥ ❛❧ ❜ ❛ ❡ Ẽ m ✐ ❧ ❡ ❤ ❛ ♥ ✈ ❛❧ ✉ ❡ ♦❢ v i ♦ γ i ✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❜ ❛ ❡ Ẽ 1 ✳

■❢ v i ♦ γ i ✐ ③ ❡ ♦✱ ❤ ❡ ♥ ❤ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g α ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ i ✐ ♥ ✉ ❝ ❤ ❛ ♥ ✐ ♠ ♠ ♦ ❜✐❧ ❡ ❜ ❛ ❡ Ẽ 1 ❛ ❡
❜ ❡ ❝ ♦ ♠ ❡ ❛ ✐ ♥ ❡ ♥ ❛❧ ♦ ♥ ❡ ✇✐ ❤ ♥ ❡ ❝ ❡ ❛ ② ③ ❡ ♦ g ν ❛ ♥ ❞ d α 1 ✳ ❋ ♦ ♠ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ❤ ❡ ✉ ♠ ♠ ❛ ②
❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g β ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ p ✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ m ✐ ❜✐ ❣ ❣ ❡ ❤ ❛ ♥ ✈ ❛❧ ✉ ❡ ♦❢ g α ❛ ♥ ❞ d γ i ✐ ♥ ❤ ❡

❜ ❛ ❡ Ẽ 1 ✳ ■❢ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② v p ♦ ❛ ♥ ❣❧ ❡ γ p ✐ ③ ❡ ♦✱ ❤ ❡ ♥ ❤ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g β ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧

d γ p ✐ ♥ ✉ ❝ ❤ ❛ ♥ ✐ ♠ ♠ ♦ ❜✐❧ ❡ Ẽ m ❛ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ❛ ✐ ♥ ❡ ♥ ❛❧ ♦ ♥ ❡ ✳ ■ ♥ ✉ ❝ ❤ ❛ ♥ ✐ ♠ ♠ ♦ ❜✐❧ ❡ ❜ ❛ ❡ Ẽ m ✱
❤ ❡ ✉ ♠ ♠ ❛ ② ✐ ♥ ❡ ♥ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g β ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ p ❛ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ✐ ♥ ♦

♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ♦ ♥ ❡ ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② v i ♦ ✈ ❡ ❝ ♦ e α ❀ ❛ ♥ ❞ ❛ γ i = 0 ↔ γ p = 0 ✱
❤ ❡ ♥ γ p = γ i = 0 ✳ ❲❡ ❣ ❡ ❤ ❡ ▲ ♦ ❝ ❛❧ ❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ❛ ❝ ✐ ♥ ❣ ✐ ♥ ❤ ❡

✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N s ❛ ♥ ❞ ❣✐ ✈ ❡ ♥ ♥ ♦ ♥✲ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ✐ ♥ ✭ ✶ ✹ ✺ ❆✮✱ ❈ ❤✳ ✼ ❆✱ ♥ ♦ ✇ ❢ ♦ ♠ ✭ ✷ ✷ ✽ ❆✮

❛ ❤ ❡ ♣ ✉ ❡❧ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ❛ ❡ ✇✐ ❤ ✉ ❝ ❤ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ♥ ❛❧ d γ p ❛ ♥ ❞ g β ✿





d γ p · e β = d γ i · e α + si n h γ i d α 1 · e ν ,
{ d λ / R } 2 = d γ 2

p = d γ 2
i + si n h 2 γ i d α 2

1 =

= ( c o s ε d γ p ) 2 + ( si n ε d γ p ) 2 = ( d γ p ) 2
E + (

⊥
d γ p ) 2

E ,





⇒






k β = k β +
⊥
k β = k α + k ν ,

K 2
β = K β

2
+

⊥
K

2

β = ( K α ) 2 + ( K ν ) 2 ,





⇒

⇒






g β = g β +
⊥
g β = c o s h γ i · g α · e α + v ∗ · w ∗

α 1
· e ν = g α · e α + g ν · e ν ,

g 2
β = ( g β ) 2

E + (
⊥
g β ) 2

E = c o s h 2 γ i · g 2
α + ( v ∗ · w ∗

α 1
) 2 = g α

2 + g ν
2 .

( 2 2 9 A )

❍ ❡ ❡ ✇ ❡ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❙ ❚ ❘ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ♥ ❡
❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g β ✐ ♥ ♦ ♣ ❛ ❛❧❧ ❡❧ g α ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ g ν ♦ ♥ ❡ ✦ ■❢ ❜ ✐ ❡ ✢ ②✱ ✐ ♥ ✭ ✷ ✷ ✾ ❆✮✱ ✭ ✶ ✹ ✺ ❆✮ ❛ ♥ ❞ ✭ ✷ ✷ ✻ ❆✮✱
❢ ♦ ♠ ❛❧❧ ② ✇ ❡ ❛ ♣ ♣❧ ② ❛❧ ♦ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❛ ✐❢ ✜ ♥ ❛❧ ❤ ❡ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ✈ ❡ ❝ ♦ e β

✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦❢ ⟨ P 3 + 1 ⟩ ✉ ✐ ♥ ❣ ♦ ✉ ✉ ❡❢ ✉❧ ✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✸ ✼ ❆✮ ❢ ♦ ♠ ❈ ❤✳ ✼ ❆✳
■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✇ ❡ ✐ ♥❢ ❡ ❡ ❞ ❤ ❛ ✐ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ♥ ♦ ♠ ❛❧ ✐ ♥ ❡ ✸✲ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

si n h γ i d α 1 · b ν ❞ ♦ ❡ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡✱ ✐ ♥ ❝ ❡ e ν ✐ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ e α ✳
❲❡ ❛ ❣ ❛✐ ♥ ❛ ❡ ❤ ❡ ❢ ✉❧ ✜❧❧ ♠ ❡ ♥ ♦❢ ❤ ❡ ❍ ❡ ❣❧ ♦ ③ ✐ ♥ ❝✐ ♣❧ ❡ ❬ ✽ ✹❪ ✕ ❡ ❡ ✐ ✐ ♥ ❈ ❤ ✳ ✷ ❆ ❛ ♥ ❞ ✹ ❆✳
❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❢ ♦ ♥ ♦ ♠ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ Ẽ 1 ✇ ❡ ❞✐ ❞ ♥ ♦ ✉ ❡ ♣ ❡ ❝✐ ❛❧ ❛ ❡ ✐ ❦ ❛ ❢ ♦ ♣ ❛ ❛❧❧ ❡❧ ♦ ♥ ❡ ✳

● ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ✭ ✷ ✷ ✽ ❆✮ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣ ❡ ♥ iα ✇✐ ❤ ✇ ♦ ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠✿
❛ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ❝ d γ i ❛ ♥ ❞ ❛ ❛ ✐❢ ❝ ✉ ✐ ♥ ❣ ❛ ❝ d α 1 ✳ ■ ♥ ❞ ❡ ❡ ❞✱ ❛ ❜ ♦ ✈ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ♦ ♥❧ ② ✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡
✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E 2 ⟩✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡ d α 1 ✇✐ ❤ ✐ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥

−→
ct

❛ ♥ ❞ ⟨ E 2 ⟩ ✐ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ✈ ❡ ❝ ♦ ✉ ♠ ❛ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ✉ ♥✐ ② ♥ ♦ ♠ ❛❧ ✐ ♠ ❡✲ ❛ ♦ ✇ iν ✳ ✭ ❆❧ ♦ ✉ ♥ ❞ ❡
♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ✳✮ ❙ ✉ ❝ ❤ ❝ ✉ ✐ ♥ ❣ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ♠✐ ①✐ ♥ ❣ ✐ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ c o s h γ i d α 1 ✇✐ ❤
❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ c o s h γ i d γ i ✐ ♥ d γ i · p α ✐ ♥ ✭ ✷ ✷ ✽ ❆✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛ γ i = ❝ ♦ ♥ ✱ ✐ ♠✐❧ ❛

♠✐ ①✐ ♥ ❣ ✐ ❛ ❜ ❡ ♥ ✱ ❛ ♥ ❞ ✇ ❡ ❝ ❛ ♥ ❡ ① ❡ ❝ ✉ ❡ ❛ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ♦ ✭ ✷ ✷ ✺ ❆✮ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥
❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ✹✲ ✈ ❡ ❝ ♦ d α 1 · iν ✐ ♥ ♦
✐ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✳ ❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ✉ ❝ ❤ ✇ ♦✲ ❡ ♣ ✐ ♠ ❡✲❧✐ ❦ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
♠ ♦ ✐ ♦ ♥ ♠ ✉ ❤ ❛ ✈ ❡ ♦ ✇ ♥ ✐ ❤ ❡ ❞ ♦ ♥ ✐ ♥ ⟨ P 2 + 1 ⟩✱ ❜ ✉ ✭ ❛ ✇ ❡ ❤ ❛❧❧ ❡ ❡✮ ✐ ♥ ❤ ❡ ❝ ❡ ♥ ❛❧ ③ ♦ ♥ ❡ ♦❢ ❤ ❡
❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✇✐ ❤ ❤ ❡ ♦ ✇ ♥ ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠✳
❲❡✬❧❧ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❤✐ ❝ ❡ ♥ ❛ ✐ ♦ ❧ ❛ ❡ ❢ ♦ ❝ ♦ ❡ ❝ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❜ ② ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❤ ❡
✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❤ ❡ ✷✲ ♥ ❞ ② ♣ ❡ ♦❢ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✭✐ ♥

❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ✐ ♠ ❡✲❧✐ ❦ ❡ ✉ ♥✐❢ ♦ ♠ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❈ ❤✳ ✺ ❆✮✳ ■ ♥ ❤ ❡ ❋ ❡ ♥ ❡ ✲ ❙ ❡ ❡ ❤ ❡ ♦ ②
♦❢ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ⟨ E 3 ⟩✱ ❤ ❡ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ② ✇✐ ❤ ♠✐ ①✐ ♥ ❣ ✐ ♥ ❤ ❡ ✐ ❤ ❡ ❞ ♦ ♥ ❜ ② ❋ ❡ ♥ ❡ ♦❢ ❤ ❡

❛ ♥ ❣ ❡ ♥ ♦ ❛ ❝ ✉ ✈ ❡ ❛ ♥ ❞ ✐ ♦ ✐ ♦ ♥ ✭✐ ♥ ❚ ❚ ✐ ✐ ❤ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣
−→
ct ✮ ✐ ❤ ✉ ❤ ❡ ❞ ✉ ♣

❜ ② ❛ ✉ ❤ ♦ ♦❢ ❡ ① ❜ ♦ ♦ ❦ ✐ ♥ ❉✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ● ❡ ♦ ♠ ❡ ②✳ ❖ ✉ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲
❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✇✐ ❤ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ❡ ✈ ❡ ❛❧ ❡ ❞ ❛ ♥ ❞ ❡❧✐ ♠✐ ♥ ❛ ❡ ❞ ✉ ❝ ❤ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ②✦



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✼ ✺

❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❜ ♦ ❤ ❤ ❡ ♦ ❡ ♠ ✭ ✷ ✷ ✻✮ ❛ ♥ ❞ ✭ ✷ ✷ ✽ ❆✮✱ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♠ ❡ ❛ ♥✐ ♥ ❣ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❝ d γ ✐ ♥ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✭ ✶ ✼ ✶ ❆✮ ❤ ❛ ❜ ❡ ❝ ♦ ♠ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❝❧ ❡ ❛ ✭ ✇✐ ❤ d γ = d γ p ✮✳

❤ ② ✐ ❝ ❛❧❧ ②✱ ✐ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ♥ ♦ ♠ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥✳ ❲✐ ❤
✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❡ ① ♣ ❡ ✐ ♦ ♥ ✱ ❡ ① ❛ ❝ ❡ ❞ ❢ ♦ ♠ ✶✲ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✷ ✻ ❆✮✱ ✇ ❡ ❣✐ ✈ ❡ ❜ ♦ ❤ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✱
✇ ❤ ❡ ♥ γ p = 0 ❛ ♥ ❞ ✇ ❤ ❡ ♥ γ p ≠ 0 ✱ ❛ ✐ ❣ ♦ ♦ ✉ ❧ ② ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩✱
♣ ♦ ❞ ✉ ❝ ❡ ❞ ♥ ♦ ✇ ❜ ② ❤ ❡ ❡ ♥ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ⟨ P 3 + 1 ⟩ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♠ ❡ ❡ ♥ ♦ I ± ✿

c o s h γ p · si n ε d γ p =
⊥

d γ p = si n h γ i d α 1 ⇒ c o s h γ p · si n ε · g β =
⊥
g β = v ∗

i · w ∗
α ( γ p ≠ 0 ) ,

si n ε d γ p =
⊥

d γ p = si n h γ i d α 1 ⇒ si n ε · g β =
⊥
g β = v ∗

i · w ∗
α ( γ p = 0 ) .

( 2 3 0 A )

❚ ❤ ❛ ♥ ❦ ♦ ❤✐ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥✱ ✇ ❡ ♠ ❛ ② ❛ ❞ ❞ ♦ ❤ ❡ 2 D ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✷ ✻ ❆✮
❛ ♥ ❞ ✭ ✷ ✷ ✽ ❆✮ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ❤✐❢ − d θ ❢ ♦ ♠ ✭ ✶ ✼ ✷ ❆✮ ✇✐ ❤ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡ − w θ

❛ ♦ ✉ ♥ ❞ ❤ ❡ ✸✲ ❞ ♥ ♦ ♠ ❛❧ ❛ ①✐ e µ ≡ e α × e ν ✱ ✇✐ ❤ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ♦❢ ✇ ❤ ♦❧ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧
♠ ♦ ✐ ♦ ♥ ✭ ✷ ✷ ✺ ❆ ✮ ♦ ♥ ❤ ❡ ✸ ❉ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡ ⟨ P 3 + 1 ⟩✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❤✐❢
❛ ♥ ❞ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ c o s h γ i d α 1 · e µ ✐ ♥ ✭ ✶ ✼ ✸ ❆ ✮✦
■ ✐ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❡ ❛❧ ❛ ❝ d α 1 ❛ ♥ ❞ ✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❝ ❛ ✉ ❡ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛
❞ ❡❢ ❡ ❝ ❜ ② ▲ ❛ ♠ ❜ ❡ ✇✐ ❤ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ❞ ❡ ❡ ❝ ❡ ❞ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❜ ② ❚ ❤ ♦ ♠ ❛ ✕ ❡ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❤ ❡
❡ ♥ ❞ ♦❢ ❈ ❤✳ ✼ ❆ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ❛❢ ❡ ✭ ✷ ✸ ✽ ❆✮✳ ■ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ♦❢ ❈ ❤✳ ✼ ❆✱ ✇ ❡ ❡ ✈ ❡ ❛❧ ❡ ❞ ❤✐ ✐ ♥ ❞ ✉ ❝ ❡ ❞
♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ♠ ❛ ✐ ① ❢ ♦ ♠✱ ❜ ✉ ❢ ♦ ✇ ♦✲ ❡ ♣ ♥ ♦ ♥✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✳

✯ ✯ ✯
■ ♥ ✭ ✷ ✷ ✽ ❆ ✮ ✸ ✈ ❡ ❝ ♦ p α ( c τ ) ✱ b ν ( c τ ) ✱ iα ( c τ ) ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ♠ ♦ ❜✐❧ ❡ ❜ ❛ ❡ ♦ ❤ ❡ ✜ ✸ ❉ ✐ ❤ ❡ ❞ ♦ ♥

Ê
( 3 )
m = ⟨ p α ( c τ ) , b ν ( c τ ) , iα ( c τ ) ⟩ ✐ ♥ ⟨ P 2 + 1 ⟩ I I ✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ✐ ♥ ⟨ P 3 + 1 ⟩ ✱ ✐ ♠ ✉ ❜ ❡ ✉ ❜ ❜ ❛ ❡ ♦❢ ❤ ❡

❝ ❛ ❞✐ ♥ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ê
( 4 )
m = ⟨ j 1 ( c τ ) , j 2 ( c τ ) , j 3 ( c τ ) , i( c τ ) ⟩ ✳ ❉✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♥ ❣ ❛ ♥ ② ♦ ♥ ❡ ♦❢

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ a 1 ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❛ ✐ ♦ ♥
❛ ♦ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ✈ ❡ ❝ ♦ a 2 ✇✐ ❤ ❤✐ ❞ ✈ ❡ ❝ ♦ a 3 ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦ ❛ ♣❧ ❛ ♥ ❡ ❢ ♦ ♠ ❡ ❞ ❜ ② a 1 ❛ ♥ ❞ a 3 ✳ ❚ ❤ ❡ ♥
❢ ♦ ✉ ❤ ❡ ❡ ❞ ❜ ❛ ✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦ a 4 ♦ ✉ ✐ ❞ ❡ ❤✐ ✐ ❤ ❡ ❞ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ♠ ✉ ❜ ❡ ✐ ♠ ♠ ♦ ❜✐❧ ❡✦ ❆ ❡ ✉❧ ♦❢
❤✐ ♦ ❛ ✐ ♦ ♥ ✐ a 3 ✳ ❚ ❤✐ ❡ ✉❧ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❤ ❡ ❡ ✉❧ ♦❢ ✈ ❡ ❝ ♦ ♣ ♦ ❞ ✉ ❝ a 1 × a 2 = ± a 3 ✇✐ ❤ ✐
✐ ❣ ❤ ✐ ❣ ♥✳ ❇ ❡❧ ♦ ✇✱ ❢ ♦ ✐❧❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✇ ❡ ❣✐ ✈ ❡ ❤ ❡ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❚ ❛ ❜❧ ❡ ✇✐ ❤ ✐ ❣ ♥ ❢ ♦ ✉ ❝ ❤

✈ ❡ ❝ ♦ ♣ ♦ ❞ ✉ ❝ ❢ ♦ ✇ ♦ ✐ ❤ ❡ ❞ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❛ ❢ ❛ ♠ ❡ ❛ ①✐ iα ❛ ♥ ❞ ⟨ Q 2 + 1 ⟩ ✇✐ ❤ ❛ ❢ ❛ ♠ ❡ ❛ ①✐ j 3 ✳

❢ ♦ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡⟨ P 3 + 1 ⟩ ✐ ♥ ⟨ E 3 ⟩ ( m ) ⊂ ⟨ P 3 + 1 ⟩

p α b ν iα

p α 0 + iα + b ν

b ν − iα 0 + p α

iα − b ν − p α 0

,

p α b µ iα

p α 0 − iα − b µ

b µ + iα 0 − p α

iα + b µ + p α 0

;

j 1 j 2 j 3

j 1 0 + j 3 − j 2

j 2 − j 3 0 + j 1

j 3 + j 2 − j 1 0

.

✶✲ ✐ ❤ ❡ ❞ ♦ ♥ Ê
( 3 )
m = ⟨ p α , b ν , iα ⟩ ✷✲ ♥ ❞ ✐ ❤ ❡ ❞ ♦ ♥ Ê

( 3 )
m = ⟨ p α , b µ , iα ⟩ ( ❛ ♥ ❞ ✐ ♥ ⟨ E 3 ⟩ ( m ) ⊂ ⟨ P 3 + 1 ⟩ )

■ ♥ ✜ ♥ ❛❧✱ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❜ ♦ ❤ ✐ ❤ ❡ ❞ ♦ ♥ ♠ ✉ ❢ ♦ ♠ ❤ ❡ ❡ ❛ ❤ ❡ ❞ ♦ ♥✳

❉ ✉ ❡ ♦ ❤ ❡ ❡ ❚ ❛ ❜❧ ❡ ♦❢ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ✭✐ ♥ ❤ ❡ ❧ ❡❢ ♦ ♥ ❡ ❢ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✱ ✐ ♥ ❤ ❡ ✐ ❣ ❤
♦ ♥ ❡ ❢ ♦ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦ ♦ ✐ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( m ) ✕ ✐ ♥ ❤ ❡ ❧ ❛ ❡ ✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ❢ ♦ ❤ ❡
❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❛ ♦ ✉ ♥ ❞ ✐ ❛ ①✐ b µ ✇✐ ❤ ✈ ❡❧ ♦ ❝✐ ② w ∗

θ ✮✱ ✐ ♥ ❤ ❡ ✉ ♣ ♣ ❡ ♦ ✇ ✇ ❡ ❝ ❤ ♦ ❡ ❤ ❡ ♦ ❛ ❡ ❞
✭ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ❡ ❞ ✮ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❧ ❡❢ ❝ ♦❧ ✉ ♠ ♥ ✇ ❡ ❝ ❤ ♦ ❡ ❤ ❡ ❛ ①✐ ♦❢ ✐ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✉ ❜ ♣ ❛ ❝ ❡
♦❢ ♦ ❛ ✐ ♦ ♥✳ ■ ♥ ❤ ❡ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥✱ ✇ ❡ ❣ ❡ ❤ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ♣ ♦ ❞ ✉ ❝ ✳ ❙ ♦✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✇ ❡ ❣ ❡ iα × p α = + b ν ✳
❚ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❡ ❛ ♦ ♥ ❢ ♦ ❤✐ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ✐ ❣ ♥ ✐ ❤ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♣ ❡ ❡ ✈ ❡ ❤ ❡✐ ✐ ❣ ♥
❞ ✉ ✐ ♥ ❣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥✱ ✇ ❤✐❧ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ✳ ❚ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ✐ ❣ ♥ ♦❢ ❜ ♦ ❤ ❤ ❡ ♦ ✐ ❡
✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ❡❧✐ ♠✐ ♥ ❛ ❡ ❞ ❜ ② ♦ ♣ ❡ ❛ ✐ ♦ ♥ b ν ↔ b µ ✱ ❞ ✉ ❡ ♦ ♦ ✉ ❝ ❤ ♦ ❡ ♥ ❛ ❡ ❣✐ ❝ ♣❧ ❛ ♥✳

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❤ ❡ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✳  ❉✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣
❤ ❡ ❝ ✉ ✈ ❡ ❛ ❛ ✇ ♦ ❧ ❞✲❧✐ ♥ ❡ ❧ ❡ ❛ ❞ ❤ ❡ ❡ ♦ ❤ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ❝ ❡ ❡ si n h γ → c o s h γ →

si n h γ... ❛ ♥ ❞ c o s h γ → si n h γ → c o s h γ... ❢ ♦ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■ ■ ✭ ❋✐ ❣ ✉ ❡ ✹ ✮✱ ✇ ❤ ❡ ❡
✇ ❡ ❤ ❛ ✈ ❡ ✐ ❣ ♥ ” + ” ❢ ♦ ❜ ♦ ❤ ❤ ❡ ❝ ♦ ♥ ❝ ❛ ✈ ❡ ❛ ❝ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■ ■✳ ❋ ♦ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝
✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡ ✕ ❙ ❡ ❡ ❤ ❡ ♦ ②✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✉ ❝ ❤ ♣ ♦ ❝ ❡ ❡ ❢ ♦ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞
✭ ❈ ❤✳ ✽ ❆ ✮ ✇✐ ❤ ✐ ❣ ♥ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ✿ si n φ → c o s φ → − si n φ... ❛ ♥ ❞ c o s φ → − si n φ → − c o s φ....

✯ ✯ ✯



✷ ✼ ✻ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣✐ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ L 3 + 1 ⟩ ✱ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♥ ♦ ♠ ❛❧ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❡ ❛ ♣ ♣❧✐ ❡ ❞✱
❜ ✉ ❛ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ❞ ♦ ❡ ♥ ♦ ❡ ①✐ ✳ ◆ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ♣ ♦✐ ♥ M ♦ ♥ ❛ ✇ ♦ ❧ ❞

❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
K ≡ ⟨ e α , e β ⟩ ( m ) ≡ ⟨ v , g ⟩ ( m ) ✐ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✲ ❛ ✣ ♥ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ L 3 + 1 ⟩

✭ ❡ ❡ ❈ ❤✳ ✶ ❆ ✮✱ ✐ ✐ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

u ( t) =
x
t

,
d u

dt
=

v
1

=
v · e α

1
,

d 2 u

dt 2
=

g
0

=
g · e β

0
=

d v
dt

· e α

0
+

v · d e α
dt

0
=

g · e α

0
+

⊥
g ·e ν

0
,

✇ ❤ ❡ ❡ g =
d v

dt
= g · c o s ε,

⊥
g = v ·

||d e α ||E

dt
= v · w α =

v 2

r
= g · si n ε ;

g 2 = ( g ) 2 + (
⊥
g ) 2 , g = g +

⊥
g , g || v ,

⊥
g ⊥ v (

⊥
g = g − g ) .

❍ ❡ ❡ g ( t) ✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ❛❧ ♦ ♥ ❣ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ e α ♦❢ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② v ❛ ♥ ❞ ❤ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ✐ ♦ ♥ e η ♦❢ ❤ ❡

♣ ✐ ♥ ❝✐ ♣ ❛❧ ♥ ♦ ♠ ❛❧ ♦ ❤ ❡ ❝ ✉ ✈ ❡ ✐ ♥ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ♦❢ ❤ ❡ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ L 3 + 1 ⟩ ✱

❜ ✉ ✇✐ ❤ ✐ ♥ ❣❧ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠✦

✯ ✯ ✯
❙✐ ♥ ❝ ❡✱ ❛ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥✱ ❛ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ❝ ✉ ✈ ❡✬ ❛ ❝ ✐ dl = K · R ✱ ❤ ❡ ♥ ❤ ❡ ✶✲ ♣ ❛ ♦❢ ✭ ✷ ✷ ✸ ❆ ✮ ✐

♣ ❡ ✉ ❞ ♦ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ❡ ✶✲ ❋ ❡ ♥ ❡ ✕ ❙ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛✱ ❣ ♦ ❡ ♥ ❜ ② ❛ ♣ ✉ ❡❧ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✇ ❛ ②✳
❙ ♦✱ ✉ ✐ ♥ ❣ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ γ ✐ ♥ ❤ ❡ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✱ ✇✐ ❤ ❛ ❝ d γ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿

d i = p d γ ⇔
d i

d γ
= p ⇔

d i

R d γ
=

d i

d ( c τ )
=

d γ

d ( c τ )
· p =

p

R γ
= K γ · p . ( 2 3 1 A − I )

❋ ♦ ❡ ❣ ✉❧ ❛ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ✉ ✈ ❡ ✇✐ ❤ e α = c o n s t ✐ ♥ ✐ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣ ❛ ❝ ❡ ⟨ Q 2 + 1 ⟩ ✇✐ ❤ ❡ ♣ ❡ ❛ ①✐ −→y ✭ ❈ ❤✳ ✽ ❆ ✮✱ ✉ ✐ ♥ ❣ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣❧ ❡ φ ✱ ✇✐ ❤ ❛ ❝ d φ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥✱ ❜ ②

❛ ♣ ✉ ❡❧ ② ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✇ ❛ ②✱ ✉ ❛ ✐ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ❡ ✶✲ ❋ ❡ ♥ ❡ ✕ ❙ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛✿

d e = n d φ ⇔
d e

d φ
= n ⇔

d e

R d φ
=

d e

dl
=

d φ

dl
· n =

n

R φ
= K φ · n . ( 2 3 1 A − I I )

✯ ✯ ✯
❈ ♦ ♥ ✐ ♥ ✉✐ ♥ ❣ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ♣ ♦ ❝ ❡ ✱ ✇ ❡ ❡ ❛❧✐ ③ ❡ ❤ ❡ ♥ ❡ ① ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣

❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❜ ✉ ♥ ♦ ✇ ❛ ♦❢ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ♦ ✜ ♥ ❞ ❤ ❡ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥
♣ ❛ ❛ ♠ ❡ ❡ ✐ ♥ ❤ ❡ ✸ ❉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P ( 2 + 1 ) ⟩ I ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❛ ② ♦ ✭ ✷ ✷ ✽ ❆✮ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ∓ }
❛❧ ♦ ❢ ♦ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ②✳ ◆ ♦ ✇ ✇ ❡✬❧❧ ❝ ♦ ♥ ✐ ❞ ❡ ❤✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❧ ♦ ❣✐ ❝ ❛❧❧ ② ❛ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ✇✐ ❤
❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳ ❋ ♦ ❝ ❡ ❛✐ ♥ ②✱ ✐ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣✱ ✇ ❡ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ♦ ♥❧ ②
❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ✈ ❛ ✐ ❛ ♥ ♦❢ ✉ ♠ ♠ ❛ ② ❛ ♥ ❣ ✉❧ ❛ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✭ ❡❧ ❛ ✐ ♥ ❣ ♥ ❛ ♠ ❡❧ ② ♦ ❤ ❡

❙ ❚ ❘✮✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ❣✐ ✈ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✕ ❡ ❡ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞✲■ ✐ ♥ ✭ ✶ ✸ ✸ ❆✲ ❍✮ ❛ ♥ ❞ ✭ ✶ ✸ ✸ ❆✲ ❙✮ ✐ ♥ ❈ ❤✳ ✼ ❆✳

❚ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❞ ❢ ❡ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ iα ❛ ♥ ❞ iκ ❛ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ✷✲ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✲
✐ ❛ ✐ ♦ ♥ ✐ ♥ c τ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛❢ ❡ ✭ ✷ ✷ ✸ ❆✮ ✇✐ ❤ ♦ ♥ ❡ ❛ ♥ ❞ ✇ ♦ ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠ ✭ ❛ ζ = 4 ✮✿

d p α (c τ )
d (c τ )

α

= K α (c τ ) ·
si n h γ i · e α

c o s h γ i α

= K α (c τ ) · iα (c τ ) = q α (c τ ) =
jα

c 2 ,

d p α (c τ )
d (c τ )

= Q κ (c τ ) ·
si n h γ q · e κ

c o s h γ q
= Q κ (c τ ) · iκ (c τ ) = q κ (c τ ) =

jκ

c 2 .






( 2 3 2 A )

▲ ❡ ✬ ❛ ❞ ♦ ♣ ❡❧ ❛ ✐ ♦ ♥ ❛ ✭ ✶ ✸ ✼ ❆✮ ❢ ♦ ♥ ❡ ✇ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ♥ ✭ ✷ ✸ ✷ ❆✮ ✇✐ ❤ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❛ ✭ ✷ ✷ ✹ ❆✮
❢ ♦ ♠ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♦❢ p α ❛ ♥ ❞ iκ ✱ ✇✐ ❤ ❛ ❢ ❡ ❡ ❞✐ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ❝ ♦ e κ ✉ ♥ ❞ ❡
✐ ♥ ❡ ❧ ♦ ♣ ❡ ♦ e α ❛ ♥ ❞ ✸✲ ❞ ❞✐ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ❝ ♦ e µ = e α × e ν ❛❧ ♦ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✿✿

e κ = si n ϵ · e α + c o s ϵ · e µ , ϵ ∈ [ 0; π ], (e ′
κ · e α = si n ϵ, e ′

κ · e µ = c o s ϵ, e ′
α · e µ = 0) . ( 2 3 3 A )

❋ ♦ ♠ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ❢ ♦ p α ❛ ♥ ❞ iκ ✱ ✇ ❡ ❣ ❡ ❡❧ ❛ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ② ♦ ✭ ✷ ✷ ✹ ❆✮✿

{ t a n h γ i = si n ϵ · t a n h γ q ∼ c o t h γ q = si n ϵ · c o t h γ i } → γ q > γ i ( γ ∈ [ 0, ∞ ) , ϵ ∈ [ 0; π ] );
❛ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ { c o s h υ q = c o s ϵ · c o s h υ i } → υ q < υ i ( υ ∈ [ 0, ∞ ) , ϵ ∈ [ 0; π ] ).

( 2 3 4 A )



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✼ ✼

❆ ❤ ❡ ✷✲ ♥ ❞ ❢ ❡ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ c τ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❞ ✉ ❡ ♦ ✭ ✷ ✸ ✷ ❆ ✮ ❛ ♥ ❞ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✷ ✸ ✸ ❆ ✮✱
✇ ❡ ❣ ❡ ❛ ✐❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ❡ ✷✲ ♥ ❞ ❋ ❡ ♥ ❡ ✲ ❙ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛✱ ✇✐ ❤ ❡ ✈ ❡ ❛❧✐ ♥ ❣ ❛ ♣ ❛ ❝ ❡ ✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡
❜✐ ♥ ♦ ♠ ❛❧ b µ ❛ ♥ ❞ ❤ ❡ ❛ ♠ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ Q α = K α ✱ ❜ ✉ ❛ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ iα ✱ ❛ ♥ ❞ ♥ ♦ ✇

✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♣ ❛ ✐ ❛❧ 3 D ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 2 + 1 ⟩ I ≡ { ⟨ E 2 ⟩
( m )
N c ⊠

−→
ct } ≡ { ⟨ E 2 ⟩

( m )
N c ⊠

− − →
y ( m ) } ✭ ❛❧ ♦ ❛ ζ = 3 ✮✿

q κ ( c τ ) =
d p α ( c τ )

d ( c τ )
=

d γ q

d ( c τ )
·

si n h γ q · e κ

c o s h γ q
=

d γ q

d ( c τ )
· iκ ( c τ ) = Q κ ( c τ ) · iκ ( c τ ) ≡ ( 2 3 5 A − I )

≡
d γ i

d ( c τ )
·

si n h γ i · e α

c o s h γ i α

+
c o s h γ i · d e α

d ( c τ )
0

( 1 )

γ

=
d γ i

d ( c τ )
·

si n h γ i · e α

c o s h γ i α

+
c o s h γ i · d α 2

d ( c τ )
· e µ

0

( 1 )

γ

=

= Q α ( c τ ) ·
si n h γ i · e α

c o s h γ i α

+ K µ ( c τ ) ·
e µ

0

( 1 )

γ

= Q α ( c τ ) · iα ( c τ ) + K µ ( c τ ) · b µ ( c τ ) ≡

≡
d γ q

d ( c τ )
·

si n h γ q · e κ

c o s h γ q
=

d γ q

d ( c τ )
·

si n ϵ · si n h γ q · e α

c o s h γ i
+

c o s ϵ · si n h γ q · e µ

0

( 1 )

=

= Q κ ( c τ ) ·
si n h γ q · e κ

c o s h γ q
= Q κ ( c τ ) · iκ ( c τ ) = Q ×

κ · iα ( c τ ) +
⊥

Q ◦
κ ·b µ ( c τ ) = q ×

κ ( c τ ) +
⊥

q ◦
κ ( c τ ) .

❇ ❡❧ ♦ ✇ ✇ ❡ ✉ ❡ ❛ ❣ ❛✐ ♥ ✐ ♥ ✉✐ ✐ ✈ ❡ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❛ ❜❧ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ Q κ ✦

Q κ =
d γ q

d ( c τ )
=

j κ

c 2 ; Q ⋆
κ = c o s h γ q · Qκ = Q ⋆

α = c o s h γ i · Qα ; Q α = K α =
d γ i

d ( c τ )
=

j α

c 2 ;

Q ◦
κ = si n h γ q · Qκ =

j ◦
κ

c 2 , Q ×
κ = si n 2 ϵ · si n h 2 γ q − c o s h 2 γ q · Qκ = k q · Qκ = Q α ;

Q ◦
κ = si n h γ q · si n ϵ · Qκ = si n h γ q · Q κ = si n h γ i · Qα = si n h γ i · Kα = Q ◦

α =
j ◦
κ

c 2 =
j ◦
α

c 2 ;

⊥
Q κ =

⊥
j κ

c 2 ,
⊥

Q ◦
κ =

⊥

j ◦
κ

c 2 = si n h γ q · c o s ϵ · Qκ = K µ = c o s h γ i · d α 2
d ( c τ )

=
c ∗ w ∗

α 2

c 2 =
j µ

c 2 .

∓ Q 2
κ = ± ( Q ◦

κ
2 − Q ⋆

κ
2 ) = ( Q ◦

κ

2
+

⊥
Q κ

2

) − Q ⋆
κ

2 = − Q ×
κ

2

+
⊥

Q ◦
κ

2

= − Q 2
α + K 2

µ .






( 2 3 5 A − I I )

❊ ✉ ❛❧✐ ♥ ❣ ✉ ♥ ❞ ❡ I ± ♣ ❛✐ ❡ ❞ ✉ ♠ ♠ ❛ ♥ ❞ ✱ ✇ ❡ ❣ ❡ ♥ ❡ ① ❡❧ ❛ ✐ ♦ ♥ ❛ η < γ q : ∓ d γ
2
q = ∓ ( c o s h

2
γ q d γ

2
q − si n h

2
γ q d γ

2
q ) =

= ± [ ( si n
2

ϵ · si n h
2

γ q d γ
2
q + c o s

2
ϵ · si n h

2
γ q d γ

2
q ) − c o s h

2
γ q d γ

2
q ] = ( si n h

2
γ i d γ

2
i + c o s h

2
γ i d α

2
2 ) − c o s h

2
γ i d γ

2
i =

= − d γ
2
i + c o s h

2
γ i d α

2
2 = ± [ ( si n

2
ϵ · si n h

2
γ q − c o s h

2
γ q ) d γ

2
q + c o s

2
ϵ · si n h

2
γ q d γ

2
q ] = ∓ ( − si n h

2
η d γ

2
q + c o s h

2
η d γ

2
q ) .

❲❡ ❤ ❛ ✈ ❡ ✇ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ d γ q ✕ ✉ ✉ ❛❧ ❛ ♥ ❞ ♥ ❡ ✇ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ❤ ❡ ❧ ❛ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦
❤ ❡ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✸ ✸ ❆ ✮ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✦ ❲❡ ✉ ❡ ❛❧ ♦ ✉ ♥ ❞ ❡ ❧✐ ♥ ❡ ❢ ♦ ❘ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❆ ❜ ♦❧ ✉ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ✳

❚ ❤ ❡ ❘ ❡❧ ❛ ✐ ✈ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❛ ♦❢ ✭ ✷ ✸ ✺ ❆ ✮ ✐ ♥ ✐ ✸✲ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ✉ ❛ ❞ ✐ ❝

❝ ❛❧ ❛ ❢ ♦ ♠ ❛ ❝ ✐ ♥ ❣ ♦ ♥ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N c ≡ ⟨ e

( m )
α , e

( 1 )
µ ⟩ ❢ ♦ ❤ ❡ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝

❛ ❤ ❡✐ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1 ❛ γ ∈ [ 0, ∞ ) , ϵ ∈ [ 0; π ]✱ ✉ ✐ ♥ ❣ ✭ ✷ ✸ ✺ ❆ ✮ ✇✐ ❤ ✭ ✷ ✸ ✸ ❆ ✮✿

Q κ · si n h γ q · e κ = Q ◦
κ · e κ = si n ϵ · Q◦κ · e α + c o s ϵ · Q◦κ · e µ = Q ◦

κ · e α +
⊥

Q ◦
κ · e µ =

= Q α · si n h γ i · e α + c o s h γ i · d α 2
d ( c τ )

· e µ = Q ◦
α · e α +

c ∗ · w ∗
α 2

c 2 · e µ = Q ◦
α · e α + K µ · e µ .






⇒

⇒






q ◦
κ = q ◦

κ +
⊥
q ◦

κ = k ◦
α + k µ ,

( Q ◦
κ ) 2 = ( Q ◦

κ ) 2 + (
⊥

Q ◦
κ ) 2 = ( Q ◦

α ) 2 + ( K µ ) 2 ,





{ Q α = K α =

d γ i

d ( c τ )
, ❜ ✉ ❤ ❡ ② ❛ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ } ⇒

⇒






si n h γ q d γ q · e κ = si n h γ i d γ i · e α + c o s h γ i d α 2 · e µ ;
si n h 2 γ q d γ 2

q = si n h 2 γ i d γ 2
i + c o s h 2 γ i d α 2

2 =

= si n h 2 γ q · [ ( si n ϵ d γ q ) 2 + ( c o s ϵ d γ q ) 2 ] = si n h2 γ q [ (d γ q ) 2 + (
⊥

d γ q ) 2 ],





⇒

⇒






j ◦
κ = j ◦

κ +
⊥
j ◦
κ = si n h γ q · j κ = si n h γ i · j α · e α + c ∗ · w ∗

α 2
· e µ = j ◦

α · e α + j µ · e µ ,

j ◦
κ

2 = ( j ◦
κ ) 2 + (

⊥
j ◦
κ ) 2 = si n h 2 γ q · j 2

κ = si n h 2 γ i · j 2
α + ( c ∗ · w ∗

α 2
) 2 = j ◦

α
2 + j 2

µ .





( 2 3 6 A )

⇒ si n h γ q · si n ϵ d γ q = si n h γ q d γ q = si n h γ i d γ i → d γ q / d γ i < 1 ,

[γ q / γ i > 1 − ❡ ❡ ✐ ♥ ✭ ✷ ✸ ✹ ❆ ✮ .] { γ q > γ i ( v q > v i ) , γq = 0 ↔ γ i = 0; d γ q < d γ q < d γ i } γ ∈ [ 0, ∞ );

Q κ ·c o s h γ q = Q α ·c o s h γ i = K α ·c o s h γ i , Q α = K α ⇔ c o s h γ q d γ q = c o s h γ i d γ i → d γ q / d γ i < 1 . ( 2 3 7 A )



✷ ✼ ✽ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ♠ ✭ ✷ ✸ ✺ ❆ ✮ ✕ ✭ ✷ ✸ ✼ ❆ ✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✇✐ ❤ ❤ ❡

✷✲ ♥ ❞ ♠ ♦ ❜✐❧ ❡ ✐ ❤ ❡ ❞ ♦ ♥ Ê
( 3 )
m = ⟨ p α , b µ , iα ⟩ ✐ ♥ ⟨ P 3 + 1 ⟩ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♠ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ✭ ✶ ✼ ❆✲■ ✮✦

❆ ♥ ❞ ✐ ❛ ❝ ♦ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩
( m )
N c I

≡ ⟨ i
( m )
α , b

( 1 )
µ ⟩ ✐ ♥ ✸ ❉

⟨ P 2 + 1 ⟩ I ≡ { ⟨ E 2 ⟩
( m )
N c ⊠

−→
ct } ( ζ = 3 ) ✳ ■ ♥ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦❢ p α ♦ ❛ ✐ ♦ ♥ ✱ ✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡

❛ ♥ ❣ ✉❧ ❛ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✸ ✸ ❆ ✮ ❢ ♦ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✭✦✦✦ ✮✱ ❛ ❛ ♣ ❡ ❢ ❡ ❝

❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ⟨ P 3 + 1 ⟩ ✳ ■ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ❜ ❛ ❡ Ẽ 1 = { I } ❛ ♥ ❞ ✜ ♥ ❛❧ ❜ ❛ ❡ Ẽ m ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧
❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✧ ✈ ✧ ✮ ❢ ♦ ♠ ✇✐ ❤ ♦ ✇ ♥ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ✐ ❡ ♠ ✿





q κ = Q κ iκ = Q ◦
κ iα +

⊥

Q ◦
κ b µ = Q α iα + K µ b µ , ( Q α = K α )

∓ Q 2
κ = ± ( Q ◦

κ
2 − Q ⋆

κ
2 ) = − ( Q ◦

κ ) 2 + (
⊥

Q ◦
κ ) 2 = − Q 2

α + K 2
µ ;





⇒






j κ = j α iα + j µ b µ , ( j α = g α )

∓ j 2
κ = ± ( j ◦

κ
2 − j ⋆

κ
2 ) = − j 2

α + j 2
µ ,





⇒

d γ q · iκ = d γ i · iα + c o s h γ i d α 2 · b µ , ( i′
α · I ± · iα = − 1 , b ′

µ · I ± · b µ = + 1 ) ⇒

− d γ 2
q = − d γ 2

i + c o s h 2 γ i d α 2
2 = − c o s h 2 η d γ q

2 + si n h 2 η d γ q
2 = − d γ q

2

P
+

⊥

d γ q

2

E

< 0 ,

+ d γ 2
q = − d γ 2

i + c o s h 2 γ i d α 2
2 = − si n h 2 η d γ q

2 + c o s h 2 η d γ q
2 = − d γ q

2

P
+

⊥

d γ q

2

E

> 0 .






( 2 3 8 A − I , I I )

❍ ❡ ❡ d γ q = d λ R / R, η < γ q ✳ ❇ ② ❤✐ ❊ ❣ ❡ ❣✐ ✉ ♠ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢ ❉✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✭ ✷✲ ♥ ❞
❢ ♦ ♠ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✮✱ ✇ ❡ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ♠✐ ① ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ Ẽ 1 ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ♦ ♥ ■ ❛ ❛ ♣ ❡ ❢ ❡ ❝
✉ ❢ ❛ ❝ ❡ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ❛ ❝ ✐❢ d γ 2

q < 0 ✱ ♦ ❡❧❧✐ ♣ ♦✐ ❞ ❛❧ ❛ ❝ ✐❢ d γ 2
q > 0 ❛ ♥ ❞ ♦ ❤ ♦ ♦❧✐ ♥ ❡ ✐❢ d γ q = 0 ❛

❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ✐ ♥ ✜ ♥ ❛❧ Ẽ m ✳ ❋ ❛ ❝ ♦ c o s h γ q d γ q = c o s h γ i d γ i → d si n h γ q = d si n h γ i ✐ ♥ ✭ ✷ ✸ ✼ ❆ ✮ ❝ ❛ ✉ ❡
❡ ✉ ❛ ✐ ♦ ♥ ✿ c ∗

q ·g κ = c ∗
i ·g α → c ∗

q ·m 0 g κ = c ∗
i ·m 0 g α = c ∗

q ·F κ = c ∗
i ·F α → N ( c )

∗
q

= N ( c )
∗
i

✐ ♥ Ẽ m ❛ ♥ ❞ Ẽ 1 ✦

❱ ❛❧ ✉ ❡ γ q ❛ ♥ ❞ s q = c · c o t h γ q = si n ε · c · c o t h γ i = si n ε · s i ❛ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❜ ② ✭ ✷ ✸ ✹ ❆ ✮✳ ❇ ✉ ❛❧❧ ❤ ❡ ❡
✐ ❡ ♠ ❡❧ ❛ ❡ ♦ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❛ ♥ ❞ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✕ ❡ ❡ ❜ ❡❧ ♦ ✇✳

◆ ♦ ❡✱ ✐ ♥ ✭ ✷ ✷ ✽ ❆ ✮ ❛ ♥ ❞ ✭ ✷ ✸ ✽ ❆ ✮✱ ✇ ❤ ❡ ♥ γ i ≠ ❝ ♦ ♥ → d γ i ≠ 0 ✱ ✇ ❡ ❝ ♦ ♥ ✜ ♠ ❡ ❞ ♦ ✉ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ♠ ♦ ❞ ❡❧
❢ ♦ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♠ ❡ ✐ ❝ ✦ ❚ ❤ ❡ ② ♣ ♦ ♣ ❛ ❣ ❛ ❡ ♦ ♥ ❝ ❛ ❡ ✇✐ ❤ d γ i = 0 ♦ ♦ ✕ ❡ ❡ ❢ ✉ ❤ ❡ ❢ ♦ ❝ ❡ ✇ ❡ ❞ ❧✐ ♥ ❡ ✳

❲❡ ♦ ❜ ❛✐ ♥ ✐ ♥ ✭ ✷ ✸ ✻ ❆ ✮ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ j µ = c ∗ w ∗
α 2

✳ ❇ ❡ ✐ ❞ ❡ ✱ j ∗
α

2 = g ∗
α

2 − g 2
α ✐

❤ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ g ∗
α ❡ ① ❝ ❡ ✱ ✇ ❤✐ ❝ ❤ ✇ ❛ ♥ ♦ ❡ ① ♣❧✐ ❝✐ ❧ ② ❡ ✈ ❡ ❛❧ ❡ ❞ ✐ ♥ ✭ ✷ ✷ ✻ ❆ ✮✳ ❲❡ ✐ ♥❢ ❡ ❡ ❞ ❤ ❛ ✐ ♥ ✭ ✷ ✸ ✽ ❆ ✮

❤ ❡ ♥ ♦ ♠ ❛❧ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ d α ❞ ♦ ❡ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡✱ ✐ ♥ ❝ ❡ ❤ ❡ ② ✇✐ ❤ e µ ❛ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ❤ ❡
♣ ✐ ♥ ❝✐ ♣ ❛❧ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ e α ✳ ❲❡ ❛ ❣ ❛✐ ♥ ❛ ❡ ❤ ❡ ❢ ✉❧ ✜❧❧ ♠ ❡ ♥ ♦❢ ❤ ❡ ❍ ❡ ❣❧ ♦ ③ ✐ ♥ ❝✐ ♣❧ ❡ ❬ ✽ ✹❪ ✕ ❡ ❡ ✐
✐ ♥ ❈ ❤ ✳ ✷ ❆ ❛ ♥ ❞ ✹ ❆ ❛ ♥ ❞ ✐ ♥ ✭ ✷ ✷ ✽ ❆ ✮✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❢ ♦ ♥ ♦ ♠ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ Ẽ 1 ✱ ✇ ❡ ❞✐ ❞ ♥ ♦ ✉ ❡ ♣ ❡ ❝✐ ❛❧
✐ ❣ ♥ ❝✐ ❝❧ ❡ ❛ ❢ ♦ ♣ ❛ ❛❧❧ ❡❧ ♦ ♥ ❡ ✳ ❋ ♦ ♠ ♦ ❡ ❝❧ ❛ ✐ ② ♥ ♦ ❡✱ ❤ ❛ ❜ ♦ ❤ ♣ ❛ ♦❢ d γ q · iκ ❛ ■ ✐ ♥ ✭ ✷ ✸ ✽ ❆ ✮ ❣✐ ✈ ❡

✐ ♥ ❤ ❡ ❙ ❚ ❘ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡ ✐ ♦ ❛ ♥ ❞ ❡ ① ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✐ ♥ ⟨ P ( 1 + 1 ) ⟩ ( m ) ≡ ⟨ b µ , iα ⟩ ( m ) ✳
❊ ❛ ❧✐ ❡ ✐ ♥ ✭ ✷ ✷ ✻ ❆ ✮ g ∗

α ✭ ❛ ❛ ❧ ❡ ❣ ✮ ❛ ♥ ❞ g α ✭ ❛ ❛ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ✮ ❣✐ ✈ ❡ ♥ ♦ ♥❧ ② ❤ ❡ ❡ ① ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✇✐ ❤
❤ ❡ ❛ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡ γ i ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✱ ❛ ♥ ❞ g ∗

α
2 − j ∗

α
2 = g 2

α = j 2
α ✳ ■ ♥ ✭ ✷ ✸ ✻ ❆ ✮ ❤ ❡ ♣ ❛ ❛❧❧ ❡❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ j ∗

α

✭ ❛ ❛ ❧ ❡ ❣ ✮ ❛ ♥ ❞ j α ✭ ❛ ❛ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ✮ ❣✐ ✈ ❡ ❤ ❡ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✇✐ ❤ ❤ ❡ ♦ ❜ ✉ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ②
❛ ♥ ❣❧ ❡ υ i ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠✳ ◆ ♦ ✇ ✇ ❡ ♦ ❜ ❛✐ ♥ ❝ ♦ ♥ ❛ ② g ∗

α
2 − j ∗

α
2 = j 2

α = g 2
α ✳ ■ ♥ ❜ ♦ ❤ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✱ j ∗

α ❧✐ ❡
❝ ♦ ♥ ❛ ② ♦ γ i ✳ ❋ ♦ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ■ ■✱ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦ ❞✐ ✐ ♥ ❣ ✉✐ ❤ ❜ ❡ ✇ ❡ ❡ ♥
❤ ❡✐ ❣ ❡ ♦ ♠ ❡ ② ❛ ❛ ✇ ❤ ♦❧ ❡ ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❤ ❛ ❡❧ ❛ ❡ ♦ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✳ ❲❡ ✇✐❧❧ ❛ ♥ ❛❧ ② ③ ❡ ❜ ❡❧ ♦ ✇
❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❢ ❡ ❛ ✉ ❡ ❛ ♥ ❞ ♠ ♦ ❡ ✐ ♥ ❞ ❡ ❛✐❧ ✇ ❤ ❛ ✐ ❡❧ ❛ ❡ ❞ ♦ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✳

❚ ❤ ❡ ♦ ❡ ♠ ✭ ✷ ✸ ✽ ❆ ✮ ❛ ❝ ❛ ❤ ❡ ❛ ♥ ❣ ❡ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡ ♦ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛
❧ ♦ ♣ ❡ ♦❢ ✉ ♠ ♠ ❛ ② ♠ ♦ ✐ ♦ ♥✬ ❛ ❝ d γ q = d λ R / R ✐ ♥ ✐ ❞ ❡ ♦ ♦ ✉ ✐ ❞ ❡ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡✳ ❚ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥

✭ ✷ ✸ ✺ ❆ ✮ ❣✐ ✈ ❡ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ✇✐ ❤ ✇ ♦ ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠✿ p α × b µ = + iα ❛ ♥ ❞
p α × iα = + b µ ( b ν = ❝ ♦ ♥ ) ✳  ❚ ❤ ✉ ✱ ✉ ♥✐ ② b µ ❛ ♥ ❞ iα ❛ ❡ ❤ ❡ ❡ ❤ ❡ 2 ✲ ♥ ❞ ♣ ❛✐ ♦❢ ❤ ❡ ❝ ❛ ❞✐ ♥ ❛❧

♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ê
( 4 )
m = ⟨ p α ( c τ ) , b ν ( c τ ) , b µ ( c τ ) , i( c τ ) ⟩ ❛ ❤ ❡ ♠ ♦ ✈ ❛ ❜❧ ❡ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ✱ ✇ ❤✐ ❝ ❤

✐ ♦ ❛ ❡ ❞ ❛ ♦ ✉ ♥ ❞ ❛ ♥ ❛ ❜✐ ❛ ② ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ❡ ♥ ✐ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✭ ❡ ❡ ❢ ✉ ❤ ❡ ✮✳ ❚ ❤ ❡
✹✲ ✈ ❡ ❝ ♦ iα ✇ ❛ ♦ ❜ ❛✐ ♥ ❡ ❞ ✐ ♥ ✭ ✷ ✷ ✷ ❆ ✮ ❢ ♦ ❤ ❡ ❡ ✉ ❡ ♥ ✐ ❛❧ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✭ ✷ ✷ ✺ ❆ ✮ ❛ ♥ ❞ ✭ ✷ ✸ ✺ ❆ ✮✳
❊ ❛ ❝ ❤ ❤ ❡ ② ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✇✐ ❤ ✇ ♦ ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠ ♣ ♦ ❞ ✉ ❝✐ ♥ ❣ ✇ ♦ ♦ ✇ ♥ ♣ ❡ ❝✐ ✜ ❝ ✐ ❤ ❡ ❞ ♦ ♥ ✿ ✐ ♥ ✭ ✷ ✷ ✽ ❆ ✮

Ê
( 3 )
m = ⟨ p α ( c τ ) , b ν ( c τ ) , iα ( c τ ) ⟩ ❛ ♥ ❞ ✐ ♥ ✭ ✷ ✸ ✽ ❆ ✮ Ê

( 3 )
m = ⟨ iα ( c τ ) , b µ ( c τ ) , p α ( c τ ) ⟩ ✳

◆ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✸ ✽ ❆ ✮ ❛ ♥ ❞ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ❤ ❡✐ ✇ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❝ ❤ ❛ ✈ ❡
♦ ✇ ♥ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ✭ ✷ ✸ ✵ ✮✳ ❍ ❡ ❡ ✐ d γ = d γ q ✳ ❙✐ ♥ ❝ ❡ ✐ ♥ ✭ ✷ ✸ ✽ ❆ ✮ γ i < γ q ✱ ❤ ❡ ♥ ❛
γ q = 0 ✇ ❡ ❣ ❡ γ i = 0 ✱ ✐✳ ❡✳✱ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ❛ ❜ ❡ ♥ ✳ ❍ ❡ ♥ ❝ ❡ ❤ ❡ ▲ ♦ ❝ ❛❧ ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ⟨ E 3 ⟩ ( 1 ) ✐ ❛ ❜ ❡ ♥ ✦ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❢ ♦ ♠ ✭ ✷ ✸ ✺ ❆✲■ ■ ✮✱ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡
⟨ E 3 ⟩ ( 1 ) ✱ ✇ ❤ ❡ ♥ γ q ≠ 0 ✱ ✇ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✐ ♥ ⟨ P 2 + 1 ⟩ I ✐ ♦ ✇ ♥ ♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✿

c o s ϵ · si n h γ q d γ q =
⊥

d γ q = c o s h γ i d α 2 = ( d α 2 ) ⋆ > d α 2 ( γ i < γ q ) . ( 2 3 9 A )



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✼ ✾

◆ ♦ ❡✱ ✐ ♥ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤✳ ✼ ❆✱ ✇ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ♦ ✉ ✐ ♠ ♣❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✼ ✸ ❆ ✮
❤ ❛ ❛ ✉ ❡ ♣ ✐ ♠ ❛ ② ❡ ❛ ♦ ♥ ♦❢ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ❙ ❚ ❘ ✐ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✧ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ♦ ♥ ❛ ♥ ❝ ❡ ✧

♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ✐ ♥ ❡ ② ♣ ❡✱ ❤ ❛ ✈✐ ♥ ❣ ♣❧ ❛ ❝ ❡ ❛❧ ♦ ✐ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ❛ ♥ ❞
♦ ♥ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣❧ ❛ ♥ ❡ ❛ ❤ ❡ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ✳ ❇ ② ✭ ✶ ✼ ✸ ❆ ✮ ✇ ❡ ❤ ❛ ✈ ❡

d θ = d α 1 − ( d α 1 ) ⋆ = d α 1 − c o s h γ i d α 1 < 0 → d θ / dt = w θ = w α − w ∗
α < 0 . ( 2 4 0 A )

❉✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦ ❛ ✐ ♦ ♥ d α 1 ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❝ ✐ ♥ ✭ ✷ ✷ ✽ ❆ ✮ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N s ≡ ⟨ e

( m )
α , e

( 1 )
ν ⟩

❛ ♦ ✉ ♥ ❞ ✐ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♥ ♦ ♠ ❛❧ ♣ ❡ ❝ ❡ ✐ ♥ ❣ ❛ ①✐ e
( m )
µ ❧ ♦ ♣ ❡ ❞ ❧ ♦ ❝ ❛❧❧ ② ✉ ♥ ❞ ❡ c o s h γ i ♦ ✐ ♠ ♠ ♦ ❜✐❧ ❡ e

( 1 )
µ

✐ ♥ ❤ ❡ ❜ ❛ ❡ Ẽ 1 ✳ ❇ ✉ ❤ ♦ ✇ ✇ ❡ ♠ ❛ ② ❞ ❡ ❝ ✐ ❜ ❡ ✇✐ ❤ ✭ ✷ ✹ ✵ ❆ ✮ ❢ ♦ ♠✐ ♥ ❣ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ▲ ❛ ♠ ❜ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡
❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ − d θ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✭ ♦ ✐ ♥ ✐ ♠ ❡ ❛ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✮ ❄
❋ ♦ ❤✐ ✇ ❡✬❧❧ ✉ ❡ ❤ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ♣ ♦ ❝ ❡ ♦❢ ❞ ❛ ✇✐ ♥ ❣ ❤ ❡ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥ ❤ ❡ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ✉ ❢ ❛ ❝ ❡ ♦❢
❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❧ ② ❛ ♥ ❞ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ❧ ② ♦ ❤ ❡ ✈ ❡ ❝ ♦ e µ ✳  ❲ ❤ ❡ ♥ ✇ ❡ ♣ ❛ ❛❧ ♦ ♥ ❣ ✸
✐ ❞ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡✱ ❤ ❡ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡❢ ❡ ❝ ✐ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ✇✐ ❤ ✭ ✷ ✹ ✵ ❆ ✮ ❛❧ ♦ ♥ ❣ ✐
✐ ❞ ❡ ✳ ■ ♥ ❤ ❡ ❧ ❛ ❛ ♣ ❡ ① ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡✱ ✇ ❡✬❧❧ ❡ ❝ ❡✐ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥
α 1

0
[d α 1 − c o s h γ i ( α 1 ) d α 1 ] = π − α ⋆

1 1 − α ⋆
1 2 − α ⋆

1 3 < π − α 1 1 − α 1 2 − α 1 3 = 0 ✳ ❙ ❡ ❡ ✐ ❝ ❧ ② ❤ ❡ ♣ ♦ ✈ ❡
♦❢ ❤ ❡ ❜ ♦ ♥ ❞ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ d θ ✇✐ ❤ ❤ ❡ ▲ ❛ ♠ ❜ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✹ ✹ ❆✲■ ■ ✮✱ ❈ ❤✳ ✼ ❆✳

❍ ♦ ✇ ❡ ✈ ❡ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ✭ ✷ ✸ ✻ ❆ ✮ ❤ ❡ ✐ ♠✐❧ ❛ ♥ ♦ ♠ ❛❧ ✐ ❡ ♠ c o s h γ i d α 2 ✱ ❜ ✉ ✐ ✐ ❢ ♦ ❤ ❡
❡ ❝ ♦ ♥ ❞ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♦ ❛ ✐ ♦ ♥✲ ♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ♣ ♦❥ ❡ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉

❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N c ≡ ⟨ e

( m )
α , e

( 1 )
µ ⟩ ✱ ✇ ❤ ❛ ✐ ♠ ♦ ❡✱ ❛ ♦ ✉ ♥ ❞ ✐ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♥ ♦ ♠ ❛❧ ❛ ①✐ e

( m )
ν ✦

✯ ✯ ✯
❚ ❤ ❡ ❥ ♦✐ ♥ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✷ ✽ ❆ ✮✱ ✭ ✷ ✸ ✽ ❆ ✮ ❛ ♥ ❞ ❛❧ ♦ ✭✦ ✮ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❜ ♦ ❤

❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❞ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ p ′
β · {I ± }· iκ = 0 ✱ ✇ ❤✐ ❝ ❤ ✐

❡ ① ❡ ❝ ✉ ❡ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷ ✷ ✹ ❆ ✮ ❛ ♥ ❞ ✭ ✷ ✸ ✹ ❆ ✮ ✐ ✛ e ′
β · e κ = c o s ε · si n ϵ ✳ ❚ ❤ ❡ ♥ ✇ ❡ ❤ ❛ ✈ ❡ ❤✐ ✜ ♥ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥

✇✐ ❤ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ✐ ❡ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♦❢ ❛❧❧ ❢ ♦ ✉ ❜ ❛ ✐ ✈ ❡ ❝ ♦ ✱ ✐ ♥❢ ❡ ❡ ❞ ✐ ❝ ❧ ② ❤ ❡ ❡ ①✐ ❡ ♥ ❝ ❡
♦❢ ❛ ❝ ♦ ♠ ♣❧ ❡ ❡ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❝ ❛ ❞✐ ♥ ❛❧ ❜ ❛ ❡ Ê

( 4 )
m ✳ ❇ ✉ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ② ♦❢ ❤ ❡ ✈ ❡ ❝ ♦

e β ❛ ♥ ❞ e κ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❛ ♥ ② ♦❢ ❤ ❡ ❡ ❤ ❡ ❡ ❝ ❛ ❡ ✿ ✭ ✶ ✮ c o s ε = 0 → e β = ± e ν ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶ ✸ ✼ ❆ ✮ ❛ ♥ ❞
✭ ✷ ✮ si n ϵ = 0 → e κ = ± e µ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷ ✸ ✸ ❆ ✮ ♦ ❢ ✉❧❧ ✭ ✸ ✮ c o s ε = si n ϵ = 0 → e β = ± e ν , e κ = ± e µ ✳

✯ ✯ ✯
❚ ♦ ❡ ❛❧✐ ③ ❡ ✈ ❛ ✐ ♦ ✉ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❡ ♥ ✐ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d α ✱ ❡ ❡ ♥ ✐ ❛❧❧ ② ✐ ♥ ❤ ❡

✐ ♠ ♣ ♦ ❛ ♥ ❝ ❛ ❡ ✇ ❤ ❡ ♥ d γ i = 0 ✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ♥ ❡ ✇ ♥ ❡ ❝ ❡ ❛ ② ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ✳ ❇ ❡❧ ♦ ✇ ♣ ✉ ✿

b α =
e α

0
✐ ❛ ❝ ✉ ✐ ♥ ❣ ✸✲ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✭❢ ♦ ♠ ❝ ♦ ♠ ♣❧ ❡ ❡ p α ❛ ♥ ❞ iα ✮✳

i1 =
0
1

✐ ❛ ❝ ✉ ✐ ♥ ❣ ✐ ♠ ❡✲❧✐ ❦ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✭❢ ♦ ♠ ❝ ♦ ♠ ♣❧ ❡ ❡ iα ❛ ♥ ❞ p α ✮✳

❚ ❤ ❡ ② ❛ ✐ ❡✱ ❛ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✉ ♥✐ ② ✹✲ ✈ ❡ ❝ ♦ ✱ ✇ ❤ ❡ ♥ ♦ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❤ ❡ ❣✐ ✈ ❡ ♥ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ❛ ✐ ♦ ♥
♦❢ ✐ ♠ ❡✲ ❛ ♦ ✇ iα ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ❛ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ✐ ♥ ♦ ❤ ❡✐ ♣ ❛ ✐ ❛❧ ❛ ♥ ❞ ❡ ♠ ♣ ♦ ❛❧ ♣ ❛ ✳

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❢ ♦ ❢ ✉ ❤ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ♣ ❡ ❝✐ ✜ ❝ ✐ ♠ ❡ ❛ ♦ ✇
❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧✱ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♦ ♥ ❡ iα ❛ ♥ ❞ p α ❛❧ ♦ ♣ ❡ ❡ ♥ ❡ ❞ ❤ ❡ ❡ ❢ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥✿

iν =
si n h γ i · e ν

c o s h γ i
✱ p µ =

c o s h γ i · e µ

si n h γ i
❀ iα =

si n h γ i · e α

c o s h γ i
✱ p α =

c o s h γ i · e α

si n h γ i
.

✯ ✯ ✯
● ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ✭ ✷ ✸ ✽ ❆ ✮ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♦ ❛ ✐ ♦ ♥ ♦❢ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ✇✐ ❤ ✇ ♦ ❞ ❡ ❣ ❡ ❡ ♦❢

❢ ❡ ❡ ❞ ♦ ♠✿ ❛ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ❝ d γ i ❛ ♥ ❞ ❛ ❛ ✐❢ ❝ ✉ ✐ ♥ ❣ ❛ ❝ d α 2 ✳ ■ ♥ ❞ ❡ ❡ ❞✱ ❛ ❜ ♦ ✈ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ♦ ♥❧ ② ✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡
❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ⟨ E 2 ⟩ ✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡ d α 2 ✇✐ ❤ ✐ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥

−→
ct ❛ ♥ ❞

⟨ E 2 ⟩ ✐ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✈ ❡ ❝ ♦ ✉ ♠ ❛ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✉ ♥✐ ② ✹✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ♥ ♦ ♠ ❛❧ ❝ ♦ ✐ ♥ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p µ ✳
✭ ❆❧ ♦ ✉ ♥ ❞ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ± ✳ ✮ ❙ ✉ ❝ ❤ ❝ ✉ ✐ ♥ ❣ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ♠✐ ①✐ ♥ ❣ ✐ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ si n h γ i d α 2

✇✐ ❤ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ si n h γ i d γ i ✐ ♥ d γ i · iα ✐ ♥ ✭ ✷ ✸ ✽ ❆ ✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ❛ γ i = ❝ ♦ ♥ ✱ ✐ ♠✐❧ ❛
♠✐ ①✐ ♥ ❣ ✐ ❛ ❜ ❡ ♥ ✱ ❛ ♥ ❞ ✇ ❡ ❝ ❛ ♥ ❡ ① ❡ ❝ ✉ ❡ ❛ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ♦ ✭ ✷ ✸ ✺ ❆ ✮ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛
✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ✹✲ ✈ ❡ ❝ ♦ d α 2 · p µ ✐ ♥ ♦ ✇ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✳
❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ✉ ❝ ❤ ✇ ♦✲ ❡ ♣ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ♠ ✉ ❤ ❛ ✈ ❡ ♦ ✇ ♥ ✐ ❤ ❡ ❞ ♦ ♥ ✐ ♥ ✸ ❉ ⟨ P 2 + 1 ⟩ ✱
❤ ♦ ✇ ❡ ✈ ❡ ✭ ❛ ✇ ❡ ❤ ❛❧❧ ❡ ❡ ✮ ❛❧ ♦ ✐ ♥ ❤ ❡ ❝ ❡ ♥ ❛❧ ③ ♦ ♥ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✇✐ ❤ ❤ ❡ ♦ ✇ ♥
❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠✳ ❲❡✬❧❧ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❤✐ ❝ ❡ ♥ ❛ ✐ ♦ ❜ ❡❧ ♦ ✇ ❢ ♦ ❝ ♦ ❡ ❝
❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❜ ② ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ✧ ✉ ♣ ❡ ❧✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✧ ❛ ❤ ❡
✷✲ ♥ ❞ ② ♣ ❡ ♦❢ ✉ ♥✐❢ ♦ ♠❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✭✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✉ ♥✐❢ ♦ ♠ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✮✳

✯ ✯ ✯



✷ ✽ ✵ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ♦ ❞ ❡ ♦ ❡ ♣❧ ❡ ♥✐ ❤ ♦ ✉ ✉ ❞ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ✱ ❧ ❡ ✉ ❡ ♠ ❡ ♠ ❜ ❡ ✇ ♦ ❞
♦❢ ❤ ❡ ❣ ❡ ❛ ◆✐ ❡❧ ❇ ♦ ❤ ♦ ❞ ❛ ❡ ❞ ♣ ❤ ② ✐ ❝✐ ✿ ✏ ❨ ♦ ✉ ❤ ❡ ♦ ② ✐ ♥ ♦ ❝ ♦ ❡ ❝ ✱ ❛ ✐ ✐ ♥ ♦ ❝ ❛ ③ ② ❡ ♥ ♦ ✉ ❣ ❤✦✑
❚ ❤ ❡ ♥✱ ✇ ❡ ♠ ❛ ② ❡ ❛❧✐ ③ ❡ ❤ ❡ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥
✐ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ✱ ✇✐ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢ ✇ ♦ ② ♣ ❡ ✕ ✉ ✉ ❛❧ ❛ ❤ ❡ ② ✇ ❡ ❡ ❜ ❡❢ ♦ ❡ ❛ ♥ ❞ ✉ ♣ ❡ ❧✐ ❣ ❤ ✱ ❡ ♣ ❛ ❛ ❡ ❞
❤ ❡ ❡ ❜ ② ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✳ ❚ ❤ ❡ ✜ ❛ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❛ ♥ ❞
❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ❝ ✐ ♥ ❤ ❡ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✱ ✇✐ ❤ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❛ ♥ ❞

♥✐ ❝ ❡ ✈ ♦ ② ❛ ❣ ❡ ❆❧✐ ❝ ❡ ✭❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❤ ❡ ❡ ♦ ❤ ❡ ♥ ♦ ♥✲ ♦ ❞✐ ♥ ❛ ② ❊ ♥ ❣❧✐ ❤ ✇ ✐ ❡ ✲ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ▲ ❡ ✇✐ ❈ ❛ ♦❧❧ ✮✳
❚ ❤✐ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❡ ♥ ✐ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♦ ❜✐ ♥ ❛ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝ ⟨ P 3 + 1 ⟩ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ❜ ❡ ② ♦ ♥ ❞
❤ ❡ ❤ ♦ ✐ ③ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥ ❛ ✐❢ ✐ ♥ ❛ ♥ ♦ ❤ ❡ ❛ ❞❥ ❛ ❝ ❡ ♥ ♦ ❤ ❡ ✐ ❞ ❡ ❞ ✇ ♦ ❧ ❞✳ ❙ ♦✱ ❢ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ✐ ♠ ❛ ② ❜ ❡ ✐ ♥ ✐ ❞ ❡
❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❜❧ ❛ ❝ ❦ ❤ ♦❧ ❡ ✱ ♣ ❡ ❞✐ ❝ ❡ ❞ ✐ ♥ ✶ ✼ ✽ ✸ ❜ ② ❤ ❡ ❡ ♠✐ ♥ ❡ ♥ ❏ ♦ ❤ ♥ ▼✐ ❝ ❤ ❡❧❧ ❬ ✽ ✶❪ ♦ ♥❧ ② ♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢
❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❈ ❡❧ ❡ ✐ ❛❧ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ✳ ❇ ❡ ✐ ❞ ❡✱ ❛ ♦ ✉ ✐ ♠ ❡✱ ✐ ♥ ✶ ✾ ✻ ✷✱ ❤ ❡ ✇ ❡❧❧ ❡ ♥ ♦ ✇ ♥ ❡ ❞ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞
✐ ♦ ♥ ❡ ❡ ✐ ♥ ✉ ❛ ♥ ✉ ♠ ❚ ❛ ❝ ❤ ② ♦ ♥ ❚ ❤ ❡ ♦ ② ● ❡ ❛❧ ❞ ❋❡✐ ♥ ❜ ❡ ❣ ♣ ❡ ❞✐ ❝ ❡ ❞ ♦✲ ❝ ❛❧❧ ❡ ❞ ❛ ❝ ❤ ② ♦ ♥ ✱ ❛ ❡❧ ❡ ♠ ❡ ♥ ❛ ②

♣ ❛ ✐ ❝❧ ❡ ❤ ❛ ♠ ♦ ✈ ❡ ❛ ♣ ❡ ❡ ❞ ❣ ❡ ❛ ❡ ❤ ❛ ♥ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ c ✐ ♥ ❛ ✈ ❛ ❝ ✉ ✉ ♠ ❛ ♥ ❞ ♥ ♦✲ ✇ ❤ ❡ ♥
♥ ♦ ♥✲ ❡ ✉ ❛❧ ❡ ❛❧❧ ② ♦ ✐ ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ✉ ♣ ♦ ♥ ♦ ✇ ♥ ♦ ❜ ♦ ❞ ② ❛ ❦ ❡ ❞ ❤ ❡ ❛ ❝ ❛ ♠ ❡ ♥ ❛❧ ✉ ❡ ✐ ♦ ♥✿ ✧ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦
✇ ❤ ❛ ❧ ❛ ✇ ❛ ♥ ❞ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ❤ ❡ ✉ ♣ ❡ ❧✐ ❣ ❤ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ❤ ♦ ✉❧ ❞ ❜ ❡
❝ ❛ ✐ ❡ ❞ ♦ ✉ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ♦❢ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ❄ ✧ ❲❡ ♠ ❛ ② ❧ ♦ ❣✐ ❝ ❛❧❧ ②
❛ ❞ ♦ ♣ ✱ ❤ ❛ ✐ ♥ ❤✐ ✉ ♣ ❡ ❧✐ ❣ ❤ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✉ ❝ ❤ ❧ ❛ ✇ ❛ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❢ ♦ ♠ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦❢ p α ❛❧ ♦ ♥ ❣ ❛
✉ ♣ ❡ ❧✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ✐ ♥ ✭ ✷ ✸ ✽ ❆ ✮✳ ❲❡ ❣ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ − υ ♦ ✛ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡
♦ ⟨ E 3 ⟩ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♦ ✐ − γ ( − υ ) ❛ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ♦ ♥ ❡ ✐ ♥ ⟨ P 1 + 1 ⟩ ✳ ❈ ♦ ♦ ❞✐ ♥ ❛ ❡ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ✐

u = c · c o t h γ = c · c o s h υ ≥ c ❢ ♦ ♠ c ✐❧❧ ∞ ❛ ♥ ❞ ♣ ♦ ♣ ❡ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ✐ u ∗ = c · c o s h γ = c · c o t h υ ≥ c
❢ ♦ ♠ ∞ ✐❧❧ c ✳ ❙ ❝ ❛❧ ❛ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡ ✐ ♠ ❡ t ❡ ❛ ♠ ✐ c ⋆ = c · si n h γ = c · ❝ ❝ ❤ υ ≥ c ❢ ♦ ♠ ∞
✐❧❧ ③ ❡ ♦✦ ❚ ❤ ❡ ❛ ❝ ♦❢ ❛ ✉ ♣ ❡ ❧✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ❛ ❡ ❛❧ ✈ ❛❧ ✉ ❡ ❞ ❝ ♦ ✐ ♥ ❡✲ ✐ ♥ ❡ ♣ ❡ ✉ ❞ ♦✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ dt, d τ > 0 ✮✳

❚ ❤ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❞ ② ♥ ❛ ♠✐ ❝ ❡ ♥ ♦ ❢ ♦ ♠ ❈ ❤✳ ✺ ❆ ❤ ❛ ✈ ❡ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡
− Υ ♦ − Γ ✇✐ ❤ ❤ ❡✐ ✉ ❝ ✉ ❡ ♦❢ ② ♣ ❡ ✭ ✹ ✾ ✻ ✮ ✉ ♥ ❞ ❡ ❛❧ ♦ ❝ ♦ ♥ ❛ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ m 0 c ❛ ♥ ❞ m 0 c 2 ✳

❋ ♦ ❤ ❡ ♥ ❡ ① ❝❧ ❛ ✐ ②✱ ✐ ✐ ✐ ♠ ❡ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❛❧ ❧ ♦ ❝ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❛ ❝ d γ
❛ ♥ ❞ ❛❧❧ ❤ ❡ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❝ d α 1 ,2 .3 ✐ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ✳ ❚ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧✱
♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✭ ✷ ✷ ✷ ❆ ✮✱ ✭ ✷ ✷ ✺ ❆ ✮✱ ✭ ✷ ✸ ✺ ❆ ✮ ❝ ❤ ❛ ♥ ❣ ❡ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✉ ♥ ❞ ❡ ❡ ✉✐ ✈ ❛❧ ❡ ♥
❛ ❝ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ ✭ ✶ ✵ ✵ ❆ ✮✳ ❚ ✇ ♦ ❛ ❝ d γ ✱ ♣ ✐ ♠ ❛ ② ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ✭ ✷ ✷ ✽ ❆ ✮ ❛ ♥ ❞ ♠ ✉ ✉ ❛❧ ✐ ♠ ❡✲❧✐ ❦ ❡ ✐ ♥

✭ ✷ ✸ ✽ ❆ ✮✱ ❛ ❡ ✐ ✉ ❛ ❡ ❞ ✐ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩
( m )
H ≡ ⟨ p α , iα ⟩ ♦❢ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤

✇ ♦ ❜ ♦ ♥ ❞ ❡ ❞ ♣ ✐ ♠ ❛ ② ❛ ♥ ❞ ♠ ✉ ✉ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❝ d φ ✐ ♥ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ⟨ Q 1 + 1 ⟩
( m )
S ≡ ⟨ n α , t α ⟩ ❛ ❋✐ ❣ ✉ ❡ ✸ ♦❢

❡ ♥ ✐ ❡ ⟨ Q 3 + 1 ⟩ ✳ ❚ ❤ ❡ ✜ ✐ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ✉ ✈ ❛ ✉ ❡ K α ✳ ❚ ❤ ❡
❡ ❝ ♦ ♥ ❞ ✐ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K α ✳ ❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧

❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❝ ❛ ❜✐ ♥ ❛ ② ♦ ♥ ❡ ♦ ♦✳ ❇ ♦ ❤ ❜✐ ♥ ❛ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ ❛ ❝ ② ♠ ♠ ❡ ✐ ❝ ❛❧❧ ② ✇✐ ❤
❡ ♣ ❡ ❝ ♦ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ✐ ♥ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ✕ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹✳ ❚ ❤ ❡ ② ❡ ① ♣ ❡ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱ ❜ ✉ ❝ ♦ ♥ ❛ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♦ ❛ ✐ ♦ ♥ ♦❢ iα ❛ ♥ ❞ p α ✱ ❞ ✉ ❡ ♦ ❤ ❡ ❡ ♣ ❡ ❝✐ ❛❧ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡ ♦❢ ♦ ✉
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✵ ✵ ❆ ✮✱ ✇✐ ❤ ❤ ❡✐ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ② ♠ ♠ ❡ ② ♦ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✳ ■ ✐ ❢ ♦ ♠
❤ ❡ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡✐ ♣ ❛✐ ✇✐ ❡ ❡ ✉ ❛❧✐ ② ✐ ♥ ✭ ✷ ✷ ✺ ❆✲■ ■ ✮✱ ✭ ✷ ✸ ✺ ❆✲■ ■ ✮✱ ❜ ✉ ❛ ❝ ❛❧ ❛ ♦ ♥ ❡ ✳ ❚ ❤ ❡ ❡ ❢ ❡ ❛ ✉ ❡ ❤ ❛
❛ ♣❧ ❛ ❝ ❡ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❢ ♦ ❞ ♦ ✉ ❜❧ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d φ ❢ ♦ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❝ ♦ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣ ❡ ♥ t α ❛ ♥ ❞ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ n α ✉ ♥ ❞ ❡ ♦ ✉ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✸ ✶ ✸ ✮✳

❚ ❤ ❡ ✐ ♥ ❡ b ν ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ b µ ❜✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤ ❤ ❡✐ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ❝ ✐ ♥ ❤ ❡ ✐ ♥ ❡
❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ✱ ❜ ✉ ✇✐ ❤ ❤ ❡ ♣ ♦ ✐ ❜❧ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ d α 3 ✐ ♥
❤ ❡ ❜✐ ♥ ♦ ♠ ❛❧✬ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩

( 1 )
B ≡ ⟨ b ν , b µ ⟩ ✕ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ❈ ❛ ❞ ❛ ♥ ♦ ❣✐ ♠ ❜ ❛❧ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ✳ ❚ ❤✐ ♣❧ ❛ ♥ ❡ ✐ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❤ ❡ ♠ ❛✐ ♥ ❜✐ ♥ ♦ ♠ ❛❧ b
( m )
α ✐ ♥ ⟨ E 3 ⟩ ( m ) ✳ ❆ ♥ ❞ ❤ ❡ ✸✲ ❞

❛ ❝ d α 3 ❡ ① ♣ ❡ ❡ ❛ ♥ ♦ ♥✲ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❡ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜✐ ♥ ♦ ♠ ❛❧✬ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡✳
■ ♥ ❤ ❡ ✹ ❉ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ P 3 + 1 ⟩ ✱ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ♦ ♠ ❛❧✬ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦✲

♣❧ ❛ ♥ ❡ ❛ ❡ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ❢ ♦ ♠ ❛ ❞✐ ❡ ❝ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ❢ ♦ ♠ ❤ ❡ ❡ ❡❧ ❛ ✐ ✈ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ✦
❊ ❛ ❝ ❤ ❢ ♦ ♠ ❤ ❡ ♠ ✐ ❛ ❞✐ ❡ ❝ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦ ❛ ♥ ♦ ❤ ❡ ❛ ♥ ❞ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② 4 × 2 ✲❧✐ ♥ ❡ ♦
A 1 = |p α , iα | ❛ ♥ ❞ A 2 = |b ν , b µ | ✕ ❡ ❡ ❤ ❡ ♠ ✐ ♥ ❈ ❤✳ ✺✳ ❲❡ ❛ ❡ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ✭ ✺ ✵ ✵ ✮ ❛ ♥ ❞ ✭ ✶ ✼ ✹ ❆ ✮
♣ ❡ ✉ ❞ ♦✲ ❛ ♥ ❞ ✉ ❛ ✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❜ ♦ ❤ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✐ ♥ ♦ ❤ ❡✐ ❡❧ ❛ ✐ ✈ ❡ ✉ ♠ ♠ ❛ ♥ ❞ ✿

⟨ P 3 + 1 ⟩ ≡ ⟨ P 1 + 1 ⟩
( k )
H ⊠ ⟨ E 2 ⟩

( k )
B ≡ ❈ ❖ ◆ ❙ ❚ . ( 2 4 1 A − I )

⟨ Q 3 + 1 ⟩ c ≡ ⟨ Q 1 + 1 ⟩ c
( k )

H ⊞ ⟨ E 2 ⟩
( k )
B ≡ ❈ ❖ ◆ ❙ ❚ . ( 2 4 1 A − I I )

⟨ Q 3 + 1 ⟩ ≡ ⟨ Q 1 + 1 ⟩
( k )
S ⊞ ⟨ E 2 ⟩

( k )
B ≡ ❈ ❖ ◆ ❙ ❚ . ( 2 4 2 A )

❙ ✉ ❝ ❤ ♣ ♦ ♣ ❡ ✐ ❡ ✇✐ ❤ ✭ ✺ ✵ ✵ ✮ ❛ ♥ ❞ ✭ ✶ ✼ ✹ ❆ ✮ ❝ ❡ ❛ ❡ ❛ ♥✐ ❝ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ❛ ♠ ♦ ♥ ② ♦❢ ❤ ❡ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✦



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✽ ✶

✯ ✯ ✯

▲ ❡ ✉ ♥ ♦ ❡ ♦ ♥ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ♣ ♦ ♣ ❡ ② ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩ ✳ ■ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ✐
♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ❛ ❡ ❛❧ ✇ ❛ ② ② ♠ ♠ ❡ ✐ ❝ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✳ ❚ ❤ ❡ ❛ ♠ ❡ ♣ ♦ ♣ ❡ ② ❡❧ ❛ ❡
♦ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✳ ❚ ❤✐ ♣ ♦ ♣ ❡ ② ✐ ♣ ❡ ❡ ✈ ❡ ❞ ❡ ✈ ❡ ♥ ❞ ✉ ✐ ♥ ❣ ❤ ❡✐ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥

❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳ ❙ ♦✱ ❤✐ ❤ ♦ ✉❧ ❞ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❞ ✉ ✐ ♥ ❣ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✸ ✺ ❆ ✮✱
✇✐ ❤ ❡ ✈ ❡ ❛❧✐ ♥ ❣ ✇ ♦ ❜ ❛ ✐ ✈ ❡ ❝ ♦ ✕ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤
❝ ♦ ✐ ♥ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ✐ ✱ ✐ ♥ ♣ ❡ ✈✐ ♦ ✉ ✭ ✷ ✷ ✽ ❆ ✮ ② ♥ ❝ ❤ ♦ ♥ ♦ ✉ ❧ ② ❛ ♥ ❞ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❤ ❡ ♠ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧
♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤ ✐ ♥ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ✐ ❤ ♦ ✉❧ ❞ ❛ ♣ ♣ ❡ ❛ ❢ ♦ ♠ ✭ ✷ ✸ ✽ ❆ ✮✳
❚ ❤✐ ❣✐ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❤ ❡ ❡✲ ❡ ♣ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❢ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ✉ ✉ ❛❧ ✹ ❉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✿

d iα

d ( c τ )
=

d i γ i

d ( c τ )
· p α + si n i γ i · d α 1

d ( c τ )
· b ν + c o s i γ i · d α 2

d ( c τ )
· b µ =

= si n i γ i ·
d i γ i

d ( c τ )
· i1 + c o s i γ i ·

d i γ i

d ( c τ )
· b α + si n i γ i · d α 1

d ( c τ )
· b ν + c o s i γ i · d α 2

d ( c τ )
· b µ =

= K α · p α + K ν · b ν + K µ · b µ = Y s i n · i1 + X c o s · b α + K ν · b ν + K µ · b µ ,

{ d λ / R } 2 = d γ 2
i + si n h 2 γ i d α 1

2 + c o s h 2 γ i d α 2
2 =

= − si n h 2 γ i d γ 2
i + c o s h 2 γ i d γ 2

i + si n h 2 γ i d α 1
2 + c o s h 2 γ i d α 2

2 ⇒

⇒  C R
2 =

η
∗
γ

2

c
2 + si n h 2 γ i ·

w
∗
α 1

2

c
2 + c o s h 2 γ i ·

w
∗
α 2

2

c
2 = K 2

α + K 2
ν + K 2

µ ;

g Σ p Σ = g α p α + g ν b ν + j µ b µ ⇒ g 2
Σ = ( c η ∗

γ ) 2 + ( v ∗ w ∗
α ( 1 ) ) 2 + ( c ∗ w ∗

α ( 2 ) ) 2 .






( 2 4 3 A, 2 4 4 A )

❚ ❤ ❡ ✐ ❡ ♠ c o s h γ i ❛ d α 2 ✐ ✐ ✉ ❛ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ♦❢ ✐ ❞ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧✱ ❛ ♥ ❞ ❤ ❡ ② ❣✐ ✈ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧
❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ❛❧ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✳ ❍ ♦ ✇ ❡ ✈ ❡ ❙ ❚ ❘ ❞ ♦ ❡ ♥ ♦ ✐ ♠ ♣ ♦ ❡ ❡ ✐ ❝ ✐ ♦ ♥
♦ ♥ ♦ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✱ ❜ ✉ ♦ ♥❧ ② ♦ ♥ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✈ ❡❧ ♦ ❝✐ ② v ✱ ❜ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ✈ ♦ ② ❛ ❣ ❡ ❤✐ ♠ ❡❧❢✦ ■❢ s ≪ c ✱
❤ ❡ ♥ c o s h γ i → 1 ❛ ♥ ❞ K µ → d α 2 / d ( c τ ) ✐ ❛ ✐❢ ❢ ♦ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ♦ ✈✐ ♥ ❣ ❣ ② ♦ ❦ ♦ ♣ ♦ ♥ ✐ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳

❲❡ ❤ ❛ ✈ ❡ ❛ ❣ ❛✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜✐❧✐ ② ✇✐ ❤ ❤ ❡ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❈ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ② ◆✐ ❡❧ ❇ ♦ ❤ ✦
❆ ♥ ❞ ♥ ♦ ✇ ✇ ❡ ♠ ❛ ② ❞ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥❢ ❡ ✿ K α , K ν , K µ ≠ 0 ✐ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ 4 D ✲ ♣ ❛ ✐ ❛❧ ❝ ✉ ✈ ❡ ❀

❛ ♥ ② ✇ ♦ ❢ ♦ ♠ ❤ ❡ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ♥ ♦ ♥✲ ③ ❡ ♦ ✐ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ 3 D ✲ ♣ ❛ ✐ ❛❧ ❝ ✉ ✈ ❡ ❀ ❛ ♥ ② ♦ ♥ ❡ ❢ ♦ ♠ ❤ ❡ ♠
❛ ♥ ♦ ♥✲ ③ ❡ ♦ ✐ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✢ ❛ ❝ ✉ ✈ ❡ ❀ K α , K ν , K µ = 0 ✐ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳

■ ♥ ❤ ❡ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②✱ ❢ ♦ ❛ ✉ ♣ ❡ ❧✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ❤ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡
✈ ❡❧ ♦ ❝✐ ② s = c o t h γ i · c ≥ c ✭❢ ♦ ♠ ❈ ❤✳ ✻ ❆ ✮ ✐ ♥ ❡ ① ❡ ♥ ❛❧ ❝ ❛ ✈✐ ② ♦❢ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡✱ ✇ ❡ ❣ ❡ ✐ ♥ ❤ ❡ ❡ ♥ ✐ ❡ ✹ ❉
♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ⟨ P 3 + 1 ⟩ ❤ ❡ ♥ ❡ ① ❡❧ ❛ ✐ ♦ ♥ ✱ ✇ ❤ ❡ ❡ ❛ ✐❢ p α ❛ ♥ ❞ iα ❛ ❡ ❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ❞✿

d p α

d ( c τ )
=

d i γ i

d ( c τ )
· iα + c o s i γ i · d α 2

d ( c τ )
· b µ + i si n i γ i · d α 1

d ( c τ )
· b ν =

= si n i γ i
d i γ i

d ( c τ )
· i1 + c o s i γ i

d i γ i

d ( c τ )
· b α + c o s i γ i · d α 2

d ( c τ )
· b µ + i si n i γ i · d α 1

d ( c τ )
· b ν =

= K α · iα + K µ · b µ + i K ν · b ν = Y c o s · i1 + X s i n · b α + K µ · b µ + i K ν · b ν ,

{ d λ / R } 2 = − d γ 2
i + c o s h 2 γ i d α 2

2 + si n h 2 γ i d α 1
2 =

= − c o s h 2 γ i d γ 2
i + si n h 2 γ i d γ 2

i + c o s h 2 γ i d α 2
2 + si n h 2 γ i d α 1

2 ⇒

⇒  S R
2 = −

η
∗
γ

2

c
2 + c o s h 2 γ i ·

w
∗
α 2

2

c
2 + si n h 2 γ i ·

w
∗
α 1

2

c
2 = − K 2

α + K 2
µ + K 2

ν ;

g Σ iΣ = g α iα + j µ b µ + g ν b ν ⇒ g 2
Σ = − ( c η ∗

γ ) 2 + ( c ∗ w ∗
α ( 2 )

) 2 + ( v ∗ w ∗
α ( 1 )

) 2 .






( 2 4 5 A, 2 4 6 A )

❲❡ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❛ ❜✐ ❛ ② ♠ ♦ ❣ ❡ ♥ ❡ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❛ ❜ ♦❧ ✉ ❡ ❡ ♥ ✐ ❡ ⟨ Q 3 + 1 ⟩ c ❛ ♥ ❞ ⟨ P 3 + 1 ⟩ ✱ ♠✐ ① ❡ ❞ ❢ ♦ ♠
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✭ ✉ ♥ ❞ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ✮✱ ❛ ❣ ❛✐ ♥ ♦ ♣ ✉ ❡❧ ② ❛ ♥ ❣ ✉❧ ❛ ♦ ♥ ❡ ✱ ❛❧ ♦ ♥ ❣
❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ♦❢ ❤ ❡ ✐ ❣ ❤ ♣ ❛ ❛❧❧ ❡❧ ❡ ♣✐ ♣ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ❧ ❡ ❣ ✐ ♥ ⟨ E 3 ⟩ ( m ) ✱ ✇ ❤✐❧ ❡ ♣ ❡ ❡ ✈✐ ♥ ❣ ❤ ❡ ② ♠ ♠ ❡ ② ♦❢
❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ❛ ♥ ❞ ✉ ♥ ❞ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✳

◆ ♦ ❡✱ ❤ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✷ ✷ ✽ ❆ ✮✱ ✭ ✷ ✸ ✽ ❆ ✮ ❛ ♥ ❢ ♦ ♠✱ ❜ ② ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ②✱ ✐ ♥ ✇ ♦✲ ❡ ♣ ✉ ❛ ✐✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ✐ ♥ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 3 + 1 ⟩ ❛ ♥ ❞ ♦ ♥ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ✸ ❉ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ❡ ♣ ❛ ❛ ❡❧ ②
❢ ♦ ♠ ♦❧ ❡ ♦❢ I I ❛ ♥ ❞ ❢ ♦ ♠ ❊ ✉ ❛ ♦ ♦❢ I ✳ ❇ ✉ ❤✐ ❛ ♥ ❛❧ ♦ ❣ ② ❞ ♦ ❡ ♥ ♦ ❡❧ ❛ ❡ ♦ ❤ ❡ ❡✲ ❡ ♣ ❢ ♦ ♠ ✱
❜ ❡ ❝ ❛ ✉ ❡ ❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❞ ♦ ♥ ♦ ❢ ♦ ♠ ♦ ♥ ❡✲ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✱ ❝ ♦ ♥ ❛ ② ♦ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✦



✷ ✽ ✷ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ❜ ♦ ❤ ✈ ❛ ✐ ❛ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡✱ ❤ ❡✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ❣✐ ✈ ❡ ✉ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞
♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ Y ❛❧ ♦ ♥ ❣ ✐ ✇✐ ❤ ❛ ♣ ♦✐ ♥ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ M ✳ ❚ ❤ ❡ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ♠ ♦ ✈ ❡ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
♣ ♦ ❣ ❡ ✐ ✈ ❡❧ ② ♣ ❛ ❛❧❧ ❡❧ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐

−→
ct ( 1 ) ✇✐ ❤ ✈ ❡❧ ♦ ❝✐ ② ❡✐ ❤ ❡ c o s h γ i · c ♦ si n h γ i · c ✳ ❇ ② ✉ ❝ ❤

❛ ✇ ❛ ②✱ ✇ ❡ ❤ ❛ ✈ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ❡ ✈ ❡ ♥ ✐ ♠ ❡ ❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✹ ✸ ❆ ✕ ✷ ✹ ✻ ❆ ✮✳ ❚ ❤✐
♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ♠ ♦ ✈ ❡ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡❧ ② ♣ ❛ ❛❧❧ ❡❧ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❤✐❢ d γ ✳

▲ ❡ ✉ ❛ ❞ ❞ ♦ ♥ ❡ ❡❧ ❡ ♣ ♦ ✐ ❜❧ ❡ ♠ ♦ ✐ ♦ ♥✳ ■ ✐ ❡✐ ❣ ❡ ♥ ♦ ❛ ✐ ♦ ♥ α ♦❢ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐
−→
ct ( 1 ) ♦ −→y ( 1 ) ✇✐ ❤

❤✐❢ d α ♦ ❤✐❢ ✐ ♥ ✐ ♠ ❡ ❛ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ② w ∗
α ✳ ■ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❛ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ M

♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✱ ❛ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦ e α ✐ ♥ ♥ ♦ ♠ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ✦
❚ ❤ ❛ ✐ ✇ ❤ ②✱ ✐ ♥ ❡ ✉❧ ♦❢ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✷ ✽ ❆ ✮ ❛ ♥ ❞ ✭ ✷ ✸ ✽ ❆ ✮✱ ✇ ❤ ❡ ♥ d γ i = 0 ✱ ♦ ♥ ❡ ♠ ❛ ② ❤ ❛ ✈ ❡
❧ ♦ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ d α ♦ ♥ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ❛ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ❝ ♦ ✐ ♥ ❡
❛ ♥ ❞ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣

−→
ct ( 1 ) ♦ ✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ❛❧ ♦ ♥ ❣ −→y ( 1 ) ✳

❲ ❤ ❛ ✬ ♠ ♦ ❡✱ ✇ ❤ ❡ ♥ d γ i = 0 ❛ ♥ ❞ d α ≠ 0 ✱ ✇ ❡ ❝ ❛ ♥ ❡ ✈ ❡ ❛❧ ♣ ✉ ❡❧ ② ❛ ✐ ✜ ❝✐ ❛❧❧ ② ❤ ❡ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡
♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ✭ ♥ ♦ ♥✲ ❝ ✉ ✐ ♥ ❣ ✮ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ d α ♦ ♥ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐

−→
ct ( 1 ) ✐ ♥

❤ ❡ ✸ ❉ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ
( 3 )
1 ♦❢ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ✱ ❢ ✉ ❤ ❡ ♠ ♦ ❡ ✉ ♥✐ ✐ ♥ ❣ ❤ ❡ ♠ ✐ ♥ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ d α ✱

❛ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ② ✇✐ ❤ ✐ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ✐ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ✳ ❇ ② ✉ ❝ ❤ ❛ ❝ ♦ ❡ ❝ ❛ ♥ ❞ ✈ ❡ ② ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ♠ ❛ ♥ ♥ ❡ ✱ ✇ ❡ ❝ ❛ ♥ ❝ ♦ ♥ ✉ ❝
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧❧ ② ✐ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ❤ ❡ ✇ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ❝ ❡ ✇ ♦ ❛ ✐ ♦ ♥ d α ♦❢ ❤ ❡✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ r ❛ ♥ ❞
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ R K ✱ ✇✐ ❤ ♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ✐ ❣ ❤ ❛ ♥ ❞ ❧ ❡❢ ❝ ❡ ✇ ❤✐❢ d α
❛ ♥ ❞ ❤ ❡✐ ✐ ♥ ❡ ❡ ❡ ♣ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❣ ❡ ♥ ❧ ❡ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ γ ✳ ❇ ♦ ❤ ✈ ❛ ✐ ❛ ♥ ❛ d γ i = 0 ✭ γ i = ❝ ♦ ♥ ✮ ❣✐ ✈ ❡ ❤ ❡
✇ ♦ ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❢ ♦ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡

✐ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ C R = w ∗
α / c ✦ ❚ ❤ ❡✐ ❡❧ ❛ ✐ ✈ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐

−→
ct ( 1 )

❣✐ ✈ ❡ ❤ ❡ ♦ ✇ ♥ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ❜ ♦ ✈ ❡✱ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ ❧ ♦ ♣ ❡ ♦
−→
ct ( 1 ) ❛ Y c o s = c o s h γ i · CR

♦ ❛ Y s i n = si n h γ i · CR ✳ ■ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ❛ ❡ ♦❢ ❝ ❡ ✇ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ✱ ✇✐ ❤ ❤ ❡ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ❝ ♦ ♥ ❛ ♥
✹✲ ✈ ❡❧ ♦ ❝✐ ② c ♦❢ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ M ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✇ ♦ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ♥ ❛ ✉ ❛❧ ❛ ❞ ❞✐ ✐ ♦ ♥
♦ ✇ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❧ ♦ ♣ ❡ ❛ ❜ ♦ ✈ ❡ ❛ ♥ ❞ ✉ ♣ ♣ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ❛ ✉ ✉ ❛❧ ❛ ♥ ❞ ✉ ♣ ❡ ❧✐ ❣ ❤ ♦ ♥ ❡ ✳

■ ✐ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ❜ ② ❝ ♦ ♠ ♣❧ ❡ ❡ ♦ ❛ ✐ ♦ ♥ d α ❣✐ ✈ ❡ ❝ ❡ ✇ ♦ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇✦

❲❡✬❧❧ ❝ ♦ ♥ ✐ ❞ ❡ ❜ ❡❧ ♦ ✇ ❜ ✐ ❡ ✢ ② ✇ ♦ ♣ ❡ ❝✐ ❛❧ ✈ ❛ ✐ ❛ ♥ ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ γ i = ❝ ♦ ♥ ≠ 0 ❛ d γ i = 0 ✳
■ ♥ ❤ ❡ ✜ ✈ ❛ ✐ ❛ ♥ ✱ ✇ ❡✬❧❧ ❤ ❛ ✈ ❡ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ✉ ❝ ❤ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡

♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ Y c o s ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K ν ✱ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✱ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞
❜ ② ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✐ ♠ ❡✲❧✐ ❦ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ di α ✳ ■ ✐ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ❆ ❜ ♦❧ ✉ ❡
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ di α ✱ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥
❛ ♥ ❞ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡✳ ▲ ❡ ✉ ♣❧✐ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ♦ ❛ ✐ ♦ ♥ di α ♦ ♥ ♦

−→
ct ( 1 ) ❛ c o s h γ i di α · i1 ❛ ♥ ❞

✐ ♥ ♦ ⟨ E 3 ⟩ ( 1 ) ❛ si n h γ i di α ·b ν ✳ ❚ ❤ ❡ ♥ ❤ ❡ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦❢ iα ✇✐❧❧ ❝ ♦ ♥ ✐ ✐ ♥ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦✲
♣ ♦ ❝ ❡ ✐ ♦ ♥ Y c o s = c o s h γ i · CR = c o s h γ i · ( i w ∗ / c ) ❛ ♥ ❞ ❤ ❡ ♥ ♦ ♠ ❛❧ ✐ ♥ ❡ ❝ ✉ ✈ ❛ ✉ ❡ K ν = si n h γ i · CR =
si n h γ i · ( i w ∗ / c ) ✇✐ ❤ ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ di α ♦❢ ❤ ❡ ❝ ❡ ✇ ❡ ❞

✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ♣ ♦✐ ♥ M ❛ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② di α / d τ = i w ∗
α ❛ ♦ ✉ ♥ ❞

−→
ct ( 1 ) ✳ ❚ ❤ ❡ ♣ ✉ ❡❧ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ❡ ❞

♦ ❛ ✐ ♦ ♥ d α ❛ ❝ ❛ ♦ ✉ ♥ ❞ ✸✲ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ①✐ b µ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( 1 )
N s ≡ ⟨ e α , e ν ⟩ ✳

■ ♥ ❡ ❛ ❞ ♦❢ ✭ ✷ ✷ ✽ ❆ ✮✱ ✇✐ ❤ ✉ ❝ ❤ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣✱ ✐ ♥ ❡ ✉❧ ♦❢ ❤ ❡ ✜ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥
♦❢ iα ✐ ♥ d c τ ✉ ♥ ❞ ❡ γ i = ❝ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ Q 3 + 1 ⟩ c ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❛ ♥ ❣ ❡ ♥ ✐ ♠ ❡✲❧✐ ❦ ❡

♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✭ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❧ ♦ ♣ ❡ ♦ ❢ ❛ ♠ ❡ ❛ ①✐
−→
ct ( 1 ) ✮ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ✉ ✈ ❡✿






d iα ( c τ )
d ( c τ )

γ

= Y c o s · i1 + K ν · b ν = C R · iν =
w ∗

α 1
c · iν ,

− ( Y c o s ) 2 + ( K ν ) 2 = − ( C R ) 2 = ( iC R ) 2 = −
w ∗

α 1
c

2

=
i w ∗

α 1
c

2

;






⇒ ( 2 4 7 A )

⇒






di α 1 · iν = c o s i γi di α 1 · i1 + si n i γi di α 1 · b ν ,

− [d λ / R ]2 = − d α 1
2 = d ( i α1 ) 2 = − c o s h 2 γ i d α 1

2 + si n h 2 γ i d α 1
2 .





( 2 4 8 A )

❙ ✉ ❝ ❤ ❛ ② ♣ ❡ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛ ✐❢ ✐ ❤ ❡ ❞ ♦ ♥ Ê
( 3 )
m = ⟨ b ν , b α , i1 ⟩ ❧ ❡ ❛ ❞ ♦ ✉ ♠ ♠ ❛ ② ✐ ♠ ❡✲❧✐ ❦ ❡

✐ ♠ ❛ ❣✐ ♥ ❛ ② di α ✇✐ ❤ ✉ ♥✐ ② ✈ ❡ ❝ ♦ iν ✭ ❛ ♥ ♦ ♠ ❛❧ ✐ ♠ ❡ ❛ ♦ ✇ ✮ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ Q 3 + 1 ⟩ c ✱
✇ ❤✐ ❝ ❤ ✐ ❣ ♦ ❡ ♥ ❜ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ❡ ❞ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ✐ ♠ ❡ ❛ ♦ ✇ iα ♦❢ ✐ ✉ ♥✐ ②
✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ✸✲ ❞ ❜✐ ♥ ♦ ♠ ❛❧ b α ✇✐ ❤ e α ✐ ♥ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ✐ ❤ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤ e ν ✿

{ r ot Π / 2 } 4 × 4 · b α = { r ot Π / 2 } 4 × 4 ·
e α

0
=

{ r ot Π / 2 } 3 × 3 0

0 ′ 1
·

e α

0
= b ν =

e ν

0
✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✽ ✸

❆ ♥ ❞ ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ✈ ❛ ✐ ❛ ♥ ✱ ❤ ❡ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦❢ p α ✇✐❧❧ ❝ ♦ ♥ ✐ ✐ ♥ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡
♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ Y s i n = si n h γ i · CR = si n h γ i · ( w ∗ / c ) ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♥ ♦ ♠ ❛❧ ❝ ♦ ✐ ♥ ❡ ❝ ✉ ✈ ❛ ✉ ❡
K µ = c o s h γ i · CR = c o s h γ i · ( w ∗ / c ) ✇✐ ❤ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧

♦ ❛ ✐ ♦ ♥ d α ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ♣ ♦✐ ♥ M ❛ ❤ ❡ ✈ ❡❧ ♦ ❝✐ ② d α / d τ = w ∗
α ❛ ♦ ✉ ♥ ❞

−→
ct ( 1 ) ✳ ❚ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

♣ ♦❥ ❡ ❝ ❡ ❞ ♣ ❛ ♦❢ ♦ ❛ ✐ ♦ ♥ d α ❛ ❝ ❛ ✐❢ ❛ ♦ ✉ ♥ ❞ ❛ ①✐ b ν ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( 1 )
N c ≡ ⟨ e α , e µ ⟩ ✳

■ ✐ ❡ ① ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❤ ❡ ❡ ① ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡
❢ ♦ ♠ ❝ ♦ ♠ ♣❧ ❡ ❡ d α 2 ✱ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ✐ ♥ ❤ ❡ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❡ ♥ ✐ ❡
✹ ❉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ✳

■ ♥ ❡ ❛ ❞ ♦❢ ✭ ✷ ✸ ✽ ❆ ✮✱ ✇✐ ❤ ✉ ❝ ❤ ♣ ♦❥ ❡ ❝ ✐ ♥ ❣✱ ❛❢ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥
♦❢ p α ✐ ♥ d c τ ✉ ♥ ❞ ❡ γ i = ❝ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ⟨ Q 3 + 1 ⟩ c ✱ ✇ ❡ ❣ ❡ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡

♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✭ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❧ ♦ ♣ ❡ ♦ ❢ ❛ ♠ ❡ ❛ ①✐
−→
ct ( 1 ) ✮ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ✉ ✈ ❡✿






d p α ( c τ )
d ( c τ )

γ

= Y s i n · i1 + K µ · b µ = C R · p µ =
w ∗

α 2
c · p µ = d α 2

d ( c τ )
· p µ ,

− ( Y s i n ) 2 + ( K µ ) 2 = + ( C R ) 2 =
w ∗

α 2
c

2

= d α 2

d ( c τ )

2

;






⇒ ( 2 4 9 A )

⇒






d α 2 · p µ = si n i γi d α 2 · i1 + c o s i γi d α 2 · b µ ,

+[ d λ / R ]2 = d α 2
2 = − si n h 2 γ i d α 2

2 + c o s h 2 γ i d α 2
2 .





( 2 5 0 A )

■ ♥ ❤✐ ✈ ❛ ✐ ❛ ♥ ✇✐ ❤ ❛ ✐❢ ✐ ❤ ❡ ❞ ♦ ♥ Ê
( 3 )
m = ⟨ b µ , b α , i1 ⟩ ♥ ♦ ♠ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p µ ✐ ❣ ♦ ❡ ♥ ❜ ②

♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ❡ ❞ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ♦ ♥❧ ② ✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ❤ ❡
✸✲ ❞ ❜✐ ♥ ♦ ♠ ❛❧ b α ✇✐ ❤ e α ✐ ♥ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ✐ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤ e ν ✉ ♥ ❞ ❡ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❧ ♦ ♣ ❡✿

{ r ot Π / 2 } 4 × 4 · b α = { r ot Π / 2 } 4 × 4 ·
e α

0
=

{ r ot Π / 2 } 3 × 3 0

0 ′ 1
·

e α

0
= b µ =

e µ

0
✳

■ ♥ ✭ ✷ ✹ ✼ ❆ ✮✱ ✭ ✷ ✹ ✽ ❆ ✮ ❛ ♥ ❞ ✭ ✷ ✹ ✾ ❆ ✮✱ ✭ ✷ ✺ ✵ ❆ ✮✱ ❤ ❡✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧
♠ ♦ ✐ ♦ ♥ di α ❛ ♥ ❞ d α ✱ ✐✳ ❡✳✱ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❜ ❡❧ ♦ ✇ ♦❢ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡✱ ✇✐ ❤ ♣ ❤ ② ✐ ❝ ❛❧ ❛ ♥ ❣ ✉❧ ❛
✈ ❡❧ ♦ ❝✐ ✐ ❡ w ∗

α = d α / d τ ❛ ❡ ❞✐ ♣❧ ❛ ② ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ♥ ♦ ♠ ❛❧ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ❛ ✇ ♦
♣ ♦ ❣ ❡ ♥✐ ♦ ♣❧ ❛ ♥ ❡ ❛ ② ♠ ♦ ✐ ♦ ♥ ✱ ✉ ✉ ❛❧ ❛ ♥ ❞ ✉ ♣ ❡ ❧✐ ❣ ❤ ✳ ▼ ♦ ✈✐ ♥ ❣ ❛❧ ♦ ♥ ❣ ✇ ♦ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
✭ ♦❢ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ② ♣ ❡ ✮✱ ❤ ❡ ② ❛ ❡ ♦ ❛ ❡ ❞ ❛ ♦ ✉ ♥ ❞

−→
ct ( 1 ) ❛ ❤ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ✐ ♠ ❡✲

❛ ♦ ✇ iν ❛ ♥ ❞ ❛ ❤ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p µ ✳ ❚ ❤ ❡ ❡ ❛ ✐ ✜ ❝✐ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧
di α ❛ ♥ ❞ d α ❛ ❡ ❛✐ ♥ ❡ ❞ ✈✐ ✉ ❛❧❧ ② ❛❧ ♦ ♥ ❣ i1 ✱ ❞ ✉ ❡ ♦ ❤ ❡✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝✦

❲❡ ❣ ❡ ❛ ✇ ♦ ♥ ❞ ❡ ❢ ✉❧ ❛ ♥ ❞ ❛ ♠ ❛ ③✐ ♥ ❣ ❡ ✉❧ ✱ ❝ ♦ ♥ ✐ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ❢ ❛ ❝ ✱ ❤ ❛ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣ ✉❧ ❛
♠ ♦ ✐ ♦ ♥✱ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧❧ ② ❢ ♦ ♠ ❤ ❡ ❡ ✉ ❛❧ ♣❧ ❛ ♥ ❡ ❛ ② ❛ ♥ ❣ ✉❧ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ d α 1 ✐ ♥ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ✐ ♥ ❡
♥ ♦ ♠ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩

( 1 )
N s ≡ ⟨ b ν , b α ⟩ ✱ ✐ ❞✐ ♣❧ ❛ ② ❡ ❞ ❡ ♥ ✐ ❡❧ ② ✐ ♥ ✭ ✷ ✹ ✼ ❆ ✮✱ ✭ ✷ ✹ ✽ ❆ ✮ ❢ ♦ ♠ ✐ ✇ ♦ ✐ ♥ ❡

❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✐ ♠ ❡✲❧✐ ❦ ❡ ♠ ♦ ✐ ♦ ♥ di α ♦❢ ❛ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡
✐ ♥ Ẽ 1 ♦❢ ❤ ❡ ✸ ❉ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 2 + 1 ⟩ I I s ✇✐ ❤ ✐ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ( 1 ) ✱

❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦❢ ❍ ❡ ♥ ② ♦✐ ♥ ❝ ❛ ✁❡ ♦ ❝ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❙ ❚ ❘ ✐ ♥ ❏ ✉ ♥ ❡ ✶ ✾ ✵ ✺✳
■ ✐ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❢ ❛ ❝ ✱ ❤ ❛ ♦ ❛ ✐ ♦ ♥ di α ❛ ♦ ✉ ♥ ❞

−→
ct ( 1 ) ✐ ❡ ① ❡ ❝ ✉ ❡ ❞ ❛ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ②

♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ❛ ♥ ❣ ❡ ♥ iν ✉ ♥ ❞ ❡ ✐ ❛❧ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ♦
−→
ct ( 1 ) ✳ ❋ ♦ ♠ ✭ ✷ ✹ ✼ ❆ ✮ ✇ ❡ ❡ ❡ ❤ ❛ ❤ ❡

❧ ♦ ❝ ❛❧ ✐ ♠ ❡✲ ❛ ♦ ✇ −→c τ ✇✐ ❤ ❛ ♥ ❣ ❡ ♥ iα ♦ ❤✐ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♦ ❛ ❡ ❞ ❡ ♥ ✐ ❡❧ ② ❛ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❛ ♥ ❣ ✉❧ ❛
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ di α ♦ ♦✱ ❜ ✉ ✇✐ ❤ ✐ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣ ❛ ❛ ❤ ❡ ✸✲ ✈ ❡ ❝ ♦ b

( 1 )
ν ✐ ♥ ❤ ❡

✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( 1 )
N s ✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ✐ ♠✐❧ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ❡ ✇ ❡ ❞ ♦ ❛ ✐ ♦ ♥ ✲ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞

❛❧ ♦ ❜ ② ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✕ ❡ ❡ ❛ ❜ ♦ ✈ ❡ ❛ ♥ ❞ ✐ ♥ ❈ ❤✳ ✼ ❆✳ ❚ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❛ ❝ ❛ ♦ ✉ ♥ ❞ ❤ ❡
✸✲ ❞ ♥ ♦ ♠ ❛❧ ♣ ❡ ❝ ❡ ✐ ♥ ❣ ❛ ①✐ b

( 1 )
µ ✉ ♥ ❞ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤✐ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥

✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 3 + 1 ⟩ c ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐✦ ❍ ❡ ♥ ❝ ❡✱ ❜ ② ✉ ❝ ❤ ❛ ✇ ❛ ②✱ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ♥
✐ ♠ ❡ ✐ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ♦ ♥ ❛ ♥ ② ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✕ ♦✱ ❛ ♦❢ ❡❧ ❡ ❝ ♦ ♥ ✱ ♣ ✉ ♥✐ ❦

♦❢ ♣❧ ❛ ♥ ❡ ✉ ♣ ♦ ❜✐ ❣ ❛ ♥ ❞ ✈ ❡ ② ❜✐ ❣ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ♦ ❜❥ ❡ ❝ ✇✐ ❤ ❤ ❡✐ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ♣❧ ❛ ♥ ❡ ❛ ②
② ♣ ❡ ✭ ♣ ✉ ❡❧ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ✮✳

❇ ✉ ✐ ♥ ✭ ✷ ✹ ✾ ❆ ✮✱ ✭ ✷ ✺ ✵ ❆ ✮✱ ✇ ❡ ❡ ✈ ❡ ❛❧ ❡ ❞ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣ ❛ ❛ ❤ ❡ ✸✲ ✈ ❡ ❝ ♦ ❵b
( 1 )
µ

✐ ♥ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( 1 )
N c ✱ ♣ ♦❥ ❡ ❝ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡ ♦ ❛ ✐ ♦ ♥✲ ♠ ♦ ✐ ♦ ♥

d α 2 ♦❢ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ Ẽ 1 ♦❢ ❤ ❡ ✹ ❉ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ Q 3 + 1 ⟩ c ✳

❍ ♦ ✇ ❡ ✈ ❡ ❛ ❝ ♦ ✐ ♥ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ♦❢ ❤✐ ♦ ❛ ✐ ♦ ♥ d α ❞ ♦ ❡ ♥ ♦ ❧ ❡ ❛ ❞ ♥ ❛ ♠ ❡❧ ② ♦ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥✦



✷ ✽ ✹ ❆ ❊ ◆ ❉ ■ ❳

✯ ✯ ✯

❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✹ ✼ ❆✮ ✕✭ ✷ ✺ ✵ ❆✮ ❣✐ ✈ ❡ ✉ ❤ ❡ ❝ ❡ ✇ ❡ ❞ ❤ ❛ ♣ ❡ ♦❢ ❤ ❡ ❡ ❝ ✉ ✈ ❡ ✇✐ ❤
❦✐ ♥ ❡ ♠ ❛ ✐ ❝✱ ❛ ♥ ❞ ✐ ♦ ❜ ✈✐ ♦ ✉ ❧ ② ❤ ♦ ✉❧ ❞ ❜ ❡ ❡ ♣ ❡ ❛ ❡ ❞ ❛ ❛ ❡ ✉❧ ♦❢ ❤ ❡✐ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ d α ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ❡ ❡❧ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❡ ❛ ❡ ♥ ♦ ✉ ✣ ❝✐ ❡ ♥ ❢ ♦ ❤ ❡ ♦ ✈ ❡ ❛❧❧ ❢ ♦ ♠ ❛ ✐ ♦ ♥

♦❢ ✉ ❝ ❤ ❝ ✉ ✈ ❡ ✱ ✐ ♥ ❝ ❡ ❤ ❡ ❡ ❛ ❡ ♥ ♦ ② ❡ ♦ ♠ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❤ ❛ ❡ ♥ ✉ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉
❛ ♥ ❞ ♠ ♦ ♦ ❤ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ✈✐ ② ♦❢ ❛❧❧ ❤ ❡✐ ✉ ♥ ✕ ❡ ❡ ✐ ❜ ❡❧ ♦ ✇✳ ❚ ❤ ❡ ♥✱ ✐ ♥ ❡ ✉❧ ♦❢ ❤ ❡ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥✱
✇ ❡ ♠ ✉ ♦ ❜ ❛✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ♦❢ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ② ♣ ❡ ✱ ✐✳ ❡✳✱ ✇✐ ❤ ❣ ❡ ♥ ❧ ❡
❛ ♥ ❞ ❡ ❡ ♣ ❧ ♦ ♣ ❡ ✱ ❛ ♥ ❞ ❛❧ ♦ ❛ ✐ ❣ ❤ ❛ ♥ ❞ ❧ ❡❢ ✉ ♥ ❡ ❞ ❞ ✉ ❡ ♦ ✇ ♦ ♣ ♦ ✐ ❜❧ ❡ ✐ ❣ ♥ ♦❢ d α ❞✐ ❡ ❝ ✐ ♦ ♥ ✳

▲ ❡ ✉ ♣ ♦✐ ♥ ♦ ✉ ❛ ♥ ♦ ❤ ❡ ✉ ♥ ✉ ✉ ❛❧ ❢ ❡ ❛ ✉ ❡ ♦❢ ❤ ❡ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❜ ♦ ❤
♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ✇✐ ❤ ❜ ♦ ❤ ❤ ❡✐ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ di α ( 1 ) ❛ ♥ ❞ d α ( 2 ) ✱ ✈ ❡ ② ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦ ❢ ✉❧❧
✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣ ❤ ❡✐ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ❛ ♥ ❣ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ❢ ❛ ❝ ✐ ❤ ❛ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐ ♥ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✹ ✼ ❆✮ ✕✭ ✷ ✺ ✵ ❆✮ ❛ ❡ ♦❢ ❛ ♥ ❛ ✐ ✜ ❝✐ ❛❧ ♥ ❛ ✉ ❡✱ ✐ ♥ ❝ ❡ ❤ ❡ ② ✇ ❡ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞
❜ ② ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ✉ ♥✐ ❡ ❞ ♦ ♥ ❡ ✕ ❢ ♦ ♠ ❛❧❧ ② ❛❧ ♦ ✇✐ ❤
✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ❝ ✉ ✈ ❡✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❜ ♦ ❤ ❤ ❡ ❡ ❛ ✐ ✜ ❝✐ ❛❧ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ❛ ✉ ❡ ❛ ♥ ❞ ♠ ❡ ✐ ❝✱ ❛ ♥ ❞ ❤ ❡ ② ❛ ❡ ✐ ✉ ❛ ❡ ❞ ❛ ♥ ❞ ❛ ❝ ✐ ♥
❤ ❡✐ ✸ ❉ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✳ ❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡✐ ❢ ♦ ♠ ❛❧❧ ② ❡ ✉ ❛❧ ♣ ♦ ❣ ❡ ♥✐ ♦ d α ❛ ❡
✐ ✉ ❛ ❡ ❞ ✐ ♥ ❤ ❡✐ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ✳ ❍ ❡ ♥ ❝ ❡✱ ❛ ❝ ♦✐ ♥ ❝✐ ❞ ❡ ♥ ❝ ❡ ♦❢ ❝ ❛❧ ❛

❢ ♦ ♠ ♦❢ ❤ ❡ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✇✐ ❤ ❤ ❡ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d α ✐ ♥ ❤ ❡ ❡
♥ ♦ ♠ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ♦ ♥❧ ② ♠ ❡ ❛ ♥ ❢ ♦ ♠ ❛❧ ❡ ✉ ❛❧✐ ② ♦❢ ❤ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✕ ❛ ✐ ✜ ❝✐ ❛❧
❛ ♥ ❞ ❡ ❛❧✳ ■ ✐ ✉ ❝ ❤ ❛ ❢ ❡ ❛ ✉ ❡ ❧ ❡ ❛ ❞ ♦ ♥ ✉ ♠ ❜ ❡ ♦❢ ❤ ❡ ✉ ♥ ✉ ✉ ❛❧ ♣ ❛ ❛ ❞ ♦ ① ❡ ♦❢ ❝ ❡ ✇ ❡ ❞ ❛ ♥ ❞
♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ✇✐ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ♠ ♥ ✉ ♠ ❜ ❡ ♦❢ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✱ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡
✇✐ ❤ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✱ ❛❧❧ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ❡❧ ♦ ✇ ✐ ♥ ❞ ❡ ❛✐❧ ✦

◆ ♦ ❡✱ ❤ ❛ ❤ ❡ ❡ ❢ ❡ ❛ ✉ ❡ ❤ ♦❧ ❞ ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ❛ ❡ ♦ ♦ ❢ ♦ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧ ❝ ❡ ✇ ❡ ❞ ✐ ❣ ❤
❛ ♥ ❞ ❧ ❡❢ ❝ ✉ ✈ ❡ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ♦❢ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ② ♣ ❡ ✱ ✐✳ ❡✳✱ ✇✐ ❤ ❡ ❡ ♣
❛ ♥ ❞ ❣ ❡ ♥ ❧ ❡ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ ❀ ❛ ♥ ❞ ❛❧ ♦ ✇✐ ❤ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ♦❢ ✈ ❛❧ ✉ ❡ d α ♦ ♥ ❤ ❡ ❝ ✉ ✈ ❡✳

❯ ✐ ♥ ❣ ❧ ♦ ❝ ❛❧❧ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛❧ ♠ ♦ ❞ ❡❧ ❢ ♦ ❜ ♦ ❤ ② ♣ ❡ ♦❢ ✇ ♦ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✱
✇ ❡ ❝ ❛ ♥ ❡❧ ❛ ❡ ❤ ❡ ♠ ♦ ❤ ❡ ❝ ❡ ♥ ❛❧ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❡ ❣✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✕ ✉ ♣ ♣ ❡
❛ ♥ ❞ ❜ ❡❧ ♦ ✇ ♦❢ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✐ ❝ ❡ ♥ ❛❧ ❝✐ ❝ ✉❧ ❛ ③ ♦ ♥ ❡ ✕ ❛ ♥ ❡ ✉ ❛ ♦ ♦❢ ❤ ❡
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ R = r ✳ ❚ ❤✐ ❝ ♦ ♥ ✐ ♦ ♥ ✐ ✉ ❢ ❛ ❝ ❡ ❤ ❡ ❝ ♦✐ ♥ ❝✐ ❞ ❡ ❞ ✇✐ ❤ ❤ ❡ ♠ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡
♠ ♦ ✐ ♦ ♥ di α ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♠ ♦ ✐ ♦ ♥ d α ✉ ♣ ♦ ✶✲ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ Q 3 + 1 ⟩ c ✳ ❲❡ ✉ ❡
R = r ❛ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤✐ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ♦❢ ✐ ❝ ❡ ♥ ❛❧ ③ ♦ ♥ ❡ ❛ ♥ ❞ r ❛
❤ ❡ ❛ ♠ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ ♦❢ ❜ ♦ ❤ ♣ ♦ ❣ ❡ ♥✐ ♦ ♣❧ ❛ ♥ ❡ ❛ ② ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✕ ✉ ✉ ❛❧ ❛ ♥ ❞ ✉ ♣ ❡ ❧✐ ❣ ❤ ✦

❚ ❤ ✉ ✱ ❛ ❜ ♦ ✈ ❡ ✇ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❤ ❡ ♠ ❛✐ ♥ ❛ ♣ ❡ ❝ ❢ ♦ ❝ ♦ ❡ ❝ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ✇ ♦
② ♣ ❡ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ❤ ❡ ❜ ♦ ❤ ❜✐ ♥ ❛ ② ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✳

❍ ♦ ✇ ❡ ✈ ❡ ✉ ✐ ♥ ❣ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ✭ ✷ ✹ ✸ ❆✮ ✕✭ ✷ ✺ ✵ ❆✮✱ ❛ ♥ ❞ ❜ ❡❢ ♦ ❡ ✐ ♥ ✭ ✶ ✸ ✷ ❆✮✱ ✭ ✶ ✸ ✸ ❆✮ ❛ ♥ ❞ ✭ ✷ ✷ ✺ ❆✮✱ ✭ ✷ ✸ ✺ ❆✮
❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❛ ✹ ❉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡✱ ✇ ❡ ♠ ✉ ❛ ❞ ❞ ♦

❈ ❤ ✳ ✺ ❛ ♥ ❞ ✽ ❆✱ ❤ ❛ ♥ ♦ ♦ ♥❧ ② ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱ ❜ ✉ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞
♦ ♥ ❡ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ⟨ Q 3 + 1 ⟩ c ❜ ② ♦✐ ♥ ❝ ❛ ✁❡✱ ❤ ❛ ✈ ❡ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❛ ♥ ❞ ❤ ❡ ❡ ✢ ❡ ❝ ♦
❡ ♥ ♦ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ♦ ♥ ❡ ❢ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡✱ ❢ ♦ ✇ ❤✐ ❝ ❤ ✐ ❡ ✈ ❡ ❛ ♠ ❡ ✐ ❝

❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✳ ❚ ❤✐ ♦ ✉ ♠ ❛ ❦ ✐ ♥ ❡ ❝ ❡ ❛ ② ❢ ♦ ❡ ① ❡ ❝ ✉ ✐ ♦ ♥ ♦❢ ❛ ♥ ② ❡ ✢ ❡ ❝ ✐ ✈ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥
✇✐ ❤ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✐ ♥ ❤ ❡ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✳ ■ ❡❧ ❛ ✐ ✈ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞
❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❜ ♦ ♥ ♦ ♠ ❛❧✬ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ❢ ♦ ♠ ❤ ❡ ✉ ❛ ✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ✉ ♠ ❛ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡

✹ ❉ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ✇ ♦ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✭ ✷ ✹ ✶ ❆✲■■✮✳
❇ ❡ ✐ ❞ ❡ ✐ ♠✐❧ ❛ ❡❧ ❛ ✐ ✈ ❡ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ♦ ♠ ❛❧✬ ♣❧ ❛ ♥ ❡ ❢ ♦ ♠ ❛❧ ♦ ❤ ❡ ✉ ❛ ✐✲

♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❞✐ ❡ ❝ ✉ ♠ ✭ ✷ ✹ ✷ ❆✮ ❛ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❛ ❜ ♦❧ ✉ ❡ ✹ ❉ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡✳
▲ ❡ ✉ ❝ ♦ ♠ ♣ ❛ ❡ ❤ ❡ ❡ ❞✐ ❡ ❝ ♣ ❡ ✉ ❞ ♦✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❛ ✐✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞

✉ ❛ ✐✲ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✉ ♠ ✇✐ ❤ ❤ ❡ ❞✐ ❡ ❝ ✉ ♠ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✺ ✵✮✱ ✭ ✶ ✻ ✵✮✱ ✭ ✺ ✵ ✵✮✱ ✭ ✶ ✼ ✹ ❆✮✳
❍ ♦ ✇ ❡ ✈ ❡ ✐ ✐ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ♣ ❛✐ ❡ ❞ ❙ ♣ ❡ ❝✐ ❛❧ ♣❧ ❛ ♥ ❡ ✱ ❤ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
♦❢ ❤ ❡ ✉ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d γ i ❛ ♥ ❞ d α ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❡ ♣ ❛ ❛ ❡❧ ② ✐ ♥ ✭ ✷ ✹ ✸ ❆✮ ✐ ♥ ❛❧❧
✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ❤ ❡ ❜✐ ♥ ❛ ② ♠ ❡ ✐ ❝ ♣ ❛ ❝ ❡ ✇✐ ❤ q = 1 ✳

✯ ✯ ✯



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✽ ✺

■ ♥ ✭ ✷ ✹ ✼ ❆✮✱ ✭ ✷ ✹ ✽ ❆✮✱ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ di α ( 1 ) ❧ ❡ ❛ ❞ ♦ ❤ ❡ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ✐ ♠ ❡✲
❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ i α( 1 ) ✳ ❖ ♥ ❤ ❡ ❜ ❛ ✐ ✱ ✇ ❡✬❧❧ ❝ ♦ ♥ ✉ ❝ ❤✐ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✇✐ ❤ ✐ ✉ ❡ ♠ ♦ ✈ ❛ ❜❧ ❡

✐ ❤ ❡ ❞ ♦ ♥ ✐ ♥ ⟨ P 2 + 1 ⟩ I I ✱ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ i1 ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ b ν

❛ ❝ ✐ ♥ ❣ ✉ ♥ ❞ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❧ ♦ ♣ ❡ ♦
−→
ct ✳ ❚ ❤✐ ✇✐❧❧ ❜ ❡ ❛ ❧ ♦ ❣✐ ❝ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ✐ ♦ ♥ ♦❢ ♦ ✉ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧

❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ♥ ❞ ⟨ P 2 + 1 ⟩✳
▲ ❡ ✐ ♥ ✭ ✷ ✷ ✽ ❆✮ d γ i = 0 → K α = 0 ✇✐ ❤ w ∗

α = d α / d τ ✳ ❤ ② ✐ ❝ ❛❧ ❞ ✐ ✈✐ ♥ ❣ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇
✐ ♣❧ ❛ ♥ ❡ ❛ ② ❝✐ ❝ ✉❧ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩ ✐ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 2 + 1 ⟩ I I ✳

❙ ✉ ❝ ❤ ❞ ✐ ✈✐ ♥ ❣ ❛❧ ♦ ♥ ❡ ✐ ♥ ♦ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ❢ ♦ ♠ ❤ ❡ ❢ ✉❧❧ ❝ ✉ ✈ ❡✱ ♦ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
−→
ct

♣ ❡ ♠ ❛ ♥ ❡ ♥ ❧ ② ♦ ♥ ❤ ❡ ❛ ♥ ❣❧ ❡ α ✱ ♦ ❤ ❡ ✇✐ ❡ ✐ ✇✐❧❧ ❤ ❛ ✈ ❡ ❡❧❢✲✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♣ ♦ ❝ ❡ ♦❢ ♦ ❛ ✐ ♦ ♥✳ ❚ ♦
❛ ✈ ♦✐ ❞ ❤✐ ✱ ✇ ❡ ❡ ✈ ❡ ❛❧ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✐ ♦ ♥ ♦❢ ✉ ❝ ❤ ❛ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ M ♣ ❛ ❛❧❧ ❡❧ ♦ ❤ ❡
❢ ❛ ♠ ❡ ❛ ①✐

−→
ct ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ❛❧❧ ♠ ♦ ✐ ♦ ♥ ② ♥ ❝ ❤ ♦ ♥✐ ♠ ❛ ♥ ❞ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇✳

■ ✐ ❤ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ Y c o s ❣✐ ✈ ❡ ❤✐ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡ ♣ ❛ ❛❧❧ ❡❧
−→
ct ❢ ♦ ♠ ♠ ♦ ✈✐ ♥ ❣

♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ M ′ ♦❢ ❛ ❝ ✉ ❡ ♥ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ M ❛ ♥ ❞ ❛ ❞ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ C R ✳ ❚ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ❛
✇ ❤ ♦❧ ❡ ✐ ♦ ❛ ❡ ❞ ❜ ② ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ d α ❛ ♥ ❞ ♠ ♦ ✈ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡❧ ② ♣ ❛ ❛❧❧ ❡❧

−→
ct ✳ ❇ ✉ ✐ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦✲

❝ ✉ ✈ ❛ ✉ ❡ C R ❛ ♥ ❞ ✐ ♣ ❡ ✉ ❞ ♦✲ ❛ ❞✐ ✉ R C = 1 / C R ❡ ♠ ❛✐ ♥ ❝ ♦ ♥ ❛ ♥ ✳ ❲ ❤ ❡ ♥ ❤ ❡ ❝ ✉ ✈ ❡ ♠ ❛ ❦ ❡ ❛
✉ ♥ ❛ ❛ ♥ ❣❧ ❡ d α = 1 r a d ✱ ❤ ❡ ♣ ♦✐ ♥ M ♣ ❛ ❡ ❛❧ ♦ ♥ ❣ ✐ ❛ ❝✲ ❡ ❣ ♠ ❡ ♥ R C ✳ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥

♦❢ ❤✐ ❡ ❣ ♠ ❡ ♥ ✐ ♦ ♣ ♣ ♦ ✐ ❡ ♦ ❤ ❡ ❛ ❝ ✉ ❡ ❛ ♥ ❣❧ ❡ γ i ✐ ♥ ✐ ✈ ❡ ❡ ①✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ✐ ❧ ❡ ♥ ❣ ❤ ✐
r = si n h γ i ·R C ✳ ❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤✐ ❡ ❣ ♠ ❡ ♥ ♦ ♥ ♦

−→
ct ✐ s = c o s h γ i ·R C ✳ ❯ ♥ ❞ ❡ ❤ ❡ ♠ ♦ ✐ ♦ ♥

d α = 1 r a d ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❛ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ A ✇✐ ❤ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ R C

✭ ❤ ❡ ❝ ✉ ✈ ❡ ❛ ❝ ❧ ❡ ♥ ❣ ❤✮ ❛ ♥ ❞ ❧ ❡ ❣ ✿ r ✭ ❤ ❡ ♣❧ ❛ ♥ ❡ ❛ ② ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❛ ❞✐ ✉ ✮ ❛ ♥ ❞ s ✭ ❤ ❡ ❝ ❡ ✇ ❡ ♣✮
✇✐ ❤ ✐ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ s 2 − r 2 = R 2

C → r / s = t a n h γ i ≤ 1 ✳ ❚ ❤✐
✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ A ✭ ❈ ❤✳ ✻✮ ❡ ♥ ✉ ❡ ❤ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❝ ✉ ✈ ❡ ✇✐ ❤ ♦ ✉ ❡❧❢✲✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥✳

❚ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❛ ❡ ❞ ❛ ♥ ❣ ❡ ♥ iα ✱ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ♦ ✭ ✷ ✷ ✺ ❆✮✱ ❜ ✉ ♥ ♦ ✇ ✉ ♥ ❞ ❡ ❤ ❡
❝ ♦ ♥ ❛ ♥ ❛ ♥ ❣❧ ❡ γ i ❛ ♥ ❞ ♦ ❛ ✐ ♦ ♥ α ♦❢ ✐ ♠ ❡ ❛ ♦ ✇ −→c τ ✱ ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ✉ ♥✐ ② 4 ✲ ✈ ❡ ❝ ♦ iν ✇✐ ❤ ✐ e ν ✱
❢ ♦ ♠ ❡ ❞ ❜ ② ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ♦❢ ❤ ❡ ❛ ♥ ❣ ❡ ♥ iα ❛ r ot Π / 2 · iα = iν ✳ ■ ✐ ❤ ❡ ✉ ♥✐ ② 4 ✲ ✈ ❡ ❝ ♦
♦❢ ❤ ❡ ♥ ♦ ♠ ❛❧ ❛ ♥ ❣ ❡ ♥ ✱ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ ❛ iα ⊥ iν ✐ ♥ ❝ ❡ e α ⊥ e ν

✐ ♥ Ẽ 1 = { I } ✳ ❆ ♥ ❞ ✇✐ ❤ ❤ ❡ ② ♥ ❝ ❤ ♦ ♥ ♦ ✉ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ Y ♦❢ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦✐ ♥ M ❛❧ ♦ ♥ ❣
−→
ct

✇✐ ❤ ✐ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② c ∗ = c o s h γ i ·c ✱ ✇ ❡ ❣ ❡ ♦ ❤ ❡ ✷✲ ♥ ❞ ❦✐ ♥ ❞ ♦❢ ✉ ♥✐❢ ♦ ♠ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ❛
❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❛ ❝✐ ❝ ✉❧ ❛ ♣❧ ❛ ♥ ❡ ❛ ② ♠ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ❛ ❜ ♦ ❞ ② M ❛ v = c · t a n h γ i ✱

d γ i = 0 ✱ d α / d τ = w ∗
α ✱ d α / dt = w α ❛ ❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I ∓ ✱ ✇✐ ❤ ❤ ❡ ♥ ❡ ✇ ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ⟨ P 2 + 1 ⟩ I I ✇✐ ❤ ✐ ♥ ❡ b ν ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ i1 ❜✐ ♥ ♦ ♠ ❛❧ ✿

d iα ( c τ )
d ( c τ )

γ

= c o s h γ i · w ∗
α

c · i1 + si n h γ i · w ∗
α

c · b ν = y + k ν = h ν =

= Y · i1 + K ν · b ν = c o s h γ i · w ∗
α

c ·
0
1

+ si n h γ i · w ∗
α

c ·
e ν

0
= C R · iν =

= w ∗
α

c · iν = w ∗
α

c ·
si n h γ i · e ν

c o s h γ i
⇒ C R

2 = Y 2 − K 2
ν = ( w ∗

α / c ) 2 > 0 .






( 2 5 1 A )

❍ ❡ ❡✿ i1 ✐ ❤ ❡ ✉ ♥✐ ② 4 ✲ ✈ ❡ ❝ ♦ ❛ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ❢ ♦ ❤ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♦ ❤ ♦✲
♣ ♦ ❝ ❡ ✐ ♦ ♥ Y ❛❧ ♦ ♥ ❣ ♦ ❛ ❡ ❞ ✐ ♠ ❡✲ ❛ ♦ ✇

−→
ct ( 1 ) = s · α i1 ❛ ✐ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② c ∗ ✱ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞

❜ ② ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ♦❢ ♦ ❜❥ ❡ ❝ M ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞✲❧✐ ♥ ❡ ✇✐ ❤ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ❝ ♦❢ ♦✐ ♥ ❝ ❛ ✁❡❀
h ν = C R · iν ✐ ❛ ✹✲ ✈ ❡ ❝ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ ❞✐ ❡ ❝ ❡ ❞ ❛❧ ♦ ♥ ❣ ❛ ♥ ♦ ♠ ❛❧ ❛ ♥ ❣ ❡ ♥ iν ♦❢
❤ ❡ ❝ ✉ ✈ ❡ ✐ ♥ ⟨ P 2 + 1 ⟩ I I ♦ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦✐ ♥ M ′ ❛ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ M ♦ ♥ ♦

−→
ct ✱

Y = 1 / R Y = c o s h γ i · w ∗
α / c ✐ ❛ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤

✐ ♣ ♦✐ ♥ M ❛ ♥ ❞ ✐ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ M ′ ❛❧ ♦ ♥ ❣ ✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦ i1 ❛ ♥ ❞ ✐ ♠ ❡ ❛ ♦ ✇
−→
ct ( 1 ) ❛ ❛

✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♣ ❛ ✭✦✮ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥❀
K ν = 1 / R K = si n h γ i ·w

∗
α / c ✐ ❛ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ✐ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ p ν ❀

s = c / w α = c o s h γ i · c / w ∗
α = c o s h γ i · R C = c o s h 2 γ i · R Y ✐ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ♣ ❛ d α = 1 ❛ ❞✱

r = R = v / w α = si n h γ i ·c / w ∗
α = si n h γ i ·R C = si n h 2 γ i ·R K ✐ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ ✱

❤ ❡ ❡ R ✐ ❛ ❞✐ ✉ ✲ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✱ ❛ ♥ ❣ ❡ ♥ ♦ ✐ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✳



✷ ✽ ✻ ❆ ❊ ◆ ❉ ■ ❳

◆ ♦ ❡ ♦ ♥ ❡ ❡❧ ❡✱ ❤ ❛ ❤ ❡ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ A ✭ ❡ ❡ ❛ ❜ ♦ ✉ ✐ ♥ ❡ ❝ ✻✳ ✹✮✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞
❛ ❜ ♦ ✈ ❡✱ ❡ ♥ ✉ ❡ ❤ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✇✐ ❤ ♦ ✉ ❡❧❢✲✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣ ♦ ❝ ❡ ♦❢
❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ M ❞ ✉ ❡ ♦ ✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥
✇✐ ❤ c ∗ ❛❧ ♦ ♥ ❣

−→
ct ❛ s = r ·(c ∗ / v ∗ ) = r ·(c / v ) = r ·c ot h γ ✳ ■ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ❤✐ ✐

❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ② ❜ ② ◆ ❛ ✉ ❡ ✐ ❡❧❢✱ ✐ ♥ ❝ ❡ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ✐ ❛ ♥ ❣❧ ❡ A ✐ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ✐ ♥ ❡ ✐ ♦
✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ V ♦❢ ❤ ❡ ❤ ❡ ❡ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✱ ✇ ❤ ❡ ❡ ❤ ❡ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ c ✐ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✹✲ ✈ ❡❧ ♦ ❝✐ ②

♦❢ ❤ ❡ ♣ ♦✐ ♥ M ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ❧ ❡ ❣✿ v ∗ ✐ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦ ♣ ❡ ✸✲ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡
♣ ♦✐ ♥ M ❛ ♥ ❞ c ∗ ✐ ❤ ❡ ❝ ❛❧ ❛ ✐ ♠ ❡✬ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ❛❧ ♦ ♥ ❣

−→
ct ♦ ♦❢ M ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦

−→
ct ✳

■ ♥ ❤ ❡ ✉ ✉ ❛❧ ✶✲ ✐ ❤ ❡ ❞ ♦ ♥✱ ✐ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ iα ✐ ❤ ❡ ❡ ❛ ♥ ✐ ♠ ♣ ♦ ❡ ♥ ✈ ❡ ❝ ♦ ✕ ✇✐ ❤ ♦ ✉
❝ ✉ ✈ ❛ ✉ ❡ ✭ K α = 0 ❛ d γ = 0 ✱ ❜ ✉ γ ≠ 0 ✮✱ ❛❧ ❤ ♦ ✉ ❣ ❤ iα (c τ ) ❡ ①✐ ✳ ❚ ❤ ❡ ♥ ♦ ♠ ❛❧ ✐ ♠ ❡✲ ❛ ♦ ✇ iν
❤ ❛ ❤ ❡ ❝ ✉ ✈ ❛ ✉ ❡ C R ✱ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ b ν ❛ ♥ ❞
❤ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ i1 ✳ ❚ ❤ ❛ ✬ ✇ ❤ ②✱ ❢ ♦ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡

♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇✱ ✇ ❡ ❛ ♣ ♣❧ ② ❛ ❤ ❡ ♦ ✉ ❛ ✐ ✜ ❝✐ ❛❧ ✐ ❤ ❡ ❞ ♦ ♥ Ê
( 3 )
m = ⟨b ν , b α , i1 ⟩ ✇✐ ❤ ✸ ❝ ✉ ✈ ❛ ✉ ❡ ✦

■ ♥ ✭ ✷ ✺ ✶ ❆✮✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✇ ❡ ❞ ❡ ✜ ♥ ❡ ❞ y = Y · i1 ✭ ✇✐ ❤ ✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦ i1 ❢ ♦ ♠ ❤✐ ✐ ❤ ❡ ❞ ♦ ♥✮ ❛
❤ ❡ ❝ ♦ ✐ ♥ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ✹✲ ✈ ❡ ❝ ♦ h ν = C R ·iν ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ C R ❛ ♥ ❞

❛ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ✈ ❡ ❝ ♦ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ✐ ♥ ✐ ♠ ❡ ✭ ❛ ✐❢ ✐ ♠ ❡✲❧✐ ❦ ❡ ✧ ♦ ✐ ♦ ♥ ✧✮✳ ■ ✐ ♥ ♦ ❛ ♦ ❛ ✐ ♦ ♥✱

❜ ✉ ✐ ✐ ❛ ♣ ✉ ❡❧ ② ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✐ ♦ ♥ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♣ ❛ ❛❧❧ ❡❧ ♦
−→
ct ( 1 ) ✳ ❚ ❤✐ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ✐ ♥

✐ ♠ ❡ Y ✐ ❛ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ✐ ♥ ❤ ❡ ❡ ♥ ❢ ❛ ❝ ♦ ♦❢ ❙ ❚ ❘✱ ❡❧ ❛ ✐ ♥ ❣ ♦ ❛❧❧ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✦ ❚ ❤✐ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇
✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ✐ ♥ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ Y ❛❧ ♦ ♥ ❣ i1 ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♦ ❛ ✐ ♦ ♥ d α ❛ ♦ ✉ ♥ ❞ i1 ✳ Y · i1 ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❝ ✉ ✈ ❡ ✱ ❛ ✐

❛✐ ♥ ❤ ❡ ♠ ❛❧ ♦ ♥ ❣ i1 ❀ γ i ❛ ✛ ❡ ❝ ♦ ♥ r / s ✱ w ∗
α ❛ ✛ ❡ ❝ ♦ ♥ s ✳ ❙ ✉ ❝ ❤ ❛ ❝ ❡ ✇ ❝ ❛ ♥ ❜ ❡ ❛ ♠ ♦ ❞ ❡❧ ♦❢ ❛

♣ ❤ ② ✐ ❝ ❛❧ ❝ ❡ ♥ ✐ ♣ ❡ ❛❧ ❛ ❝ ❝ ❡❧ ❡ ❛ ♦ ✇✐ ❤ ❤ ❡ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✳ ▼ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧❧ ②✱ ❛ ♣❧ ❛ ♥ ❡ ♦ ❛ ♣ ✉ ♥✐ ❦
✐ ♦ ❛ ❡ ❞ ❛ ♦ ✉ ♥ ❞ ❛ ❛ ♦ ❛ ❜✐ ❣ ♣❧ ❛ ♥ ❡ ♦ ♥ ♦ ❜✐ ♦❢ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ r = v ∗ / w ∗

α = v / w α ✳
❆ ❤ ❡ ❡ ① ❡ ♠ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ✉ ❝ ❤ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✱ ✇ ❡ ❣✐ ✈ ❡ ❛ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦❢

❛ ♣ ❤ ♦ ♦ ♥ ❝✐ ❝ ✉❧ ❛ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ✈ ❡ ② ♠ ❛ ✐ ✈ ❡ ❙ ❛ ✱ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ✇✐ ❤
✈ ❡❧ ♦ ❝✐ ✐ ❡ c = c · e α ❛ ♥ ❞ w ∗

α ♦❢ ❤ ❡ ❛ ❞✐ ✉ r = s = c / w ❛ ❬v = c, r = s · (v / c ) = s · t a n h γ i ❪✱
✇ ❤ ❡ ❡ ✐ ♥ ❤ ❡ ❧✐ ♠✐ ✿ r / s = t a n h γ i = 1 ✳ ❚ ❤ ❡ ♥ ✇ ❡ ❡ ❡ ❤ ❛ w α = c / r ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ♦ ♥❧ ② ❜ ②
❤ ❡ ❛ ❞✐ ✉ r ♦❢ ❤ ❡ ♦ ❜✐ ✳ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥ ♣ ❤ ♦ ♦ ♥ ✐ ♦ ❛ ❡ ❞ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ c ❛ ♥ ❞ w α ❛ ♦ ✉ ♥ ❞ ❤ ❡

❙ ❛ ❛ ❛ ❇❧ ❛ ❝ ❦ ❍ ♦❧ ❡ ♦❢ ❛ ❞✐ ✉ r = c / w α = f M / c 2 ❛ ♥ ❞ ✇✐ ❤ ❤ ❡ ♣ ❡ ✐ ♦ ❞ T = 2 π r / c = 2 π / w ∗
α ✱

♣ ❡ ❞✐ ❝ ❡ ❞ ✐ ♥ ✶ ✼ ✽ ✸ ❜ ② ❏ ♦ ❤ ♥ ▼✐ ❝ ❤ ❡❧❧ ❬ ✽ ✶❪ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ❚ ❤ ❡ ♦ ✐ ❡ ✭✦✮✳ ❘ ❡ ❝ ❛❧❧✱
❤ ❛ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❙ ❝ ❤ ✇ ❛ ③ ❝ ❤✐❧ ❞✬ ❛ ❞✐ ✉ ❢ ♦ ❤ ❡ ❇❧ ❛ ❝ ❦ ❍ ♦❧ ❡ ❬ ✶ ✵ ✵❪ ✐ ✇✐ ❝ ❡ ♠ ♦ ❡✱ ❜ ✉ ❤✐ ♠ ❛ ②

❜ ❡ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ✧ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✧ ✐ ♥ ✭ ✷ ✶ ✷ ❆✮✱ ❈ ❤✳ ✾ ❆✳ ■ ✐ ❤ ❡ ❝ ❛ ❡✱ ✇ ❤ ❡ ♥ ❤ ❡ ❡ ✐
❡ ❛❧❧ ② ♥ ♦ ✇ ❛ ② ♦ ❝ ❤ ❡ ❝ ❦ ✇ ❤✐ ❝ ❤ ♦❢ ❤ ❡ ✇ ♦ ❛ ✉ ❤ ♦ ✐ ✐ ❣ ❤ ♠ ♦ ❡✱ ✐ ♥ ❝ ❡ ❤✐ ❛ ❞✐ ✉ ✐ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧✦

❚ ❤✐ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✭✐✳ ❡✳✱ ✐ ♥ ❤ ❡ ✉ ✉ ❛❧ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✮ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ♦ ♥ ✐
❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❛ ❡ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ R = r ✳
❋ ❛ ❝ ✉ ❛❧❧ ② ❤✐ ❝ ✉ ✈ ❡ ❝ ♦ ♥ ✐ ❢ ♦ ♠ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❡ ♣ ❡ ❛ ❡ ❞ ❛ ✐ ✜ ❝✐ ❛❧ ✐ ♠ ❡✲❧✐ ❦ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ di α ✱
✇ ❤ ❡ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ♠ ❛ ❦ ❡ ❛ ✉ ♥ ❛ ❛ ♥ ❣❧ ❡ 1 r a d ✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤✐ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧
❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❛ ❛ ❢ ❛ ❣ ♠ ❡ ♥ ✐ ❞ ❡ ♣❧ ♦ ② ❡ ❞ ✐ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ♦ ♥ ♦ ❤ ❡ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♣❧ ❛ ♥ ❡ ✇✐ ❤ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ♦❢ ❛ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ♦ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ♦ ♥ ✐ ✳ ❲✐ ❤ ❤ ❡
❛ ♥ ❣ ❡ ♥ ♦ ❜ ♦ ❤ ❤ ❡ ♠ ❝ ❡ ♥ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❡ ❣✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■

✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✱ ❤ ❡ ❡ ❤ ❡ ❡ ✉ ❢ ❛ ❝ ❡ ❛ ♥ ❞ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❧✐ ♥ ❡ ♦ ♥ ❤ ❡ ♠ ❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♠ ❡ ✐ ❝✦✦✦
❚ ❤✐ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥✱ ❛ ❛ ♣ ❡ ❝✐ ✜ ❝ 3 D ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✇✐ ❤ ❤ ❡

✐ ♥ ❤ ❡ ❡ ♥ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ Y c o s = c o s h γ i · w ∗
α / c = c o s h γ i · CR ❢ ♦ ✐ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♣ ❛ ❛❧ ♦ ♥ ❣ i1

❛ ♥ ❞ ❤ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K ν = si n h γ i · w ∗
α / c = si n h γ i · CR ❢ ♦ ✐ ♦ ❛ ✐ ♦ ♥ ❛❧ ♣ ❛ ✐ ♥ ⟨ E 2

K ⟩✳
◆ ❡ ❝ ❡ ❛ ② ✉ ❛ ♥ ✐ ❛ ✐ ✈ ❡ ❜ ♦ ♥ ❞ ♦❢ ❤ ❡ ❡ ✇ ♦ ♣ ❛ ✐ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❜ ♦ ❤
❤ ❡ ② ❤ ❛ ✈ ❡ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❢ ❛ ❝ ♦ w ∗

α ❛ ✐ ❡ ❛ ❝ ❤ ♣ ♦✐ ♥ M ✉ ♥ ❞ ❡ ❛ ❝ ✐ ♥ ❣ ♦❢ ❤ ❡ ❞ ✐ ✈✐ ♥ ❣
♣❧ ❛ ♥ ❡ ❛ ② ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✳ ❆ ❛ ❡ ✉❧ ✱ ✐ ❤ ❛ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ✸✲ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ C R ✿

K ν = 1 / R K = si n h γ i · CR = si n h γ i · w ∗
α / c = g ν / c 2 , k ν = K ν · b ν ; ( 2 5 2 A )

Y = 1 / R Y = c o s h γ i · CR = c o s h γ i · w ∗
α / c, y 1 = Y · i1 . ( 2 5 3 A )

Ê
( 3 )
m = ⟨ b ν , b α , i1 ⟩ . ( 2 5 4 A )



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✽ ✼

❚ ❤ ❡ ✐ ♣❧ ❡ K ν ✱ Y ✭❧ ❡ ❣ ✮✱ C R ✭ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡✮ ❢ ♦ ♠ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦❢ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✐ ♥
✭ ✷ ✺ ✶ ❆✮✱ ✇ ❤ ❡ ❡ K ν / Y = t a n h γ i < 1 ✐ ✐ ❝ ♦ ♥ ❛ ♥ ✐ ♠ ❡✲❧✐ ❦ ❡ ❧ ♦ ♣ ❡✳ ■ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲
♣❧ ❛ ♥ ❡ ♦❢ ❣ ❡ ♥ ❡ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ⟨ P 1 + 1 ⟩ C ≡ { p ν , i1 } ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ♦ ♥ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ✉ ❢ ❛ ❝ ❡✱ ✇ ❡ ❣ ❡
❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ❜ ❡ ♥ ❞ ❡ ❞ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ A 1 ✇✐ ❤ ❧ ❡ ❣ r ✱ s ❛ ♥ ❞ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ R C = 1 / C R ✱

✇ ❤ ❡ ❡ r = si n h γ i · R C ✱ s = c o s h γ i · R C ✳ ✭■ ♥ A 1 s ✐ ❝ ♦ ❛ ①✐ ❛❧ ♦
−→
ct ✳✮ ❚ ❤ ❡ ♥ ❤ ❡ ❡ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥

s 2 − r 2 = R 2
C ✳ R C ❡ ① ♣ ❡ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❛ ❝ ❛ α = 1 ❛ ❞ ✳

❚ ❤ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱ ❜ ✉ ✢ ❛ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ A 2 ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩ Y ✳
✭■ ♥ A 2 r ✐ ❝ ♦ ❛ ①✐ ❛❧ ♦ p ν ✮✳ ❚ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ❛✐ ❣ ❤ ❧ ❡ ❣ ✐ s > r ✳

❆ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♣ ❛ ❛ ❞ ♦ ① ♦❢ ❛❧❧ ❝ ❡ ✇ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✇ ♦ ✇ ♦ ♥ ❞ ❡ ❢ ✉❧ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✿
P ♦❢ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✐ ♥ ✭ ✷ ✺ ✶ ❆✮ ❛ ♥ ❞ A ✐ ♥ ❤ ❡✐ ✇ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ❜ ♦ ✈ ❡ ✇✐ ❤ ✇ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✦ ❚ ❤ ❡✐ ❧ ❡ ❣ ❛ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ✇✐ ❤ ❝ ♦ ♠ ♠ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ s / Y = r / K ν ✱
❤ ❡ ② ❤ ❛ ✈ ❡ ❡ ✉ ❛❧ ❛ ❞❥ ❛ ❝ ❡ ♥ ❛ ♥ ❣❧ ❡ ✳ ❍ ❡ ♥ ❝ ❡✱ ❜ ♦ ❤ ✐ ❛ ♥ ❣❧ ❡ ❛ ❡ ❤ ♦ ♠ ♦ ❤ ❡ ✐ ❝✳ ❍ ♦ ✇ ❡ ✈ ❡ ❤ ❡✐

❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ❛ ❡ ✐ ♥ ✈ ❡ ❡ ❡ ❛ ❝ ❤ ❛ ♥ ♦ ❤ ❡ ❛ C R = 1 / R C ✦✦✦ ✭ ❚ ❤✐ ♣ ❛ ❛ ❞ ♦ ① ❡ ① ❡ ♥ ❞ ♦ ❝ ❡ ✇ ❡ ❞
❝ ✉ ✈ ❡ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1 ⟩ ✇✐ ❤ ✐ ♠✐❧ ❛ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✦✮

❚ ❤✐ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩ Y ❣ ❡ ♥ ❡ ❛ ❡ ✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱
✇ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✿ ❤ ❡ ② ❛ ❡ ❤ ❡ ❡ ① ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ B ❛ ♥ ❞ ❤ ❡ ✐ ♥ ❡ ✐ ♦
✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ C ✱ ✇✐ ❤ ❤ ❡✐ ❡ ① ❡ ✐ ♦ ❛ ♥ ❞ ✐ ♥ ❡ ✐ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✳

❚ ❤ ❡ ❡ ① ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ B ❤ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ R K = 1 / K ν ✭ ❛ ❞✐ ✉ ♦❢ ✐ ♥ ❡
❝ ✉ ✈ ❛ ✉ ❡ ✉ ♥ ❞ ❡ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ γ i ♦ ⟨ E 2 ⟩✮✱ ✐ ♠ ❡✲❧✐ ❦ ❡ ❧ ❡ ❣ R C = si n h γ i · R K ✕ ♦ ♣ ♣ ♦ ✐ ❡ ♦ γ i ✱ ❛ ♥ ❞
♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❧ ❡ ❣ b 1 = c o s h γ i ·R K ✕ ❛ ❞❥ ❛ ❝ ❡ ♥ ♦ γ i ✳ ❋ ♦ ♠ ✐ ❛ ♥ ❣❧ ❡ B ✇ ❡ ❤ ❛ ✈ ❡ R 2

K = b 2
1 − R 2

C > 0 ✳
❚ ❤ ❡ ✐ ♥ ❡ ✐ ♦ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ C ❤ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ R Y = 1 / Y ✭ ❛ ❞✐ ✉ ♦❢ ❝ ♦ ✐ ♥ ❡ ♦ ✐ ♦ ♥

✉ ♥ ❞ ❡ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥ γ i ♦
−→
ct ✮✱ ✐ ♠ ❡✲❧✐ ❦ ❡ ❧ ❡ ❣ R C = c o s h γ i · R Y ✕ ❛ ❞❥ ❛ ❝ ❡ ♥ ♦ γ i ✱ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ❧✐ ❦ ❡

❧ ❡ ❣ b 2 = si n h γ i · R Y ✕ ♦ ♣ ♣ ♦ ✐ ❡ ♦ γ i ✳ ❋ ♦ ♠ ✐ ❛ ♥ ❣❧ ❡ C ✇ ❡ ❤ ❛ ✈ ❡ R 2
Y = R 2

C − b 2
2 < 0 ✳

❲✐ ❤ ✜ ✐ ❛ ♥ ❣❧ ❡ ✱ ❤✐ ❝ ❡ ✇ ❡ ❞ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❤ ❛ ✺ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ✦ ■❢ ❤ ❡
❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❛ ♥ ❣ ❡ ♥ ❝ ②❧✐ ♥ ❞ ❡ ✇✐ ❤ ❤✐ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ✐ ❝ ✉ ❛❧ ♦ ♥ ❣ ❤ ❡ ❝ ❡ ♥ ❛❧ ❛ ①✐

−→
ct ✱ ❢ ✉ ❤ ❡ ♦

❞ ❡ ✈ ❡❧ ♦ ♣ ✐ ✐ ♥ ♦ ❢ ❛ ❣ ♠ ❡ ♥ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ✜ ♥ ❛❧❧ ② ♦ ❛ ❞ ❞ ❤ ❡ ❡ ❢ ❛ ❣ ♠ ❡ ♥ ♦ ♦ ❝ ♦✐ ♥ ❝✐ ❞ ❡
✇✐ ♥ ❞✐ ♥ ❣ ♦❢ ❤✐ ❝ ❡ ✇✱ ❤ ❡ ♥ ✇ ❡ ❣ ❡ ❤ ❡ ❛ ♠ ❡ ❜ ✉ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ✢ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✳
❚ ❤✐ ❝ ♦ ♥ ✈✐ ♥ ❝✐ ♥ ❣ ❡ ① ❛ ♠ ♣❧ ❡ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ✈ ❡ ② ❝❧ ❛ ✐ ②✱ ❤ ♦ ✇ ♠✐ ♥✐ ♠ ❛❧ ❝ ✉ ✈✐ ♥ ❣ ❤ ❡ ❜ ❛ ✐ ✢ ❛
♣ ❛ ❝ ❡✱ ❡ ✈ ❡ ♥ ✐ ♥ ♦ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♣ ❛ ❝ ❡ ⟨ C 2 + 1 ⟩✱ ❝ ♦ ♠ ♣❧✐ ❝ ❛ ❡ ✐ ♥ ❛ ❧ ❛ ❣ ❡ ❡ ① ❡ ♥ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡
✐ ♠ ♣❧ ❡ ❛✐ ❣ ❤ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✇✐ ❤ ✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❛ ❧ ♦ ♦❢ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ✦✦✦

■ ♥ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✱ ✇ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❢ ♦ ✉ ♥ ❞ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤✐ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✇✐ ❤
✐ ❛ ♥ ❣ ❡ ♥ ② ♣ ❡ ✐❧❧ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❧✐ ❣ ❤ ❝ ♦ ♥ ❡✱ ✇ ❤ ❡ ❡ ✐ ♥✐ ✐ ❛❧❧ ② ✇ ❡ ❛ ❞ ♦ ♣ ❤ ❛ t a n h γ = r / s ✿
r = R, x 1 = r · c o s α, x 2 = r · si n α, ct = s · α (r = v / w α = ❝ ♦ ♥ , s = c / w α = ❝ ♦ ♥ ).

si n h γ = r / R C = R C / R K → si n h 2 γ = r / R K = r · Kν , → r = R = t a n h γ · s,

c o s h γ = s / R C = R C / R Y → c o s h 2 γ = s / R Y = s · Y, → s = c ot h γ · r ;
→ r 2 − s 2 = R 2

C , Y 2 − K 2
ν = C 2

R = 1 / R 2
C = 1 / R 2

Y − 1 / R 2
K < 0;

→ b 1 = R K · c o s h γ, b 2 = R Y · si n h γ, b 2 / b 1 = t a n h 2 γ,
→ R 2

K = b 2
1 − R 2

C > 0 , R2Y = R 2
C − b 2

2 < 0; R Y / R K = K ν / Y = t a n h γ.






( 2 5 5 A )

✭ ❋ ♦ ✉ ♣ ❡ ❧✐ ❣ ❤ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ✐ ♥ ✭ ✷ ✹ ✾ ❆✱ ✷ ✺ ✵ ❆✮ ♦❢ ❤ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ② ♣ ❡✱ ✇ ❡ ❛ ❞ ♦ ♣ c ot h γ = r / s ✳✮

❋ ♦ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✭❢ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ✐ ♥ ❛ ❝ ❝ ❡❧ ❡ ❛ ♦ ✮✱ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞
♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✇✐ ❤ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❬ ❡ ❡ ❛❧ ♦ ✐ ♥ ✭ ✶ ✻ ✺ ❆✮ ✕✭ ✶ ✻ ✽ ❆✮❪✿

v ∗ = c · si n h γ, w ∗
α = v ∗ / r, v = c · t a n h γ, w α = v / r ; [w ∗

θ = d θ / d τ = − ( c o s h γ − 1) · w ∗
α ]❀

⊥
g K = g ν = c · si n h γ · w ∗

α = v ∗ · w ∗
α = ( v ∗ ) 2 / r = c 2 K ν = c 2 / R K ✱

⊥
g

( 1 )

=
⊥
g · ❡ ❝ ❤ γ = v · w ∗

α = v ∗ · w α ✱ (g = 0) ✳

❆ ♥ ❞ ❢ ♦ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❛ ♦❢ ✭ ✷ ✺ ✶ ❆✮ ❤ ❡ ❡ ❤ ♦❧ ❞✿
c ∗ = c o s h γ · c ✐ ❤ ❡ ♣ ♦ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♠ ❡ t ❡ ❛ ♠ ❢ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱
⊥
g Y = c 2 Y = c 2 / R Y = c 2 C R c o s h γ = c · c o s h γ · w ∗

α = c ∗ · w ∗
α = ( c ∗ ) 2 / s ✳



✷ ✽ ✽ ❆ ❊ ◆ ❉ ■ ❳

❚ ❤ ❡ ♠ ❛✐ ♥ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ② ♦❢ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡ ✭ ✇✐ ❤ ♦ ✉ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡✮ ✐ ✉ ❝ ❤✱
❤ ❛ ❛❧❧ ❤ ❡ ② ❛ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ♥ ♦ ♦ ♥❧ ② ❜ ② ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❜✐ ♥ ♦ ♠ ❛❧✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❡ ✐ ❡❧ ❡ ❛ ♥

✐ ♥ ❤ ❡ ❡ ♥ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✳ ❚ ❤ ❡ ❧ ❛ ❡ ✐
❜ ♦ ♥ ❞ ❡ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ✇✐ ❤ ❤✐ ♦ ❛ ✐ ♦ ♥✳ ❆ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❝ ♦ ♥ ✐ ❢ ♦ ♠ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ②
♣ ❛ ❝ ❡ ✭ ❤ ❡ ❡ ✐ ♥ ❡✮ ❛ ♥ ❞ ✐ ♠ ❡ ✭ ❤ ❡ ❡ ❝ ♦ ✐ ♥ ❡✮ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ❛ ✳ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ❤ ❡ ✈ ❡ ❝ ♦

♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ✐ ♠✐ ① ❡ ❞ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣ ❡ ♥ iα ♦ ❛ ❝ ✉ ✈ ❡✳ ❇ ✉ ♣ ❤ ② ✐ ❝ ❛❧❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡
✈ ❡ ❝ ♦ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ♦❢ iα ♠ ❛ ② ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ❜ ② ❤ ❡✐ ❞✐ ✛ ❡ ❡ ♥
② ♣ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ✳ ■ ♥ ❞ ❡ ❡ ❞✱ ✉ ❝ ❤ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❞ ♦ ♥ ♦ ❡❧ ❛ ❡ ♦ ❤ ❡ ❣ ♦ ✉ ♣ ♦❢ ♦ ❛ ✐ ♦ ♥✱ ❤ ❡ ②
❡❧ ❛ ❡ ♦ ❤ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❣ ♦ ✉ ♣ ♦❢ ❛ ♥ ❧ ❛ ✐ ♦ ♥ ❛ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣

❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡✦ ■ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ✐ ✐ ❛ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♦ ✐ ♦ ♥ ❞ ✉ ❡ ♦ ❤ ❡ ❋ ❡ ♥ ❡ ✕ ❙ ❡ ❡
❤ ❡ ♦ ②✳ ■ ♥ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❛ ♥ ❞ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✱ ✐ ✐ ❛ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥✳

✯ ✯ ✯
◆ ❡ ① ✇ ❡ ❝ ♦ ♥ ✉ ❝ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ② ♣ ❡ ♦❢ ✸ ❉ ❝ ❡ ✇ ✐ ♥ ⟨ Q 2 + 1 ⟩ ❜ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥✲ ♦ ❛ ✐ ♦ ♥ ♦❢

❤ ❡ ❛ ♥ ❣ ❡ ♥ i ✐ ♥ d α ✱ ❛ ❤ ❡ ✉ ♥✐❢ ♦ ♠ ❛ ❜ ♦❧ ✉ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ d α ❛❧ ♦ ♥ ❣ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡

❤ ❛ ✈✐ ♥ ❣ ♦ ✉ ❛ ✐ ✜ ❝✐ ❛❧✱ ❜ ✉ ✉ ❡ ✐ ❤ ❡ ❞ ♦ ♥ Ê
( 3 )
m = ⟨b ν , b α , t 1 ⟩ ✇✐ ❤ ✇ ♦ ❜ ♦ ♥ ❞ ❡ ❞ ❝ ✉ ✈ ❛ ✉ ❡ ✦

❍ ❡ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❞ ✐ ✈✐ ♥ ❣ ❛❧ ♦ ♥ ❡ ✐ ♥ ♦ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ❢ ♦ ♠ ❤✐ ❢ ✉❧❧ ❝ ✉ ✈ ❡✱ ♦ ❤ ❡ ✇✐ ❡ ✐ ✇✐❧❧ ❜ ❡ ♠✐ ① ❡ ❞
✇✐ ❤ ✐ ❡❧❢✳ ❚ ♦ ❛ ✈ ♦✐ ❞ ❤✐ ✱ ✇ ❡✬❧❧ ✉ ❡ ❤ ❡ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦✐ ♥ M ❛❧ ♦ ♥ ❣
❤ ❡ ♦ ❛ ❡ ❞ ❛ ①✐ −→y ❛ ✐ ♥ ✭ ✷ ✹ ✼ ❆✮✱ ✭ ✷ ✹ ✽ ❆✮✳ ❙✐ ♥ ❝ ❡ ❤✐ ❝ ✉ ✈ ❡ ❛ ❛ ✇ ❤ ♦❧ ❡ ♦ ♥❧ ② ♦ ❛ ❡ ❤ ♦ ✉ ❣ ❤

❛ ♥ ❣❧ ❡ d α ✱ ✐ ❣ ❡ ♥ ❡ ❛❧ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡ C R ❛ ♥ ❞ ✐ ❛ ❞✐ ✉ R C = 1 / C R ❡ ♠ ❛✐ ♥ ❝ ♦ ♥ ❛ ♥ ✳ ❲ ❤ ❡ ♥
❤ ❡ ❝ ✉ ✈ ❡ ♠ ❛ ❦ ❡ ❛ ✉ ♥ ❤ ♦ ✉ ❣ ❤ ❛ ♥ ❛ ♥ ❣❧ ❡ d α = 1 r a d ✱ ❤ ❡ ♣ ♦✐ ♥ M ♣ ❛ ❡ ❛❧ ♦ ♥ ❣ ✐ ❛ ❝ R C ✳

❚ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤✐ ❡ ❣ ♠ ❡ ♥ ✐ ♦ ♣ ♣ ♦ ✐ ❡ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ φ i ✱ ❤ ❡ ❡❢ ♦ ❡ ✐
❧ ❡ ♥ ❣ ❤ ✐ r = si n φ i · R C ✱ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤✐ ❡ ❣ ♠ ❡ ♥ ♦ ♥ ♦ −→y ✐ s = c o s φ i · R C ✳ ❯ ♥ ❞ ❡
d α = 1 r a d ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❛ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❆ ✇✐ ❤ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ R C ✭ ❝ ✉ ✈ ❡ ❛ ❝
❧ ❡ ♥ ❣ ❤✮ ❛ ♥ ❞ ❧ ❡ ❣ ✿ r ✭ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ ♦❢ ♦ ❛ ✐ ♦ ♥✮ ❛ ♥ ❞ s ✭ ❡ ♣✮ ✇✐ ❤ ✐ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠
s 2 − r 2 = R 2

C → r / s = t a n φ i = c ot ξ i ✱ ✇ ❤ ❡ ❡ r = R ✳ ❲❡ ♠ ❛ ② ✉ ❡ ❤ ❡ ❡ ❛ ❛ ❣ ✉ ♠ ❡ ♥ ❛❧ ♦
ξ i = π / 2 − φ i ❛ ♥ ❞ ❛ ♥ ❧ ❛ ❡ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✸✮ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✷ ✺ ✺ ❆✮ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✈ ❛ ✐ ❛ ♥ ✦
❇ ② ❤ ❡ ❛ ❜ ❛ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ② ✇✐ ❤ ✭ ✷ ✺ ✶ ❆✮✱ ✭ ✷ ✺ ✺ ❆✮✱ ♦ ✉ ♥ ❞ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥
✐ ♥ d α ❛❧ ♦ ♥ ❣ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ❛ φ i = ❝ ♦ ♥ ✱ ✇ ❡ ❣ ❡ ❤ ❡ ❝ ❡ ✇ ❛❧ ♦ ✇✐ ❤ ❤ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ Y
❛ ♥ ❞ ❤ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ K ν ❣✐ ✈✐ ♥ ❣ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠✿

d t α (l)
R C d α

φ

= c o s φ i · 1
R C

· t 1 + si n φ i · 1
R C

· b ν = y + k ν = h ν =

= Y · t 1 + K ν · b ν = c o s φ i · CR ·
0
1

+ si n φ i · CR ·
e ν

0
= C R · t ν =

= C R ·
si n φ i · e ν

c o s φ i
⇒ C R

2 = Y 2 + K 2
ν = ( w α / v ) 2 > 0; φ i ∈ [ 0 ÷ π / 2] .






( 2 5 6 A )

❍ ❡ ❡✿ C R = 1 / R C = ❝ ♦ ♥ ✐ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❤✐ ❝ ❡ ✇ ❡ ❞ ❝ ✉ ✈ ❡✱
R C = ❝ ♦ ♥ ✐ ❤ ❡ ❛ ❞✐ ✉ ♦❢ ❤✐ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ♥ ❞ ❤ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❝ ✉ ✈ ❡ ❛ ❝ ❛ d α = 1 r a d ✱
h ν ✐ ❤ ❡ ✸✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡✱ ❛ ❤ ❡ ♥ ♦ ♠ ❛❧ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡ ❝ ✉ ✈ ❡❀
K ν = 1 / R K = si n φ i · CR ✐ ❛ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ♦❢ ❤ ❡ ❝ ✉ ✈ ❡ ✇✐ ❤ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ b ν ✳
Y = 1 / R Y = c o s φ i · CR ✐ ❤ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ✉ ✈ ❡ ❢ ♦ ❛ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♣ ❛ ♦❢ ❛ ❝ ❡ ✇ ✱
s 2 − r 2 = R 2

C , r / s = t a n φ i = c ot ξ i ❢ ♦ ❤ ❡ ❝ ❡ ✇ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ❞✐ ✉ r ❛ ♥ ❞ ❡ ♣ s ✱
r = R ✐ ❤ ❡ ❛ ❞✐ ✉ ♦❢ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ❛ ♥ ❣ ❡ ♥ ♦ ❤✐ ❝ ❡ ✇ ✐ ♥ ✐ ❊ ✉ ❛ ♦ ✳

■ ♥ ❤ ❡ ✉ ✉ ❛❧ ✶✲ ✐ ❤ ❡ ❞ ♦ ♥✱ ✐ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ t α ✐ ❛ ♥ ✐ ♠ ♣ ♦ ❡ ♥ ✈ ❡ ❝ ♦ ✕ ✇✐ ❤ ♦ ✉
❝ ✉ ✈ ❛ ✉ ❡ ✭ K α = 0 ❛ d φ i = 0 ✱ ❜ ✉ φ i ≠ 0 ✮✱ ❛❧ ❤ ♦ ✉ ❣ ❤ ❛ ♥ ❣ ❡ ♥ t α (l) ❡ ①✐ ✳

❚ ❤ ✉ ✭✦✮✱ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❞ ♦ ✉ ❜❧ ❡ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ✐ ❣ ❤ ❛ ♥ ❞ ❧ ❡❢ ❵± d α ✱ ✇ ❡ ♦ ❜ ❛✐ ♥
❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ❝ ❡ ✇ ✱ ✇ ❤✐ ❝ ❤ ✐ ♥ ▼ ♦❧ ❡ ❝ ✉❧ ❛ ❇✐ ♦❧ ♦ ❣ ②✱ ❢ ♦ ♦ ♠ ❡ ❡ ❛ ♦ ♥✱ ✐ ❝ ❛❧❧ ❡ ❞ ❜ ② ❤ ❡ ❞ ♦ ✉ ❜❧ ❡ ❤ ❡❧✐ ①

❢ ♦ ❞ ❡ ❝ ✐ ❜✐ ♥ ❣ ❤ ❡ ❉ ◆ ❆ ✉ ❝ ✉ ❡✱ ❛❧ ❤ ♦ ✉ ❣ ❤ ✐ ♥ ● ❡ ♦ ♠ ❡ ② ❤ ❡ ② ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ✉ ✈ ❡ ✳
◆ ♦ ❡✱ ❤ ❛ ✐ ♥ ❤ ❡ ✉ ✉ ❛❧ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩✱ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ❝ ❛ ♥ ❜ ❡ ❡❧ ❡ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ❡ ✇ ❛ ② ✳

❆ ♥ ② ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ♠ ✇✐❧❧ ❤ ❛ ✈ ❡ ✐ ♦ ✇ ♥ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛ ✿ Φ 1 ✱ Φ 2 ✱ Φ 3 ✭
3
s = 1 c o s 2 φ k = 1 ✳

■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐❢ ✇ ❡ ❝ ❤ ♦ ♦ ❡ ♦ ♠ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ x 3 ❛ ❛ ❢ ❛ ♠ ❡ ❛ ①✐ ✱ ❤ ❡ ♥ ❤ ❡ ❡ ❛ ❡ ✇ ♦ ✈ ❛ ✐ ❛ ♥
♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❜ ❛ ❡ ✇✐ ❤ x 1 , x2 ♦ ✇✐ ❤ x 2 , x1 ✿ ✭c o s φ 1 = si n φ 2 ∼ c o s φ = si n ξ ✮✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✽ ✾

■ ♥ ⟨ Q 3 + 1 ⟩ ✇✐ ❤ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ −→y ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ♠ ♦ ✈ ❛ ❜❧ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✭ ❡ ❡ ✐ ♥
❈ ❤ ✳ ✺✱ ✽ ❆✮✱ ✇ ❡ ❝ ❛ ♥ ❡ ❛❧✐ ③ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ♣ ❛ ✐ ❝ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥✲ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣ ❡ ♥ i
❛ ♥ ❞ ❤ ❡ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ i ❛❧ ♦ ♥ ❣ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ❛ v = ❝ ♦ ♥ ✱ ✉ ♥ ❞ ❡ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✸✮
✇✐ ❤ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✹ ✸ ❆✮✱ ✭ ✷ ✹ ✹ ❆✮✱ ❚ ❤ ❡ ♥ ✇ ❡ ♦ ❜ ❛✐ ♥✿

d φ · n = d φ i · n α + si n φ i d α 1 · b ν + c o s φ i d α 2 · b µ =
= K α · n α + K ν · b ν + K µ · b µ = Y c o s · t 1 + X s i n · b α + K ν · b ν + K µ · b µ ;
{ dl / R } 2 = d φ 2 = d φ 2

i + ( si n 2 φ i d α 1
2 + c o s 2 φ i d α 2

2 ) =
= c o s 2 φ i d φ 2

i + si n 2 φ i d φ 2
i + si n 2 φ i d α 1

2 + c o s 2 φ i d α 2
2 > 0 ⇒ C R

2 =
= w φ i

2 / v 2 + si n 2 φ i · w α 1
2 / v 2 + c o s 2 φ i · w α 2

2 / v 2 = K 2
α + K 2

ν + K 2
µ > 0 .






( 2 5 7 A, 2 5 8 A )

❚ ✇ ♦ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❝ d φ i ✕ ♣ ✐ ♠ ❛ ② ❛ ♥ ❞ ♠ ✉ ✉ ❛❧ ❛ ❡ ✐ ✉ ❛ ❡ ❞ ✐ ♥ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡

⟨ Q 1 + 1 ⟩
( m )
S ≡ ⟨ n α , t α ⟩ ♦❢ ❡ ♥ ✐ ❡ ⟨ Q 3 + 1 ⟩✱ ♣ ❡ ❡ ♥ ❡ ❞ ✇✐ ❤ ✇ ♦ ❜ ♦ ♥ ❞ ❡ ❞ ♣ ✐ ♠ ❛ ② ❛ ♥ ❞ ♠ ✉ ✉ ❛❧

♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ❝ d φ ❛ ❋✐ ❣ ✉ ❡ ✸✳ ❚ ❤ ❡ ✜ ✐ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧
❝ ✉ ✈ ❛ ✉ ❡ K α ✳ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❛ ❝ ❛ ❜✐ ♥ ❛ ② ♦ ♥ ❡ ♦ ♦✳ ❆ ♥ ❞ ❜ ♦ ❤
❜✐ ♥ ❛ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d φ ❛ ❝ ❛❧ ♦ ② ♠ ♠ ❡ ✐ ❝ ❛❧❧ ② ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❛ ✐❢ ♣ ❡ ❝✐ ✜ ❝ ❝ ♦ ♥ ❡ ✐ ♥ ❤ ❡ ♠✐ ❞ ❞❧ ❡
❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♠ ✭ ❈ ❤✳ ✺✮✳ ❍ ❡ ❡ ❤ ❡ ② ❡ ① ♣ ❡ ❤ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱ ❜ ✉ ❝ ♦ ♥ ❛ ②
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♠ ♦ ✐ ♦ ♥ ✲ ♦ ❛ ✐ ♦ ♥ ♦❢ t α ❛ ♥ ❞ n α ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❜✐ ♥ ❛ ② ✉ ❝ ✉ ❡ ♦❢ ♦ ✉ ♣ ❤ ❡ ✐ ❝ ❛❧
❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✸ ✶ ✸✮✱ ✇✐ ❤ ❤ ❡✐ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ② ♠ ♠ ❡ ② ❡❧ ❛ ✐ ✈ ❡ ♦ ❤✐ ♠✐ ❞ ❞❧ ❡ ❝ ♦ ♥ ❡✳ ❚ ❤ ❡
✐ ♥ ❡ b ν ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ b µ ✈ ❡ ❝ ♦ ✐ ❛❧ ❜✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤ ❤ ❡✐ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ❛ ❝

✐ ♥ ❤ ❡ ♦ ✇ ♥ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ✳ ❇ ♦ ❤ ♣❧ ❛ ♥ ❡ ❛ ❡ ♥ ♦ ❡ ❛❧❧ ② ❞✐ ✈✐ ❞ ❡ ❞ ❛ ♥ ❞
❡ ✈ ❡ ♥ ❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞✱ ❤ ❛ ♥ ❦ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ✇ ♦ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✱ ✐ ♥
❤ ❛ ♥ ✉ ♠ ❜ ❡ ✱ ♦ ♥ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ✸ ❉ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳ ❚ ❤ ❡ ❤✐ ❞ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥

❛ ❝ d α 3 ❡ ① ♣ ❡ ❡ ❢ ❡ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❜✐ ♥ ♦ ♠ ❛❧✬ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡

⟨ E 2 ⟩
( 1 )
B ≡ ⟨ b ν , b µ ⟩ ❛ ❤ ❡ ❈ ❛ ❞ ❛ ♥ ♦ ❣✐ ♠ ❜ ❛❧ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩✳ ■ ✐ ❤✐ ❝ ❡ ❛ ❡ ❛ ♥

♦ ✇ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❤ ❛ ♠ ♦ ♥ ② ♦❢ ❤ ❡ ✹ ❉ ❜✐ ♥ ❛ ② ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳

✯ ✯ ✯

▲ ❡ ✬ ❣ ♦ ❜ ❛ ❝ ❦ ♦ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ✈ ❛ ✐ ❛ ❜❧ ❡ ✇ ♦ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ r ot h Γ i = F (γ i , e α ) ✐ ♥ ⟨ P 3 + 1 ⟩✳
❛ ② ❡ ❡ ♥ ✐ ❛❧ ❛ ❡ ♥ ✐ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ✇✐ ❤ ❛ ♥ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣ ♦✐ ♥ ▼ ♦❢

❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ♦❢ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ♠ ♦ ✈ ❛ ❜❧ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ❤ ❡✐ ❝ ♦ ♠ ♠ ♦ ♥ ✐ ♠ ❡✲❧✐ ❦ ❡

❛ ♥ ❣ ❡ ♥ iα
( I ) ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α

( I ) ✱ ♠ ♦ ✈✐ ♥ ❣ ❛❧❧ ❛ 4 ✲ ✈ ❡❧ ♦ ❝✐ ② ❝ ✱ ❤ ❡ ❡ ✐ ❤ ❡

♣ ♦✐ ♥ N ♦ ♥ ❤ ❡ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✇✐ ❤ ✐ ❛❧ ♦ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❛ ♥ ❣ ❡ ♥ iα
( I I )

❛ ♥ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α
( I I ) ✳ ■ ♥ ❈ ❤✳ ✶ ✷ ✇ ❡ ❞ ❡ ♥ ♦ ❡ ❞ ✉ ❝ ❤ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♣ ♦✐ ♥ ♦❢ ✇ ♦

❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ✈ ❛ ♥ ❞ ✉ ✐ ♥ ❛ ❡ ① ✉ ❛❧ ♣ ❛ ❛ ♥ ❞ ❛❧ ♦ ❛ ❋✐ ❣ ✉ ❡ ✹✳ ❇ ❡ ✇ ❡ ❡ ♥ ❛❧❧ ✐ ① ❜ ❛ ✐ ✈ ❡ ❝ ♦
❛ ❤ ❡ ♣ ♦✐ ♥ M ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ d γ i ≠ 0 , d α ≠ 0 ❛ ♥ ❞ ❛ ♣ ♦✐ ♥ M ❛ ♥ ❞ N ♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱
❤ ❡ ❡ ❛ ❡ ✉ ❝ ❤ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✇✐ ❤ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ✉ ♥ ❞ ❡ { I ± } ✿

iα = i( I ) = p ( I I ) = r ( I I ) = [ p α ]′α − ♦❢ ♦✐ ♥ ❝ ❛ ✁❡ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ✐ ♥ ✭ ✷ ✶ ✽ ❆ ✮ ❛ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡,
p α = p ( I ) = r ( I ) = i( I I ) = [ iα ]′α − ♦❢ ✹✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ✭ ✷ ✷ ✽ ❆ ✮ ❛ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡;
b ν = b ν ( I I ) ∼ e ν ( I I ) − ♦❢ ♥ ♦ ♠ ❛❧ ✸✲ ❤✐❢ si n h γ i d α 1 ♦ ♥ ■ ■ ♦ ♦❢ ✐ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥,
b µ = b µ ( I ) ∼ e µ ( I ) − ♦❢ ♥ ♦ ♠ ❛❧ ✸✲ ❤✐❢ c o s h γ i d α 2 ♦ ♥ ■ ♦ ♦❢ ❝ ♦ ✐ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥;

{ b µ } ′
γ = { b ν } ; { b ν } ′

γ , α = 0 .






( 2 5 9 A )

❲❡ ♦ ❜ ❛✐ ♥ ✐ ♥ ✺✲ ❤ ❛ ✇ ❧ ❛ ♦ ✉ ❤✐ ❞ ❛ ♥ ❞ ❢ ♦ ❤ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ♦
♦ ✉ ♣ ❡ ✈✐ ♦ ✉ ✜ ✭ ✷ ✷ ✽ ❆ ✮ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ✭ ✷ ✸ ✽ ❆ ✮ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥ ❡ ✦✦✦

❚ ❤ ✉ ✱ ❧ ❡ ✉ ❛ ✉ ♠ ❡ ❤ ❛ ✱ ✐ ♥ ❤ ❡ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ♣ ♦✐ ♥ M ♦ ♥ ❤ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱
❤ ❡ ❡ ✐ ✉ ❝ ❤ ❛ ❜ ❛ ♥ ❝ ❤ ♦❢ ❤ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ✐ ♥ ✐ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❛ ♣ ♦✐ ♥ M ✳

❲❡ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ♣ ♦✐ ♥ M ❛❧ ♦ ❛ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♣ ♦✐ ♥ M ♦❢ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳
❋ ♦ ♠ ❤✐ ♣ ♦✐ ♥ M ✇ ❡ ♠ ❡ ♥ ❛❧❧ ② ❞ ❛ ✇ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ✉ ♥✐ ② ❛ ♥ ❣ ❡ ♥ iα ♦ ❤✐ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞
♦ ❤✐ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✳ ■ ❧ ❡ ♥ ❣ ❤ ❛ ♥ ❞ ❞✐ ❡ ❝ ✐ ♦ ♥ ❝ ♦✐ ♥ ❝✐ ❞ ❡ ✇✐ ❤ ❤ ❡ ❞✐ ❡ ❝ ❡ ❞ ❡ ❣ ♠ ❡ ♥ O N ✐❧❧ ❤ ❡

❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♣ ♦✐ ♥ N ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳ ❚ ❤✐ ❞✐ ❡ ❝ ❡ ❞ ❡ ❣ ♠ ❡ ♥ O N ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■
✐ ✐ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ❛ N ❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣ ❡ ♥ iα ❛ M ♦❢ ❤ ❡ ❡ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✉ ♥ ❞ ❡ ❤ ❡ ✐ ♥ ❛ ♥ ❛ ♥ ❡ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ γ i ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ②✱ e α ✱ e ν ✱ e µ ❛ ❡ ❤ ❡ ❡
♣ ♦ ✐ ❜❧ ❡ ✉ ♥✐ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ✐ ♥ ⟨ E 3 ⟩ ⊂ ⟨ P 3 + 1 ⟩✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ♣ ♦✐ ♥ O ✱ M ✱ N ✳



✷ ✾ ✵ ❆ ❊ ◆ ❉ ■ ❳

❈ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✭ ✷ ✺ ✾ ❆✮ ♠ ❛ ❦ ❡ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ❜ ❡ ❡ ❡ ❡ ❤ ❡ ❡ ❛ ♦ ♥✱ ✇ ❤ ② ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛
✇ ♦ ❧ ❞✲❧✐ ♥ ❡ ❛ ❡ ❞✐ ♣❧ ❛ ② ❡ ❞ ♦ ♥ ❜ ♦ ❤ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥ ②✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✳ ■ ✇ ❛ ♣ ❡ ❡ ♥ ❡ ❞ ❛ ❋✐ ❣ ✉ ❡ ✹✳
❙ ♦✱ ❤ ❡ ✜ ✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✲ ♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣ ❡ ♥ iα ( I ) ✐ ♥ ✭ ✷ ✷ ✺ ❆✮ ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ✐ ♥ ❤ ❡
✶✲ ❡ ♣ ❜ ② ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ d γ i ♦ ♥ ❤ ❡ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩ ( N ) ✱ ✇ ❤✐ ❝ ❤
✇ ❡ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ✷✲ ♥ ❞ ❡ ♣ ❜ ② ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ❧ ② ♦ ❤ ❡ ❧ ❛ ❡
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ✐ ✐ ♥ ❡ ❧ ♦ ♣ ❡ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡

⟨ E 2 ⟩
( m )
N s ≡ ⟨ p α , b ν ⟩ ( m ) ✉ ♥ ❞ ❡ ✐ ✐ ♥ ❡ ❧ ♦ ♣ ❡✳ ❚ ❤✐ ♣❧ ❛ ♥ ❡ ✐ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛

❤ ❡ ♣ ♦✐ ♥ N ✳ ❍ ❡ ♥ ❝ ❡ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ❛ ♥ ❢ ❡ ❡ ❞ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ❢ ♦ ♠ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ♦ ♥ ♦
❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❞ ❤✐ ❞ ❜ ♦ ♥ ❞ ✐ ♥ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✺ ✾ ❆✮✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞
✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ✲ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ p α ( I ) ✐ ♥ ✭ ✷ ✸ ✺ ❆✮ ❛ ❡ ❡ ① ❡ ❝ ✉ ❡ ❞ ✐ ♥

❤ ❡ ✶✲ ❡ ♣ ❜ ② ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ d γ i ♦ ♥ ❤ ❡ ♦ ❝ ✉❧ ❛ ✐ ♥ ❣ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ⟨ P 1 + 1 ⟩ ( M ) ✱
✇ ❤✐ ❝ ❤ ✇ ❡ ❡ ❡ ❛ ❋✐ ❣ ✉ ❡ ✹ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ✷✲ ♥ ❞ ❡ ♣ ❜ ② ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ❧ ② ♦
❤ ❡ ❧ ❛ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ✐ ❝ ♦ ✐ ♥ ❡ ❧ ♦ ♣ ❡ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡

♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ⟨ E 2 ⟩
( m )
N c ≡ ⟨ iα , b µ ⟩ ( m ) ✉ ♥ ❞ ❡ ✐ ❝ ♦ ✐ ♥ ❡ ❧ ♦ ♣ ❡✳ ❚ ❤✐ ♣❧ ❛ ♥ ❡ ✐ ❛ ♥ ❣ ❡ ♥ ♦ ❤ ❡

❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❤ ❡ ♣ ♦✐ ♥ M ✳ ❍ ❡ ♥ ❝ ❡ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ✐ ❞✐ ♣❧ ❛ ② ❡ ❞ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ♦ ♥ ❤ ❡ ✉ ♥✐ ②
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ✜ ❛ ♥ ❞ ❢ ♦ ✉ ❤ ❜ ♦ ♥ ❞ ✐ ♥ ✭ ✷ ✺ ✾ ❆✮✳
❇ ♦ ❤ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡✦

❆ ❤ ❡ ✜ ♥ ❛❧ ❡ ✉❧ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ✐ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ❛❧❧ ❛ ❜ ♦❧ ✉ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥
Ẽ 1 = { I } ❛ ♥ ❞ Ê m ✉ ♥ ❞ ❡ ♣ ❡ ♠ ❛ ♥ ❡ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ✉ ❡ ♥ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ r ot h Γ i = F (γ i , e α )✿

p α =
c o s h γ i · e α

si n h γ i
, p ν =

e ν

0
, p µ =

e µ

0
, iα =

si n h γ i · e α

c o s h γ i
. ( 2 6 0 A )

K α = η
∗
γ / c, k α = K α p α ; K ν = si n h γ i · w

∗
α ( 1 ) / c, k ν = K ν p ν ; Q µ = c o s h γ i · w

∗
α ( 2 ) / c, q µ = Q µ p µ .

❆ γ i = 0 : p α = b α =
e α

0
, p ν = b ν =

e ν

0
, p µ = b ν =

e µ

0
, iα = i1 =

0
1

.

❇ ② ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ✉ ❝ ❤ ❛ ♠ ♦ ❞ ❡❧✱ ✇✐ ❤ ♠ ♦ ✈ ❛ ❜❧ ❡ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ❛ ♥ ❞
✇✐ ❤ ✐ ♥ ✈ ♦❧ ✈ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ✇ ♦ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥ ②✐ ♥ ❣ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱ ❞ ❡ ❝ ✐ ❜ ❡ ♣ ❡ ② ❛ ❝ ❝ ✉ ❛ ❡❧ ②✱ ❝❧ ❛ ✐ ②
❛ ♥ ❞ ✉ ♥ ❡ ✉✐ ✈ ♦ ❝ ❛❧❧ ② ❤ ❡ ❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ♦❢ ♠ ❛ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✇✐ ❤ ❛ ♥ ②
❞ ❡ ❣ ❡ ❡ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ①✐ ② ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ♥ ❤ ❡✐ ❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✈ ✮ ❢ ♦ ♠ ✳
❋ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣ ❤ ❡ ♠ ♦ ❞ ❡❧✱ ✐ ✐ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ❡❢ ❡ ♦ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡
✭ ✷ ✺ ✾ ❆✮ ❜ ❡ ✇ ❡ ❡ ♥ ❢ ♦ ✉ ✉ ♥✐ ② ❜ ❛ ✐ ✈ ❡ ❝ ♦ ✳ ■ ♥ ⟨ P 3 + 1 ⟩ ✇ ❡ ♦ ❜ ❛✐ ♥ ❡ ① ❛ ❝ ❧ ② ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ♦ ❞ ❡
♦❢ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ❝ ✉ ✈ ❛ ✉ ❡ ζ m a x − 1 = 3 ❛ ♥ ❞ ❛❧❧ ♦ ♥ ❡✲ ✈ ❛❧ ✉ ❡ ❞ ❡ ✉❧ ✳ ❲ ❤ ❛ ✐ ♠ ♦ ❡✱
♦ ♥ ❤ ❡ ❜ ❛ ✐ ♦❢ ❡ ① ❡ ❝ ✉ ❡ ❞ ❛ ♥ ❛❧ ② ✐ ♦❢ ✈ ❛ ✐ ♦ ✉ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ❜ ♦❧ ✉ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ✐ ♥ ❈ ❤ ✳ ✷ ❆÷ ✼ ❆ ❛ ♥ ❞ ✾ ❆ ✇✐ ❤ ❝ ✉ ❡ ♥ ✶ ✵ ❆✱
❡ ✈ ❡ ♥ ✇✐ ❤ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ✐ ❡ ✱ ✇ ❡ ❤ ♦ ✇ ❡ ❞ ✐ ♥ ♣ ❛ ❛❧❧ ❡❧ ❤ ❛ ❤ ❡ ✇ ❡❧❧✲ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❛ ❜❧ ❡✱ ♥ ♦ ♥✲ ❝ ♦ ♥ ❛ ❞ ❛ ♥ ❝ ❡
❛ ♥ ❞ ❝❧ ❡ ❛ ❛ ❛ ♥ ❣ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ♠ ❛ ② ❜ ❡ ❞✐ ♣❧ ❛ ② ❡ ❞ ❢ ♦ ♠ ❤ ❡ ♥ ❡ ❛ ❡ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ❡❧❧ ❛
❡ ♥ ✈✐ ♦ ♥ ♠ ❡ ♥ ✐ ♥ ♦ ✉ ● ❛❧ ❛ ① ② ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ✹ ❉ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐✱ ✐✳ ❡✳✱
❡✐ ❤ ❡ ✇✐ ❤ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I + } ✐ ♥ ⟨ Q 3 + 1 ⟩ c ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ { I ± } ✐ ♥ ⟨ P 3 + 1 ⟩✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❢ ♦ ❤ ❡
♠ ♦ ❡ ❢ ❛ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ♣✐ ❝ ✉ ❡ ✇✐ ❤ ❡ ♥ ✐ ❡ ▼ ❡ ❣ ❛ ❣ ❛❧ ❛ ① ②✱ ✐❢ ♥ ❡ ❝ ❡ ❛ ②✱ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ✉ ❡ ❤ ❡
❇ ▼ ❚ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✇✐ ❤ ✇ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✭ ❈ ❤✳ ✾ ❆✮✱ ♥ ❛ ♠ ❡❧ ② ❢ ♦ ❧ ❡ ♥ ❡ ❞ ❜ ② ❣ ❛ ✈✐ ② ♦ ❜ ❡ ✈ ❛ ❜❧ ❡
♣ ❛ ❝ ❡✲ ✐ ♠ ❡✳ ❇ ♦ ❤ ❤ ❡ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❛ ❛ ♥ ❣ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡ ❞ ♦ ❡ ♥ ♦ ✈✐ ♦❧ ❛ ❡ ❤ ❡ ❛ ❝ ❡ ❞

✐ ♥ ❝✐ ♣❧ ❡ ❛ ♥ ❞ ▲ ❛ ✇ ♦❢ ◆ ❛ ✉ ❡ ✇✐ ❤ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ❍✐ ❣ ❣ ✜ ❡❧ ❞ ❛ ♥ ❞ ❤ ❡ ◗ ✉ ❛ ♥ ✉ ♠ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ✳

◗ ✉ ❛ ❞ ✉ ♣❧ ❡ Ê
( 4 )
m = { p α (c τ ), b ν (c τ ), b µ (c τ ), iα (c τ )} ❛ ❤ ❡ ♠ ♦ ✈ ❛ ❜❧ ❡ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ♦ ❝ ✉ ❡ ♥

✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❜ ♦ ❤ ✉ ♥✐ ② ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥ ②✐ ♥ ❣ ♠ ♦ ✈ ❛ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ♥ ❞
❣✐ ✈ ❡ ❤ ❡ ❛ ② ♠ ♠ ❡ ✐ ❝ ♣ ❡ ✉ ❞ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♥ ♦ U { p α , b ν , b µ , iα } (c τ ) ✇ ❤✐ ❝ ❤ ✐ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❛
♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ✇✐ ❤ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ r ot h Γ i = F (γ i , e α ) ❛ ♥ ❞ ❞ ❡ ❡ ♠✐ ♥ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❜ ♦ ❤
♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ✜ ❣ ✉ ❛ ✐ ♦ ♥ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ✐ ♣ ♦✐ ♥ M ✳ ❲❡ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥ ② ❤ ❡ ♠ ❜ ❡❧ ♦ ✇
✇✐ ❤ ❢ ♦ ✉ ♠ ❡ ❛ ✉ ❡❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ❛ ❜ ♦❧ ✉ ❡ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ n + 1 ✱ 3 + 1 ✱ 2 + 1 ✳ ❙ ❡ ❡ ❢ ♦ ⟨ Q 3 + 1 ⟩ ✐ ♥ ✭ ✷ ✾ ✺ ❆✮✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✾ ✶

■ ♥ ❡ ♥ ✐ ❡ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ❢ ♦ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡ ❡ ♥ ♦ ( 2 6 1 A )

r ot h Γ i = F h ( γ i , e α ) , ( F = F ′ ) , ⟨ P n + 1 ⟩ U ( γ i , e α , e ν , e µ ) , ( U ≠ U ′ ) , ⟨ P 3 + 1 ⟩

c o s h γ i ·
← − − − −
e α · e α

′ +
− − − − →
e α · e α

′ si n h γ i · e α

si n h γ i · e ′
α c o s h γ i

...........
c o s h γ i · e α e ν e µ si n h γ i · e α

si n h γ i 0 0 c o s h γ i
.

❛ ♥ ❞ ✇✐ ❤ ✇ ♦ ❤ ❡ ❞ ♦ ♥ ❜ ♦ ❤ ♣ ♦ ✐ ❜❧ ❡ ❡ ♥ ♦ ( 2 6 2 A )

U ( γ i , e α , e ν , ( U ≠ U ′ ) , ⟨ P 2 + 1 ⟩ ( I I ) U ( γ i , e α , e µ ) , ( U ≠ U ′ ) , ⟨ P 2 + 1 ⟩ ( I )

c o s h γ i · e α e ν si n h γ i · e α

si n h γ i 0 c o s h γ i
........

c o s h γ i · e α e µ si n h γ i · e α

si n h γ i 0 c o s h γ i
.

✭U = r ot h Γ i · r ot Θ i ⇒ r ot h Γ i =
√

U U ′, r ot Θ =
√

U U ′
− 1

· U = r ot h (− Γ i ) · U. ✮

❚ ❤ ❡ ✸ ❉ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✇✐ ❤ ♦ ✉ ❛ ♥ ❡ ① ❝ ❡ ♣ ✐ ♦ ♥ ✐ ♥ ✐ ✉ ❡ ✐ ❤ ❡ ❞ ♦ ♥
✭ ✷ ✺ ✹✮ ✇✐ ❤ ✐ ✐ ♠ ❡✲ ❛ ♦ ✇✱ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ♣❧ ✉ ✐ ♠ ♣ ♦ ❡ ♥ b α ✿

U (γ i , w∗ α ; e α , e ν ) =
si n h γ i · e ν e α 0

0 0 c o s h γ i · 1
, (γ i = ❝ ♦ ♥ , w∗ α = ❝ ♦ ♥ ). ( 2 6 3 A )

❍ ❡ ❡ U ❣✐ ✈ ❡ ✐ ♥ Ẽ m ❤ ❡ ♠ ♦ ✈ ❛ ❜❧ ❡ ❛ ② ♠ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ✇ ❤✐ ❝ ❤
♠ ❛ ② ❜ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ♣ ♦❧ ❛ ② ✐ ♥ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❛ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ✐ ♥ ✭ ✶ ✶ ✶ ❆✮✳
◆ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✐ ♥ ❞ ✉ ❝ ❡ ✐ ♥ ✭ ✶ ✼ ✷ ❆✮ ❤ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❚ ❤ ♦ ♠ ❛ ♦ ❤ ♦✲
♣ ❤ ❡ ✐ ❝ ❛❧ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥✱

❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ d α ♦❢ ❤ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧✱ ✐ ♥ ❞ ✉ ❝ ❡ ✐ ♥ ✭ ✷ ✺ ✶ ❆✮ ❤ ❡

✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ♦ ❣ ❡ ✐ ✈ ❡ ♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ♣ ❛ ❛❧❧ ❡❧ ♦ ♦ ❛ ❡ ❞
−→
ct ( 1 ) = s · α i1 ✳ ■ ♥ ❤ ❡ ✉ ❛ ✐✲

❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✱ ❢ ♦ ❤ ❡ ❝ ❡ ✇ ❡ ❞ ♠ ♦ ✐ ♦ ♥✱ ✐ ✐ ❡ ✈ ❡ ♥ ♠ ♦ ❡ ♦ ❜ ✈✐ ♦ ✉ ❧ ② ✕ ❡ ❡ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ✭ ✷ ✺ ✽ ❆✮✳
❍ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ♥ ♦ F h ✐ ♥ ✭ ✷ ✻ ✶ ❆✮ ❛ ♥ ❞ ❛ ❜✐ ❛ ② ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ⟨r ot Θ ⟩

♣ ♦ ❞ ✉ ❝ ❡ ❛❧ ♦ ❢ ✉❧❧ ❡ ♦❢ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ▲ ♦ ❡ ♥ ③✐ ❛ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥
❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✉ ♥ ❛ ♠ ❜✐ ❣ ✉ ♦ ✉ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧ ❛ ❡ ✳
■ ♥ ✭ ✶ ✺ ✸ ❆✮ ❛ ♥ ❞ ✭ ✷ ✵ ✷ ❆✮✱ ✇ ❡ ❡ ① ♣ ❡ ❡ ❞ ✉ ❝ ❤ ♠✐ ① ❡ ❞ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ ❜ ② ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✐ ♥ Ẽ 1 ✳

✯ ✯ ✯

❋ ✉ ❤ ❡ ✇ ❡✬❧❧ ✜❧❧ ❛❧❧ ❤ ❡ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ✧ ❜❧✐ ♥ ❞ ♣ ♦ ✧ ❡❧ ❛ ❡ ❞ ♦ ❤ ❡ ❆ ♣ ♣ ❡ ♥ ❞✐ ①✳
❲❡ ✇✐❧❧ ❛ ❛ ❜ ❡❢ ♦ ❡ ✇✐ ❤ ❛ ♣ ❡ ❝ ❡❧ ❛ ❡ ❞ ♦ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✭ ❛ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ❛ ♥ ❞ ❛ ❜ ❛ ❝ ✮

♠ ♦ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ✸ ❉ ❛ ♥ ❞ ✹ ❉ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✳
❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ✉ ♥✐ ② ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❛ ♥ ❞ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
♠ ❡ ✐ ❝ ✭ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ❡ ❝ ✳ ✺✳ ✼ ❛ ♥ ❞ ✻✳ ✺✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ❤ ❡✐ ♦ ❜❥ ❡ ❝ ❛ ♥ ❞ ❛ ♥ ✲
❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ✉ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ✱ ❛ ✐ ♥ ✭ ✹ ✻ ✵✮✱ ❛ ♥ ❞ ❤ ❡ ♣ ❛ ❝ ❡ ❤ ❡ ♠ ❡❧ ✈ ❡
♠ ✉ ❤ ❛ ✈ ❡ ❛ ✉ ❝ ✉ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ❡ ❡ ♥ ♦ ❛ ✐ ♥ ✭ ✺ ✵ ✵✮✳ ❋ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✱
❤ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ❛ ♥ ❞ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❛ ❡ ❡ ✉ ❛❧✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ❈ ❤✳ ✻✳

❲❡ ❤ ❛❧❧ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♣ ❛ ♦❢ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❝ ♦ ♥ ❝ ❡ ♥✐ ♥ ❣ ♦ ❤ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡
✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❜ ♦ ❤ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ■✱ ❛ ♥ ❞ ❛❧ ♦

♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳ ▼ ♦ ❡ ♦ ✈ ❡ ✇ ❡ ♠ ✉ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✭ ✹ ✽ ✺✮ ♦❢
❤ ❡ ♠ ♦ ✐ ♦ ♥ ♠ ❛ ✐ ❝ ❡ ✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 1 ✱ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ♦ ❞ ❡ ♦❢

♠ ♦ ✐ ♦ ♥ ✦ ❇ ✉ ✐ ♥ ❛ ♥ ② ❝ ❛ ❡✱ ✇ ❡ ❤ ❛❧❧ ✉ ❡ ❤ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✵ ✵ ❆✮ ❛ ❤ ❡ ✜ ✉ ♠ ♠ ❛ ♥ ❞
✐ ♥ ❤ ❡ ❣✐ ✈ ❡ ♥ ♦ ❞ ❡ ♦❢ ✉ ♠ ♠ ❛ ✐ ♦ ♥✳ ❙ ✉ ❝ ❤ ❛ ♣ ♦ ❝ ❡ ❞ ✉ ❡ ✇✐ ❤ ✐ ♥❢ ❡ ❡ ❞ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ❡ ✉ ❡ ❛❧ ♦ ❢ ♦
✇ ♦✲ ❡ ♣ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ P 3 + 1 ⟩ ❛ ♥ ❞ ❙ ❚ ❘✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✐ ♦ ♠ ♦ ♣ ❤✐ ♠ ♦❢ ❤ ❡ ❡ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡

❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ❛ ♥ ❞ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡✦



✷ ✾ ✷ ❆ ❊ ◆ ❉ ■ ❳

❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ■ ✱ ✇✐ ❤ ✐ ❛ ✣ ♥ ❡ ♦ ♣ ♦❧ ♦ ❣ ② ❛ ♥ ❞ ❤ ❡ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐ ❣ ❡ ♦ ♠ ❡ ②✱
✇ ❡ ❛ ♣ ♣❧ ② ✐ ♠ ❡✲❧✐ ❦ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ i1 2 , i2 3 ✭ ✶ ✹ ✻ ❆✮ ❛ ♥ ❞ ❢ ♦ ❤ ❡ ♠ ❤ ❡✐ ❞✐ ❡ ❝ ✐ ♦ ♥ e α ❛ ♥ ❞ e β ❛
✇ ❡ ❞✐ ❞ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ✇ ♦✲ ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ❤ ❡ ♠ ❡ ♦❢ ② ♣ ❡ ✭ ✶ ✹ ✽ ❆✮✳ ■ ♥ ❡ ✉❧ ✱ ✇ ❡ ❣ ❡
✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❧ ❛ ✇ ♦❢ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ✐ ♦ ♦ ❛ ✐ ♦ ♥
✐ ♥ ⟨ P 3 + 1 ⟩✱ ✉ ♥✐ ❡ ❞ ❜ ❡❧ ♦ ✇ ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ❜ ② ✉ ♠ ♠ ❛ ② ✉ ♥✐ ② ✹✲ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ✱ ❛ ♣ ♣❧✐ ❡ ❞ ♦
❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✇✐ ❤ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✐ ♠ ❡✲ ❛ ♦ ✇ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✱ ♦ ❛ ❤ ❡ ✉ ♠ ♠ ❛ ②

✹✲ ✈ ❡❧ ♦ ❝✐ ② ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ❢ ♦ ♠ ✇ ♦ ✹✲ ✈ ❡❧ ♦ ❝✐ ✐ ❡ ✱ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ♦❢ ❛ ❞✐ ✉ ✧ ❝ ✧✿

r ot h Γ 1 2 · i2 3 =
I 3 × 3 + ( c o s h γ 1 2 − 1) · e α e ′

α + si n h γ 1 2 · e α

+ si n h γ 1 2 · e ′
α c o s h γ 1 2

·
si n h γ 2 3 · e β

c o s h γ 2 3
=

=
[ si n h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 2 3 · ( c o s h γ 1 2 − 1)] · e α + si n h γ 2 3 · e β

c o s h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 1 2 · si n h γ 2 3
=

=
[ si n h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 2 3 · c o s h γ 1 2 ] · e α + si n ε · si n h γ 2 3 · e ν

c o s h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 1 2 · si n h γ 2 3
=

=
si n h γ 1 3 · e σ

c o s h γ 1 3
= i1 3 = r ot Θ 1 3 ·

∠

i1 3 (i′1 3 · {I ± } · i1 3 = i2 = − 1) . ( 2 6 4 A )

❚ ❤✐ ♦ ♥❧ ② ♦ ♥ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✉ ♠ ♠ ❛ ✐ ③ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❛❧❧ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✷ ✷ ❆✮✱
✭ ✶ ✷ ✹ ❆✮✱ ✭ ✶ ✸ ✺ ❆✮ ❛ ♥ ❞ ♦ ❜ ✈✐ ♦ ✉ ❧ ② ✭ ✶ ✷ ✺ ❆✮✱ ✭ ✶ ✸ ✽ ❆✮ ❢ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ✕ ❇ ♦❧ ② ❛✐
❤ ② ♣ ❡ ♣❧ ❛ ♥ ❡✱ ❣ ♦ ❡ ♥ ❡ ❛ ❧✐ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦ ❡ ✉ ❡ ♥ ✐ ❛❧ ♠ ♦ ❞ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 1 ❜ ② ❤ ❡ ❛ ♠ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✵ ✵ ❆✮ ❢ ♦ ✜ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ❡ ♣ ✳

❋ ♦ ❤ ❡ ❡ ✈ ❡ ❡ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ❛ i2 3 , i1 2 →
∠

i1 3 ♦ ♥ ❤ ❡ ❛ ♠ ❡ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡✿

r ot h Γ 2 3 · i1 2 =
I 3 × 3 + ( c o s h γ 2 3 − 1) · e β e ′

β + si n h γ 2 3 · e β

+ si n h γ 2 3 · e ′
β c o s h γ 2 3

·
si n h γ 1 2 · e α

c o s h γ 1 2
=

=
[ si n h γ 2 3 · c o s h γ 1 2 + c o s ε · si n h γ 1 2 · ( c o s h γ 2 3 − 1)] · e β + si n h γ 1 2 · e α

c o s h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 1 2 · si n h γ 2 3
=

=
[ si n h γ 2 3 · c o s h γ 1 2 + c o s ε · si n h γ 1 2 · c o s h γ 2 3 ] · e β + si n ε · si n h γ 1 2 · e ∠

ν

c o s h γ 1 2 · c o s h γ 2 3 + c o s ε · si n h γ 1 2 · si n h γ 2 3
=

=
si n h γ 1 3 · e ∠

σ

c o s h γ 1 3
= =

∠

i1 3 = r ot ′ Θ 1 3 · i1 3 (
∠

i1 3

′

· {I ± } ·
∠

i1 3 = i2 = − 1) . ( 2 6 5 A )

❲❡ ❡ ❡ ❤ ❛ ❤ ❡ ❞✐ ❡ ❝ ❛ ♥ ❞ ❡ ✈ ❡ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥
r ot Θ 1 3 ❢ ♦ ♠ ✭ ✶ ✶ ✷ ❆✮✱ ❥ ✉ ❛ ✐ ❤ ❡ ❝ ❛ ❡ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♣ ♦❧ ② ❡ ♣
♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✶ ✺ ✸ ❆✮✳

❋ ✉ ❤ ❡ ✱ ✇✐ ❤ ❦ ♥ ♦ ✇ ♥ e σ ❛ ♥ ❞ e ∠
σ
✱ ✉ ✐ ♥ ❣ ✭ ✶ ✹ ✶ ❆✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ❡

❢ ♦ ❤ ❡ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✇✐ ❤ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡ ❛❧ ♦ ❢ ♦ ✇ ♦✲ ❡ ♣
♠ ♦ ✐ ♦ ♥✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✾ ✸

❲❡ ❝ ❛ ♥ ❡ ① ♣ ❡ ❤ ❡ ♠ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ♦❢ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥✱ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ✇✐ ❤
❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ❝ ❝❧ ❡ ❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ❛ ❢ ♦❧❧ ♦ ✇ ✿






− →r N (θ 1 3 ) = e ∠
σ

⊗ e σ = − si n θ 1 3 · − →e N =

= − si n θ 1 3

si n ε · e
( 1 )
α ⊗ e

( 2 )
β = − si n θ 1 3 · e

( 1 )
α ⊗ e

( 2 )
ν ,

(e ∠
σ

= r ot ′ Θ 1 3 · e σ , e ′
∠
σ

· e σ = c o s θ 1 3 )





( 2 6 6 A )

✇ ❤ ❡ ❡ − →e N ≡ e µ ✐ ❛ ❞✐ ❡ ❝ ❡ ❞ ❤✐ ❞ ♥ ♦ ♠ ❛❧ ✈ ❡ ❝ ♦ ✳

■ ♥ ❤ ❛ ✐ ♠ ❡✱ ✇✐ ❤ ✭ ✶ ✶ ✶ ❆✮ ❛ ♥ ❞ ✭ ✶ ✺ ✸ ❆✮✱ ✉ ♠ ♠ ❛ ② ✇ ♦✲ ❡ ♣ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
✇✐ ❤ ✐ ♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ❤ ❛ ❤ ❡ ✈ ❡ ② ❝❧ ❡ ❛ ❦✐ ♥ ❞ ✐ ♥ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤
✇✐ ❤ ✐ ♠ ♣❧ ❡ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥✿

T 1 3 = r ot h Γ 1 2 · r ot h Γ 2 3 = r ot h Γ 1 3 · r ot Θ 1 3 = r ot Θ 1 3 · r ot h
∠

Γ 1 3 = ( 2 6 7 A ) .

=
( c o s h γ 1 3 − 1 ) · e σ e ′

∠
σ

+ [ r ot Θ 1 3 ]3 × 3 si n h γ 1 3 · e σ

si n h γ 1 3 · e ′
∠
σ

c o s h γ 1 3
.

=
( c o s h γ 1 3 − 1 ) · e σ e ′

σ + I 3 × 3 si n h γ 1 3 · e σ

si n h γ 1 3 · e ′
σ c o s h γ 1 3

·
[r ot Θ 1 3 ]3 × 3 0

0 ′ 1
=

=
( c o s h γ 1 3 − 1 ) · e σ e ′

∠
σ

+ [ r ot Θ 1 3 ]3 × 3 si n h γ 1 3 · e σ

si n h γ 1 3 · e ′
∠
σ

c o s h γ 1 3
.

◆ ♦ ❡ ✭✦✮✱ ❤ ❛ ✐ ♥ ✭ ✷ ✻ ✹ ❆✮ ✕✭ ✷ ✻ ✼ ❆✮ ❛❧❧ ✉ ❡ ❞ ♠ ❛ ✐ ❝ ❡ ❛ ❡ ❣✐ ✈ ❡ ♥ ✐ ♥ ❤ ❡✐ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✱ ❡
✐ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 1 ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡✐ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✳

❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✱ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ❜ ② ✐ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♦ ♣ ♦❧ ♦ ❣ ② ❛ ♥ ❞ ✇✐ ❤ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✱ ✇ ❡ ✉ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ✉ ♥✐ ② ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ p 1 2 , p 2 3 ✭ ✶ ✹ ✾ ❆✮ ❛ ♥ ❞ ❢ ♦
❤ ❡ ♠ ❤ ❡✐ ❞✐ ❡ ❝ ✐ ♦ ♥ e α ❛ ♥ ❞ e κ ❛ ✇ ❡ ❞✐ ❞ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ✇ ♦✲ ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ❤ ❡ ♠ ❡

♦❢ ② ♣ ❡ ✭ ✶ ✺ ✷ ❆✮✳ ■ ♥ ❡ ✉❧ ✱ ✇ ❡ ❣ ❡ ♥ ♦ ✇ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❧ ❛ ✇ ♦❢ ✇ ♦✲ ❡ ♣
✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ✐ ♦ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ❡ ⟨ P 3 + 1 ⟩ ✐ ♥ ❤ ❡
✐ ❣ ❤ ❞✐ ❡ ❝ ✐ ♦ ♥ ✭ ❡ ❡ ❛ ❜ ♦ ✈ ❡✮✱ ✉ ♥✐ ❡ ❞ ❜ ❡❧ ♦ ✇ ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ❜ ② ❤ ❡ ✉ ♠ ♠ ❛ ② ✉ ♥✐ ② ✹✲ ✈ ❡ ❝ ♦

p 1 3 ✱ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❝ ❛❧ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✿

r ot h Γ 1 2 · p 2 3 =
I 3 × 3 + ( c o s h γ 1 2 − 1) · e α e ′

α + si n h γ 1 2 · e α

+ si n h γ 1 2 · e ′
α c o s h γ 1 2

·
c o s h γ 2 3 · e κ

si n h γ 2 3
=

=
si n h γ 1 2 · si n h γ 2 3 + c o s ϵ · c o s h γ 2 3 · ( c o s h γ 1 2 − 1) · e α + c o s h γ 2 3 · e κ

si n h γ 2 3 · c o s h γ 1 2 + c o s ϵ · si n h γ 1 2 · c o s h γ 2 3
=

=
si n h γ 1 2 · si n h γ 2 3 + c o s ϵ · c o s h γ 1 2 · c o s h γ 2 3 · e α + si n ϵ · c o s h γ 2 3 · e µ

si n h γ 2 3 · c o s h γ 1 2 + c o s ϵ · si n h γ 1 2 · c o s h γ 2 3
=

=
c o s h γ ∗

1 3 · e ∗
σ

si n h γ ∗
1 3

= p 1 3 (p ′
1 3 · {I ± } · p 1 3 = + 1) . ( 2 6 8 A )

❚ ❤ ✉ ✱ ♦ ♥❧ ② ♦ ♥ ❡ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❛❧❧ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦
❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡✳



✷ ✾ ✹ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ❤ ❡ ❡ ✈ ❡ ❡ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ❛ p 2 3 , p 1 2 →
∠

p 1 3 ♦ ♥ ❤ ❡ ❛ ♠ ❡ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡✱ ✇ ❡ ❣ ❡ ✿

r ot h Γ 2 3 · p 1 2 =
I 3 × 3 + ( c o s h γ 2 3 − 1) · e κ e ′

κ + si n h γ 2 3 · e κ

+ si n h γ 2 3 · e ′
κ c o s h γ 2 3

·
c o s h γ 1 2 · e α

si n h γ 1 2
=

=
si n h γ 1 2 · si n h γ 2 3 + c o s ϵ · c o s h γ 1 2 · ( c o s h γ 2 3 − 1) · e κ + c o s h γ 1 2 · e α

si n h γ 1 2 · c o s h γ 2 3 + c o s ϵ · si n h γ 2 3 · c o s h γ 1 2
=

=
si n h γ 1 2 · si n h γ 2 3 + c o s ϵ · c o s h γ 1 2 · c o s h γ 2 3 · e κ + si n ϵ · c o s h γ 1 2 · e ∠

µ

si n h γ 1 2 · c o s h γ 2 3 + c o s ϵ · si n h γ 2 3 · c o s h γ 1 2
=

=






c o s h
∠

γ 1 3

∗

· e ∗
∠
σ

si n h
∠

γ 1 3

∗





=

∠
p 1 3 (

∠
p 1 3

′

· {I ± } ·
∠

p 1 3 = + 1) . ( 2 6 9 A )

❲❡ ❡ ❡ ❤ ❛ ❤ ❡ ❡ ❤ ❡ ❞✐ ❡ ❝ ❛ ♥ ❞ ❡ ✈ ❡ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ 3 × 1 ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❛ ❡
♥ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② r ot Θ 1 3 ❛ ♥ ❞ ❤ ❡ ② ❛ ❡ ❣ ❡ ♥ ❡ ❛❧❧ ② ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✳ ■ ♥ ✭ ✷ ✻ ✽ ❆✮✱ ✭ ✷ ✻ ✾ ❆✮ ❜ ♦ ❤
♠ ❛ ✐ ❝ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ✹✲ ✈ ❡ ❝ ♦ ❛ ❡ ❣✐ ✈ ❡ ♥ ✐ ♥ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❢ ♦ ♠ ✱ ❡ ✐ ♥ Ẽ 1 ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❝ ❡ ❜ ♦ ❤
❡❧ ❡ ♠ ❡ ♥ ✭ ✷ ✻ ✽ ❆✮ ❛ ♥ ❞ ✭ ✷ ✻ ✾ ❆✮ ❛ ❤ ❡ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ❡ ♠ ❛✐ ♥ ♦ ♥ ❤ ❡ ❛ ♠ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ♥ ❞
❜ ❡❧ ♦ ♥ ❣ ♦ ✐ ❛ ✐ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❤ ❡ ♥ ❤ ❡ ✜ ❛ ♥ ❞ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❛ ❝ ❡ ❛✐ ♥ ♠✐ ① ❡ ❞
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥✿

T = { r ot h Γ 3 2 · r ot h Γ 2 1 · r ot Θ ( e κ → e α ) · r ot h Γ 2 1 · r ot h Γ 3 2 } .

▲ ❡ ✬ ♣ ❛ ② ❛ ❡ ♥ ✐ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✭ ✷ ✻ ✹ ❆✮ ❛ ♥ ❞ ✭ ✷ ✻ ✺ ❆✮ ❢ ♦ ♠ ✇ ♦
✹✲ ✈ ❡ ❝ ♦ r 1 2 ❛ ♥ ❞ r 2 3 ❛ ❡ ❛ ❝ ✉ ❛❧❧ ② ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ❜ ② ✐ ♥ ✐ ✉ ✐ ♥ ❣ ❤ ❡ ③ ❡ ♦ ❡❧ ❡ ♠ ❡ ♥ r 1 ✱ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞
✐ ♥✐ ✐ ❛❧❧ ② ✐ ♥ ✭ ✶ ✹ ✻ ❆✮✱ ❢ ♦ ♠ ❤ ❡ ✐ ❣ ❤ ❛❢ ❡ ❤ ❡ ♣ ♦ ❞ ✉ ❝ r ot h Γ 1 2 · r ot h Γ 2 3 ✇✐ ❤ ❡ ✈ ❡ ❡ ♦ ♥ ❡ ✐ ♥
❤ ❡ ♠ ♦ ❞ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✶ ✶ ❆✮ ❛ ✇ ❡ ❞✐ ❞ ✐ ♥ ✭ ✶ ✹ ✽ ❆✮ ❢ ♦ ❤ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❛ ♥ ❣❧ ❡

r ot h Γ 1 2 · r 2 3 = r ot h Γ 1 2 · r ot h Γ 2 3 · r 1 = r 1 3 = ( 2 7 0 A )

= r ot h Γ 1 2 ·r ot h Γ 2 3 ·
0
1

= r ot h Γ 1 3 ·r ot Θ 1 3 ·
0
1

≡ r ot h Γ 1 3 ·
0
1

=
si n h γ 1 3 · e σ

c o s h γ 1 3
.

r ot h Γ 2 3 · r 1 2 = r ot h Γ 2 3 · r ot h Γ 1 2 · r 1 =
∠

r 1 3 = ( 2 7 1 A )

r ot h Γ 2 3 ·r ot h Γ 1 2 ·
0
1

= r ot h
∠

Γ 1 3 ·r ot ′ Θ 1 3 ·
0
1

≡ r ot h
∠

Γ 1 3 ·
0
1

=
si n h γ 1 3 · e ∠

σ
c o s h γ 1 3

.

▲ ❡ ✬ ② ♦ ❛ ♣ ♣❧ ② ❢ ♦ ✭ ✷ ✻ ✽ ❆✮ ❛ ♥ ❞ ✭ ✷ ✻ ✾ ❆✮ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♣ ♦ ❝ ❡ ❞ ✉ ❡ ✭ ✶ ✺ ✷ ❆✮ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■

r ot h Γ 1 2 · p 2 3 = r ot h Γ 1 2 · r ot h Γ 2 3 · p κ = p 1 3 = ( 2 7 2 A )

= r ot h Γ 1 2 ·r ot h Γ 2 3 ·
e κ

0
= r ot h Γ 1 3 ·r ot Θ 1 3 ·

e κ

0
≡ r ot h Γ 1 3 ·

e ∗
κ

0
=

c o s h γ ∗
1 3 · e ∗

σ

si n h γ ∗
1 3

.

r ot h Γ 2 3 · p 1 2 = r ot h Γ 2 3 · r ot h Γ 1 2 · p α =
∠

p 1 3 = ( 2 7 3 A )

= r ot h Γ 2 3 ·r ot h Γ 1 2 ·
e α

0
= r ot h

∠

Γ 1 3 ·r ot ′ Θ 1 3 ·
e α

0
≡ r ot h

∠

Γ 1 3 ·
e ∗

α

0
=




c o s h

∠
γ 1 3

∗

· e ∗
∠
σ

si n h
∠

γ 1 3

∗



 .



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✾ ✺

❇ ♦ ❤ ✉ ♠ ♠ ❛ ② ❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ✐ ✉ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ❛ ♥ ❞ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Θ 1 3 ❛ ✐ ♥ ✭ ✷ ✻ ✹ ❆✮✱ ✭ ✷ ✻ ✺ ❆✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ❜ ♦ ❤ ✉ ♠ ♠ ❛ ② ❡❧ ❡ ♠ ❡ ♥ ♦ ♥
❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ♦ ♥❧ ② ❜ ② ❤ ❡ ❡ ❝ ♦ ♥ ❛ ② ♠✐ ① ❡ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ❛ ✐ ♦ ♥ ✿

T (p 1 3 →
∠

p 1 3 ) = { r ot h Γ 2 3 · r ot h Γ 1 2 · r ot Θ ( e κ → e α ) · r ot h Γ 3 2 · r ot h Γ 2 1 } . ( 2 7 4 A )

T (
∠

p 1 3 → p 1 3 ) = { r ot h Γ 1 2 · r ot h Γ 2 3 · r ot Θ ( e α → e κ ) · r ot h Γ 2 1 · r ot h Γ 3 2 } . ( 2 7 5 A )

❋ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✇ ❡ ❤ ❛ ✈ ❡✿

e ∗
σ

′ · e ∗
∠
σ

= c o s θ ∗ ✱ e ∗
∠
σ

= { r ot ′ Θ ∗
1 3 } · e ∗

σ ❀ e ∗
α = { r ot Θ ∗ } 3 × 3 · e α , e ∗

κ = { r ot Θ ∗ } 3 × 3 · e κ ✳

❆ ♥ ❞ ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ♥✐ ✐ ❛❧ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❛ ♥ ❣❧ ❡ ✭ ❡ ❣ ♠ ❡ ♥ ✮ ❤ ❡ ❡ ❤ ♦❧ ❞ γ ∗
1 3 ≠ γ 1 3 ,

∠

γ ∗
1 3 ≠

∠
γ 1 3 ✳

❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❧ ❛ ✐ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿

ρ σ =
∠

p 1 3

′

· I ± · p 1 3 = p ′
1 3 · I ± ·

∠
p 1 3 = [ c o s h

∠
γ 1 3 · c o s h γ 1 3 · e ′

∠
σ
e σ ] − [ si n h

∠
γ 1 3 · si n h γ 1 3 ] =

= si n h γ 1 2 si n h γ 2 3 · ( c o s h γ 1 2 + c o s h γ 2 3 − c o s h γ 1 2 c o s h γ 2 3 ) +

+ c o s ϵ ·( c o s h γ 1 2 c o s h γ 2 3 + c o s h 2 γ 1 2 c o s h γ 2 3 + c o s h γ 1 2 c o s h 2 γ 2 3 − si n h 2 γ 1 2 − si n h 2 γ 2 3 − si n h 2 γ 2 3 ·si n h 2 γ 1 2 ) +

+ c o s 2 ϵ · ( si n h γ 1 2 si n h γ 2 3 c o s h γ 1 2 c o s h γ 2 3 − si n h γ 1 2 si n h γ 2 3 c o s h γ 1 2 − si n h γ 1 2 si n h γ 2 3 c o s h γ 2 3 ) +

+ c o s 3 ϵ · ( c o s h 2 γ 1 2 c o s h 2 γ 2 3 − c o s h 2 γ 1 2 c o s h γ 2 3 − c o s h γ 1 2 c o s h 2 γ 2 3 + c o s h γ 1 2 c o s h γ 2 3 ) .

■❢ ϵ = 0 ( c o s ϵ = ± 1) ✱ ❤ ❡ ♥ γ 1 2 ❛ ♥ ❞ γ 2 3 ❛ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ❛ ♥ ❞ ❜ ♦ ❤
♠ ♦ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✐ ♥ ❣✱ ❤ ❡ ♥ ρ σ = c o s h 2 γ 1 3 + si n h 2 γ 1 3 = 1 ✳
■❢ ϵ = ± π / 2 ( si n ϵ = ± 1 , c o s ϵ = ✱ ❜ ♦ ❤ ♠ ♦ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ❞✐ ❡ ❝ ❛ ♥ ❞
✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✐ ♥ ❣✱ ❤ ❡ ♥ ρ σ = si n h γ 1 2 si n h γ 2 3 · ( c o s h γ 1 2 + c o s h γ 2 3 − c o s h γ 1 2 · c o s h γ 2 3 )✳

◆ ❡ ① ♣ ✉ γ 1 2 = γ, γ 2 3 = d γ ❛ ♥ ❞ ✉ ❡ ❛❧ ♦ e
( 1 )
α ❛ ♥ ❞ e

( m )
µ ❢ ♦ ❤ ❡ ♠✳ ❲❡ ♦ ❜ ❛✐ ♥✿

ρ σ =
∠

p 1 3

′

· I ± · p 1 3 = p ′
1 3 · I ± ·

∠
p 1 3 = [ c o s h

∠
γ 1 3 · c o s h γ 1 3 · e ′

∠
σ
e σ ]E − [ si n h

∠
γ 1 3 · si n h γ 1 3 ]P =

= { + c o s ϵ · c o s h 2 γ + [( si n h γ c o s h γ + c o s 2 ϵ · si n h γ c o s h γ ) + si n 2 ϵ · si n h γ ) d γ ]} E −

− [ c o s ϵ · si n h 2 γ + ( si n h γ c o s h γ + c o s 2 ϵ · si n h γ c o s h γ ) d γ ]P . ⇒

⇒ ρ σ = c o s ϵ, [ρ σ ]E = e ∗
σ

′ · e ∗
∠
σ

= c o s θ ∗ = c o s ϵ · c o s h 2 γ, [ρ σ ]P = c o s ϵ · si n h 2 γ.

❲❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ♦ ❞ ✉ ❝ ✐ ♥ ❝ ✉ ❡ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❛ ✳
❚ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❤✐❢ d θ ❤ ❛ ♣❧ ❛ ❝ ❡✱ ✐ ❝ ❛ ♥ ❜ ❡ ✜ ① ❡ ❞ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ❜❧ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❛ ✳

❋ ✉ ❤ ❡ ✇ ❡ ❡ ♣ ❡ ❡ ♥ ❛❧❧ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ✐ ♠✐❧ ❛ ❛ ♥ ❞ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❤ ❡ ❡ ♥ ♦
✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❡ ❛ ❧✐ ❡ ❛ ❜ ❡ ♥ ✐ ♥ ❈ ❤✳ ✼ ❆✳ ❋ ♦ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣✱ ✇ ❡ ❣✐ ✈ ❡ ❤ ❡

❝ ❛❧ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ✐ ♥ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ✇ ♦✲ ❡ ♣ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ♦ ❡ ❣ ♠ ❡ ♥ ✱
❜ ♦ ❤ ❡ ❜ ② ❛ ❞✐ ✉ ✭ ✶ ✹ ✾ ❆✮✱ ✐ ♥ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✿

si n h γ 1 3 = c o s h γ 1 2 · si n h γ 2 3 + c o s ϵ · si n h γ 1 2 · c o s h γ 2 3 , ( 2 7 6 A )

si n h
∠
γ 1 3 = c o s h γ 2 3 · si n h γ 1 2 + c o s ϵ · si n h γ 2 3 · c o s h γ 1 2 . ( 2 7 7 A )

❚ ❤ ❡ ② ❛ ❡ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ❝ ♦ ♥ ❛ ♦ ❝ ♦ ♠ ♠ ♦ ♥ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✶ ✷ ✷ ❆✮ ❢ ♦ ■■✳



✷ ✾ ✻ ❆ ❊ ◆ ❉ ■ ❳

❋ ♦ ❤ ❡ ❝ ❛❧ ❛ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣❧ ② ❤ ❡ ❡ ✇ ♦ ✉ ❛ ❞ ✐ ❝ ❡ ① ♣ ❡ ✐ ♦ ♥ ✿

c o s h 2 γ 1 3 = ( si n h γ 1 2 · si n h γ 2 3 + c o s ϵ · c o s h γ 1 2 · c o s h γ 2 3 ) 2 + ( si n ϵ · c o s h γ 2 3 ) 2 , ( 2 7 8 A )

c o s h 2 ∠
γ 1 3 = ( si n h γ 1 2 · si n h γ 2 3 + c o s ϵ · c o s h γ 1 2 · c o s h γ 2 3 ) 2 + ( si n ϵ · c o s h γ 1 2 ) 2 . ( 2 7 9 A )

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ♣ ❡ ❝✐ ❛❧ ❛ ♥ ❣ ✉❧ ❛ ❡❧ ❛ ✐ ♦ ♥ ✭ ✶ ✸ ✼ ❆✮✱ ✭ ✶ ✹ ✵ ❆✮ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✱ ✇ ❡ ❣✐ ✈ ❡
❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❡❧ ❛ ✐ ♦ ♥ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✇✐ ❤ ❤ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ♦❢ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ✱

❢ ♦ ❤ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✿

e κ = c o s ϵ · e α + si n ϵ · e µ , e α = c o s ϵ · e κ + si n ϵ · e ∠
µ
, c o s ϵ = e ′

κ · e α = e ′
α · e κ ;

e ′
κ · e µ = e ′

α · e ∠
µ

= si n ϵ, e ′
κ · e ∠

µ
= e ′

α · e µ = 0 , e ′
µ · e ∠

µ
= − c o s ϵ ; (ϵ ∈ [ 0; π ])





( 2 8 0 A )

❱❡ ❝ ♦ ❢ ♦ ❞✐ ❡ ❝ ✉ ♠ ♠✐ ♥ ❣ ❧✐ ❡ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡
⟨ E 2 ⟩ N c ≡ ⟨ e α , e µ ⟩ ✇✐ ❤ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ b µ ❛ ♥ ❞ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ j µ = c ∗ w ∗

α ( 2 ) ✕ ❡ ❡ ✐ ♥ ✭ ✷ ✸ ✻ ❆✮✳
❚ ❤ ✉ ✱ ♥ ♦ ✇ ✇ ❡ ❝ ❛ ♥ ❣✐ ✈ ❡ ♠ ♦ ❡ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❛ ❜❧ ② ❤ ❡ ✇ ♦ ✈ ❡ ❝ ♦ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ♦ ✐ ♥ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥
❛ ♥ ❞ ❛❧ ♦ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✐ ♥ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ✿

c o s h γ 1 3 = c o s h γ 1 3 · e σ =

= ( si n h γ 1 2 · si n h γ 2 3 + c o s ϵ · c o s h γ 1 2 · c o s h γ 2 3 ) · e α + si n ϵ · c o s h γ 2 3 · e µ , ( 2 8 1 A )

c o s h
∠
γ 1 3 = c o s h

∠
γ 1 3 · e ∠

σ
=

( si n h γ 2 3 · si n h γ 1 2 + c o s ϵ · c o s h γ 2 3 · c o s h γ 1 2 ) · e κ + si n ϵ · c o s h γ 1 2 · e ∠
µ
. ( 2 8 2 A )

❖ ✉ ❡ ❛ ❞ ❡ ❝ ❛ ♥ ❡ ❛ ✐❧ ② ✈ ❡ ✐❢ ② ❤ ❛ ❡ ① ♣ ❡ ✐ ♦ ♥ ✭ ✷ ✼ ✻ ❆✮✱ ✭ ✷ ✼ ✽ ❆✮ ❛ ♥ ❞ ✭ ✷ ✼ ✼ ❆✮✱ ✭ ✷ ✼ ✾ ❆✮ ❢ ♦ ✐ ♥ ❡
❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ❜ ♦ ❤ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ♦ ❞ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❡ ✈ ❡ ❡ ♦ ❞ ❡ ✱ ❢ ♦ ♠ ✇ ♦ ♦ ✇ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ✐ ♥ ❡✲
❝ ♦ ✐ ♥ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ❜ ✉ ✇✐ ❤ ❛ ♠ ❛❧❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✉ ❛ ❞ ✐ ❝ ♦❢ ❤ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✿

c o s h 2 γ 1 3 − si n h 2 γ 1 3 = 1 = c o s h 2 ∠
γ 1 3 − si n h 2 ∠

γ 1 3 ⇒ c o s h 2 γ 1 3 − c o s h 2 ∠
γ 1 3 = si n h 2 γ 1 3 − si n h 2 ∠

γ 1 3 ⇒

c o s h 2 γ 1 3 − c o s h 2 ∠
γ 1 3 = si n 2 ϵ · ( c o s h 2 γ 1 2 − c o s h 2 γ 2 3 ) = ( 2 8 3 A )

= si n h 2 γ 1 3 − si n h 2 ∠
γ 1 3 = si n 2 ϵ · ( si n h 2 γ 1 2 − si n h 2 γ 2 3 ). ( 2 8 4 A )

❋ ♦ ♠ ✈ ❡ ❝ ♦ ✐ ❛❧ ✭ ✷ ✽ ✶ ❆✮ ❛ ♥ ❞ ❝ ❛❧ ❛ ✭ ✷ ✼ ✻ ❆✮ ❢ ♦ ♠ ✉❧ ❛ ❡✱ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✈ ❡ ❝ ♦ ✐ ❛❧ ❛ ♥ ❞ ❝ ❛❧ ❛
♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❢ ♦ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥✱ ♦ ✐ ♥ ♦ ❞ ❡ ✐ ♥ ❣ γ 1 2 , γ2 3 ✱ ❛ ❡ ✐ ♥❢ ❡ ❡ ❞✿

c ot h γ 1 3 · e σ =
1 + c o s ϵ · c ot h γ 1 2 · c ot h γ 2 3

c ot h γ 1 2 + c o s ϵ · c ot h γ 2 3
· e α +

si n ϵ · ❝ ❝ ❤ γ 1 2 · c ot h γ 2 3

c ot h γ 1 2 + c o s ϵ · c ot h γ 2 3
· e µ . ( 2 8 5 A − I )

c o t h 2 γ 1 3 =
1 + c o s ϵ · c o t h γ 1 2 · c o t h γ 2 3

c o t h γ 1 2 + c o s ϵ · c o t h γ 2 3

2

+
si n ϵ · ❝ ❝ ❤ γ 1 2 · c o t h γ 2 3

c o t h γ 1 2 + c o s ϵ · c o t h γ 2 3

2

. ( 2 8 5 A − I I )

❲❡ ♥ ♦ ❡ ❡ ♣ ❡ ❛ ❡ ❞❧ ②✱ ❤ ❛ ❤ ❡ ✈ ❡ ② ✇ ♦ ♥ ❞ ❡ ❢ ✉❧ ✐ ♥ ❙ ❚ ❘ ❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✕ ❡ ❡
✐ ♥ ❈ ❤✳ ✼ ❆ ❛ ✭ ✶ ✸ ✺ ❆✮✲✭ ✶ ✸ ✽ ❆✮ ❛ ♥ ❞ ❛ ❜ ♦ ✈ ❡ ✐ ♥ ✭ ✷ ✽ ✵ ❆✮✿ ❢ ♦ ✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ✭ ♦ ❛ ✐ ♦ ♥ ✮ ♦ ♥ ❡ ♠ ❛ ②
❝ ♦ ♠ ❜✐ ♥ ❡ ❝ ♦ ❡ ❝ ❧ ② ❤ ❡✐ ❞✐ ❡ ❝ ✐ ✈ ❡ ✈ ❡ ❝ ♦ ✐ ♥ ♦ ✇ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣❧ ❛ ♥ ❡ ♦❢ ❛ ❝ ✐ ♥ ❣✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥
⟨ E 2 ⟩ ( 1 ) ❛ ♥ ❞ ⟨ E 2 ⟩ ( m ) ✳ ❙✐ ♥ ❝ ❡ ✉ ♥✐ ② ✈ ❡ ❝ ♦ e σ ❛ ♥ ❞ e ∠

σ
♦❢ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ✉ ♠ ♠ ❛ ② ❝ ♦ ✐ ♥ ❡

✐ ♥ ✭ ✷ ✽ ✶ ❆✮ ❛ ♥ ❞ ✭ ✷ ✽ ✷ ❆✮ ❛ ❡ ❧✐ ♥ ❡ ❛ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ e α ✱ e µ ❛ ♥ ❞ e κ ✱ e ∠
µ
✱ ❤ ❡ ♥ ❤ ❡ ② ❧✐ ❡ ✐ ♥ ❤ ❡

❞✐ ❡ ❝ ❛ ♥ ❞ ❡ ✈ ❡ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♥ ♦ ♠ ❛❧ ❝ ♦ ✐ ♥ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❝ ✉ ❡ ♥
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ❝❧✐ ♥ ❛ ✐ ♦ ♥✳ ■ ✐ ❛ ✈ ❡ ② ✉ ♥ ✉ ✉ ❛❧ ♣ ♦ ♣ ❡ ② ♦❢ ❙ ❚ ❘ ❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✾ ✼

▼ ♦ ✐ ♦ ♥ ❢ ♦ ♠ p 2 ♦ p 3 ✐ ♥ ✭ ✷ ✻ ✽ ❆✮✱ ✭ ✷ ✻ ✾ ❆✮ ❛ ❡ ♣ ♦ ✐ ❜❧ ❡ ✐ ✛ ✢ ❛ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♦ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧
❛ ♥ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ p 2 ❛ ♥ ❞ p 3 ♦ ✉ ✐ ❞ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❛✐ ❣ ❤ ❝ ♦ ❛ ♥ ❣ ❡ ♥

c o t h γ 2 3 ♦ ❛ ♥ ❣ ❡ ♥ t a n h γ 2 3 ❡ ❣ ♠ ❡ ♥ ✇✐ ❤ ♦ ✉ ❤ ❡ ❤ ❛ ✈✐ ♥ ❣ ♦ ♣ ♦❧ ♦ ❣✐ ❝ ❛❧ ♦ ❜ ❛ ❝❧ ❡ ✳ ❈ ♦ ♠ ♣ ❛ ❡
❝ ♦ ❛ ♥ ❣ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✇✐ ❤ ❛ ♥ ❣ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛
✭ ✶ ✸ ✽ ❆✮ ❢ ♦ ❤ ❡ ❛ ♠ ❡ ❣ ♦ ❛❧ ❛ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳ ❚ ❤ ❡ ❡ ✐ ❢ ✉❧❧ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡✦

❘ ❡ ❝ ❛❧❧✱ ❤ ❛ ❡ ❛ ❧✐ ❡ ✐ ♥ ❈ ❤ ✳ ✻ ❛ ♥ ❞ ✼ ❆✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❤ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥
✐ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱ ✇ ❡ ✐ ♥ ❛❧❧ ❡ ❞ ❡❧ ❡ ❝ ♦ ❡ ❝ ❛ ♥ ✲ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✳ ❲❡ ❤ ❛ ✈ ❡

c ot h 2 γ 1 3 − ❝ ❝ ❤ 2 γ 1 3 = + 1 = c ot h 2 ∠
γ 1 3 − ❝ ❝ ❤ 2 ∠

γ 1 3 . ( 2 8 6 A )

❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ❝ ❛❧ ❛ ❡ ✈ ❡ ❡ ❝ ♦ ❡ ❝ ❛ ♥ ❛ ♥ ❞ ❛❧ ♦ ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡ ✈ ❛ ✐ ❛ ♥ ♦❢ ✇ ♦ ♥ ♦ ♥✲ ❝ ♦❧❧✐ ♥ ❡ ❛
❡ ❣ ♠ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ① ♣ ❡ ❡ ❞✱ ♦ ✐ ♥ ♦ ❞ ❡ ✐ ♥ ❣ γ 1 2 , γ2 3 ✱ ❢ ♦ ♠ ✭ ✷ ✽ ✺ ❆✲■■✮✿

❝ ❝ ❤ γ 1 3 = c ot h 2 γ 1 3 − 1 =
❝ ❝ ❤ γ 1 2 · ❝ ❝ ❤ γ 2 3

c ot h γ 1 2 + c o s ε · c ot h γ 2 3
. ( 2 8 7 A )

❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✕ ❝ ♦ ❡ ❝ ❛ ♥ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ♠ ♦ ✐ ♦ ♥
♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❡ ♣ ♦ ✐ ❜❧ ❡ ❛❧ ♦ ✭ ❛ ✇ ❡ ❞✐ ❞ ✐ ♥ ❈ ❤✳ ✼ ❆ ❢ ♦ ❤ ❡ ✈ ❡ ❝ ♦ ❞✐ ❡ ❝ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞
❝ ❛❧ ❛ ❡ ✈ ❡ ❡ ❡ ❝ ❛ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♥ ❡ ❝ ❡ ❛ ② ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✮✳

❲ ❤ ❛ ✐ ♠ ♦ ❡✱ ✇✐ ❤ ✉ ❝ ❤ ❛ ♥ ❛ ❜ ✉ ♥ ❞ ❛ ♥ ❝ ❡ ♦❢ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✐ ♥ ♦ ✉ ✉ ❜❥ ❡ ❝
❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ✐ ✇ ♦ ✉❧ ❞ ❜ ❡ ✈ ❡ ② ✉ ❡❢ ✉❧ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✉ ❝ ❤ ❛ ❝❧ ❡ ❛ ▼ ♥ ❡ ♠ ♦ ♥✐ ❝ ❘ ✉❧ ❡ ✱
❤ ❛ ❝ ♦ ♥ ♥ ❡ ❝ ❛❧❧ ✐ ♠✐❧ ❛ ♦ ♥ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ✳

■ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦❢ ❛ ♥ ② ❦✐ ♥ ❞ ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ✈ ❡ ②
✐ ♠ ♣ ♦ ❛ ♥ ✉ ♥✐ ✈ ❡ ❛❧ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ✉ ❡❢ ✉❧ ❢ ♦ ✐ ✉ ❡ ♠ ❡ ♠ ♦ ②✿

✧ ❊ ❛ ❝ ❤ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❛ ❞ ❛ ✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ✭ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✮ ❢ ♦ ♣ ❛✐ ❡ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐
✐ ♥ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡✱ ✐ ♥ ❤ ❛ ♥ ✉ ♠ ❜ ❡ ❜ ② ✐ ❢ ♦ ♠✱ ✇✐ ❤ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥
✭✐ ♥ ✈ ❛ ✐ ❛ ♥ ✮ ❢ ♦ ♣ ❛✐ ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ✇ ❤ ❡ ♥ ❜ ♦ ❤ ♦❢ ❤ ❡ ♠ ❛ ❡ ♣ ❛ ✐ ♥ ❣ ❜ ❡ ✇ ❡ ❡ ♥ ❡ ❛ ❝ ❤ ♦
❛ ♥ ♦ ❤ ❡ ❜ ② ❝ ♦ ♠ ♣❧ ❡ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ♣ ❡ ❝✐ ✜ ❝ ♣ ❤ ❡ ✐ ❝ ❛❧ ✕ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ♦❢ ② ♣ ❡ ✭ ✸ ✸ ✶ ✮✦ ✧

◆ ❛ ✉ ❛❧ ♣ ❛✐ ❡ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❡ ❝ ❛ ♥ ❜ ♦ ♥ ❞ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❛❧ ♦ ❢ ♦ ❤ ❡ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦ ♥
❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✉ ✐ ♥ ❣ ❢ ♦ ♠ ♦ ✐ ♦ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ υ (γ ) ❛ ❤ ❡✐ ❛ ❣ ✉ ♠ ❡ ♥ ✱ ✇✐ ❤
♦ ✇ ♥ ✇ ♦ 3 D ❘ ❡❧ ❛ ✐ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ 4 D ❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ 4 D ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥

② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✱ ✉ ♥ ❞ ❡ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❤ ② ♣ ❡ ❜ ♦❧✐ ❝
❛ ♥ ❣❧ ❡ ♥ ❛ ♠ ❡❧ ② ❢ ♦ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❛❧❧ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✸ ✺ ❆✮ ✕✭ ✷ ✸ ✽ ❆✮
❛ ♥ ❞ ✇✐ ❤ ❡ ① ❡ ❝ ✉ ✐ ♥ ❣ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✳ ❘ ❡ ❝ ❛❧❧ ❢ ♦ ♠ ❈ ❤ ✳ ✻✱ ✶ ✷✱ ❤ ❛ ✐ ♥ ❛ ♥ ② ❛ ❞ ♠✐ ❡ ❞ ❜ ❛ ❡✿

si n h( Γ , Υ) = ❝ ❝ ❤ ( Υ , Γ) ⇔ si n h( Γ , Υ) · si n h( Υ , Γ) = I,
c o s h( Γ , Υ) = c ot h ( ± Υ , Γ) ⇔ t a n h( ± Γ , Υ) = ❡ ❝ ❤ ( Υ , Γ);

( 2 8 8 A )

c o s h ′γ · c o s h γ − si n h 2 γ ≡ c o t h ′υ · c o t h υ − ❝ ❝ ❤ 2 υ = 1 ✭❢ ♦ ■✮ ( 2 8 9 A − I )

c o s h γ 2 − si n h ′γ · si n h γ ≡ c ot h 2 υ − c s c h ′υ · c s c h υ = 1 ✭❢ ♦ ■■✮ ( 2 8 9 A − I I )

✯ ✯ ✯
♦ ♥ ❝ ❡ ♥✐ ♥ ❣ ♦ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ❜ ② ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ✇ ❛ ②✱ ✇ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②

❛❧ ♦ ❜ ② ❤ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✜ ♥✐ ❡ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ♦ ✐ ❡ ♥ ❡ ❞ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱
✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ✉ ✐ ♥ ❈ ❤✳ ✽ ❆✱ ✇✐ ❤ ✐ ♣ ❤ ❡ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ② ❛ ❤ ❡ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✱ ❜ ♦ ❤ ✉ ♥ ❞ ❡
❛ ❞ ♠✐ ✐ ❜❧ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✱ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ✐ ♠ ♣❧ ❡ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ { I ± } ✱
♦✱ ❛ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ✐ ❛ ♥ ❞ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✕

♣ ✐ ♥ ❝✐ ♣ ❛❧ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ❛ ② ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧✳ ❲❡✬❧❧ ✉ ❡ ❤ ❡ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ❡ ♥ ♦
♦❢ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ✭ ✶ ✼ ✾ ❆✮✱ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✉ ♥✐ ② ❜ ❛ ❡ Ẽ 1 ❛ ♥ ❞ ✐ ♥ ❤ ❡ ❣✐ ✈ ❡ ♥ ♦ ❞ ❡ ♦❢
✉ ♠ ♠ ❛ ✐ ♦ ♥ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✐ ♥ ✈ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ✭ ✹ ✽ ✺✮✱ ❈ ❤✳ ✶ ✶✱ ❤ ♦ ✇ ❤✐ ✇ ❛ ♦ ♥ ❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✳

❙ ❡ ❡ ❜ ❡❢ ♦ ❡ ✈ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✐ ♥ ✭ ✶ ✾ ✾ ❆✮ ✕✭ ✷ ✵ ✹ ❆✮✳



✷ ✾ ✽ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ❈ ❤✳ ✽ ❆✱ ♦ ♥ ❤ ❡ ❜ ❛ ❡ ♦❢ ❤ ❡ ❛ ❜ ❛ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✸✮ ✇✐ ❤ ✇ ♦✲ ❡ ♣
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✭ ✶ ✹ ✽ ❆✮ ✐ ♥ ⟨ Q 2 + 1 ⟩✱ ✇ ❡ ❞✐ ❞ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❝ ❤ ❡ ♠ ❡ ✭ ✷ ✵ ✶ ❆✮ ❢ ♦ ✇ ♦✲ ❡ ♣
♣ ❤ ❡ ✐ ❝ ❛❧ ✉ ♠ ♠ ❛ ✐ ♦ ♥✱ ❜ ✉ ✇✐ ❤ ♦ ✉ ✜ ♥ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ✇✐ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✳

❲❡✬❧❧ ✐ ♥❢ ❡ ❤ ❡ ♠ ❢ ♦ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♥ ❞ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❡ ❣ ✉❧ ❛
❝ ✉ ✈ ❡ ✐ ♥ ⟨ Q 2 + 1 ⟩ ❛ ♥ ❞ ⟨ Q 3 + 1 ⟩✳ ■ ♥ Ẽ 1 ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ t (φ ) ❢ ♦ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ◆ ♦ ❤ ♦❧ ❡
❛ ✐ ✜ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❛❧ ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❣ ❡ ♥ ♦ ❛ ❝ ✉ ✈ ❡✱ ❛ ♥ ❞ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ n (φ )
❢ ♦ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ✐ ❊ ✉ ❛ ♦ ❛ ✐ ❡ ❝ ♦ ♥ ❞ ❛ ❞✐ ✉ ✲ ✈ ❡ ❝ ♦ ✭ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧❧ ② ♦ ❤ ❡ ❢ ♦ ♠ ❡ ✮ ❛ ♥ ❞
❛❧ ♦ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ ♦ ❤ ❡ ❛ ♠ ❡ ❝ ✉ ✈ ❡ ❛ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ✐ ✇✐ ❤ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❝❧ ♦ ❝ ❦ ✇✐ ❡
❛ ♥ ❣❧ ❡ φ ∈ [ 0; +π / 2] ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❝ ♦ ✉ ♥ ❡ ❝❧ ♦ ❝ ❦ ✇✐ ❡ ❛ ♥ ❣❧ ❡ ξ ∈ [ +π / 2; 0] ✱ φ + ξ = π / 2

t (φ ) =
si n φ
c o s φ

=
si n φ · e α

c o s φ
, n (φ ) =

c o s φ
− si n φ

=
c o s φ · e α

− si n φ
. ( 2 9 0 A )

❖ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✱ ❢ ♦ ❤ ❡ ❞✐ ❡ ❝ ♦ ❞ ❡ ♦❢ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ✐ ◆ ♦ ❤ ♦❧ ❡ ✐ ♥ ⟨ Q 3 + 1 ⟩
♦❢ ✇ ♦ ❡ ❣ ♠ ❡ ♥ ✱ ✇ ❡ ❛ ♣ ♣❧ ② ❤ ❡ ❛ ♥ ❣ ❡ ♥ t 2 3 ❛ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ✉ ♠ ♠ ❛ ♥ ❞ ✇✐ ❤ ❞✐ ❡ ❝ ✐ ♦ ♥ e β ❤ ♦ ✇ ✇ ❡
❞✐ ❞ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✇ ♦✲ ❡ ♣ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ✷ ✵ ✶ ❆✮ ✐ ♥ ❈ ❤✳ ✽ ❆✳ ■ ♥ ❡ ✉❧ ✱ ✇ ❡ ❣ ❡
✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❧ ❛ ✇ ♦❢ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ✐ ♦ ♦ ❛ ✐ ♦ ♥
✐ ♥ ⟨ Q 3 + 1 ⟩✱ ✉ ♥✐ ❡ ❞ ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ❜ ② ✉ ♠ ♠ ❛ ② ✉ ♥✐ ② ✈ ❡ ❝ ♦ ✲ ❛ ❞✐ ✉ t 1 3 ✱ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❤ ❡
❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤ ✐ ✈ ❡ ❝ ♦ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ❛❧ ❛ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❤✐ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡
✉ ♥ ❞ ❡ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ♦❢ ❡❧ ❛ ✐ ♦ ♥ ✭ ✶ ✸ ✼ ❆✮✱ ✭ ✶ ✹ ✵ ❆✮ ❢ ♦ ❤ ❡ ❡ ❜ ❛ ✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ❛ ♥ ❞ ε = π − A 1 2 3 ✿

r ot Φ 1 2 · t 2 3 =
I 2 × 2 − ( 1 − c o s φ 1 2 ) · e α e ′

α + si n φ 1 2 · e α

− si n φ 1 2 · e ′
α c o s φ 1 2

·
si n φ 2 3 · e β

c o s φ 2 3
=

=
[ si n φ 1 2 · c o s φ 2 3 − c o s ε · si n φ 2 3 · ( 1 − c o s φ 1 2 )] · e α + si n φ 2 3 · e β

c o s φ 1 2 · c o s φ 2 3 − c o s ε · si n φ 1 2 · si n φ 2 3
=

=
[ si n φ 1 2 · c o s φ 2 3 + c o s ε · si n φ 2 3 · c o s φ 1 2 ] · e α + si n ε · si n φ 2 3 · e ν

c o s φ 1 2 · c o s φ 2 3 − c o s ε · si n φ 1 2 · si n φ 2 3
=

=
si n φ 1 3 · e σ

c o s φ 1 3
= t 1 3 = r ot Θ 1 3 ·

∠
t 1 3 (t ′

1 3 · t 1 3 = 1) . ( 2 9 1 A )

❚ ❤✐ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✉ ♠ ♠ ❛ ✐ ③ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❛❧❧ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✶ ✽ ✾ ❆✮✱ ✭ ✶ ✾ ✵ ❆✮✱
✭ ✶ ✾ ✷ ❆✮✱ ✭ ✶ ✾ ✹ ❆✮ ❛ ♥ ❞ ♦ ❜ ✈✐ ♦ ✉ ❧ ② ✭ ✶ ✾ ✶ ❆✮✱ ✭ ✶ ✾ ✺ ❆✮ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ❣ ♦ ❡ ♥ ❡ ❛ ❧✐ ❡ ✐ ♥ ❈ ❤✳ ✽ ❆✱
✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✶ ✼ ✾ ❆✮ ❢ ♦ ✜ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ❡ ♣ ✳ ❋ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ Q 3 + 1 ⟩
♦❢ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ❛ t 2 3 , t 1 2 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❛ ② ❡❧ ❛ ✐ ♦ ♥ ✿

r ot Φ 2 3 · t 1 2 =
I 2 × 2 − ( 1 − c o s φ 2 3 ) · e β e ′

β + si n φ 2 3 · e β

− si n φ 2 3 · e ′
β c o s φ 2 3

·
si n φ 1 2 · e α

c o s φ 1 2
=

=
[ si n φ 2 3 · c o s φ 1 2 − c o s ε · si n φ 1 2 · ( 1 − c o s φ 2 3 )] · e β + si n φ 1 2 · e α

c o s φ 1 2 · c o s φ 2 3 − c o s ε · si n φ 1 2 · si n φ 2 3
=

=
[ si n φ 2 3 · c o s φ 1 2 + c o s ε · si n φ 1 2 · c o s φ 2 3 ] · e β + si n ε · si n φ 1 2 · e ∠

ν

c o s φ 1 2 · c o s φ 2 3 − c o s ε · si n φ 1 2 · si n φ 2 3
=

=
si n φ 1 3 · e ∠

σ

c o s φ 1 3
= =

∠
t 1 3 = r ot ′ Θ 1 3 · t 1 3 (

∠
t 1 3

′

·
∠

t 1 3 = 1) . ( 2 9 2 A )

❍ ❡ ❡ ✐ ✿ e β = c o s ε · e α + si n ε · e ν , e α = c o s ε · e β + si n ε · e ∠
ν
.

❚ ❤ ❡ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Θ 1 3

❢ ♦ ♠ ✭ ✶ ✽ ✶ ❆✮✱ ❜ ✉ ❝ ❛❧ ❛ ❧ ② ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✱ ❥ ✉ ❛ ❢ ♦ ♣ ♦❧ ② ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥
✭ ✷ ✵ ✷ ❆✮✳ ■ ✐ ✐ ♠✐❧ ❛ ♦ ♦ ❛ ✐ ♦ ♥ r ot Θ 1 3 ♦ ♥ ❛ ✐❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✕ ❛ ♥ ❛❧ ♦ ❣ ✇✐ ❤ ❝ ♦ ♥ ❛ ② ✐ ❣ ♥ ✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✷ ✾ ✾

▲ ❡ ✉ ❛ ♥ ❧ ❛ ❡ ♦ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✐ ♥ ⟨ Q 3 + 1 ⟩ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥
❢ ♦ ♠ ✐ ❊ ✉ ❛ ♦ ✳ ◆ ♦ ✇ ❢ ♦ ❤ ❡ ❞✐ ❡ ❝ ♦ ❞ ❡ ♦❢ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ✐ ♦❢ ✇ ♦ ❡ ❣ ♠ ❡ ♥ ✱ ✇ ❡ ❛ ♣ ♣❧ ② ❤ ❡
✉ ❛ ✐ ♥ ♦ ♠ ❛❧ n 2 3 ❛ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ✉ ♠ ♠ ❛ ♥ ❞ ✇✐ ❤ ✐ ❞✐ ❡ ❝ ✐ ♦ ♥ e κ ❛ ✇ ❡ ❞✐ ❞ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳

■ ♥ ❡ ✉❧ ✱ ✇ ❡ ❣ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❤ ❡ ✈ ❡ ❝ ♦ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ❛❧ ❛ ✐ ♥ ❡ ❧ ❛ ✇ ♦❢ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥
♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ✐ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ✐ ❊ ✉ ❛ ♦ ♦ ♦❢ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ Q 3 + 1 ⟩✱ ✉ ♥✐ ❡ ❞ ✐ ♥
❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❧ ❛ ✇ ❜ ② ✉ ♠ ♠ ❛ ② ✉ ♥✐ ② ✈ ❡ ❝ ♦ ✲ ❛ ❞✐ ✉ n 1 3 ✱ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❤ ❡ ✉ ♥✐ ② ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤

✐ ❝ ❛❧ ❛ ✐ ♥ ❡ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ❝ ♦ ✐ ♥ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ♦❢ ❛ ❞ ❞ ❡ ❞ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✽ ✵ ❆✮
❢ ♦ ❤ ❡ ❤ ❡ ❡ ❜ ❛ ✐ ✉ ♥✐ ② ✈ ❡ ❝ ♦ ❢ ♦ ✉ ❝ ❤ ❛ ② ♣ ❡ ♦❢ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✿

r ot Φ 1 2 · n 2 3 =
I 2 × 2 − ( 1 − c o s φ 1 2 ) · e α e ′

α + si n φ 1 2 · e α

− si n φ 1 2 · e ′
α c o s φ 1 2

·
c o s φ 2 3 · e κ

− si n φ 2 3
=

=
[− si n φ 1 2 · si n φ 2 3 − c o s ϵ · c o s φ 2 3 · ( 1 − c o s φ 1 2 )] · e α + c o s φ 2 3 · e κ

− c o s φ 1 2 · si n φ 2 3 − c o s ϵ · si n φ 1 2 · c o s φ 2 3
=

=
[− si n φ 1 2 · si n φ 2 3 + c o s ϵ · c o s φ 2 3 · c o s φ 1 2 ] · e α + si n ϵ · c o s φ 2 3 · e µ

− c o s φ 1 2 · si n φ 2 3 − c o s ϵ · si n φ 1 2 · c o s φ 2 3
=

=
c o s φ ∗

1 3 · e ∗
σ

− si n φ ∗
1 3

= n 1 3 (n ′
1 3 · n 1 3 = 1) . ( 2 9 3 A )

◆ ♦ ✇ ❤✐ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✉ ♠ ♠ ❛ ✐ ③ ❡ ✐ ♠ ♠ ❡ ❞✐ ❛ ❡❧ ② ❛❧❧ ❝ ❛❧ ❛ ✐ ♥ ❡ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ❝ ♦ ✐ ♥ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡
❢ ♦ ✇ ♦✲ ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❢ ♦ ♠ ✐ ❊ ✉ ❛ ♦ ✱ ♥ ♦ ♥✲ ❣ ♦ ❡ ♥ ✐ ♥
❈ ❤✳ ✽ ❆✱ ❜ ✉ ❣ ♦ ❡ ♥ ❛ ❜ ♦ ✈ ❡ ❢ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ❛ ❤ ❡ ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ n (φ )✳
❆ ♥ ❞ ❢ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✉ ❝ ❤ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♦ ❞ ❡ ❛ n 2 3 , n 1 2 ✱ ✇ ❡ ♦ ❜ ❛✐ ♥✿

r ot Φ 2 3 · n 1 2 =
I 2 × 2 − ( 1 − c o s φ 2 3 ) · e κ e ′

κ + si n φ 2 3 · e κ

− si n φ 2 3 · e ′
κ c o s φ 2 3

·
si n φ 1 2 · e α

− c o s φ 1 2
=

=
[− si n φ 2 3 · c o s φ 1 2 − c o s ϵ · si n φ 1 2 · ( 1 − c o s φ 2 3 )] · e κ + si n φ 1 2 · e α

c o s φ 1 2 · c o s φ 2 3 − c o s ϵ · si n φ 1 2 · si n φ 2 3
=

=
(− si n φ 2 3 · c o s φ 1 2 + c o s ϵ · si n φ 1 2 · c o s φ 2 3 ) · e κ + si n ϵ · si n φ 1 2 · e ∠

ν

c o s φ 1 2 · c o s φ 2 3 − c o s ϵ · si n φ 1 2 · si n φ 2 3
=

=






si n
∠

φ 1 3

∗

· e ∗
∠
σ

− c o s
∠

φ 1 3

∗





=

∠
n 1 3 (

∠
n 1 3

′

·
∠

n 1 3 = + 1) . ( 2 9 4 A )

❍ ❡ ❡ ✐ ✿ e κ = c o s ϵ · e α + si n ϵ · e µ , e α = c o s ϵ · e κ + si n ϵ · e ∠
µ
.

◆ ♦ ❡✱ ❤ ❛ ❢ ♦ ✸ ❉ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡ ⟨ Q 3 + 1 ⟩✱ ❛❧❧ ❡❧ ❛ ✐ ♦ ♥ ✭ ✷ ✾ ✶ ❆ ✮ ✕ ✭ ✷ ✾ ✹ ✮ ❛ ❡ ✉ ♥✐ ❡ ❞
✇✐ ❤ ❛❧❧ ✐ ❢ ♦ ✉ ✉ ♥✐ ② ❜ ❛ ✐ ✈ ❡ ❝ ♦ ✱ ❜ ② ❛ ❜ ❛ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ✭ ✸ ✷ ✷✱ ✸ ✷ ✸ ✮ ✇✐ ❤ ❜ ♦ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✳

❏ ✉ ❛ ❢ ♦ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ✇ ♦✲ ❡ ♣ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ✐ ♥ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ❛ ❡ ♦❢
♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❊ ✉ ❛ ♦ ✐ ♥ ✭ ✷ ✾ ✸ ❆✱ ✷ ✾ ✹ ❆✮✱ ❤ ❡✐ ❞✐ ❡ ❝ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ❡ ✉ ♠ ❛ ❡ ♥ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞
❜ ② ❤ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ r ot Θ 1 3 ✱ ❛ ♥ ❞ ❤ ❡ ❡ ✉ ♠ ❛ ❡ ❣ ❡ ♥ ❡ ❛❧❧ ② ♥ ♦ ♥✲ ❝ ♦ ♠ ♠ ✉ ❛ ✐ ✈ ❡✳
❚ ❤ ♦ ✉ ❣ ❤ ❛❧ ♦ ❤ ❡ ✉ ♠ ♠ ❛ ② ✈ ❡ ❝ ♦ ❛ ❡ ✐ ✉ ❛ ❡ ❞ ❛❧ ✇ ❛ ② ❛ ✐❢ ♦ ♥ ❤ ❡ ❛ ♠ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ■ ✕
❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ❡ ❛ ❞✐ ✉ R ✇✐ ❤ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♠ ♦ ❞ ✉❧ ❡ R ✳ ❇ ✉ ❢ ♦ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥
♦❢ ✉ ❝ ❤ ❧ ♦ ❡ ❞ ♣ ♦ ♣ ❡ ✐ ❡ ❛ ♥ ❞ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ❛ ❡✱ ✐ ✐ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ❛ ❞ ❞ ✐ ♥ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣
❤ ❡ ♠ ♦ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ♦❧ ❡ ✐❧❧ ❤ ❡ ❊ ✉ ❛ ♦ ❛ ♥ ❞ ❢ ✉ ❤ ❡ ♦ ♠ ♦ ✈ ❡ ❢ ♦ ♠ ❤ ❡ ❊ ✉ ❛ ♦ ✳



✸ ✵ ✵ ❆ ❊ ◆ ❉ ■ ❳

▲ ❡ ✬ ❣ ♦ ❜ ❛ ❝ ❦ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ⟨ Q 3 + 1 ⟩ ❛❢ ❡ ✭ ✷ ✺ ✼ ❆✮✱ ✭ ✷ ✺ ✽ ❆✮ ✇✐ ❤ ♦ ✉ ❡ ♥ ♦ ♦❢
♠ ♦ ✐ ♦ ♥ r ot h Φ i = F (φ i , e α )✳ ❛ ② ❛ ❡ ♥ ✐ ♦ ♥ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ✇✐ ❤ ♣ ♦✐ ♥ ▼ ♦❢ ❛

❝ ✉ ✈ ❡ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤ ❤ ❡✐ ♠ ♦ ✈✐ ♥ ❣ ❝ ♦ ♠ ♠ ♦ ♥ ❛ ♥ ❣ ❡ ♥ t α = t α
( I ) ❛ ♥ ❞

✉ ❛ ✐ ♥ ♦ ♠ ❛❧ n α = n α
( I ) ✱ ❤ ❡ ❡ ✐ ❤ ❡ ♣ ♦✐ ♥ N ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✇✐ ❤ ✐ ❛❧ ♦ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡

❛ ♥ ❣ ❡ ♥ t α
( I I ) ❛ ♥ ❞ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ n α

( I I ) ✳ ❇ ❡ ✇ ❡ ❡ ♥ n α
( I ) ❛ ♥ ❞ n α

( I I ) ❛ ♥ ❞ ❛❧ ♦ t α
( I ) ❛ ♥ ❞ t α

( I I ) ✱
❤ ❡ ❡ ✐ ♦ ❛ ✐ ♦ ♥ ✐ ❣ ❤ ❛ ♥ ❣❧ ❡ ± π / 2 ✳ ❍ ❡ ♥ ❝ ❡✱ n α = n α

( I ) = t α
( I I ) ✱ t α ≡ t α

( I ) ≡ n α
( I I ) ✳ ❚ ❤ ❡ ❡

❢ ❡ ❛ ✉ ❡ ❤ ❛ ✈ ❡ ♣❧ ❛ ❝ ❡ ✐ ♥ ⟨ Q 3 + 1 ⟩ ❢ ♦ ❞ ♦ ✉ ❜❧ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ d φ i ❢ ♦ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ♦ ♥ ❡ ✕ ✐ ❞ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧
♦ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ❣ ❡ ♥ t α ❛ ♥ ❞ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ n α ✉ ♥ ❞ ❡ ♦ ✉ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✭ ✸ ✶ ✸✮✳

❇ ❡ ✇ ❡ ❡ ♥ ❛❧❧ ✐ ① ❜ ❛ ✐ ✈ ❡ ❝ ♦ ❛ ❛ ♣ ♦✐ ♥ M ♦❢ ❛ ❝ ✉ ✈ ❡ ❛ d φ i ≠ 0 , d α ≠ 0 ❛ ♥ ❞ ♦❢ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥
✉ ♥✐ ② ❤ ② ♣ ❡ ♣ ❡ ♦✐ ❞ ❤ ❡ ❡ ❛ ❡ ❤ ❡ ♥ ❡ ① ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥ ⟨ Q 3 + 1 ⟩✿

t α = t ( I ) = n ( I I ) = r ( I I ) = − [n α ]′α − ♦❢ K α ❛ ♥ ❞ ✹✲ ✈ ❡❧ ♦ ❝✐ ② u α ❜ ❡❧ ♦ ✇ ❛❧ ♦ ♥ ❣ ❛ ❝ ✉ ✈ ❡ ,
n α = n ( I ) = r ( I ) = t ( I I ) = [ t α ]′α − ♦❢ K α ❛ ♥ ❞ ✹✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ [u α ]′α ❛❧ ♦ ♥ ❣ ❛ ❝ ✉ ✈ ❡ ;
b ν = b ν ( I I ) ∼ e ν ( I I ) − ♦❢ K ν ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ✸✲ ❤✐❢ si n φ i d α 1 ♦ ✐ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥,
b µ = b µ ( I ) ∼ e µ ( I ) − ♦❢ K µ ❛ ♥ ❞ ♥ ♦ ♠ ❛❧ ✸✲ ❤✐❢ − c o s φ i d α 2 ♦ ❝ ♦ ✐ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥;

{ b µ } ′
γ = { b ν } ; { b ν } ′

γ , α = 0 .






( 2 9 5 A )

❲❡ ♦ ❜ ❛✐ ♥ ✐ ♥ ✺✲ ❤ ❛ ✇ ♦ ✉ ❧ ❛ ❤✐ ❞ ❛ ♥ ❞ ❢ ♦ ❤ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛❧ ♦ ♥ ❣ ❛ ❝ ✉ ✈ ❡✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ♦ ❜ ♦ ❤
♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ♦ ✉ ♣ ❡ ✈✐ ♦ ✉ ✜ ✭ ✷ ✷ ✽ ❆ ✮ ❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ✭ ✷ ✸ ✽ ❆ ✮ ❢ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥ ❡ ✦✦✦ ❇ ♦ ❤

♣ ❛ ✐ ❝ ✉❧ ❛ ❝ ❛ ❡ ✐ ♥ ✇ ♦ ⟨ Q 2 + 1 ⟩ ❛ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ♥ ♦ ♠ ❛❧ ♦ ❛ ✐ ♦ ♥ ❡✐ ❤ ❡ ♦ ♥❧ ② ♦❢ ❛ ♥ ❣ ❡ ♥ ✇✐ ❤ ✐ ♥ ❡
❜✐ ♥ ♦ ♠ ❛❧ b ν ♦ ♦ ♥❧ ② ♦❢ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ ✇✐ ❤ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ b µ ✳ ❚ ❤ ❡ ② ❛ ❡ ♥ ♦ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❤ ❡ ❡
❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❡❧ ❛ ✐ ♦ ♥ si n φ i = c o s ξ i ✭✐✳ ❡✳✱ ✐ ♥ ⟨ Q 3 + 1 ⟩ ❛ ♥ ❞ ♦ ♥ ❤ ❡ ✸ ❉ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✮✦

❋ ✉ ❤ ❡ ✱ ✉ ✐ ♥ ❣ ♦ ✉ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ❤ ❡ ♦ ②
♦❢ ♠ ♦ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡✱ ✇ ❡✬❧❧ ❛ ❡ ❤ ❡ ❤ ❡ ♦ ② ♦❢ ♠ ♦ ✐ ♦ ♥
❛❧ ♦ ♥ ❣ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ❛❧ ♦ ❣ ❡ ♥ ❡ ❛❧❧ ② ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 3 + 1 ⟩ s ✉ ♥ ❞ ❡ ❛ ❝ ✐ ♥ ❣ ♦ ✉
♣ ❤ ❡ ✐ ❝ ❛❧ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✭ ✸ ✶ ✸✮✱ ✭ ✸ ✶ ✹✮ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ✉ ♥✐ ② ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ ❜ ✉ ❢ ♦

✐❧❧ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧✱ ✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ♦ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❈ ❤✳ ✽ ❆✳ ❚ ❤ ❡
♣ ✐ ♥ ❝✐ ♣ ❛❧ ❛ ♥ ❞ ❢ ❡ ❡✲ ✈ ❛❧ ✉ ❡ ❞ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ k α ❛ ♥ ❞ k β ❛ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ✶✲ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥
✐ ♥ dl ❛❧ ♦ ♥ ❣ ❛ ❝ ✉ ✈ ❡ ✇✐ ❤ ♦ ♥ ❡ ❛ ♥ ❞ ✇ ♦ ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠ ✭ ❛ ζ = 3) ✱ ❧ ♦ ❣✐ ❝ ❛❧❧ ② ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞
❜ ② ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❢ ♦ ♠ ③ ❡ ♦ ♣ ♦✐ ♥ ✐ ♥ ✐ ◆ ♦ ❤ ♦❧ ❡ ❛ ✐❢ ✐ ♥ ⟨ Q 2 + 1 ⟩ s ✿

d t α (l)
dl

α

= K α (l) ·
c o s φ i · e α

si n φ i
= K α (l) · n α (l) = k α (l),

d t α (l)
dl

= K β (l) ·
c o s φ p · e β

si n φ p
= K β (l) · n β (l) = k β (l).






❋✐ ❡ ① ♣ ❡ ✐ ♦ ♥ ✐ ❤ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✉ ❛ ✐ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ❡ ✶✲ ❋ ❡ ♥ ❡ ✕ ❙ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ✐ ♥
❤ ❡ ✉ ✉ ❛❧ ✸ ❉ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳ ❇ ✉ ✇✐ ❤ ♦ ✉ ✇ ♦✲ ❡ ♣ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❡ ❝ ♦ ♥ ❞ ❡ ① ♣ ❡ ✐ ♦ ♥ ♠ ✉
❡ ✈ ❡ ❛❧ ❤ ❡ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡✳ ❯ ♥✐ ② 4 ✲ ✈ ❡ ❝ ♦ n α ❛ ♥ ❞ n β ❛ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧

❛ ♥ ❞ ❢ ❡ ❡ ✉ ❛ ✐ ♥ ♦ ♠ ❛❧ ♦ ❛ ❝ ✉ ✈ ❡✳ ❉ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✐ ♥ φ i ✕ t α ❛ ♥ ❞ n α ❛ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ❛ ❝ ✉ ✈ ❡
❧ ♦ ♣ ❡ ♦ −→y ❛ ❡ ♦ ❛ ❡ ❞ ✐ ♥ ♦ ♥ ❡ ✐ ❞ ❡ ❛ d φ i ✳ ■ ♥ ❤ ❡ ❜✐ ♥ ❛ ② ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ Q 2 + 1 ⟩ s ✇✐ ❤

♠ ❡ ✐ ❝ ❡ ♥ ♦ { I + } ❛ ζ ≥ 3 ✱ ❞ ✉ ❡ ♦ ✭ ✷ ✾ ✺ ❆✮ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ✭ ✶ ✸ ✼ ❆✮✱ ✇ ❡ ❡ ① ❡ ❝ ✉ ❡ ❤ ❡ ✜
✇ ♦✲ ❡ ♣ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❛ ❝ ✉ ✈ ❡ ✇✐ ❤ ❡ ✈ ❡ ❛❧✐ ♥ ❣ ❛❧❧ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ❜ ♦❧ ✉ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✿

k β ( l) =
d t α ( l)

dl
=

d φ p

dl
·

c o s φ p · e β

si n φ p
=

d φ p

dl
· n β ( l) = K β ( l) · n β ( l) ≡ ( 2 9 6 A )

≡
d φ i

dl
·

c o s φ i · e α

si n φ i α

+
si n φ i · d e α

dl
0

( 1 )

φ

=
d φ i

dl
·

c o s φ i · e α

si n φ i α

+
si n φ i · d α 1

dl
· e ν

0

( 1 )

φ

=

= K α ( l) ·
c o s φ i · e α

si n φ i α

+ K ν ( l) ·
e ν

0

( 1 )

φ

= K α ( l) · n α ( l) + K ν ( l) · b ν ( l) ≡

≡
d φ p

d ( l)
·

c o s φ p · e β

si n φ p
=

d φ p

dl
·

c o s ε · c o s φ p · e α

si n φ p
+

si n ε · c o s φ p · e ν

0

( 1 )

=

= K β ( l) ·
c o s φ p · e β

si n φ p
= K β ( l) · n β ( l) = K ×

β · n α ( l) +
⊥

K ⋆
β ·b ν ( l) = k ×

β ( l) +
⊥

k ⋆
β ( l) = k α + k ν .



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✸ ✵ ✶

❊ ✉ ❛❧✐ ♥ ❣ ✉ ♥ ❞ ❡ I + ♣ ❛✐ ❡ ❞ ✉ ♠ ♠ ❛ ♥ ❞ ✱ ✇ ❡ ❣ ❡ ❡❧ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡ ✇✐ ❤ ϱ > ε : d φ 2
p = c o s 2 φ p d φ 2

p + si n 2 φ p d φ 2
p =

= ( c o s 2 ε · c o s 2 φ p d φ 2
p + si n 2 ε · c o s 2 φ p d φ 2

p ) + si n 2 φ p d φ 2
p = ( c o s 2 φ i d φ 2

i + si n 2 φ i d α 1
2 ) + si n 2 φ i d φ 2

i =

= d φ 2
i + si n 2 φ i d α 1

2 = ( c o s 2 ε · c o s 2 φ p + si n 2 φ p ) d φ 2
p + ( si n 2 ε · c o s 2 φ p ) d φ 2

p = c o s 2 ϱ d φ 2
p + si n 2 ϱ d φ 2

p > 0 ,

❙ ✉ ♣ ✐ ✐ ♥ ❣❧ ②✱ ❜ ✉ ✇ ❡ ❣ ❡ ✇ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ d φ i ✕ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✭ ✇✐ ❤ ✉ ♥ ❞ ❡ ❧✐ ♥ ❡

❢ ♦ ❘ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❆ ❜ ♦❧ ✉ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ✮✱ ❤ ❡ ❧ ❛ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✭ ✶ ✵ ✾ ❆✲■ ■ ✮

✐ ♥ ❈ ❤✳ ✻ ❆ ✦ ❚ ❤✐ ♣ ❛ ❛ ❞ ♦ ① ❡❧ ❛ ❡ ♦ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ♦❢ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ♦ ♥❧ ② ❢ ♦ ♠ ♦ ✈✐ ♥ ❣ ❢ ♦ ♠ ✐ ♦❧ ❡ ❛ n ≥ 2 ✳

❋ ♦ ❛ ❞ ② ♥ ❛ ♠✐ ❝ ♦❢ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡ ✐ ♥ ⟨ Q 3 + 1 ⟩✱ ❧ ❡ ✉ ♣✱ ❤ ❛ ❤ ❡ ♣ ♦✐ ♥ M ♦❢ ❛ ❝ ✉ ✈ ❡ ♠ ♦ ✈ ❡ ✇✐ ❤
❤ ❡ ❝ ♦ ♥ ❛ ♥ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✹✲ ✈ ❡❧ ♦ ❝✐ ② u ✱ ❛ ❛ ♥ ❛❧ ♦ ❣ ✉ ❡ ♦❢ ✹✲ ✈ ❡❧ ♦ ❝✐ ② ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✐ ♥ ⟨ P 3 + 1 ⟩✳

❚ ❤ ❡ ❘ ❡❧ ❛ ✐ ✈ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❜ ❡❧ ♦ ✇ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ♦❢ ✭ ✷ ✾ ✻ ❆✮ ✐ ♥ ✈ ❡ ❝ ♦

❛ ♥ ❞ ❝ ❛❧ ❛ ✉ ❛ ❞ ✐ ❝ ❢ ♦ ♠ ✳ ■ ❛ ❝ ❡ ❛❧❧ ② ✐ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N s ≡ ⟨ e

( m )
α , e

( 1 )
ν ⟩ ❢ ♦ ❛❧❧

♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡ Ẽ
( 3 )
1

❛ ❤ ❡ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ φ ∈ [ 0, π /2] ❛ ♥ ❞ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♥ ♦ ♠ ❛❧ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ε ∈ [ 0; π ]✱ ✉ ✐ ♥ ❣ ✭ ✷ ✾ ✻ ❆✮
✇✐ ❤ ✭ ✶ ✸ ✼ ❆✮ ❛ ♥ ❞ ❝ ♦ ♥ ✜ ♠✐ ♥ ❣ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✈ ❛❧✐ ❞ ✇ ♦✲ ❡ ♣ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✭ ✶ ✾ ✹ ❆✮ ✐ ♥ ❈ ❤✳ ✽ ❆✿





c o s φ p d φ p · e β = c o s φ p ( c o s ε d φ p · e α + si n ε d φ p · e ν ) = c o s φ i d φ i · e α + si n φ i d α · e ν ,

c o s 2 φ p d φ 2
p = c o s 2 φ p ( c o s 2 ε d φ 2

p + si n 2 ε d φ 2
p ) = c o s 2 φ p [ (d φ p ) 2

E + (
⊥

d φ p ) 2
E ] =

= c o s 2 φ i d φ 2
i + si n 2 φ i d α 2 = si n 2 ξ p d ξ 2

p = si n 2 ξ p [ (d ξ p ) 2
E + (

⊥
d ξ p ) 2

E ] = si n2 ξ i d ξ 2
i + c o s 2 ξ i d α 2 ;





⇒

⇒






K β · c o s φ p · e β = K ⋆
β · e β = c o s ε · K⋆β · e α + si n ε · K⋆β · e ν = K ⋆

β · e α +
⊥

K ⋆
β · e ν =

= K α · c o s φ i · e α + si n φ i · d α
dl

= K ⋆
α · e α + v ∗

i · w ∗
α

v 2 · e ν = K ⋆
α · e α + K ν · e ν =






⇒

⇒






= k ⋆
β = k ⋆

β +
⊥

k ⋆
β = k ⋆

α + k ν ,

( K ⋆
β ) 2 = ( K ⋆

β ) 2 + (
⊥

K ⋆
β ) 2 = ( K ⋆

α ) 2 + ( K ν ) 2 ;





( 2 9 7 A )

K β · si n φ p = K α · si n φ i ⇔ si n φ p d φ p = si n φ i d φ i → d φ p / d φ i > 1 . ( 2 9 8 A )

⇒ c o s φ p · c o s ε d φ p = c o s φ p d φ p = c o s φ i d φ i ⇒ c o s ε = 1 ↔ φ p = φ i , c o s ε = 0 ↔ γ p = 0;

si n φ i = v ∗
i / u ≤ 1 , t a n φ i = v i / u, φ i ≤ π / 2; { t a n φ p = c o s ε · t a n φ i } → φ p < φ i { ε ∈ [ 0; π ]}

φ p / φ i < 1 − ❡ ❡ ❛ ❜ ♦ ✈ ❡ ⇒ v p < v i , φi = 0 → φ p = 0; d φ p > d φ p > d φ i { φ ∈ [ 0, π /2] } .

❋ ♦ ♠ ✭ ✷ ✾ ✻ ❆ ✮ ✕ ✭ ✷ ✾ ✽ ❆ ✮✱ ✇ ❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✇✐ ❤ ❤ ❡ ✶✲ ♠ ♦ ❜✐❧ ❡

✐ ❤ ❡ ❞ ♦ ♥ Ê
( 3 )
m = ⟨ n α , b ν , iα ⟩ ✐ ♥ ⟨ Q 2 + 1 ⟩ ✉ ♥ ❞ ❡ ♠ ❡ ✐ ❝ ❡ ♥ ♦ I + ✳ ■ ❛ ❝ ♦ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✐ ♥ ❡

♥ ♦ ♠ ❛❧ ♣❧ ❛ ♥ ❡ ⟨ E 2 ⟩
( m )
N s I I

≡ ⟨ n
( m )
α , b

( 1 )
ν ⟩ ✐ ♥ ✸ ❉ ⟨ Q 2 + 1 ⟩ s ≡ { ⟨ E 2 ⟩

( m )
N s ⊞ −→y } ( ζ = 3 ) ✳ ■ ♥ ❤ ❡ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡

♦❢ t α ♦ ❛ ✐ ♦ ♥ ✱ ✐ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♥ ♦ ♠ ❛❧ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✵ ✾ ❆✲■ ■ ✮ ❢ ♦ ❤ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥
❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✭✦✦✦ ✮✱ ❛ ❛ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ⟨ Q 2 + 1 ⟩ ✳ ■ ✐ ❡ ① ♣ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ♥✐ ✈ ❡ ❛❧ ❝ ♦ ♠ ♣❧ ❡ ❡
❡ ♥ ♦ ✲ ✈ ❡ ❝ ♦ ✲ ❝ ❛❧ ❛ ✭ ✧ ✈ ✧ ✮ ❢ ♦ ♠ ✇✐ ❤ ♦ ✇ ♥ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ✐ ❡ ♠ ✿






k β = K β n β = K ×
β n α +

⊥

K ⋆
β b ν = K α n α + K ν b ν = k α + k ν ,

K 2
β = ( K ⋆

β ) 2 − ( K ◦
β ) 2 = ( K ×

β ) 2 + (
⊥

K ⋆
β ) 2 = K 2

α + K 2
ν ,





⇒

⇒






d φ p · n β = d φ i · n α + si n φ i d α · b ν , ( n ′
α · I + · n α = + 1 , b ′

ν · I + · b ν = + 1 )

d φ 2
p = d φ 2

i + si n 2 φ i d α 2 = c o s 2 ϱ d φ p
2 + si n 2 ϱ d φ p

2 = d φ p

2

Q
+

⊥

d φ p

2

E

> 0 .





( 2 9 9 A )

❍ ❡ ❡ d φ p = dl R / R, ϱ > ε ✳ ❇ ② ❤✐ ❊ ❣ ❡ ❣✐ ✉ ♠ ❚ ❤ ❡ ♦ ❡ ♠ ♦❢ ❉✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②

✭ ✶✲ ❢ ♦ ♠ ✇ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧✮✱ ✇ ❡ ❡ ❞ ✉ ❝ ❡ ❤✐ ♠✐ ① ❡ ❞ ♠ ♦ ✐ ♦ ♥ ✐ ♥ ✐ ♥✐ ✐ ❛❧ Ẽ 1 ❛❧ ♦ ♥ ❣ ❛ ❝ ✉ ✈ ❡ ❛ ♥ ❞ ♦ ♥
❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ❛ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ♦ ♣ ✉ ❡❧ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❡ ❛❧ ♦ ♥ ❣ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ d φ p ✐ ♥ Ẽ m ✳

❚ ❤✐ ❚ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ✈ ✲❢ ♦ ♠ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ♥ ❛❧ ♦ ❣ ✭ ✶ ✵ ✾ ❆✲■■✮✱ ❈ ❤✳ ✻ ❆✱ ✐ ♥ ✈ ✲❢ ♦ ♠✱ ✇ ❤ ❡ ❡ φ i ✐
❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ♥ ❛ ♠ ❡❧ ② ❢ ♦ ♠ ❤ ❡ ♦❧ ❡ ♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♥ ❞ ✐ ✐ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❛ d α 1 ♦ ✛

✐ ❢ ❛ ♠ ❡ ❛ ①✐ ✱ ❛ ✐ ♥ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ❛ ❡ ✭ ✶ ✸ ✷ ❆✮ ❛ ♥ ❞ ✭ ✷ ✷ ✽ ❆✮ γ i ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■✳



✸ ✵ ✷ ❆ ❊ ◆ ❉ ■ ❳

■ ♥ ✭ ✶ ✵ ✾ ❆✲■✮ φ i ✇ ❛ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ♥ ❛ ♠ ❡❧ ② ❢ ♦ ♠ ❤ ❡ ❊ ✉ ❛ ♦ ✭ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦ ❛ ①✐ ✮
♦❢ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✱ φ i ✐ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❛ d α 2 ♦ ✛ ✐ ✱ ❛ γ i ✐ ♥ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ❛ ❡ ✭ ✶ ✸ ✸ ❆✮
❛ ♥ ❞ ✭ ✷ ✸ ✽ ❆✮ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✳ ❙✐ ♥ ❝ ❡ ❜ ♦ ❤ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❛ ❡ ❜ ♦ ♥ ❞ ❡ ❞ ❜ ②
✐ ♠ ♣❧ ❡ ❢ ♦ ♠ ✉❧ ❛ ξ = π / 2 − φ ✱ ❤ ❡ ♥ ✐ ♥ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✶ ✵ ✾ ❆✲■■✮ ❛ ♥ ❞ ✭ ✶ ✵ ✾ ❆✲■✮✱ ❤ ❡ ② ❛ ❡ ✐ ♠ ♣❧ ②

❡ ① ❝ ❤ ❛ ♥ ❣ ❡ ❞✱ ❤ ♦ ✇ ❡ ✈ ❡ ❤ ❡✐ ♥ ❛ ✉ ❡ ❛ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♥ ♦ ♠ ❛❧ ♣ ❛ ✇✐ ❤ d α ♠ ✉ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦
❤ ♦ ❡✱ ✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ❛ ❜ ♦ ✈ ❡ ❢ ♦ ❤ ❡ ❡ ✇ ♦ ② ♣ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞✳ ❚ ❤ ❡ ♥ ♦ ✉ ❡ ❛ ❞ ❡

♠ ❛ ② ❡ ✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠✱ ✐ ♥❢ ❡ ✐ ♥ ❣ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✷✲ ♥ ❞ ❊ ❣ ❡ ❣✐ ✉ ♠ ❚ ❤ ❡ ♦ ❡ ♠ ✭ ✇ ❤✐ ❝ ❤
✐ ❝❧ ♦ ❡ ❜ ② ✐ ❝ ♦ ✐ ♥ ❡ ❡ ♥ ❡ ♦ ❤ ❡ ✷✲ ♥ ❞ ❋ ❡ ♥ ❡ ✲ ❙ ❡ ❡ ❢ ♦ ♠ ✉❧ ❛ ✐ ♥ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩✮✱

✇✐ ❤ ❡ ✈ ❡ ❛❧✐ ♥ ❣ ✐ ❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ b µ ❛ d α 2 ✐ ♥ ⟨ Q 2 + 1 ⟩ c ≡ {⟨ E 2 ⟩
( m )
N c ⊞ −→y } (ζ = 3) ✳

❚ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ υ i ✭ ♥ ♦ ♥ ♦❢ ♠ ♦ ✐ ♦ ♥ ✮ ✐ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❛ α ❝ ♦ ♥ ❛ ② ♦
♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ γ i ❢ ♦ ✭ ✷ ✷ ✽ ❆✮ ✕ ♥ ❛ ♠ ❡❧ ② ❢ ♦ ♠ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦❢ ⟨ P 3 + 1 ⟩✱ ❜ ✉ ❛❧ ♦
♦ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ✱ ❛ ♥ ❞ ❢ ♦ ✭ ✷ ✸ ✽ ❆✮ ✕ ♥ ❛ ♠ ❡❧ ② ❢ ♦ ♠ ❤ ❡ ✐ ♦ ♦ ♣✐ ❝ ❝ ♦ ♥ ❡ ♦ ❞✐ ❛ ❣ ♦ ♥ ❛❧ ♦❢ ⟨ P 3 + 1 ⟩✱

❜ ✉ ❛❧ ♦ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ♦ ❛ ①✐ ✳ ❙ ❡ ❡ ❤ ❡ ❡ ❧ ❛ ❡ ❢ ❛ ❝ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡❧ ② ♦ ♥ ❤ ❡ ❢ ♦ ♥
❛ ♥ ❞ ❜ ❛ ❝ ❦ ❝ ♦ ✈ ❡ ♦❢ ❤✐ ❜ ♦ ♦ ❦✱ ❛ ♥ ❞ ♦ ✉ ❡ ❛ ❞ ❡ ♠ ❛ ② ♣ ❡ ❡ ♥ ❤✐ ♣ ❡ ❝ ✉❧✐ ❛ ✐ ② ❛ ❋✐ ❣ ✉ ❡ ✷ ❆✭ ✶✮
✇✐ ❤ ✐ ✐ ♦ ♦ ♣✐ ❝ ❞✐ ❛ ❣ ♦ ♥ ❛❧✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ υ ✇✐ ❤ ❤ ❡✐ d γ
❛ ♥ ❞ d υ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ❜ ② ❝ ♦ ♠ ♣❧ ❡ ① ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ✸ ✻ ✵✲■■✮✱ ✭ ✸ ✻ ✵✲■ ❨✮✱ ✭ ✸ ✻ ✵✲ ❨✮✱ ✐ ♥❢ ❡ ❡ ❞ ✐ ♥ ❈ ❤✳ ✻
♦❢ ❤ ❡ ♠ ❛✐ ♥ ❛ ✲■■✳ ❆ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡✱ ❜ ♦ ❤ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ❛ ❡ ❞✐ ✈✐ ❞ ❡ ❞✱ ❛ ♥ ❞
❤ ❡ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ❛ ♥ ❞ ❜ ♦ ❤ ♦❢ ❤ ❡ ♠ ❛ ❡ ❡ ① ♣ ❡ ❡ ❞ ♦ ♥❧ ② ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♠ ♦ ✐ ♦ ♥

❛ ♥ ❣❧ ❡ γ i ✱ ❛ ♥ ❞ ❤ ❡ ② ❛ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❛ α ❢ ♦ ■■ ❢ ♦ ♠ ❤ ❡ ❢ ❛ ♠ ❡ ❛ ①✐ ❛ ♥ ❞ ❢ ♦ ■ ❢ ♦ ♠ ❤ ❡ ❊ ✉ ❛ ♦ ✦✦✦

▲ ❡ ✉ ❡ ♣ ❡ ❡ ♥ ❡ ♥ ♦ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✭ ✷ ✻ ✶ ❆✮✱ ✭ ✷ ✻ ✷ ❆✮ ✐ ♥ ❤ ❡ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡✳

■ ♥ ❡ ♥ ✐ ❡ ⟨ Q 3 + 1 ⟩ ✇✐ ❤ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ❢ ♦ ❛ ❡ ❣ ✉❧ ❛ ❝ ✉ ✈ ❡✱ ✇ ❡ ❣ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♥ ♦ ( 3 0 0 A − I )

r ot Φ i = F s ( φ i , e α ) , ( F ≠ F ′ ) , ⟨ Q 3 + 1 ⟩ V ( φ i , e α , e ν , e µ ) , ( V ≠ V ′ ) , ⟨ Q 3 + 1 ⟩

c o s φ i ·
← − − − −
e α · e α

′ +
− − − − →
e α · e α

′ si n φ i · e α

− si n φ i · e ′
α c o s φ i

...........
c o s φ i · e α e ν e µ si n φ i · e α

− si n φ i 0 0 c o s φ i
,

❛ ♥ ❞ ❡❧ ❡ ✇✐ ❤ ✇ ♦ ✐ ❤ ❡ ❞ ♦ ♥ ❜ ♦ ❤ ♣ ♦ ✐ ❜❧ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❡ ♥ ♦ ( 3 0 0 A − I I )

V ( φ i , e α , e ν ) , ( V ≠ V ′ ) , ⟨ Q 2 + 1 ⟩ ( t ) V ( φ i , e α , e µ ) , ( V ≠ V ′ ) , ⟨ Q 2 + 1 ⟩ ( n )

c o s φ i · e α e ν si n φ i · e α

− si n φ i 0 c o s φ i
........

c o s φ i · e α e µ si n φ i · e α

− si n φ i 0 c o s φ i
.

✭ V = r ot Φ i · r ot Θ i ⇒ r ot Φ i =
√

V V ⋆ , r ot Θ = r ot ( − Φ i ) · V =
√

V V ⋆
− 1

· V ✮

✯ ✯ ✯

❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ♠ ❛ ② ❜ ❡✱ ✐ ❤ ❡ ♠ ♦ ♠ ✉ ✐ ❝ ❛❧ ✉ ❜❥ ❡ ❝ ♦❢ ❤ ❡ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❙ ❝✐ ❡ ♥ ❝ ❡✳
❚ ❤✐ ✐ ❛ ❡ ❞ ❞ ✉ ❡ ♦ ❤ ❡ ❝❧ ❡ ❛ ❤ ❛ ♠ ♦ ♥ ② ♦❢ ❛❧❧ ✐ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥
❛ ❡ ❛ ❝ ❤ ♦ ♦ ❤ ❡ ✐ ♥ ❡ ♥ ♦ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❝ ❛❧ ❛ ❢ ♦ ♠ ✳ ■❢ ✉ ❝ ❤ ❤ ❛ ♠ ♦ ♥ ② ❞ ♦ ❡ ♥ ♦ ✇ ♦ ❦✱ ❤ ❡ ♥ ❤ ❡
❡ ✉❧ ❝ ♦ ♥ ❛✐ ♥ ❛ ♥ ❡ ♦ ✳ ❚ ❤ ❛ ✐ ✇ ❤ ②✱ ❤ ❡ ❣ ❡ ❛ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ❛ ♥ ❞ ♠ ❛ ♥ ▲ ❡ ♦ ♥ ❛ ❞ ❊ ✉❧ ❡ ✱

✇ ❤ ♦ ❝ ❡ ❛ ❡ ❞ ❤ ❡ ❧ ♦ ❣ ❛ ✐ ❤ ♠✐ ❝ ❤ ❡ ♦ ② ♦❢ ❤ ❡ ♠ ✉ ✐ ❝ ❛❧ ❝ ❛❧ ❡ ✇✐ ❤ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ✐ ❤ ❛ ♠ ♦ ♥ ②✱
❡❧ ❡ ❣ ❛ ♥ ❧ ② ♣ ❡ ❡ ♥ ❡ ❞ ❛ ♥ ❞ ❣ ❛ ✈ ❡ ❛❧ ♦ ❛ ♠ ♦ ❞ ❡ ♥ ❧ ♦ ♦ ❦ ♦ ❤ ❡ ❙ ❝ ❛❧ ❛ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✦ ■ ✐ ✉ ❝ ❤ ❛ ✉ ❡
❣ ♦❧ ❞ ❡ ♥ ✉❧ ❡✱ ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ✐ ✐ ♥ ♦ ❜ ❡ ✈✐ ♥ ❣ ❤✐ ❤✐ ❣ ❤ ❤ ❛ ♠ ♦ ♥ ② ✐ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞ ❤ ❡ ♦ ❡ ♠ ♦❢ ❤ ❡
❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ❛❧❧ ♦ ✇ ❡ ❞ ❤ ❡ ❛ ✉ ❤ ♦ ✐ ♥ ✐ ❤✐ ❞ ❡ ❞✐ ✐ ♦ ♥ ♦ ❛ ❝ ❤✐ ❡ ✈ ❡ ❤ ❡ ♠ ♦ ❝ ♦ ❡ ❝ ❛ ♥ ❞
❝ ♦ ♠ ♣❧ ❡ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❚ ❤ ❡ ♦ ② ♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ❤ ❡ ♦✐ ♥ ❝ ❛ ✁❡ ✕ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✇✐ ❤ ❛❧❧
❤ ❡✐ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❛ ♥ ❞ ✇✐ ❤ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡✐ ♣ ❤ ② ✐ ❝ ❛❧ ❡ ♥ ❡ ✳ ❇ ❡ ✐ ❞ ❡ ✱ ❤✐

❣ ♦❧ ❞ ❡ ♥ ✉❧ ❡ ❛❧❧ ♦ ✇ ❡ ❞ ❤ ❡ ❛ ✉ ❤ ♦ ♦ ❣✐ ✈ ❡ ❡ ♥ ♦ ✲ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥
❛ ♥ ❞ ♥ ❡ ✇ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✉ ❝ ❤ ✐ ♥ ❤ ❡ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✜ ❡❧ ❞ ✇✐ ❤ ♦ ✉ ● ❚ ❘✲ ❜ ❡ ♥ ❞✐ ♥ ❣ ♦❢
❤ ❡ ♠ ♦ ♣ ❡ ❢ ❡ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ♦❢ ❤ ❡ ❯ ♥✐ ✈ ❡ ❡✱ ✇ ❤✐ ❝ ❤ ✐ ✐❧❧ ✉ ❡ ❞ ❡ ❛❧❧ ② ✐ ♥ ❛ ♦ ♥ ♦ ♠ ②✳

■ ✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❜ ❡ ♥ ❞✐ ♥ ❣✱ ✇✐ ❤ ♦ ✉ ✐ ✉ ❡ ♥ ❡ ❝ ❡ ✐ ②✱ ❤ ❛ ❝ ❛ ✉ ❡ ❞ ❤ ❡ ♥ ♦ ♥✲ ❝ ♦ ♠ ♣ ❛ ✐ ❜✐❧✐ ② ♦❢ ● ❚ ❘
✇✐ ❤ ❤ ❡ ◗ ✉ ❛ ♥ ✉ ♠ ▼ ❡ ❝ ❤ ❛ ♥✐ ❝ ✳ ❚ ❤ ♦ ✉ ❣ ❤✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ◆ ♦ ❡ ❤ ❡ ✬ ❚ ❤ ❡ ♦ ❡ ♠ ✱ ✐ ✐ ♣ ❛ ❝ ❡✲
✐ ♠ ❡ ⟨ P 3 + 1 ⟩ ❡ ♥ ✉ ❡ ❛ ✐ ❝ ❝ ♦ ♠ ♣❧✐ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✇✐ ❤ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧

▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ②✲ ▼ ♦ ♠ ❡ ♥ ✉ ♠ ❈ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ❛ ❤ ❡ ❛ ❝ ❝ ♦ ♠ ♣ ❛ ♥✐ ❡ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ❤ ❛ ♠ ♦ ♥ ②✳



❈ ❍ ❆ ❚ ❊ ❘ ✶ ✵ ❆✳ ❉ ■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ■ ❆ ▲ ❚ ❘ ■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨ ❖ ❋ ❲ ❖ ❘ ▲ ❉ ▲ ■ ◆ ❊ ❙ ❆ ◆ ❉ ❈ ❯ ❘ ❱ ❊ ❙ ✸ ✵ ✸

■❢ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ❧✐❢ ❡ ❤ ❛ ❞ ♥ ♦ ❡ ♥ ❞ ❡ ❞ ♦ ❡ ❛ ❧ ② ✕ ❛ ❤ ❡ ❛ ❣ ❡ ♦❢ ✺ ✽✱ ❤ ❡✱ ♠ ❛ ② ❜ ❡✱ ❝ ♦ ♥ ✐ ♥ ✉✐ ♥ ❣
♦ ✇ ♥ ♣✐ ♦ ♥ ❡ ❡ ✐ ♥ ❣ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✇ ♦ ❦ ✱ ✇ ♦ ✉❧ ❞ ❞ ❡ ✈ ❡❧ ♦ ♣ ❢ ✉ ❤ ❡ ❤✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐❧❧ ✐
❡ ♥ ♦ ❧ ❡ ✈ ❡❧ ✇✐ ❤ ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❤ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❤ ❡✐ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✳

❚ ❤ ❡ ✈ ❡ ② ♣✐ ✐ ♦❢ ❤✐ ✉ ♥ ✇ ❛ ✈ ❡ ✐ ♥ ❣ ✐ ✈✐ ♥ ❣ ❢ ♦ ♥ ♦ ✈ ❡❧ ② ❛ ♥ ❞ ❣ ❛ ♥ ❞✐ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❡ ①✐ ✐ ♥ ❣
♣ ❛ ✐ ❝ ✉❧ ❛ ❤ ❡ ♦ ✐ ❡ ♣ ❡ ❛ ❦ ❛ ❜ ♦ ✉ ❤✐ ✦ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱ ♦ ♠ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝✐
❤ ❛ ✈ ❡ ❜❧ ❛ ❝ ❦ ❡ ♥ ❡ ❞ ❤ ❡✐ ♥ ❛ ♠ ❡ ❜ ② ❜ ♦ ♦ ✇✐ ♥ ❣ ❜ ✐❧❧✐ ❛ ♥ ✐ ❞ ❡ ❛ ❢ ♦ ♠ ❤✐ ✇ ♦ ❦ ✐ ♥ ♦ ✇ ♥ ♣ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥
✇✐ ❤ ♦ ✉ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ❤ ❡✐ ❛ ✉ ❤ ♦ ✳ ❙ ♦✱ ❤ ❡ ❤ ♦ ♥ ❡ ❛ ♥ ❞ ❡ ♠✐ ♥ ❡ ♥ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ❱✳ ■✳ ❆ ♥ ♦❧✬ ❞
✇ ♦ ❡ ❛ ❜ ♦ ✉ ✉ ❝ ❤ ❢ ❛ ❝ ✐ ♥ ❤✐ ❊ ❛ ② ❬ ✶ ✶ ✵❪✱ ❛ ❛ ✉ ❤ ♦ ✬ ❘ ✉ ✐ ❛ ♥ ✈ ❡ ✐ ♦ ♥ ✇✐ ❤ ♦ ✉ ❊ ♥ ❣❧✐ ❤ ❡ ❞✐ ✳

■ ♥ ♦ ✉ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤✱ ❤ ❡ ❡ ❛ ❡ ♠ ❛ ♥ ② ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ✜ ❡❧ ❞ ✳ ❚ ❤ ✉ ✱ ✐ ❡ ✈ ❡ ❛❧ ❝❧ ❛ ✐ ② ❤ ❡ ✉ ❡ ❝ ❛ ✉ ❡ ♦❢ ❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥
✐ ♥ ❝ ♦ ♥ ✈ ❡ ① ✜ ❣ ✉ ❡ ♦ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❢ ❛ ❝ ❡ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ② ♣ ❡ ❛ ❤ ❡ ❝ ♦ ✐ ♥ ❡
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ❤ ❡✐ ❛ ♣ ❡ ① ❡ ✭ ❈ ❤ ✳ ✼ ❆✱ ✽ ❆✮✳ ■ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ❛ ❡✱ ■ ❞ ❡ ♥ ✐ ② ♦❢ ❤✐
♥ ❡ ❣ ❛ ✐ ✈ ❡ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✱ ❜ ✉ ✐ ♥ ✐ ♠ ❡ ✭✦✮✱ ✇✐ ❤ ❤ ❡ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✐ ❡ ❛ ❜❧✐ ❤ ❡ ❞✳

❚ ❤ ❡ ■ ♥ ❡ ❣ ❛❧ ▲ ❛ ✇ ♦❢ ❊ ♥ ❡ ❣ ② ❛ ♥ ❞ ▼ ♦ ♠ ❡ ♥ ✉ ♠ ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡
⟨ P 3 + 1 ⟩ ❝ ❛ ♥ ❜ ❡ ✐ ♠ ♣❧ ② ✐ ♥❢ ❡ ❡ ❞ ❜ ② ❤ ❡ 4 D ❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠
♦❢ ❤ ❡ ❡ ♠ ♦ ♠ ❡ ♥ ❛ ✱ ❣ ♦ ❡ ♥ ❜ ② ✉ ✐ ♥ ✭ ✾ ✾ ❆✮✱ ❈ ❤✳ ✺ ❆✱ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♦ ✇ ♥ 4 × 1 ✲
♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 = P 0 · iα ❛ ❛ ✐ ❣ ❤ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ 4 × 4 ✲ ❡ ♥ ♦ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠ T P = P 0 · r ot h Γ i ✳
■✳ ❡✳✱ ❤ ❡ ❧ ❛ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ♦ ✉ ♠ ❡ ❛ ✉ ❡❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ r ot h Γ i ✭ ✶ ✵ ✵ ❆✮✳
❚ ❤ ❡ ② ❤ ❛ ✈ ❡ ❢ ♦ ✉ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❛❧ ❛ ❛ ❣ ✉ ♠ ❡ ♥ ✱ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ♦❢ ♠ ♦ ✐ ♦ ♥ γ i ❛ ♥ ❞ ✐ ✉ ♥✐ ②
✸✲ ✈ ❡ ❝ ♦ ♦❢ ❤ ❡ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ e α ✳ ❚ ❤ ❡ ♥✱ ✐ ♥ ✐ ♥✐ ✐ ❛❧ ♣ ❡ ✉ ❞ ♦✲ ❈ ❛ ❡ ✐ ❛ ♥ ❜ ❛ ❡ Ẽ 1 = ⟨x ,

−→
ct ⟩

♦❢ ⟨ P 3 + 1 ⟩✱ ❤ ❡ ❡ ♥ ♦ T P ❛ ♥ ❞ T E ❤ ❛ ✈ ❡ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ✭ ✶ ✵ ✵ ❆✮ ❝ ❛ ♥ ♦ ♥✐ ❝ ❛❧ ♣ ❤ ② ✐ ❝ ❛❧ ✉ ❝ ✉ ❡
✇✐ ❤ ❤ ❡ 4 × 1 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 ❛ ✹✲ ❤ ❝ ♦❧ ✉ ♠ ♥ ♦❢ T P ✭ ✉ ♥ ❞ ❡ c = ❝ ♦ ♥ ❛ ♥ ❞ γ > 0 ❛ ∆ ct > 0) ✿

T P = = P 0 · I 3 × 3 + ( c o s h γ − 1 ) ·
←− − − −−
e α · e α

′ si n h γ · e α

si n h γ · e ′
α c o s h γ

= P 0 · I 3 × 3 + ∆ P ·
←− − − −−
e α · e α

′ p
p ′ P

= m 0 c ·r ot h Γ ,

T E = E 0 · I 3 × 3 + ( c o s h γ − 1 ) ·
←− − − −−
e α · e α

′ si n h γ · e α

si n h γ · e ′
α c o s h γ

= E 0 · I 3 × 3 + A ·
←− − − −−
e α · e α

′ p c
p ′ c E

= m 0 c 2 · r ot h Γ;

P 0 =
p
P

= P 0 ·iα = m 0 ·c = P 0 ·
si n h γ
c o s h γ

= P 0 ·
si n h γ · e α

c o s h γ
=

m 0 v ∗

m 0 c ∗ =
m v
m c

=
p

E / c
,

E = c o s h γ · E 0 = E 0 + ( c o s h γ − 1 ) · E 0 = E 0 + k E · E 0 = E 0 + A, ✇ ❤ ❡ ❡ k E = c o s h γ − 1 = ∆ E / E 0 .

T E ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ♦ ❛❧ 4 × 1 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P ❛ ♥ ❞ ❤ ❡ ❍ ❛ ♠✐❧ ♦ ♥✐ ❛ ♥ ❛ ❝ ❛❧ ❛ E ❛ ♥ ❞ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
3 × 3 ✲ ❡ ♥ ♦ ❢ ♦ ♠✱ ✇ ❤ ❡ ❡ ❤ ❡ ✇ ♦ ❦ A = ∆ E ❛ ❝ ❧ ♦ ❣✐ ❝ ❛❧❧ ② ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ e α ❛ ✐ ♥ ✭ ✶ ✼ ✸ ❆✮✦
❲❡ ❤ ❛ ✈ ❡ ❤ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ❛ ②✐ ♥ ❣ ♦ ♥ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥
❛ ❜ ♦❧ ✉ ❡ ⟨ P 3 + 1 ⟩ ✇✐ ❤ ❡ ♥ ♦ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ❛ ♥ ❞ ❡ ♥ ❡ ❣ ② ✐ ♥ Ẽ 1 ✉ ♥ ❞ ❡ ✹✲ ✈ ❡❧ ♦ ❝✐ ② c ♦❢ ♦✐ ♥ ❝ ❛ ✁❡✳

❚ ❤ ❡ ✈ ❡ ❝ ♦ ✐ ❛❧ ♦ ✇ ♥ 4 × 1 ✲ ♠ ♦ ♠ ❡ ♥ ✉ ♠ P 0 = m 0 · c ✱ ❞✐ ❡ ❝ ❡ ❞ ❛❧ ♦ ♥ ❣ ❛ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡✱ ❤ ❛ ✐
✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❛❧ ❛ ✈ ❛❧ ✉ ❡ P 0 = m 0 c ✭ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ E 0 = m 0 c 2 ✮✳ ❚ ❤ ❡ ❡❢ ♦ ❡ P 0 ✱ ✇✐ ❤ ♦ ✉ ❤ ❡
✐ ♥ ♥ ❡ ❢ ♦ ❝ ❡ F ✱ ❝ ❛ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ♦ ♥❧ ② ✐ ❞✐ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ❛❧ ✭❧✐ ❣ ❤ ✮ ❝ ♦ ♥ ❡ ✉ ♥ ❞ ❡ ❝ ♦ ♥ ❛ ♥ P 0 ✳
▼ ❛ m 0 ≠ 0 ✭ ❛ P 0 / c ♦ E 0 / c 2 ✮ ✐ ✉ ❡ ❞ ❢ ♦ ♠ ❛ ✐ ✈ ❡ ♦ ❜❥ ❡ ❝ ✳ ❚ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡✿

P = P 0 · c o s h γ = m c ❛ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ✐ ♠ ❡✲ ❛ ♦ ✇
− − →
ct ( 1 ) ✱

p = P 0 · si n h γ · e α = m v ❛ ❤ ❡ ✐ ♥ ❡ ♦ ❤ ♦ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✉ ❜ ♣ ❛ ❝ ❡ ⟨ E 3 ⟩ ( 1 ) ✳
■ ♥ ✐ ♥ ✉❧ ❛ ❡ ❞ ② ❡ ♠ ✱ ❤ ❡ ❡ ✐ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ♣ ❡ ❡ ✈✐ ♥ ❣ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✉ ♥ ❞ ❡ ♣ ❛ ✐ ✈ ❡ ▲ ♦ ❡ ♥ ③

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✿ P 0 = P 0 · iα = ❝ ♦ ♥ ❛ ❤ ❡ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❤ ② ♣ ♦ ❡ ♥ ✉ ❡ ♦❢ ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ✐ ❣ ❤
✐ ❛ ♥ ❣❧ ❡ ♦❢ ✸ ♠ ♦ ♠ ❡ ♥ ❛✳ ■ ❡❧ ❛ ✐ ✈ ❡ ❝ ❛ ❤ ❡ ✉ ❡ ❛ ❡ ♣ ❡ ❡ ✈ ❡ ❞ ✉ ♥ ❞ ❡ ♥ ❡ ① ♦ ✇ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳

❚ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ❛❧ ❡ ♥ ❡ ❣ ② E = c · P 0 · c o s h γ = c P = ❝ ♦ ♥ ✉ ♥ ❞ ❡ γ ✐ ❝ ♦ ♥ ❛ ♥ ✳
❚ ❤ ❡ ❡ ❛❧ ♠ ♦ ♠ ❡ ♥ ✉ ♠ p = P 0 · si n h γ · e α = ❝ ♦ ♥ ✉ ♥ ❞ ❡ γ ❛ ♥ ❞ e α ❛ ❡ ❝ ♦ ♥ ❛ ♥ ♦ ❣ ❡ ❤ ❡ ✳

❙✐ ♠✐❧ ❛ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ❛ ❛ ❜✐ ❛ ② ✉ ❛ ♥ ✐ ② ♦❢ ♠ ♦ ✈✐ ♥ ❣ ❛ ♥ ❞ ♥ ♦ ✐ ♥ ❡ ❛ ❝ ✐ ♥ ❣ ♠ ❛ ✐ ✈ ❡
♠ ❛ ❡ ✐ ❛❧ ♣ ♦✐ ♥ ❛❧ ♦ ✐ ♥ ❤ ❡ ✐ ♥ ✉❧ ❛ ❡ ❞ ❢ ♦ ❤ ❡ ♠ ② ❡ ♠✱ ✇✐ ❤ ✐ ✈ ❛ ✐ ♦ ✉ ❛ ❞ ♦ ♣ ❡ ❞ ❜ ❛ ❡ Ẽ t ✿

Σ P 0 ( k ) = Σ[ P 0 ( k ) · i( k ) ] = c · Σ[ m 0 ( k ) · i( k ) ] = ❝ ♦ ♥ .

❖ ✉ ✐ ♥❢ ❡ ❡ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡ ❛ ♥ ❞ ♦ ♥ ❡✲ ♦✲ ♦ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇✐ ❤
❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ❛ ❤ ❡ ◆ ♦ ❡ ❤ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ✱ ❤ ❡ ❍✐ ❣ ❣ ❚ ❤ ❡ ♦ ②✱ ❤ ❡ ▼ ❛ ❝ ❤ ✐ ♥ ❝✐ ♣❧ ❡ ❛ ♥ ❞
❤ ❡ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝ ❛❧ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✐ ♥ ❡ ❝ ✳ ✶ ✷✳ ✸ ❛ ♥ ❞ ❈ ❤✳ ✶ ❆✳
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❇ ❡ ✐ ❞ ❡ ✱ ❢ ♦ ❤ ❡ ❛ ✉ ❤ ♦ ✱ ✐ ♥ ❤ ❡ ❡ ❝ ✉ ♣ ✉❧ ♦ ✉ ❧ ② ✉ ❞✐ ❡ ❞ ❜ ② ❤✐ ♠ ❛ ❡ ❛ ♦❢ ❤ ❡ ❡ ① ❛ ❝ ❝✐ ❡ ♥ ❝ ❡✱
♦ ♥ ❡ ♦❢ ❤ ❡ ♠ ♦ ✉ ♣ ✐ ❡ ✱ ❡ ✈ ❡ ❛❧ ❡ ❞ ❜ ② ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ♥ ❤✐ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❛ ♠ ♦ ♥ ❣ ♠ ❛ ♥ ②
♦ ❤ ❡ ♠✐ ❛ ❝❧ ❡ ✱ ✇ ❛ ♥ ♦ ♦ ♥❧ ② ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡✱ ❜ ✉ ❤ ❡ ❛ ❜ ✉ ♥ ❞ ❛ ♥ ❝ ❡ ♦❢ ❆ ❜ ♦❧ ✉ ❡ ❛ ♥ ❞ ❘ ❡❧ ❛ ✐ ✈ ❡

② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❤ ❡✐ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✈ ❡ ✐ ♦ ♥ ✐ ♥ ⟨ Q 3 + 1 ⟩✱
⟨ Q 3 + 1 ⟩ c ❛ ♥ ❞ ⟨ P 3 + 1 ⟩✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ❡✐ ✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ✸ ❉ ❜✐ ♥ ❛ ② ✉ ❜ ♣ ❛ ❝ ❡ ❀ ❛ ♥ ❞ ❡ ✈ ❡ ♥ ✭✦✮ ♦ ♥
❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ❝ ✉ ✈✐❧✐ ♥ ❡ ❛ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ❤ ❡✐ ❤ ❡ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡

❛ ♥ ❞ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧✱ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♠✐ ① ❡ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✕ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ♠✳ ❙ ♦✱
❘ ❡❧ ❛ ✐ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❇✐ ❣ ❛ ♥ ❞ ❙ ♠ ❛❧❧ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❡❧ ❛ ❡ ♦ ✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ✐ ♥

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡✐ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❈ ❛ ❡ ✐ ❛ ♥ ✉ ❜ ❜ ❛ ❡❀ ✹ ❉ ❆ ❜ ♦❧ ✉ ❡
❛ ♥ ❞ ✸ ❉ ❘ ❡❧ ❛ ✐ ✈ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❤ ❡ ♦ ❡ ♠ ❡❧ ❛ ❡ ♦ ✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ✬ ❛ ♥ ❣ ✉❧ ❛ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✳
❚ ❤ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✐ ❛ ♥ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ♣ ♦ ❣ ❡ ♥✐ ♦ ♦❢ ❛❧❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞
❤ ❡ ♦ ❡ ♠ ♦❢ ❤ ❡ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ② ♦ ♥ ❤ ❡ ❤ ❡ ❡ ❤ ❡ ❡ ♣ ❡ ❢ ❡ ❝ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ♥ ⟨ P 3 + 1 ⟩✱

❢ ♦ ♠ ✉❧ ❛ ❡ ❛ ♥ ❞ ❧ ❛ ✇ ♦❢ ❤ ❡ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✇✐ ❤ ✉ ✐ ♥ ❣ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❝ ♦ ♥ ❛ ♥ ❢ ❛ ❝ ♦ ✦✦✦
❋ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ♦ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ✉❧ ❛✲❧ ♦ ♥ ❣✲

❞✐ ❛ ♥ ❝ ❡ ♣ ❛ ❝ ❡ ❛ ✈ ❡❧✱ ❛ ❧ ❡ ❛ ♦ ❤ ❡ ❛ ② ❡ ♠ ❝❧ ♦ ❡ ♦ ✉ ✭ ✇ ❤✐ ❝ ❤ ❤ ❛ ❜ ❡ ❝ ♦ ♠ ❡ ♥ ♦ ✇
❤ ❡ ✉ ❜❥ ❡ ❝ ♦❢ ✐ ♥ ❡ ♥ ❡ ✐ ♥ ❡ ❡ ✮✱ ✇ ❡✱ ✐ ♥ ♣ ✐ ♥ ❝✐ ♣❧ ❡✱ ❝ ♦ ✈ ❡ ❡ ❞ ❤✐ ✉ ❡ ✐ ♦ ♥ ❜ ♦ ❤ ❛ ❤ ❡ ❡ ♥ ❞ ♦❢

❈ ❤ ❛ ♣ ❡ ✺ ❆✱ ❤ ❛ ✈✐ ♥ ❣ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ❤✐ ♣ ✉ ♣ ♦ ❡ ❛ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❩✐ ♦❧ ❦ ♦ ✈ ❦ ② ❝ ♦ ♠✐ ❝
❢ ♦ ♠ ✉❧ ❛ ✇✐ ❤ ❡ ① ❛ ♠✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦ ♦ ✉ ♣ ❡ ❝✐ ✜ ❝ ❡ ① ❡ ♠ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ♣ ❛ ❝ ❡ ❛ ✈ ❡❧✱
❛ ♥ ❞ ❛ ❤ ❡ ❡ ♥ ❞ ♦❢ ❈ ❤ ❛ ♣ ❡ ✼ ❆ ✇✐ ❤ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ✈ ❡❧ ✐ ❡❧❢ ✉ ♥ ❞ ❡ ✐
❦✐ ♥ ❡ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ✳ ❆ ❜ ❡ ❝ ❛ ♠ ❡ ❝❧ ❛ ✐ ② ❢ ♦ ♠ ❡ ✉❧ ✐ ♥ ❈ ❤ ❛ ♣ ❡ ✺ ❆✱ ✐ ♥ ❤ ❡ ❢ ♦ ❡ ❡ ❡ ❛ ❜❧ ❡
❢ ✉ ✉ ❡ ✉ ❝ ❤ ✉❧ ❛✲❧ ♦ ♥ ❣✲ ❞✐ ❛ ♥ ❝ ❡ ❛ ✈ ❡❧ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ♥❧ ② ❢ ♦ ♦ ❜ ♦ ✐ ❝ ❤✐ ♣ ✱ ♠ ♦ ❡ ♦ ✈ ❡ ♦❢ ♠✐ ♥✐ ❛ ✉ ❡
✐ ③ ❡ ❛ ♥ ❞ ❡ ✉✐ ♣ ♣ ❡ ❞ ✇✐ ❤ ❤✐ ❣ ❤❧ ② ❛ ❞ ✈ ❛ ♥ ❝ ❡ ❞ ❛ ✐ ✜ ❝✐ ❛❧ ✐ ♥ ❡❧❧✐ ❣ ❡ ♥ ❝ ❡✱ ❛ ♥ ❞✱ ♦❢ ❝ ♦ ✉ ❡✱ ✇✐ ❤ ❤ ❡ ✉ ❡

♦❢ ♠ ❛ ①✐ ♠ ✉ ♠ ♣ ♦ ✐ ❜❧ ❡ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ♠ ♦ ❛ ❝ ❤✐ ❡ ✈ ❡ ♥ ❡ ❛ ✲❧✐ ❣ ❤ ♣ ❡ ❡ ❞ ✳ ❋ ♦ ♥ ♦ ✇✱ ❤ ❡✐ ❛ ❦
❝ ❛ ♥ ♦ ♥❧ ② ❝ ♦ ♥ ✐ ♦❢ ✐ ❞ ❡ ♥ ✐❢ ②✐ ♥ ❣ ✐ ♥ ❤ ❡ ♣ ♦ ♠✐ ✐ ♥ ❣ ❛ ② ❡ ♠ ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♠ ♦ ✉✐ ❛ ❜❧ ❡
♣❧ ❛ ♥ ❡ ❢ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❊ ❛ ❤❧ ② ❧✐❢ ❡ ♦ ♥ ✐ ❛ ♥ ❞ ❝ ♦ ♠ ♠ ✉ ♥✐ ❝ ❛ ✐ ♥ ❣ ❤✐ ✇✐ ❤ ❛ ♣ ♦ ✇ ❡
❧ ❛ ❡ ✐ ❣ ♥ ❛❧ ♦ ✇ ❛ ❞ ❊ ❛ ❤✳ ❆ ♥ ❞ ♦ ♥❧ ② ❛❢ ❡ ❤✐ ✇✐❧❧ ✐ ❜ ❡ ♣ ♦ ✐ ❜❧ ❡ ♦ ❡ ♥ ❞ ❛ ♦ ♥ ❛ ✉ ✲ ❡ ❧ ❡
❤ ❡ ❡ ✐ ♥ ♦ ♥ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥✱ ❛ ♥ ❞ ❡ ✈ ❡ ♥ ❤ ❡ ♥✱ ♠ ♦ ❧✐ ❦ ❡❧ ②✱ ✇✐ ❤ ❤ ❡✐ ❧ ♦ ♥ ❣✲ ❡ ♠ ❢ ❡ ❡ ③✐ ♥ ❣✦ ❖ ❤ ❡ ✇✐ ❡✱

♥ ♦ ❤✐ ♥ ❣ ✇✐❧❧ ❡ ♠ ❛✐ ♥ ♦❢ ♦ ✉ ❝✐ ✈✐❧✐ ③ ❛ ✐ ♦ ♥ ✇✐ ❤ ✐ ❧✐ ✈✐ ♥ ❣ ❛ ♥ ❞ ❝ ✉❧ ✉ ❡ ✇ ♦ ❧ ❞ ✕ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ✐ ♥ ❝ ❡
❤ ❡ ❢ ❛ ♥ ❛ ✐ ❝ ❛❧ ♣ ♦❧✐ ✐ ❝✐ ❛ ♥ ♦ ♥❧ ② ❛ ❝ ❝ ❡❧ ❡ ❛ ❡ ✐ ❞ ❡ ✉ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡ ❛ ❤ ✇✐ ❤ ♥ ♦ ❡ ♥ ❛ ♥ ❝ ❡ ♦ ♣ ❛ ❝ ❡✦

❖❢ ❝ ♦ ✉ ❡✱ ♥ ♦ ♦ ♥ ❡ ❝ ❛ ♥ ❢ ♦ ❝ ❡ ❢ ♦ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥ ❛ ♥ ❞ ♣ ❤ ② ✐ ❝✐ ❡❧ ❡ ✐ ♥ ❤ ❡ ❛ ♦ ♦ ♣
♦ ♣ ❡ ❛ ✐ ♥ ❣ ✐ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❢ ❛ ❝ ♦ ✧ γ ✧ ✭ ❛ ♦ ✉ c o s h γ ✮ ❛ ♥ ❞
✧ β ✧ ✭ ❛ ♦ ✉ t a n h γ ✮✱ ❛ ♥ ❞ ❤ ❡ ② ❝ ♦ ♥ ✐ ♥ ✉ ❡ ♦ ✉ ✛ ❡ ✇✐ ❤ ❤ ❡ ♠ ✐ ♥ ♥ ✉ ♠ ❡ ♦ ✉ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ♦ ✉ ❜
✇ ❤ ❡ ❤ ❡ ❤ ❡ ② ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❝ ♦ ❡ ❝ ❧ ② ♣ ❡ ❢ ♦ ♠ ❡ ❞✱ ✐ ♥ ❡ ❛ ❞ ♦❢ ✇✐ ❝ ❤✐ ♥ ❣ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ♣❧ ❡ ❛ ♥ ❞
✇ ❡❧❧ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❛ ❜❧ ❡ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡✐ ❝ ❛❧ ❛ ✱ ✈ ❡ ❝ ♦ ❛ ♥ ❞ ❡ ♥ ♦ ❢ ♦ ♠ ✳
❋ ♦ ♠ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✈✐ ❡ ✇ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②✱ ✉ ✐ ♥ ❣ ✉ ❝ ❤ ❢ ❛ ❝ ♦ ❛ ✧ γ ✧ ❛ ♥ ❞ ✧ β ✧✱ ✐✳ ❡✳✱ ♦ ♥❧ ②
❡ ❛❧❧ ② ♦❢ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❢ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❚ ❤ ❡ ♦ ② ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❛ ♥ ❞ ✐

♥ ✉ ♠ ❡ ♦ ✉ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ❛ ❡ ❛❧❧ ② ♣ ❡ ✉ ❞ ♦✲ ❝✐ ❡ ♥ ✐ ✜ ❝ ❛ ❞ ♦ ♠ ❛ ♦ ❝ ❤✐ ♠ ✉ ❛ ❜ ✉ ❞✐ ②✳ ❚ ❤ ❡ ❡ ❢ ❛ ❝ ♦
❞ ♦ ♥ ♦ ♣ ♦ ✈✐ ❞ ❡ ❛ ♥ ② ✈✐ ✉ ❛❧ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥✳ ■ ✐ ❛ ❣ ❡ ❛ ♣✐ ② ❢ ♦ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✱ ✇ ❤ ♦
❢ ♦ ♠ ❤ ❡ ❜ ❡ ❣✐ ♥ ♥✐ ♥ ❣ ❞ ♦ ♦ ♠ ❡ ❞ ❤ ❡ ♠ ❡❧ ✈ ❡ ♦ ♦ ♠ ❡ ♥ ♦❢ ✧ ❝ ❡ ❛ ✐ ✈✐ ② ✧ ✇✐ ❤ ❤ ❡ ♠✱ ✐ ♥ ❡ ❛ ❞ ✉ ✐ ♥ ❣
✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ❞ ❡ ❝ ✐ ♣ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ♥ ✈ ✲❢ ♦ ♠ ❛ ❜ ♦ ✈ ❡✳ ❲✐ ❤ ♦ ✉ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱

✉ ♣ ♦ ♥ ♦ ✇ ✉ ❝ ❤ ❡ ♥ ❤ ✉ ✐ ❛ ❞ ♦ ♥ ♦ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❡ ♥ ❡ ♦❢ ❢ ❛ ❝ ♦ ✧ γ ✧ ❛ ♥ ❞ ✧ 1 / γ ✧
✐ ♥ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ❡ ❝ ❛ ♥ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦❢ ❙ ❚ ❘ ✭ ❡ ❡ ✐ ♥ ❈ ❤ ✳ ✸ ❆✱ ✹ ❆✮✱ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ② ❡❧ ❛ ❡ ♦ ❞✐ ✛ ❡ ❡ ♥

❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✿ ✐ ♥ ❡✲ ❝ ♦ ✐ ♥ ❡ ♦ ❛ ✐ ♦ ♥ ❛ ❣ ♦ ✉ ♣ ❛ ♥ ❞ ❛ ♥ ❣ ❡ ♥ ✲ ❡ ❝ ❛ ♥ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ♦ ❣ ♦ ✉ ♣✦

▲ ❡ ✬ ❤ ♦ ♣ ❡ ❤ ❛ ♣ ♦ ❣ ❡ ❛ ♥ ❞ ✉ ❡❢ ✉❧ ❝✐ ❡ ♥ ✐ ✜ ❝ ❡ ♥ ♦ ✈ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ♦ ♣ ♣ ❡ ❞✦

❚ ❤ ❡ ❛ ✉ ❤ ♦ ♦❢ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✇✐ ❤ ❡ ❝ ❡ ❛ ✐ ✈ ❡ ✉ ❝ ❝ ❡ ♦ ❛❧❧ ❤ ♦ ❡ ❡ ❡ ❛ ❝ ❤ ❡ ❛ ♥ ❞
❡ ❛ ❞ ❡ ✱ ✇ ❤ ♦ ✇✐❧❧ ❝ ♦ ♥ ✐ ♥ ✉ ❡ ♦ ❛ ♣ ♣❧ ② ❛ ♥ ❞ ❢ ✉ ❤ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❛❧❧ ❤ ❡ ❡ ♥ ❡ ✇ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❞✐ ❡ ❝ ✐ ♦ ♥

❡ ❛ ❜❧✐ ❤ ❡ ❞ ✐ ♥ ❤✐ ❜ ♦ ♦ ❦ ✐ ♥ ❝ ❡ ✷ ✵ ✵ ✹ ❛ ♥ ❞ ❤ ♦ ♣ ❡ ❢ ♦ ❤✐ ❣ ❤ ♥ ♦ ✐ ♦ ♥ ♦❢ ❝✐ ❡ ♥ ✐ ✜ ❝ ❡ ❤✐ ❝ ❢ ♦ ♠ ❛❧❧ ✐
✉ ❡ ❛ ♥ ❞ ❡ ❛ ❞ ❡ ✳ ❚ ❤ ❡ ❣ ❡ ❛ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝✐ ❛ ♥✱ ♣ ❤ ② ✐ ❝✐ ❛ ♥ ❞ ♠ ❛ ♥ ❍ ❡ ♥ ✐ ♦✐ ♥ ❝ ❛ ✁❡ ❛ ❡ ❞ ❤ ❡
❤✐ ❣ ❤ ❡ ❡ ❤✐ ❝ ❛❧ ❜ ❛ ❢ ♦ ❝✐ ❡ ♥ ✐ ✐ ♥ ❤ ❡ ♣ ❛ ✷ ✵ ❤ ❝ ❡ ♥ ✉ ②✳ ❇ ② ♦ ✉ ♦ ♣✐ ♥✐ ♦ ♥✱ ❤ ❡ ♠ ♦ ❡ ✐ ❜❧ ❡
❝ ✐ ♠ ❡ ✐ ♥ ❤ ❡ ❙ ❝✐ ❡ ♥ ❝ ❡ ✐ ❞ ❡❧✐ ❜ ❡ ❛ ❡ ❛ ♥ ❞ ❝ ❛ ♠ ♦ ✉ ✢ ❛ ❣ ❡ ❞ ♣❧ ❛ ❣✐ ❛ ✐ ♠✳ ❇ ❡ ✐ ❞ ❡ ✱ ❤ ❡ ❛ ✉ ❤ ♦ ✐ ♦ ♣ ♣ ♦ ❡ ❞
♦ ❛ ♥ ②✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ❤✐ ❞ ❞ ❡ ♥✱ ♠ ❛ ♥✐❢ ❡ ❛ ✐ ♦ ♥ ♦❢ ♠ ♦ ② ♥ ❛ ✐ ♦ ♥ ❛❧✐ ♠ ✐ ♥ ❤ ❡ ❙ ❛✐ ♥ ❝✐ ❡ ♥ ✐ ✜ ❝ ♣ ❤ ❡ ❡✦

⋆ ⋆ ⋆ ❚ ❤ ❡ ❊ ♥ ❞ ⋆ ⋆ ⋆



▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✕ ❤ ② ✐ ❝ ❛❧ ❑ ✉ ♥ ❦ ❛ ♠ ♠ ❡

✶✳ ❈ ♦ ♥ ✐ ❞ ❡ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ♣ ♦ ✇ ❡ n ✇✐ ❤ ❡ ❛❧ ♣ ♦ ✐ ✐ ✈ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ♥ ✐
❛❧ ❡ ♥ ❛ ✐ ♥ ❣✲ ✐ ❣ ♥ ❢ ♦ ♠✳ ❘ ❡ ♣ ❡ ❡ ♥ ❈ ❛ ❞ ❛ ♥ ♦✬ ✭n = 3 ✮ ❛ ♥ ❞ ❋❡ ❛ ✐✬ ✭n = 4 ✮ ❢ ♦ ♠ ✉❧ ❛ ❡ ✐ ♥
❡ ♠ ♦❢ ♠ ❛❧❧ ❛ ♥ ❞ ❧ ❛ ❣ ❡ ♠ ❡ ❞✐ ❛ ♥ ✳

♦ ✈ ❡ ❤ ❛ ✱ ✐❢ ❤ ❡ ♦ ♦ ♦❢ ❤ ❡ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ✉ ❝ ❤ ❢ ♦ ♠ ❛ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ✱
❤ ❡ ♥ ❛ ❛ ♥ ② ✧ ♥ ✧ ❤ ❡ ❡ ❤ ♦❧ ❞✿

0 < k 2 < [(n − 1) / 2 n ]k 2
1 .

●✐ ✈ ❡ ❤ ❡ ✐ ♠✐❧ ❛ ❝ ❤ ❛✐ ♥ ❢ ♦ ❛❧❧ ❤ ❡ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳

✷✳ ❊ ① ♣❧ ❛✐ ♥ ✇ ❤ ② ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥ ❤ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ♦ ♦ ✇✐ ❤ ♣ ♦ ✐ ✐ ✈ ❡
❡ ❛❧ ♣ ❛ ✳

y (x ) = x 5 − 1 0 x 4 + 4 0 x 3 − 8 0 x 2 + 9 0 x − 6 4 = 0 ,

y (x ) = x 5 − 1 0 x 4 + 4 0 x 3 − 7 0 x 2 + 8 0 x − 6 4 = 0 ,

y (x ) = x 5 − 1 0 x 4 + 4 0 x 3 − 8 0 x 2 + 7 5 x − 6 0 = 0 ,

y (x ) = x 5 − 2 5 x 4 + 9 0 x 3 − 6 4 0 x 2 + 8 0 x − 1 = 0 ,

y (x ) = x 5 − 2 5 x 4 + 1 6 0 x 3 + 8 0 x − 1 = 0 .

● ❡ ♥ ❡ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❛ ♥ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ✐ ♦ ♦ ♦ ❜ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❡ ❡
✐ ♥ ♦ ✉ ♦ ❤ ❡ ♠ ♦ ♥ ♦ ❣ ❛ ♣ ❤ ❬ ✶ ✼❪✳

✸✳ ❊ ✉ ❛ ✐ ♦ ♥ y = ||z (x )|| = ||A x − a || = mi n ✱ ✇ ❤ ❡ ❡ A ✐ ❛ m × n ✲ ♠ ❛ ✐ ①✱ a ✐ ❛ n ✲ ✈ ❡ ❝ ♦ ✱
❤ ❛ ❛ ✉ ♥✐ ✉ ❡ ♦❧ ✉ ✐ ♦ ♥ x = b ✳ ❊ ① ♣ ❡ b ✱ z (b )✱ ❛ ♥ ❞ y (b ) ❛ ❢ ♦ ♠ ✉❧ ❛ ❡ ♦ ♥❧ ② ✇✐ ❤ A ❛ ♥ ❞ a ✳
❋✐ ♥ ❞ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✈ ❡ ❝ ♦ b ❛ ♥ ❞ ❤ ❡ ♣❧ ❛ ♥ ❡ ⟨i m A⟩✳ ❋✐ ♥ ❞ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ✐
❜ ❡ ③ ❡ ♦✱ ❜ ❡ ✐ ❣ ❤ ✳ ❲ ❤ ❛ ✐ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ✈ ❡ ❝ ♦ z (b ) ✐ ♥ ❤ ❡ m ✲ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❄ ❍ ♦ ✇ ❞ ♦ ❡ ❣ ❡ ♦ ♠ ❡ ② ♦❢ ♦❧ ✉ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ m ❛ ♥ ❞ n ❄

✹✳ ❋ ♦ ❛ ♣ ❛✐ ♦❢ ❝ ♦ ♥❥ ✉ ❣ ❛ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ✇✐ ❤ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ♦ ✈ ❡ ❤ ❡ ♠✱ ❣✐ ✈ ❡ ❤ ❡✐ ❡ ❛❧✲
✈ ❛❧ ✉ ❡ ❞ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ♦ ✉ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ✉ ♥✐ ✳ ❲ ❤ ❛ ✐ ❤ ❡ ♠ ❛✐ ♥ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥
❝ ♦ ♠ ♣❧ ❡ ①✲ ✈ ❛❧ ✉ ❡ ❞ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ✉ ❝ ❤ ♥ ✉ ♠ ❜ ❡ ✇✐ ❤ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ♦ ♥ ❡ ❄

♦ ✈ ❡ ❤ ❛ ❛ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ♦❢ ♣ ♦ ✇ ❡ n ❤ ❛ ❛ ❝ ♦ ♠ ♣❧ ❡ ❡ ❡ ❛❧✲ ✈ ❛❧ ✉ ❡ ❞ ❣ ❡ ♥ ❡ ❛❧
♦❧ ✉ ✐ ♦ ♥ ✉ ♥✐ ✉ ❡ ✉ ♣ ♦ ❛ ❞ ♠✐ ❡ ❞ ♣ ❡ ♠ ✉ ❛ ✐ ♦ ♥ ✳

✺✳ ■ ♥ ❤ ❡ ✜ ❤ ❛❧❢ ♦❢ ❤ ❡ ✶ ✾✲ ❤ ❝ ❡ ♥ ✉ ② ❯ ❜ ❛✐ ♥ ▲ ❡ ❱❡ ✐ ❡ ✧ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ♦ ♥ ✐ ♣ ♦❢ ❛ ♣ ❡ ♥ ✧
✭ ❜ ② ❤ ❡ ✇ ♦ ❞ ♦❢ ❋✳✲ ❏✳ ❆ ❛ ❣ ♦✮ ❤ ❡ ♥ ❡ ✇ ♣❧ ❛ ♥ ❡ ◆ ❡ ♣ ✉ ♥ ❡ ✭ ✶ ✽ ✹ ✻✮✳ ❍ ❡ ✉ ❡ ❞ ❤✐ ♦ ✇ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦
✐ ♥ ✈ ❡ ✐ ♥ ❣ ❛ ✉ ❛ ❡ ♠ ❛ ✐ ① B ✇✐ ❤ ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ❝ ❛❧ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❤ ❡ ♠ ❛ ✐ ① B
✐ ♥ ❡ ♠ ♦❢ ❛ ❝ ❡ ♦❢ ♣ ♦ ✇ ❡ B t ✳ ♦ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❡ ♠ ❡ ♥ ❢ ♦ ❤ ❡ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❛ n × n ✲ ♠ ❛ ✐ ① B ❛ ♥ ❞ ✐ ♣ ♦ ✇ ❡ B t ✱ 1 ≤ t ≤ n ✳
❛✳ ■❢ t r B = t r B 2 = · · · = t r B j = · · · = t r B t = + 1 ✱ ❤ ❡ ♥ k (B, t ) = 0 ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱
d et B = 0 ✐❢ t = n ✳
❜✳ ■❢ t r B = t r B 2 = · · · = t r B j = · · · = t r B t = − 1 ✱ ❤ ❡ ♥ k (B, t ) = ( − 1) t ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱
d et B = ( − 1) n ✳
❝✳ ■❢ t r B = t r B 2 = · · · = t r B j = · · · = t r B t = + t✱ ❤ ❡ ♥ k (B, t ) = + 1 ✳
❞✳ ■❢ − t r B = + t r B 2 = · · · = ( − 1) j t r B j = · · · = ( − 1) t t r B t = t✱ ❤ ❡ ♥ k (B, t ) = ( − 1) t ✳
❡✳ ■❢ t r B = t r B 2 = · · · = t r B j = · · · = t r B t = + n ✱ ❤ ❡ ♥ k (B, t ) = + C t

n ✳
❢✳ ■❢ − t r B = + t r B 2 = · · · = ( − 1) j t r B j = · · · = ( − 1) t t r B t = n ✱ ❤ ❡ ♥ k (B, t ) = ( − 1) n C t

n ✳

✻✳ ❋ ♦ n × m ✲ ♠ ❛ ✐ ❝ ❡ A 1 ❛ ♥ ❞ A 2 ✱ ♣ ♦ ✈ ❡ ❡ ✉ ❛❧✐ ✐ ❡ ❢ ♦ ❤ ❡ ❝ ❛❧ ❛ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦❢ ❛ ♥ ② ♦ ❞ ❡ t✿

k (A 1 · A ′
2 , t) = k (A ′

1 · A 2 , t) = k (A 2 · A ′
1 , t) = k (A ′

2 · A 1 , t).



✸ ✵ ✻  ▼ ❆ ❚ ❍ ❊ ▼ ❆ ❚ ■ ❈ ❆ ▲ ✕ ❍ ❨ ❙ ■ ❈ ❆ ▲ ❑ ❯ ◆ ❙ ❚ ❑ ❆ ▼ ▼ ❊ ❘

✼✳ ■ ♥ ❡ ❣ ❡ ✲ ♥ ✉ ♠ ❜ ❡ n × n ✲ ♠ ❛ ✐ ❝ ❡ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❤ ❡ ♥ ♦ ✐ ♦ ♥ ♦❢ ♥ ✉ ♠ ❜ ❡ ✳ ❚ ❤ ❡ ② ❦ ❡ ❡ ♣ ❛❧ ♦ ❛ ❧ ♦
♦❢ ♠ ② ❡ ✐ ❡ ❛ ♥ ❞ ♣ ❤ ❡ ♥ ♦ ♠ ❡ ♥ ❛✳ ♦ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❡ ✭ ❤ ❡ ② ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❤ ❡ ❡
❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ♦ ♦✮✳

d et














1 1 0 · · · 0 0 0
1 1 2 · · · 0 0 0
1 1 1 · · · 0 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

1 1 1 · · · 1 t − 2 0
1 1 1 · · · 1 1 t − 1
1 1 1 · · · 1 1 1














= 0 . ( 1 )

d et














1 − 1 0 · · · 0 0 0
1 1 − 2 · · · 0 0 0
1 1 1 · · · 0 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

1 1 1 · · · 1 − ( t − 2 ) 0
1 1 1 · · · 1 1 − ( t − 1 )
1 1 1 · · · 1 1 1














= t!. ( 2 )

d et














t 1 0 · · · 0 0 0
t t 2 · · · 0 0 0
t t t · · · 0 0 0
✳
✳
✳

✳
✳
✳

✳
✳
✳

✳ ✳ ✳
✳
✳✳

✳✳✳
✳✳✳

t t t · · · t t − 2 0
t t t · · · t t t − 1
t t t · · · t t t














= t!. ( 3 )

d et














− t 1 0 · · · 0 0 0
+ t − t 2 · · · 0 0 0
− t + t − t · · · 0 0 0

✳
✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

( − 1 ) t − 2 t ( − 1 ) t − 3 t ( − 1 ) t − 4 t · · ·  −t t − 2 0
( − 1 ) t − 1 t ( − 1 ) t − 2 t ( − 1 ) t − 3 t · · · + t − t t − 1

( − 1 ) t t ( − 1 ) t − 1 t ( − 1 ) t − 2 t · · ·  −t + t − t














= ( − 1 ) t t!. ( 4 )

d et














n 1 0 · · · 0 0 0
n  n 2 · · · 0 0 0
n  n  n · · · 0 0 0
✳✳
✳

✳✳
✳

✳✳
✳

✳ ✳ ✳
✳✳
✳

✳✳
✳

✳✳
✳

n  n  n · · · n t − 2 0
n  n  n · · · n  n t − 1
n  n  n · · · n  n  n














= t!C t
n . ( 5 )

d et














− n 1 0 · · · 0 0 0
+ n − n 2 · · · 0 0 0
− n + n − n · · · 0 0 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳✳✳
( − 1 ) t − 2 n ( − 1 ) t − 3 n ( − 1 ) t − 4 n · · ·  −n t − 2 0
( − 1 ) t − 1 n ( − 1 ) t − 2 n ( − 1 ) t − 3 n · · · + n − n t − 1

( − 1 ) t n ( − 1 ) t − 1 n ( − 1 ) t − 2 n · · ·  −n + n − n














= ( − 1 ) t t!C t
n . ( 6 )

◆ ♦ ❡✳ ❋ ♦ ✭ ✺✮ ❛ ♥ ❞ ✭ ✻✮ ❤ ❡ ❡ ❤ ♦❧ ❞ ✱ ✐❢ t > n✱ ❤ ❡ ♥ ❤ ❡ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✐ ✵✳

✽✳ ❋ ♦ r × r ✲ ♠ ❛ ✐ ❝ ❡ B ❛ ♥ ❞ C ♦❢ ❛ ♥ ❦ r ✱ ❣✐ ✈ ❡ ❤ ❡ ♠ ❛ ✐ ① ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ♣❧ ❡ ❡❧ ❛ ✐ ♦ ♥ ✿

d et B 1 1

d et B 2 1
=

d et B 1 1

d et ( C 2 1 · B 1 1 )
=

d et ( B 1 1 · C 1 2 )

d et ( C 2 1 · B 1 1 · C 1 2 )
=

d et B 1 2

d et B 2 2
⇒

d et B 1 1

d et B 2 1
=

d et B 1 2

d et B 2 2
⇔

⇔ d et B 1 1 · d et B 2 2 = d et B 1 2 · d et B 2 1 .

❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✇✐ ❤ ❤ ❡ ✉ ❡ ♦❢ ❤✐ ❡❧ ❛ ✐ ♦ ♥✱ ✐ ♥❢ ❡ ❡ ① ❛ ❝ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ② ♦ ❤ ♦ ❣ ♦ ♥ ❛❧
✉ ❛ ✐✲✐ ♥ ✈ ❡ ❡ ♠ ❛ ✐ ① A + ✐ ♥ ❡ ❝ ✳ ✷✳ ✺ ❤ ♦ ✉ ❣ ❤ ❡❧ ❡ ♠ ❡ ♥ a i j ♦❢ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ① A ✭r ≤ [m, n ]✮✳



▼ ❆ ❚ ❍ ❊ ▼ ❆ ❚ ■ ❈ ❆ ▲ ✕ ❍ ❨ ❙ ■ ❈ ❆ ▲ ❑ ❯ ◆ ❙ ❚ ❑ ❆ ▼ ▼ ❊ ❘ ✸ ✵ ✼

✾✳ ❋ ♦ ✐ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ❞ ❡ ❡ ♠✐ ♥✐ ♥ ❣ ♣❧ ❛ ♥ ❛ ♦ ❧✐ ♥ ❡ ♦ ✱ ✇ ✐ ❡ ❞ ♦ ✇ ♥ ✐ ♥ ♦ ✉ ✉ ♥✐ ✜ ❡ ❞ ♥ ♦ ❛ ✐ ♦ ♥
❛❧❧ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✱ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ♦ ♥ ❡ ✳ ❚ ❤ ❡✐ ✉ ❛ ♥ ✐ ✐ ❡ ❛ ❡✿

• ✽ ❛ ♥ ❞ ✶ ✷ ❢ ♦ ❡ ❛❧✲ ♥ ✉ ♠ ❜ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ①✲ ♥ ✉ ♠ ❜ ❡ ✉ ❛ ❡ ♠ ❛ ✐ ❝ ❡ ✱

• ✹ ❛ ♥ ❞ ✻ ❢ ♦ ❡ ❛❧✲ ♥ ✉ ♠ ❜ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣❧ ❡ ①✲ ♥ ✉ ♠ ❜ ❡ ❡ ❝ ❛ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✱

• ✽ ❢ ♦ ❛ ♣ ❛✐ ♦❢ ❡ ❛❧✲ ♥ ✉ ♠ ❜ ❡ ❡ ❝ ❛ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✱

• ✶ ✷ ❢ ♦ ❛ ♣ ❛✐ ♦❢ ❝ ♦ ♠ ♣❧ ❡ ①✲ ♥ ✉ ♠ ❜ ❡ ❡ ❝ ❛ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡ ✳

❲ ❤ ② ♣ ❛✐ ❡ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ♦ ❜❧✐ ✉ ❡ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ♠ ✉ ✉ ❛❧❧ ② ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡✐ ♥ ❛ ✉ ❡ ✉ ♥ ❞ ❡
❛ ♥ ❧ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ✐ ♥ ♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♦ ♥ ❡ ❛ ♥ ❞ ✈✐ ❝ ❡ ✈ ❡ ❛ ❄

❆ ❡ ❤ ❡ ❡ ❛ ♥ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❛ ♥ ❞ ② ♠ ♠ ❡ ✐ ❝ ❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ✱
♦ ❜❧✐ ✉ ❡ ❛ ♥ ❞ ♥ ♦ ♥ ② ♠ ♠ ❡ ✐ ❝ ♦ ♥ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ❝ ❡ ✇✐ ❤ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝ ❄

✶ ✵✳ ■ ♥ ❛ ❣ ❡ ♦ ♠ ❡ ② ✇✐ ❤ ✐ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ❛ ♥ ❞ ✉ ❛ ❞ ❛ ✐ ❝ ♠ ❡ ✐ ❝✱ ❛ ❡ ✢ ❡ ❝ ♦ ❡ ♥ ♦ ❛ ♥ ❞ ❤ ❡
♠✐ ❞✲ ❡ ✢ ❡ ❝ ♦ ♦❢ ❤ ❡ ❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❤ ❛ ✈ ❡ ✐ ♠✐❧ ❛ ❡ ① ♣ ❡ ✐ ♦ ♥ ✳ ❲ ❤ ❛ ✐ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥
❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ♥ ♦ ✐ ♦ ♥ ❄

✶ ✶✳ ❋ ♦ ✉ ❝ ❤ ✧ ❝✐ ❝❧ ❡ ✧ ❛ ♥ ❞ ✧ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ❡ ✧ ❞ ❛ ✇ ♦ ♥ ❝ ♦ ♠ ♣ ✉ ❡ ❣ ❛ ♣ ❤ ♦❢ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ y (x )✿

|y |n + |x |n = |R |n , |y |n − | x |n = |R |n ,  n = 0 , 1 / 4 , 1 / 3 , 1 / 2 , 1 , 3 / 2 , 2 , 3 , 4 , ∞ .

❲ ❤ ② ❤ ❡ ✈ ❛❧ ✉ ❡ n = 2 ✐ ❝ ❤ ♦ ❡ ♥ ❥ ✉ ❢ ♦ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ✉ ❛ ✐✲ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❄
❉ ♦ ❡ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ n ❤ ❛ ✈ ❡ ❛ ♥ ② ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ❢ ♦ ❛ ✣ ♥ ❡ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ❄

❚ ❤ ❡ ❡ ✉ ❡ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❥ ✉ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠✱ ❛ ✇ ❡❧❧
❛ ❤ ❡ ✉ ❛ ❞ ❛ ✐ ❝ ② ♣ ❡ ♠ ❡ ✐ ❝ ✐ ♥ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✱
❤ ❡ ❤ ❡ ♦ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ②✱ ❤ ❡ ● ❛ ✉ ✐ ❛ ♥ ♠ ❡ ❤ ♦ ❞ ♦❢ ❧ ❡ ❛ ✉ ❛ ❡ ❛ ♥ ❞ ✉ ❛ ❞ ❛ ✐ ❝ ❡ ❣ ❡ ✐ ♦ ♥✱ ❡ ❝✳

❲ ❤ ❡ ❤ ❡ ✐ ✐ ♣ ♦ ✐ ❜❧ ❡ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❛ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ n = 2 ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡
♥ ❛ ✉ ❡ ♦❢ ♦ ✉ ❡ ❛❧ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♦ ✐ ✐ ✉ ❡ ❞ ❛ ❛ ♥ ❛ ①✐ ♦ ♠ ❢ ♦ ❤ ❡ ♠ ❄

●✐ ✈ ❡ ❝ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❢ ♦ ✐ ♥ ❡ ❣ ❡ n ≥ 1 ✿

y / R = S i n φ, x / R = C o s φ ; y / R = S i n h γ, x / R = C o s h γ ;

❲ ❤ ② ❛ ♥ ❣❧ ❡ ✐ ♥ ✉ ❛ ❞ ❛ ✐ ❝ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ✭✐✳ ❡✳✱ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✮✱ ❛ ✇ ❡❧❧ ❛ ❤ ❡✐ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ❤ ❡ ♥ ❛ ✉ ❡ ♦❢ ❜✐ ✈ ❛❧ ❡ ♥ ❡ ♥ ♦ ❄

❲ ❤ ❡ ♥ ❤ ❡ ❡ ♥ ♦ ❛ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧✱ ❡✐ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧❧ ②✱ ♦ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ♦ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛❧❧ ②✱
♦ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥✱ ❛ ♥ ❞ ✇ ❤ ❡ ♥ ❤ ❡ ② ❛ ❡ ❛ ✣ ♥ ❡ ♦ ♥ ❡ ❄

❲ ❤ ❛ ❦✐ ♥ ❞ ♦❢ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❢ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❣❧ ❡ ❄ ❲ ❤ ❛ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ✐ ❜ ❡ ✇ ❡ ❡ ♥ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ❄ ❲ ❤ ❛
❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ✐ ❜ ❡ ✇ ❡ ❡ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♦ ♥ ❡ ❄

❍ ♦ ✇ ❛ ❝ ❤ ♦✐ ❝ ❡ ♦❢ n = 2 ❢ ♦ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✐ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✇✐ ❤ ❊✐ ♥ ❡✐ ♥✐ ❛ ♥
♣ ❤ ② ✐ ❝ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❡ ✈ ❡ ♥ ✬ ✐ ♠ ✉❧ ❛ ♥ ❡✐ ② ❄

✶ ✷✳ ■ ♥ ❤ ❡ ♣ ♦ ❝ ❡ ♦❢ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❛ ♥ ❞ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ✉ ❜❥ ❡ ❝ ✧ ❚❡ ♥ ♦ ❚ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ② ✧✱ ✇ ❡ ❡ ✈ ❡ ❛❧ ❡ ❞ ✐ ♥ ♣ ❛ ❛❧❧ ❡❧ ♦ ♠ ❡ ✈ ❡ ② ❜ ✐ ❡❢ ❛ ♥ ❞ ❝❧ ❡ ❛ ✐ ♥❢ ❡

♦❢ ♦ ♠ ❡ ❝❧ ❛ ✐ ❝ ❤ ❡ ♦ ❡ ♠ ✱ ❝ ♦ ♦❧❧ ❛ ✐ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ✐❢ ❞✐ ✛ ❡ ❡ ♥ ❝❧ ❛ ✐ ❝ ❝ ♦ ♥ ❝ ❡ ♣ ✳
❈ ♦ ♥ ♥ ❡ ❝ ❜ ② ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ② ❛❧❧ ❝❧ ❛ ✐ ❝ ♠ ❡ ❛ ♥ ♦❢ ♣ ♦ ✐ ✐ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✜❧❧✐ ♥ ❣ ✧ ❜❧✐ ♥ ❞ ♣ ♦ ✧✳
●✐ ✈ ❡ ♦ ♥ ❡✲❧✐ ♥ ❡ ✐ ♥❢ ❡ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❍ ❛ ♠✐❧ ♦ ♥✲ ❈ ❛ ②❧ ❡ ② ❚ ❤ ❡ ♦ ❡ ♠✳
●✐ ✈ ❡ ♦ ♥ ❡✲❧✐ ♥ ❡ ✐ ♥❢ ❡ ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❑ ♦ ♥ ❡ ❝ ❦ ❡ ✕ ❈ ❛ ♣ ❡❧❧✐ ❚ ❤ ❡ ♦ ❡ ♠✳
❈ ♦ ♥ ♥ ❡ ❝ ❤ ❡ ❝ ♦ ✐ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❣ ❡ ♥ ❡ ❛❧ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ❢ ♦ ✉ ❛ ❡ ❞ ❛ ♥ ❞ ❡ ❝ ❛ ♥ ❣ ✉❧ ❛ ♠ ❛ ✐ ❝ ❡

✇✐ ❤ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ♦❢ ❈ ❛ ✉ ❝ ❤ ② ❛ ♥ ❞ ❍ ❛ ❞ ❛ ♠ ❛ ❞✳ ●✐ ✈ ❡ ❤ ❡ ✐ ♥ ❣❧ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
♦❢ ❤ ❡ ✜ ❢ ♦ ♠ ❡ ✬ ✐ ♥ ❡ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❣ ❡ ❜ ❛✐ ❝ ■ ♥ ❡ ✉ ❛❧✐ ② ❜ ② ❍ ❡ ♠ ❛ ♥ ♥ ❲❡ ②❧✳

❈ ♦ ♥ ♥ ❡ ❝ ❜ ② ♦ ♥ ❡✲❧✐ ♥ ❡ ✐ ♠ ♣❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡❧ ❛ ✐ ♦ ♥ ❤ ❡ ❍ ❛ ✐ ♦ ✬ ❡ ① ❝ ❡ ✭❢ ♦ ♠ ✶ ✻ ✵ ✸✮✱ ❤ ❡
▲ ❛ ♠ ❜ ❡ ✬ ❞ ❡❢ ❡ ❝ ✭❢ ♦ ♠ ✶ ✼ ✻ ✸✮ ✐ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ❣ ❤ ✐ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❚ ❤ ♦ ♠ ❛
♣ ❡ ❝ ❡ ✐ ♦ ♥ ✭❢ ♦ ♠ ✶ ✾ ✷ ✻✮ ✐ ♥ ❙ ❚ ❘✳ ●✐ ✈ ❡ ❤ ❡ ❞✐ ❡ ❝ ❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧ ❛ ❡ ❛ ♥ ❞ ❤ ❡ ❈ ♦ ✐ ♦❧✐
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ❡ ❞ ❛ ♥ ❞ ♦ ❛ ❡ ❞ ❜ ❛ ❡ ✳



✸ ✵ ✽  ▼ ❆ ❚ ❍ ❊ ▼ ❆ ❚ ■ ❈ ❆ ▲ ✕ ❍ ❨ ❙ ■ ❈ ❆ ▲ ❑ ❯ ◆ ❙ ❚ ❑ ❆ ▼ ▼ ❊ ❘

✶ ✸✳ ❚ ❤ ❡ ✐ ♥ ❡✲ ❛ ♥ ❣ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ω ♦❢ ♣ ❤ ❡ ✐ ❝ ❛❧ ♥ ✉ ♠ ❜ ❡ π / 4 ✿
si n h ω = 1 = t a n π / 4 ⇒ ω = ❛ ✐ ♥ ❤ 1 ≈ 0 .8 8 1 ❛ ❞ ; π / 4 = ❛ ❝ ❛ ♥ 1 ≈ 0 .7 8 5 ❛ ❞ . ▼ ♦ ❡ ♦ ✈ ❡ ✿

π / 4 = ❛ ❝ ❛ ♥ 1 = 1 −
1

3
+

1

5
−

1

7
+ · · · +

( − 1 ) n

2 n + 1
+ · · · ✭ ❤ ❡ ▲ ❡✐ ❜ ♥✐ ③ ❡ ✐ ❡ ✮ ,

ω = ❛ ✐ ♥ ❤ 1 = 1 −
1

3
·

1

2
+

1

5
·

1 · 3

2 · 4
−

1

7
·

1 · 3 · 5

2 · 4 · 6
+ · · · +

( − 1 ) n

2 n + 1
·

( 2 n − 1 )!!

( 2 n )!!
+ · · · .

❲ ❤ ② ω ❛ ✇ ❡❧❧ ❛ π / 4 ✐ ❛ ❛ ♥ ❝ ❡ ♥ ❞ ❡ ♥ ❛❧ ♥ ✉ ♠ ❜ ❡ ❄ ❲ ❤ ❛ ✐ ❤ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❡ ♥ ❡ ♦❢ ω ❄

✶ ✹✳ ❲ ❤ ❛ ❝ ♦ ♠ ♠ ♦ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❢ ❡ ❛ ✉ ❡ ❞ ♦ ❤ ❛ ✈ ❡ ✕ ❤ ❡ ❝✐ ❝❧ ❡ ❛ ♥ ❞ ♣ ❤ ❡ ❡✱ ❤ ❡ ❡ ✉✐❧ ❛ ❡ ❛❧
❤ ② ♣ ❡ ❜ ♦❧ ❛ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ✱ ❤ ❡ ❝ ❛ ❡ ♥ ❛ ② ❛ ♥ ❞ ❝ ❛ ❡ ♥ ♦✐ ❞ ✱ ❤ ❡ ❛ ❝ ✐ ① ❛ ♥ ❞ ❛ ❝ ✐ ❝ ♦✐ ❞ ✇✐ ❤
❤ ❡ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ❄ ❲ ❤ ② ❛ ❛ ❝ ✐ ① ✐ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❛❧ ♦ ❣ ♦❢ ❛ ♦ ♥ ❡✲ ❡ ♣ ❝ ② ❝❧ ♦✐ ❞ ❄

❍ ♦ ✇ ❞ ♦ ❛ ✉ ❛ ❞ ♦ ❤ ② ♣ ❡ ❜ ♦❧ ❛ ✐ ♥ ❛ ♣ ❡ ✉ ❞ ♦ ♣❧ ❛ ♥ ❡ ❧ ❡ ❛ ❞ ✐ ♦ ♠ ♦ ♣ ❤✐ ❝ ❛❧❧ ② ♦ ❤ ❡ ❡ ♠ ❡ ❣ ❡ ♥ ❝ ❡ ♦❢ ❢ ♦ ✉
❝ ❛ ❡ ♥ ❛ ✐ ❡ ❛ ♥ ❞ ❛ ❝ ✐ ❝ ❡ ✐ ♥ ❤ ❡✐ ❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐ ♣❧ ❛ ♥ ❡ ✭ ✇ ♦ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ✇ ♦ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡✮ ✇✐ ❤
❝ ♦ ♠ ♠ ♦ ♥ ❞ ❡ ❡ ♠✐ ♥✐ ♥ ❣ ♣ ❛ ❛ ♠ ❡ ❡ R ❄ ●✐ ✈ ❡ ❜ ♦ ♥ ❞ ♦❢ ❤ ❡✐ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❛ ♥ ❞ ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❣❧ ❡ ✳

❉ ❡ ❝ ✐ ❜ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❛ ♥ ❞ ❜ ② ❡ ✉ ❛ ✐ ♦ ♥ ❝ ❛ ❡ ♥ ♦✐ ❞ ♦ ❜ ❛✐ ♥ ❡ ❞ ✇✐ ❤ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡
♣ ❛ ❛ ♠ ❡ ✐ ❝ ❞ ♦ ✉ ❜❧ ❡ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ❛ ❡ ♥ ❛ ✐ ❡ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ✐ ♥ ❣❧ ❡ ♥ ♦ ♠ ❛❧ ❛ ①✐ ✳

❉ ❡ ❝ ✐ ❜ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❛ ♥ ❞ ❜ ② ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❝ ✐ ❝ ♦✐ ❞ ♦ ❜ ❛✐ ♥ ❡ ❞ ✇✐ ❤ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡
♣ ❛ ❛ ♠ ❡ ✐ ❝ ❞ ♦ ✉ ❜❧ ❡ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ❝ ✐ ❝ ❡ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ✐ ♥ ❣❧ ❡ ♥ ♦ ♠ ❛❧ ❛ ①✐ ✳

❲ ❤ ② ❛ ❝ ❛ ❡ ♥ ❛ ② ✭ ❡ ✈ ♦❧ ✉ ❡✮ ❛ ♥ ❞ ❛ ❛ ❝ ✐ ① ✭✐ ♥ ✈ ♦❧ ✉ ❡✮ ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ❜ ② ❤ ❡
❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧✲ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ♣ ❡ ❝✐ ✜ ❝ ❛ ♥ ❛❧ ♦ ❣ ② ❛ ♥ ❞ ❛ ✐ ♠ ❡✲❧✐ ❦ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡✲❧✐ ❦ ❡ ❝ ✉ ✈ ❡ ❄

❲ ❤ ❛ ✐ ❛ ♠ ❛✐ ♥ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ♦❢ ❛ ❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡✱ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞
■ ❛ ♥ ❞ ■■ ❛ ♥ ❞ ❛ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❣✐ ✈ ❡ ♥ ✐ ♥ ❤ ❡✐ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ ❄
❲ ❤ ② ❛❧❧ ❤ ❡ ② ❛ ❡ ♣ ❛ ❛ ♠ ❡ ✐ ❝ ❄ ❲ ❤✐ ❝ ❤ ♦❢ ❤ ❡ ♠ ❛ ❡ ✧ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ✧ ❛ ♥ ❞ ✇ ❤ ② ✐ ✐ ❄

✶ ✺✳ ❲ ❤✐ ❝ ❤ ♦❧ ❡ ❞ ♦ ♣❧ ❛ ② ❤ ❡ ❛ ♥ ❣❧ ❡ γ ❛ ♥ ❞ υ ✐ ♥ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ✐ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥
❣ ❡ ♦ ♠ ❡ ✐ ❡ ❛ ♥ ❞ ✐ ♥ ❤ ❡ ♦ ② ♦❢ ❡❧ ❛ ✐ ✈✐ ② ❄ ❍ ♦ ✇ ❤ ❡ ② ❛ ❡ ❝ ♦ ♥ ♥ ❡ ❝ ❡ ❞ ♦ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ❛ ♥ ❞ ❝ ♦ ❡ ♣ ♦ ♥ ❞
♦ ❤ ❡ ♣ ✉ ❡❧ ② ♣ ❤ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❝ ♦ ✉ ♥ ❡ ✈ ❛ ✐ ❛ ♥ ▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ♣ ❛ ❛❧❧ ❡❧ ❛ ♥ ❣❧ ❡ Π ❄

❍ ♦ ✇ ❞ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ θ ✭ ❛ ❝ ❛❧ ❛ ✮ ❛ ♥ ❞ Θ ✭ ❛ ❡ ♥ ♦ ✮ ❛ ♣ ♣ ❡ ❛ ✐ ♥ ♥ ♦ ♥✲
❝ ♦❧❧✐ ♥ ❡ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠ ♦ ✐ ♦ ♥ ✭ ✶✮✱ ✐ ♥ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✭ ✷✮✱ ✐ ♥ ❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✭ ✸✮✱ ✐ ♥ ❛ ♥ ❣ ✉❧ ❛
❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ✐ ♥ ✐ ❞ ❡ ❝ ♦ ♥ ❝ ❛ ✈ ❡ ❝❧ ♦ ❡ ❞ ✜ ❣ ✉ ❡ ❢ ♦ ♠ ❣ ❡ ♦ ❞ ❡ ✐ ❝ ❡ ❣ ♠ ❡ ♥ ✭ ✹✮✱ ✐ ♥ ❛ ♦ ♥ ♦ ♠✐ ❝ ❛❧ ❞ ❛ ❛ ✭ ✺✮ ❄
●✐ ✈ ❡ ✐ ♠ ♣❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❤✐❢ ✐ ♥ ❣ ❛ ♥ ❞ ♣ ❡ ❝ ❡ ✐ ♦ ♥✳

✶ ✻✳ ❲ ❤ ❛ ❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❞✐ ✐ ♥ ❝ ✐ ♦ ♥ ❞ ♦ ❡ ❡ ①✐ ✐ ♥ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥
❛ ♥ ❞ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ✇ ❡❧❧✲ ❦ ♥ ♦ ✇ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✿ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ❛ ♥ ❞
▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ♦❢ ❡ ① ❡ ♥ ❄ ❉ ❡ ❝ ✐ ❜ ❡ ❝ ♦ ♥ ❝ ♦ ♠✐ ❛ ♥ ♦ ❤ ❡ ♠ ♦ ❤ ❡ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❡ ✛ ❡ ❝ ✳

✶ ✼✳ ❲ ❤ ❛ ❞ ♦ ❡ ❤ ❡ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❡❧ ❛ ✐ ✈✐ ② ✐ ♥ ♦ ♠ ❡ ❣ ❡ ♦ ♠ ❡ ✐ ❡ ❝ ♦ ♥ ✐ ✐ ♥ ❄
❍ ♦ ✇ ❞ ♦ ❡ ✐ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ✐ ♥ ❤ ❡ ◆ ❛ ✉ ❡ ❄

✶ ✽✳ ❲ ❤✐ ❝ ❤ ❦✐ ♥ ❞ ♦❢ ❝ ✉ ✈ ❛ ✉ ❡ ❞ ♦ ❛ ❦ ❡ ♣❧ ❛ ❝ ❡ ❢ ♦ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ❛ ♥ ♣ ❛ ❝ ❡ ✕ ✐ ♠ ❡ ❄
❍ ♦ ✇ ❞ ♦ ❤ ❡ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛❧❧ ② ♦ ♠ ❛✐ ♥ ② ♣ ❡ ♦❢ ♣ ❤ ② ✐ ❝ ❛❧ ♠ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ❛ ♣ ❛ ✐ ❝❧ ❡
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✶ ✼✳ ◆✐ ♥ ✉❧ ❆✳ ❙✳ ❖ ♣ ✐ ♠✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❖ ❜❥ ❡ ❝ ✐ ✈ ❡ ❋ ✉ ♥ ❝ ✐ ♦ ♥ ✳ ❆ ♥ ❛❧ ② ✐ ✳ ◆ ✉ ♠ ❜ ❡ ▼ ❡ ❤ ♦ ❞ ✳ ❉ ❡ ✐ ❣ ♥
♦❢ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳ ✕ ▼ ♦ ❝ ♦ ✇✿ ❋✐ ③ ♠ ❛ ❧✐ ✱ ✷ ✵ ✵ ✾✳ ✭■ ♥ ❘ ✉ ✐ ❛ ♥✮
✶ ✽✳ ◆ ✉ ♠ ❡ ✐ ❝ ❛❧ ▼ ❡ ❤ ♦ ❞ ❢ ♦ ❈ ♦ ♥ ❛✐ ♥ ❡ ❞ ❖ ♣ ✐ ♠✐ ③ ❛ ✐ ♦ ♥✳ ✴ ✴ ❈ ♦❧❧ ❡ ❝ ✐ ♦ ♥✳ ❊ ❞✐ ♦ ✿ ●✐❧❧ ✳ ❊✳✱
▼ ✉ ❛ ② ❲✳ ✕ ▼ ♦ ❝ ♦ ✇✿ ▼■ ❘✱ ✶ ✾ ✼ ✼✱ ♣✳ ✶ ✾ ✻✲ ✷ ✵ ✻✳ ✭ ❋ ♦ ♠ ❊ ♥ ❣❧✐ ❤✮
✶ ✾✳ ❱❧ ❛ ❞✐ ♠✐ ♦ ✈ ❱✳ ❙✳ ▼ ❡ ❤ ♦ ❞ ♦❢ ❚ ❤ ❡ ♦ ② ♦❢ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ♠ ❛ ♥ ② ❝ ♦ ♠ ♣❧ ❡ ① ✈ ❛ ✐ ❛ ❜❧ ❡ ✳ ✕ ▼ ♦ ❝ ♦ ✇✿
◆ ❛ ✉ ❦ ❛✱ ✶ ✾ ✻ ✹✳ ✭■ ♥ ❘ ✉ ✐ ❛ ♥✮
✷ ✵✳ ❈ ❘ ❈ ❈ ♦ ♥ ❝✐ ❡ ❊ ♥ ❝ ② ❝❧ ♦ ♣ ❡ ❞✐ ❛ ♦❢ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❜ ② ❊ ✐ ❝ ❲✳ ❲❡✐ ❡✐ ♥✳ ✕ ❇ ♦ ❝ ❛ ❘ ❛ ♦ ♥✱
❋❧ ♦ ✐ ❞ ❛✿ ❈ ❘ ❈ ❡ ✱ ✶ ✾ ✾ ✾ ✲ ❋✐ ❊ ❞✐ ✐ ♦ ♥✱ ♣✳ ✷ ✵ ✹✲ ✷ ✵ ✻ ✭ ❈ ❛ ❡ ♥ ❛ ②✮✱ ♣✳ ✶ ✽ ✷ ✹✲ ✶ ✽ ✷ ✺ ✭ ❚ ❛ ❝ ✐ ①✮✳
✷ ✶✳ ❑ ♦ ♥ ●✳✱ ❑ ♦ ♥ ❚✳ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❍ ❛ ♥ ❞ ❜ ♦ ♦ ❦✳ ✕ ▼ ♦ ❝ ♦ ✇✿ ◆ ❛ ✉ ❦ ❛✱ ✶ ✾ ✼ ✽✳ ✭ ❋ ♦ ♠ ❊ ♥ ❣❧✐ ❤✮
✷ ✷✳ ❈ ❘ ❈ ❍ ❛ ♥ ❞ ❜ ♦ ♦ ❦ ♦❢ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❙ ❝✐ ❡ ♥ ❝ ❡ ✳ ✕ ❇ ♦ ❝ ❛ ❘ ❛ ♦ ♥✱ ❋❧ ♦ ✐ ❞ ❛✿ ❈ ❘ ❈ ❡ ✱ ✷ ✵ ✵ ✵✳
✷ ✸✳ ❍ ❛ ❞ ② ●✳ ❍✱ ▲✐ ❧ ❡ ✇ ♦ ♦ ❞ ❏✳ ❊✱ ✁♦❧ ② ❛ ●✳ ■ ♥ ❡ ✉ ❛❧✐ ✐ ❡ ✳ ✕ ▲ ♦ ♥ ❞ ♦ ♥✱ ✶ ✾ ✸ ✹✳
✷ ✹✳ ❈ ❛ ✉ ❝ ❤ ② ❆✳✲ ▲✳ ✧ ❙ ✉ ❧ ❡ ❢ ♦ ♠ ✉❧ ❡ ✉✐ ✁❡ ✉❧ ❡ ♥ ❞ ❡ ❧✬ ❡ ♠ ♣❧ ♦✐ ❡ ❞ ✉ ✐ ❣ ♥ ❡ ❡ ✉ ❃ ♦ ✉ ❁✱ ❡ ✉
❧ ❡ ♠ ♦ ② ❡ ♥ ♥ ❡ ❡ ♥ ❡ ♣❧ ✉ ✐ ❡ ✉ ✉ ❛ ♥ ✐ ✁❡ ✳ ✧✱ ❈ ♦ ✉ ❞✬ ❆ ♥ ❛❧ ② ❡✳ ✕ ❛ ✐ ✱ ✶ ✽ ✷ ✶✳ ✭■ ♥ ❋ ❡ ♥ ❝ ❤✮
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❇ ♦ ♥ ♥ ❡ ❖✳ ✶ ✹ ✽✱ ✷ ✷ ✻✱ ✷ ✹ ✾
❇ ♦ ❡❧ ✁❊✳ ✷ ✶ ✺✱ ✸ ✶ ✷
❇ ♦ ♥ ▼✳ ✶ ✾ ✻✱ ✷ ✻ ✷✱ ✸ ✵ ✽✱ ✸ ✶ ✷
❇ ❛ ❞❧ ❡ ② ❏✳ ✷ ✷ ✷
❇ ✉❧ ❞✐ ❡ ✈ ❱✳ ❙✳ ✭ ➪ ➶✳ ✳✮ ✸ ✵ ✾

❈ ❛ ♥ ♦ ●✳ ✽✱ ✻ ✹
❈ ❛ ♣ ❡❧❧✐ ❆✳ ✽✱ ✺ ✵✱ ✺ ✸✱ ✻ ✶
❈ ❛ ❞ ❛ ♥ ♦ ●✳ ✷ ✽ ✵✱ ✷ ✽ ✾✱ ✸ ✵ ✺
❈ ❛ ♦❧❧ ▲✳ ✷ ✽ ✵
❈ ❛ ❛ ♥ ❊✳ ❏✳ ✷ ✺ ✽✱ ✸ ✶ ✷
❈ ❛ ✉ ❝ ❤ ② ❆✳✲ ▲✳ ✽✱ ✾✱ ✶ ✾✱ ✸ ✷✱ ✹ ✾✱ ✺ ✹✱ ✻ ✶✱
✶ ✷ ✷✱ ✶ ✷ ✸✱ ✶ ✷ ✻✱ ✶ ✸ ✵✱ ✶ ✸ ✺✱ ✸ ✵ ✾

❈ ❛ ②❧ ❡ ② ❆✳ ✷ ✽✱ ✸ ✷✱ ✸ ✼✱ ✸ ✽✱ ✶ ✺ ✵✲ ✶ ✺ ✹✱ ✶ ✼ ✶✱
✶ ✽ ✾✱ ✷ ✸ ✵✲ ✷ ✸ ✷✱ ✷ ✸ ✼✱ ✷ ✾ ✼✱ ✸ ✶ ✵

❈ ♦ ✐ ♦❧✐ ●✳✲ ●✳ ✶ ✻ ✹✱ ✷ ✹ ✷
❈ ♦ ✉ ❛ ♥ ❘✳ ✽✱ ✺ ✺
❈ ♦ ① ❡ ❡ ❍✳ ❙✳ ▼✳ ✶ ✶ ✶✱ ✸ ✶ ✵
❈ ❛ ♠ ❡ ●✳ ✽✱ ✹ ✽
❈ ✐ ♦ ✛ ❡❧ ❊✳ ✶ ✸ ✾✱ ✷ ✺ ✽

❉✬ ❆❧ ❡ ♠ ❜ ❡ ❏✳ ▲✳ ✺ ✾✱ ✻ ✵
❉ ❛ ♥✐ ❡❧❧ ✳ ✷ ✶ ✺✱ ✷ ✹ ✶✱ ✸ ✶ ✷
❉ ❡ ❇ ♦ ❣❧✐ ❡ ▲✳ ✷ ✵ ✷✱ ✷ ✻ ✷✱ ✷ ✻ ✸
❉ ❡ ❞ ❡ ❦✐ ♥ ❞ ❘✳ ✽✱ ✻ ✹
❉ ❡ ❝ ❛ ❡ ❘✳ ✾✱ ✷ ✻
❉ ❡ ❡❧❧ ❍✳ ✹ ✻✱ ✸ ✶ ✵
❉✐ ❡ ✉ ❞ ♦ ♥ ♥ ✁❡ ❏✳ ✷ ✻ ✽
❉✐ ♥✐ ❯✳ ✶ ✺ ✻✱ ✸ ✶ ✵
❉✐ ❛ ❝ ✳ ❆✳ ▼✳ ✶ ✼ ✸✱ ✷ ✶ ✺✱ ✷ ✻ ✺✱ ✸ ✶ ✷
❉ ♦ ♣ ♣❧ ❡ ❈ ❤✳ ✷ ✷ ✼✱ ✷ ✻ ✸

❊✐ ♥ ❡✐ ♥ ❆✳ ✸✱ ✶ ✻ ✶✲ ✶ ✻ ✸✱ ✶ ✻ ✺✱ ✶ ✼ ✶✲ ✶ ✼ ✸✱ ✶ ✼ ✻✱
✶ ✽ ✵✱ ✶ ✽ ✶✱ ✶ ✽ ✹✱ ✶ ✾ ✶✱ ✷ ✶ ✻✱ ✷ ✶ ✼✱ ✷ ✷ ✷✱ ✷ ✸ ✸✱
✷ ✸ ✾✱ ✷ ✺ ✹✲ ✷ ✻ ✾✱ ✷ ✽ ✺✱ ✸ ✵ ✼✱ ✸ ✶ ✶

❊ ☎♦ ✈ ☎♦ ▲✳ ✷ ✺ ✺
❊ ✉ ❝❧✐ ❞ ✼✱ ✸ ✾✱ ✶ ✻ ✶✱ ✶ ✻ ✷✱ ✷ ✺ ✸
❊ ✉❧ ❡ ▲✳ ✷✱ ✸✱ ✺ ✾✱ ✻ ✵✱ ✾ ✵✱ ✶ ✵ ✼✱ ✷ ✶ ✻✱ ✸ ✵ ✷✱ ✸ ✵ ✾

❋ ❛ ❞ ❞ ❡ ❡ ✈ ❉✳ ❑✳ ✭ ➘✳ ✃✳✮ ✾✱ ✶ ✼✱ ✷ ✽✱ ✸ ✵ ✾
❋❡✐ ♥ ❜ ❡ ❣ ●✳ ✷ ✽ ✵
❋❡ ❛ ✐ ▲✳ ✸ ✵ ✺
❋✐ ③ ❣ ❡ ❛❧ ❞ ●✳ ✶ ✽ ✽✱ ✸ ✶ ✷
❋ ♦ ❝ ❦ ❱✳ ❆✳ ✭ ➶✳ ➚✳✮ ✷ ✹ ✷✱ ✷ ✻ ✺✱ ✷ ✽ ✻✱ ✸ ✶ ✶
❋ ☎♦ ♣ ♣❧ ▲✳ ✷ ✶ ✺✱ ✷ ✹ ✶✱ ✸ ✶ ✷
❋ ❡ ♥ ❡ ❏✳✲ ❋✳✲ ❋✳ ✷✱ ✷ ✻ ✽✱ ✷ ✼ ✵✱ ✷ ✼ ✶✱ ✷ ✼ ✹✱ ✷ ✼ ✻✱ ✷ ✼ ✼✱
✷ ✼ ✾✱ ✷ ✽ ✶✱ ✷ ✽ ✹✱ ✷ ✽ ✻✱ ✷ ✽ ✽✱ ✸ ✵ ✵✱ ✸ ✵ ✷✱ ✸ ✵ ✽✱ ✸ ✵ ✾

❋ ✐ ❡ ❞ ♠ ❛ ♥ ❆✳ ✷ ✺ ✾✱ ✸ ✶ ✷
❋ ✐ ❡ ❞ ♠ ❛ ♥ ♥ ❆✳ ✷ ✻ ✼
❋ ♦ ❜ ❡ ♥✐ ✉ ❋✳ ✽✱ ✶ ✾✱ ✹ ✼✱ ✶ ✷ ✼✲ ✶ ✷ ✾✱ ✶ ✸ ✶

● ❛❧✐❧ ❡✐ ● ❛❧✐❧ ❡ ♦ ✶ ✻ ✵✱ ✶ ✻ ✶✱ ✶ ✻ ✽✲ ✶ ✼ ✶✱ ✶ ✼ ✽✱
✷ ✺ ✹✲ ✷ ✻ ✼

● ❛ ♠ ♦ ✇ ● ❡ ♦ ❣ ❡ ✶ ✼ ✶✱ ✷ ✺ ✺
● ❛ ♥ ♠ ❛ ❤ ❡ ❋✳ ✭ ➹ ✳ ✳✮ ✸ ✵ ✾
● ❛ ♥✐ ❡ ❏✳✲ ●✳ ✽
● ❛ ✉ ❈✳ ❋✳ ✶ ✹ ✽✱ ✶ ✺ ✵✱ ✶ ✺ ✺✱ ✶ ✻ ✶✱ ✷ ✵ ✼✱ ✷ ✶ ✷✱
✷ ✶ ✼✱ ✷ ✷ ✻✱ ✷ ✹ ✾✱ ✷ ✺ ✽✱ ✷ ✻ ✽✱ ✸ ✵ ✼✱ ✸ ✶ ✵

● ❡ ❜ ❡ ✳ ✷ ✻ ✹✱ ✸ ✶ ✷
●✐❧❧ ✳ ✸ ✵ ✾
●✐❧❧✐ ❡ ❆✳ ✸ ✶ ✵
● ☎♦ ❞ ❡❧ ❑✳ ✷ ✻ ✼
● ❛ ♠ ❛ ♥ ♥ ❍✳ ✽✱ ✸ ✵ ✾
● ❛ ♠ ❏✳ ✹ ✺✱ ✹ ✾✱ ✺ ✵✱ ✺ ✶
● ❡ ✛ ❡ ❑✳ ✷ ✹
● ❡ ❣ ♦ ② ❘✳ ✸ ✶ ✵
● ✉ ❞ ❡ ♠ ❛ ♥ ♥ ❈ ❤✳ ✶ ✵ ✸✱ ✶ ✵ ✾✱ ✸ ✶ ✵

❍ ❛ ❞ ❛ ♠ ❛ ❞ ❏✳ ✽✱ ✾✱ ✺ ✵✱ ✺ ✷✱ ✺ ✹✱ ✻ ✶✱ ✶ ✷ ✻✱ ✶ ✸ ✺✱
✶ ✽ ✾✱ ✶ ✾ ✵✱ ✸ ✵ ✾

❍ ❛ ♠✐❧ ♦ ♥ ❲✳ ✽✱ ✷ ✽✱ ✸ ✷✱ ✸ ✼✱ ✸ ✽✱ ✷ ✵ ✷✱ ✸ ✵ ✸
❍ ❛ ❤ ♥ ❖✳ ✷ ✸ ✾
❍ ❛ ❞ ② ●✳ ✸ ✵ ✾
❍ ❛ ✐ ♦ ❚ ❤✳ ✼✱ ✶ ✵ ✾✱ ✶ ✻ ✹✱ ✷ ✹ ✾
❍ ❡ ❣ ❡❧ ●✳✲ ❲✳✲ ❋✳ ✷ ✻ ✻✱ ✸ ✶ ✶
❍ ❡✐ ❡ ♥ ❜ ❡ ❣ ❲✳ ❑✳ ✻ ✶
❍ ❡ ❣❧ ♦ ③ ●✳ ✶ ✼ ✽✱ ✶ ✽ ✼✱ ✷ ✸ ✸✱ ✷ ✼ ✹✱ ✷ ✼ ✽✱ ✸ ✶ ✷
❍ ❡ ♠✐ ❡ ❈ ❤✳ ✽✱ ✶ ✽✱ ✷ ✹✱ ✹ ✸✱ ✺ ✻✱ ✻ ✶✱ ✶ ✸ ✹✱ ✶ ✸ ✺
❍ ❡ ❡ ▲✳ ✽✱ ✷ ✵✲ ✷ ✷✱ ✺ ✺✱ ✻ ✵
❍✐ ❣ ❣ ✳ ✷✱ ✸✱ ✶ ✵✱ ✶ ✻ ✺✱ ✶ ✼ ✶✱ ✷ ✺ ✹✲ ✷ ✻ ✼✱ ✷ ✾ ✵✱ ✸ ✵ ✸✱
✸ ✶ ✶

❍✐❧ ❜ ❡ ❉✳ ✶ ✺ ✺✱ ✷ ✹ ✷✱ ✷ ✻ ✹✱ ✷ ✽ ✻✱ ✸ ✶ ✶
❍ ☎♦❧ ❞ ❡ ▲✳ ✶ ✾
❍ ✉ ❜ ❜❧ ❡ ❊✳ ✷ ✷ ✼✱ ✷ ✻ ✼
❍ ✉ ② ❣ ❡ ♥ ❈ ❤✳ ✷ ✵ ✼

❏ ❛ ❝ ♦ ❜✐ ❑✳ ✺ ✺✱ ✻ ✵✱ ✷ ✺ ✽
❏ ❛ ♥ ❝ ❡ ♥ ❍✳ ✶ ✺ ✺✱ ✸ ✶ ✵
❏ ♦ ❞ ❛ ♥ ▼✳✲ ❊✳✲ ❈✳ ✽✱ ✷ ✼✱ ✸ ✷✱ ✸ ✹✲ ✸ ✻✱ ✹ ✷✱ ✹ ✸



✸ ✶ ✹ ◆ ❆ ▼ ❊ ■ ◆ ❉ ❊ ❳

❑ ❛ ♥ ■✳ ✷ ✻ ✻✱ ✸ ✶ ✶
❑✐❧❧✐ ♥ ❣ ❲✳ ✷ ✻ ✺
❑❧ ❡✐ ♥ ❋✳ ✶ ✺ ✵✱ ✶ ✺ ✶✱ ✶ ✺ ✸✲ ✶ ✺ ✺✱ ✶ ✻ ✶✱ ✷ ✸ ✷✱ ✷ ✺ ✸✱
✸ ✶ ✵

❑ ♦ ♣ ❡ ♥✐ ❦ ◆✳ ✷ ✻ ✺
❑ ♦ ♥ ●✳ ❆✳ ✸ ✵ ✾
❑ ♦ ♥ ❚✳ ▼✳ ✸ ✵ ✾
❑ ♦ ✐ ❦✐ ♥ ❆✳ ✭ ✃ ➚✳ ➮✳✮ ✸ ✵ ✾
❑ ✐ ❤ ♥ ❛ ♠ ✉ ❤ ② ❊✳ ✸ ✶ ✵
❑ ♦ ♥ ❡ ❝ ❦ ❡ ▲✳ ✽✱ ✺ ✵✱ ✺ ✸✱ ✻ ✶

▲ ❛ ❣ ❛ ♥ ❣ ❡ ❏✳ ✻✱ ✶ ✵✱ ✹ ✸✱ ✺ ✹✱ ✺ ✺✱ ✻ ✶✱ ✶ ✸ ✸✱ ✶ ✸ ✺✱
✶ ✻ ✵✱ ✶ ✻ ✶✱ ✶ ✻ ✸✱ ✶ ✻ ✹✱ ✶ ✻ ✽✱ ✶ ✼ ✵✱ ✷ ✸ ✺✱ ✷ ✻ ✸✱ ✷ ✼ ✻

▲ ❛ ♠ ❜ ❡ ❏✳ ❍✳ ✼✱ ✶ ✵ ✸✱ ✶ ✵ ✽✱ ✶ ✵ ✾✱ ✶ ✺ ✶✱ ✶ ✺ ✸✱ ✶ ✺ ✺✱
✶ ✻ ✶✱ ✶ ✻ ✹✱ ✶ ✻ ✻✱ ✷ ✶ ✶✱ ✷ ✶ ✻✱ ✷ ✶ ✼✱ ✷ ✷ ✺✲ ✷ ✷ ✽✱ ✷ ✹ ✹✱
✷ ✹ ✻✱ ✷ ✹ ✼✱ ✷ ✺ ✸✱ ✷ ✼ ✺✱ ✷ ✽ ✵✱ ✸ ✶ ✵

▲ ❛ ♥ ❣ ❡ ✈✐ ♥ ✳ ✷ ✵ ✹✱ ✸ ✶ ✷
▲ ❛ ♥ ❦ ❛ ❡ ✳ ✸ ✵ ✾
▲ ❛ ♣❧ ❛ ❝ ❡ ✳ ✻ ✵✱ ✷ ✻ ✻✱ ✸ ✶ ✶
▲ ❡ ❱❡ ✐ ❡ ❯✳ ✾✱ ✶ ✼✱ ✶ ✽✱ ✷ ✸✱ ✷ ✺✱ ✷ ✽✱ ✸ ✶✱ ✸ ✷✱
✶ ✷ ✽✱ ✸ ✵ ✺

▲ ❡ ✇✐ ●✳ ◆✳ ✷ ✵ ✶✱ ✷ ✸ ✾✱ ✸ ✶ ✷
▲✐ ❧ ❡ ✇ ♦ ♦ ❞ ❏✳ ✸ ✵ ✾
▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ◆✳■✳ ✭ ❐ ❮✳ ➮✳✮ ✸✱ ✼✱
✷ ✹✱ ✺ ✾✱ ✶ ✵ ✾✱ ✶ ✶ ✶✱ ✶ ✺ ✶✱ ✶ ✺ ✷✱ ✶ ✻ ✶✱ ✶ ✻ ✸✱ ✶ ✻ ✼✱
✶ ✼ ✹✲ ✶ ✼ ✻✱ ✷ ✶ ✶✲ ✷ ✶ ✸✱ ✷ ✶ ✻✱ ✷ ✶ ✾✱ ✷ ✺ ✸✱ ✸ ✵ ✽✱ ✸ ✶ ✵

▲ ♦ ❝ ❦ ✇ ♦ ♦ ❞ ❊✳ ✸ ✶ ✷
▲ ♦ ❣ ✉ ♥ ♦ ✈ ❆✳ ❆✳ ✭ ❐ ➚✳ ➚✳✮ ✷ ✺ ✽✱ ✸ ✶ ✷
▲ ♦ ❡ ♥ ③ ❍✳ ✸✱ ✾✱ ✶ ✵✱ ✶ ✵ ✻✱ ✶ ✹ ✵✱ ✶ ✹ ✷✱ ✶ ✹ ✺✱ ✶ ✹ ✼✱
✶ ✺ ✹✱ ✶ ✺ ✺✱ ✶ ✺ ✽✱ ✶ ✻ ✵✲ ✶ ✻ ✷✱ ✶ ✻ ✹✱ ✶ ✼ ✵✱ ✶ ✼ ✼✱ ✶ ✽ ✵✱
✶ ✽ ✶✱ ✶ ✽ ✸✲ ✶ ✾ ✵✱ ✶ ✾ ✷✱ ✷ ✵ ✸✱ ✷ ✷ ✷✱ ✷ ✸ ✵✱ ✷ ✸ ✶✱ ✷ ✸ ✸✱
✷ ✹ ✵✲ ✷ ✹ ✷✱ ✷ ✺ ✹✱ ✷ ✺ ✺✱ ✷ ✻ ✹✱ ✷ ✼ ✺✱ ✷ ✽ ✺✱ ✸ ✶ ✶

▲ ✉ ❦ ❡ ♣ ♦ ❤❧ ❍✳ ✸ ✵ ✾

▼ ❛ ❝ ❤ ❊✳ ✷ ✵ ✺✱ ✷ ✹ ✷✱ ✷ ✺ ✹✲ ✷ ✺ ✻✱ ✷ ✻ ✺✲ ✷ ✻ ✼✱ ✸ ✵ ✸✱
✸ ✶ ✶

▼ ❛ ❝❧ ❛ ✉ ✐ ♥ ❈✳ ✶ ✾✱ ✷ ✸
▼ ❛ ♦ ❊✳ ✸ ✵ ✾
▼ ❛ ❝ ✉ ▼✳ ✸ ✵ ✾
▼ ❛ ① ✇ ❡❧❧ ❏✳ ❈✳ ✶ ✼ ✵✱ ✶ ✼ ✷✱ ✶ ✽ ✽
▼ ❡✐ ♥ ❡ ▲✳ ✷ ✸ ✾
▼ ❡ ♥ ❞ ❡❧ ❡ ❡ ✈ ❉✳ ■✳ ✭ ❒ ➘✳ ➮✳✮ ✷ ✺ ✹
▼ ❡ ✉ ♥✐ ❡ ❏✳ ✶ ✾ ✾✱ ✷ ✵ ✵✱ ✷ ✶ ✶✱ ✷ ✶ ✷✱ ✷ ✶ ✾✱ ✸ ✵ ✾
▼✐ ❝ ❤ ❡❧❧ ❏✳ ✷ ✻ ✷✱ ✷ ✻ ✻✱ ✷ ✽ ✶✱ ✷ ✽ ✻✱ ✸ ✶ ✶
▼✐ ❝ ❤ ❡❧ ♦ ♥ ❆✳ ✶ ✼ ✵✱ ✶ ✽ ✵✱ ✶ ✽ ✽
▼✐ ♥ ❛ ❦ ♦ ✈ ❆✳ ❆✳ ✭ ❒ ➚✳ ➚✳✮ ✸ ✶ ✷
▼✐ ♥ ❝ ❍✳ ✸ ✵ ✾
▼✐ ♥ ❞✐ ♥ ❣ ❋✳ ●✳ ✶ ✺ ✺✱ ✷ ✵ ✼✱ ✷ ✶ ✶✱ ✸ ✶ ✵

▼✐ ♥ ❦ ♦ ✇ ❦✐ ❍✳ ✷✱ ✻✲ ✽✱ ✶ ✵✱ ✺ ✾✱ ✾ ✸✱ ✶ ✹ ✺✱ ✶ ✹ ✾✱ ✶ ✺ ✹✱
✶ ✻ ✶✱ ✶ ✻ ✸✲ ✶ ✻ ✺✱ ✶ ✻ ✽✱ ✶ ✼ ✶✲ ✶ ✼ ✼✱ ✶ ✽ ✵✱ ✶ ✽ ✷✱ ✶ ✾ ✻✱
✷ ✶ ✺✱ ✷ ✸ ✺✱ ✷ ✺ ✸✲ ✷ ✺ ✺✱ ✷ ✻ ✻✲ ✷ ✼ ✵✱ ✷ ✽ ✺✲ ✷ ✽ ✼✱ ✸ ✵ ✹✱ ✸ ✶ ✶
▼ ♦✐ ✈ ❡ ❆✳ ✼✱ ✾ ✵✱ ✶ ✵ ✼✱ ✶ ✸ ✸
▼ ☎♦❧❧ ❡ ❈✳ ✸ ✶ ✶
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❡✐ ❣ ❡ ♥ ♣ ♦❥ ❡ ❝ ♦ ♠ ✉ ✉ ❛❧ ✹ ✵✱ ✹ ✻✱ ✾ ✹✲ ✾ ✻✱ ✶ ✵ ✼
❛ ✣ ♥ ❡ ♦ ♦ ❜❧✐ ✉ ❡ ✹ ✵
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✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡
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❡ ✉✐ ❛ ♥ ❦ ✼ ✸✱ ✽ ✶✱ ✶ ✸ ✷
♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❡ ① ❡ ♥ ❛❧✱ ✐ ♥ ❡ ♥ ❛❧ ✹ ✾✱ ✼ ✷

❝ ♦ ♣❧ ❛ ♥ ❛ ❛ ♥ ❞ ❝ ♦❧ ♣❧ ❛ ♥ ❛ ✼ ✹✱ ✶ ✸ ✷
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✼ ✹
✉ ❛ ✐✲ ♣ ♦❧ ❛ ◗ ❘✲ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✺ ✶

♠ ❛ ✐ ❝ ❡ ✉ ❛ ❡ ❛ ♥ ❞ ❡ ❝ ❛ ♥ ❣ ✉❧ ❛
❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✷ ✹✱ ✷ ✼✱ ✹ ✶✲ ✹ ✸✱ ✺ ✶✱ ✶ ✹ ✸
✐ ♥ ✈ ❡ ❡ ❛ ♥ ❞ ✉ ❛ ✐✐ ♥ ✈ ❡ ❡
❛ ✣ ♥ ❡ ✹ ✶
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦❢ ▼ ♦ ♦ ❡ ✕ ❡ ♥ ♦ ❡ ✹ ✻
❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ✹ ✽
❧✐ ♠✐ ❢ ♦ ♠ ✉❧ ❛ ❡ ✹ ✶✱ ✺ ✹

✐ ♥ ✈ ❡ ✐ ♦ ♥ ❜ ② ❙ ♦ ✉ ✐ ❛ ✉ ❛❧ ❣ ♦ ✐ ❤ ♠ ✷ ✽
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♥✐❧ ♣ ♦ ❡ ♥ ♠ ❛ ✐ ① ✷ ✼✱ ✸ ✺✱ ✹ ✷
♥ ♦ ♠ ❛❧ ❛ ❞ ❡ ✉ ❛ ❡❧ ② ♠ ❛ ✐ ① ✶ ✷✱ ✺ ✻✱ ✺ ✽✱ ✶ ✸ ✸
♥ ✉❧❧✲ ❞ ❡❢ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ✐ ① ✸ ✺
♥ ✉❧❧✲✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ✸ ✻
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♠ ❡ ❛ ✉ ❡ ✐ ♥ ♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❡
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♣ ♦❥ ❡ ❝ ✐ ✈ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝

✐ ♥ ❡ ✷ ✹ ✼
❛ ♥ ❣ ❡ ♥ ❛ ♥ ❞ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ✶ ✺ ✶✲ ✶ ✺ ✸

♥ ♦ ♠ ✉ ❛ ❞ ❛ ✐ ❝ ✶ ✷ ✼
♣ ❛ ❛ ♠ ❡ ✐ ❝ ❛ ♥ ❞ ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❛❧ ✶ ✷ ✼
♦❢ ❤ ❡ ♦ ❞ ❡ ❣ ❡ ♥ ❡ ❛❧ ✶ ✷ ✽
♦❢ ❤ ❡ ♦ ❞ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ✶ ✷ ✾✲ ✶ ✸ ✶
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♦ ❤ ♦ ❣ ♦ ♥ ❛❧✐ ③ ❛ ✐ ♦ ♥ ❜ ② ● ❛ ♠ ✕ ❙ ❝ ❤ ♠✐ ❞ ✹ ✺✱ ✺ ✶

♣❧ ❛ ♥ ❛ ✻ ✹✲ ✻ ✼
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❛ ♠✐ ❞ ❞❧ ❡ ❡ ✢ ❡ ❝ ♦ ✽ ✸✲ ✽ ✺✱ ✶ ✵ ✶
❛ ♠ ❡ ✐ ❝ ❡ ♥ ♦ ✶ ✵ ✵✱ ✶ ✵ ✶✱ ✶ ✸ ✽✱ ✶ ✸ ✾✱ ✶ ✾ ✻
❛ ✐ ♥ ❞ ❡ ① ❂ ✶ ✴ ✾ ✻✱ ✶ ✶ ✷✱ ✶ ✹ ✾
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✐ ♠ ♣❧ ❡ ✉ ♥✐ ② ❛ ✐ ♥ ❞ ❡ ① ❂ ✶ ✾ ✻✱ ✶ ✹ ✾

♦❢ ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ♣ ❛ ❝ ❡ { − I } ✾ ✾
♦ ❛ ✐ ♦ ♥ ❛❧ ♠ ❛ ✐ ① ❢ ✉ ♥ ❝ ✐ ♦ ♥
♣ ✉ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✽ ✶✱ ✽ ✷✱ ✽ ✺✱ ✽ ✻✱ ✶ ✵ ✻
❛ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ✽ ✻✱ ✾ ✽✱ ✷ ✹ ✼
♣ ✐ ♥ ❝✐ ♣ ❛❧ ✭ ✧ ❜ ♦ ♦ ✧✮ ✽ ✺✱ ✶ ✵ ✻✱ ✶ ✹ ✸✱ ✷ ✹ ✸

♣ ✉ ❡ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✶ ✵ ✵✱ ✶ ✵ ✺✱ ✶ ✵ ✻
❛ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ❛ ♥ ❣❧ ❡ ✶ ✶ ✷✱ ✶ ✺ ✻✱ ✷ ✶ ✵
♣ ✐ ♥ ❝✐ ♣ ❛❧ ✭ ✧ ❜ ♦ ♦ ✧✮ ✶ ✵ ✺✱ ✶ ✵ ✻✱ ✶ ✹ ✸✱ ✷ ✶ ✸
♣ ♦❧ ② ❡ ♣ ♦ ❛ ✐ ♦ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✶ ✹ ✻
♣ ♦ ❞ ✉ ❝✐ ♥ ❣ ❜ ② ✇ ♦ ♠ ✉ ✉ ❛❧ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✽ ✷✱ ✶ ✵ ✹
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♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✷ ✹ ✺✱ ✷ ✺ ✷

♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♠ ♦ ✐ ♦ ♥ ❡ ♥ ♦ ✶ ✶ ✷✱ ✶ ✼ ✾
♣ ♦❧ ❛ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ✶ ✹ ✸✱ ✷ ✶ ✹✱ ✷ ✸ ✶

❘ ✉❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ✶ ✕ ✺ ✴ ✼ ✶✱ ✽ ✹✱ ✽ ✻✱ ✽ ✽✱
✾ ✶✱ ✶ ✵ ✹✱ ✶ ✶ ✷✱ ✶ ✺ ✼

❡ ♥ ♦ ❛ ♥ ❣❧ ❡ ❛ ♥ ❞ ❤ ❡✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥
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♠ ♦ ✐ ✈ ❡ ✽ ✷✱ ✽ ✻✱ ✽ ✼✱ ✾ ✶✱ ✶ ✵ ✵
▼ ♦✐ ✈ ❡✬ ❛ ♥ ❞ ❊ ✉❧ ❡ ✬ ❢ ♦ ♠ ✉❧ ❛ ❡ ✾ ✵
❝ ♦ ♥ ♥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ✇ ♦ ② ♣ ❡ ✽ ✶✲ ✽ ✸✱ ✽ ✽✱ ✶ ✵ ✹
❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✻ ✼✱ ✽ ✻✱ ✶ ✵ ✸✱ ✶ ✶ ✵✲ ✶ ✶ ✷✱ ✶ ✺ ✻
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❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ✾ ✻✱ ✶ ✶ ✷✱ ✶ ✼ ✾✱ ✷ ✵ ✷
❡ ♥ ♦ ♦❢ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ✾ ✾✱ ✶ ✶ ✷✱ ✶ ✼ ✾✱ ✶ ✽ ✺
❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ②
❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✻ ✹✱ ✻ ✺✱ ✾ ✾
❝ ♦ ♠ ♣❧ ❡ ① ❛ ❞ ❡ ✉ ❛ ❡ ✶ ✸ ✸
♣ ❡ ✉ ❞ ♦✐ ③✐ ❞ ❡ ✽ ✽✱ ✽ ✾✱ ✶ ✸ ✻
❝ ♦ ♠ ♣❧ ❡ ① ❍ ❡ ♠✐ ✐ ❛ ♥ ✶ ✸ ✹✱ ✶ ✸ ✺
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✽ ✺✱ ✶ ✵ ✻✱ ✷ ✹ ✸✲ ✷ ✺ ✸
❝ ♦ ♠ ♣❧ ❡ ① ✶ ✵ ✶✱ ✶ ✸ ✼✱ ✶ ✸ ✽

♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✶ ✵ ✵✲ ✶ ✶ ✷✱ ✶ ✸ ✽✲ ✶ ✹ ✾✱ ✷ ✶ ✸
❝ ♦ ♠ ♣❧ ❡ ① ✶ ✵ ✵
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝

❣ ❡ ♦ ♠ ❡ ✐ ❡
✢ ❛ ❛ ♥ ❣ ❡ ♥ ✐ ♥ ✐ ❞ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✶ ✺ ✶✱ ✶ ✺ ✷
✢ ❛ ❝ ♦ ❛ ♥ ❣ ❡ ♥ ♦ ✉ ✐ ❞ ❡ ❈ ❛ ②❧ ❡ ② ♦ ✈ ❛❧ ✶ ✺ ✷✱ ✶ ✺ ✸
❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❛ ♥ ❣ ❡ ♥ ✶ ✺ ✸✱ ✶ ✺ ✹
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ✐ ♦ ❛ ♥ ❞ ✐ ♥ ❡ ✉ ❛❧✐ ✐ ❡

❢ ♦ ♠ ❛ ✐ ❝ ❡
♦❢ ❝ ♦ ✐ ♥ ❡ ② ♣ ❡ ✺ ✸✱ ✺ ✹✱ ✶ ✷ ✵✲ ✶ ✷ ✸
♦❢ ✐ ♥ ❡ ② ♣ ❡ ✺ ✵✱ ✺ ✸✱ ✺ ✹✱ ✶ ✷ ✺✱ ✶ ✷ ✻



✸ ✶ ✽ ❙ ❯ ❇ ❏ ❊ ❈ ❚ ■ ◆ ❉ ❊ ❳

❋ ♦ ❆ ♣ ♣❡ ♥ ❞✐ ①

❛ ❜ ♦❧ ✉ ❡ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ♠ ♦ ✐ ♦ ♥ ✶ ✻ ✵✱ ✷ ✹ ✸✱ ✷ ✻ ✾
✇ ♦✲ ❡ ♣ ✷ ✶ ✸✲ ✷ ✷ ✼✱ ✷ ✹ ✸✲ ✷ ✺ ✵✱ ✷ ✾ ✷✲ ✷ ✾ ✼
♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✐ ♥ ❝ ❡ ♠ ❡ ♥ ✷ ✷ ✶✱ ✷ ✼ ✶✲ ✷ ✼ ✽✱ ✷ ✾ ✻

♣ ♦❧ ② ❡ ♣ ✷ ✸ ✵✱ ✷ ✸ ✶✱ ✷ ✺ ✷✱ ✷ ✺ ✸✱ ✷ ✾ ✸
✐ ♥ ❡ ❣ ❛❧ ✶ ✾ ✷✲ ✶ ✾ ✽✱ ✷ ✸ ✺✲ ✷ ✹ ✶✱ ✷ ✹ ✼
✉ ♥✐❢ ♦ ♠ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✶ ✾ ✺✲ ✶ ✾ ✽✱ ✷ ✵ ✺✱ ✷ ✺ ✾
♦ ♥ ❝ ❛ ❡ ♥ ❛ ② ✶ ✾ ✽✲ ✷ ✵ ✵✱ ✷ ✵ ✺
❛ ❝ ♦ ♠✐ ❝ ❡ ✈ ❡ ❡ ❛ ✈ ❡❧ ✷ ✵ ✸✲ ✷ ✵ ✺

♦ ♥ ❛ ❝ ✐ ① ✷ ✵ ✽✲ ✷ ✶ ✵
✐ ♥ ✈ ❛ ✐ ❛ ♥ ✱ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✶ ✾ ✼✱ ✶ ✾ ✾✱ ✷ ✶ ✵

✉ ♥✐❢ ♦ ♠ ❝ ❡ ✇ ❡ ❞ ✷ ✺ ✾✱ ✷ ✽ ✷✲ ✷ ✽ ✾
❛ ♥ ❣❧ ❡ ✭ ♠ ♦ ✐ ✈ ❡✮ ♦❢ ♠ ♦ ✐ ♦ ♥ ♦ ♦ ❛ ✐ ♦ ♥
❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✶ ✺ ✵✱ ✶ ✺ ✼✱ ✷ ✵ ✾✱ ✷ ✷ ✾✱ ✷ ✹ ✼
♣ ✐ ♥ ❝✐ ♣ ❛❧ ✶ ✺ ✵✱ ✷ ✶ ✸✱ ✷ ✹ ✸
▲ ♦ ❜ ❛ ❝ ❤ ❡ ✈ ❦ ② ♦❢ ♣ ❛ ❛❧❧ ❡❧✐ ♠ ✶ ✵ ✾✱ ✶ ✼ ✺✱ ✶ ✼ ✻
❝ ♦ ✈ ❛ ✐ ❛ ♥ ❛ ♥ ❞ ✉ ♥✐ ✈ ❡ ❛❧ ✶ ✼ ✺✱ ✶ ✼ ✻
♣ ❤ ❡ ✐ ❝ ❛❧ ✷ ✹ ✸✲ ✷ ✹ ✺

❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✶ ✼ ✸✱ ✶ ✽ ✵✱ ✶ ✽ ✻✱ ✶ ✾ ✶✱ ✷ ✶ ✸✱ ✷ ✻ ✽
✐ ♥ ✐ ♥ ✐ ❝ ❛ ♥ ❞ ✐ ♥ ✜ ♥✐ ❡ ✶ ✶ ✵✱ ✶ ✺ ✼

♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✷ ✶ ✸✲ ✷ ✶ ✺✱ ✷ ✷ ✸✲ ✷ ✷ ✼✱ ✷ ✹ ✷✲ ✷ ✹ ✺
❍ ❛ ✐ ♦ ❡ ① ❝ ❡ ✼✱ ✶ ✵ ✾✱ ✷ ✹ ✾
▲ ❛ ♠ ❜ ❡ ❞ ❡❢ ❡ ❝ ✼✱ ✶ ✵ ✾✱ ✶ ✶ ✵✱ ✷ ✷ ✻✱ ✷ ✹ ✾

❝ ♦❧❧✐ ♥ ❡ ❛ ✈ ❡ ❝ ♦ ✶ ✾ ✶
❈ ♦ ✐ ♦❧✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✷ ✹ ✷

❣ ❡ ♦ ♠ ❡ ② ✐ ♥ ♣ ❛ ❝ ❡ ❛ ♥ ❞ ❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡
❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✶ ✻ ✵✱ ✶ ✻ ✽✲ ✶ ✼ ✵
♥ ♦ ♥✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✷ ✶ ✸✲ ✷ ✸ ✹
♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✷ ✶ ✸✲ ✷ ✷ ✽✱ ✷ ✾ ✷✱ ✷ ✾ ✸
♦❢ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✷ ✶ ✾✱ ✷ ✷ ✾✱ ✷ ✾ ✸✱ ✷ ✾ ✹
❤ ❡ ❡✲ ❤ ❡ ❡ ❣ ❡ ♦ ♠ ❡ ② ✶ ✺ ✹✱ ✶ ✺ ✺✱ ✷ ✽ ✵
♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ♥ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✶ ✺ ✵✱ ✷ ✹ ✸✲ ✷ ✺ ✸

♦❢ ✇ ♦ ❧ ❞ ❧✐ ♥ ❡ ✐ ♥ ♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ✷ ✻ ✽✲ ✷ ✽ ✽
✇✐ ❤ ♠ ♦ ✈ ❛ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✷ ✼ ✸
✇✐ ❤ ♠ ♦ ✈ ❛ ❜❧ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✷ ✼ ✽
❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✷ ✶ ✾✱ ✷ ✷ ✵✱ ✷ ✼ ✸✱ ✷ ✼ ✽
❛ ♥ ❣ ❡ ♥ ✷ ✻ ✾✱ ✷ ✼ ✶✱ ✷ ✼ ✽✱ ✷ ✽ ✶

♣ ❡ ✉ ❞ ♦ ♥ ♦ ♠ ❛❧ ✷ ✼ ✵✲ ✷ ✼ ✸✱ ✷ ✼ ✼✱ ✷ ✽ ✶
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❝ ✉ ✈ ❛ ✉ ❡ ✷ ✼ ✵✲ ✷ ✼ ✸
✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✷ ✼ ✸✱ ✷ ✽ ✷✱ ✷ ✽ ✸✱ ✷ ✽ ✺
✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ✷ ✼ ✸✱ ✷ ✽ ✷✱ ✷ ✽ ✺

❝ ♦ ✐ ♥ ❡ ❜✐ ♥ ♦ ♠ ❛❧ ✷ ✼ ✼✱ ✷ ✽ ✶✱ ✷ ✽ ✸
❝ ♦ ✐ ♥ ❡ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ✷ ✼ ✼✱ ✷ ✽ ✶✱ ✷ ✽ ✸
❝ ♦ ♠ ♣❧ ❡ ❡ ❝ ✉ ✈ ❛ ✉ ❡ ✷ ✼ ✸✱ ✷ ✼ ✼✱ ✷ ✽ ✶✱ ✷ ✽ ✾
❤ ❡ ❡ ♠ ♦ ✈ ❛ ❜❧ ❡ ✐ ❤ ❡ ❞ ♦ ♥ ✷ ✼ ✽✱ ✷ ✽ ✻✱ ✷ ✾ ✶

♠ ♦ ✈ ❛ ❜❧ ❡ ❡ ❛ ❤ ❡ ❞ ♦ ♥ ✷ ✼ ✽✱ ✷ ✾ ✵✱ ✷ ✾ ✶
♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✷ ✽ ✶
♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✷ ✽ ✷
♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇ ❛ ♥ ❞ ❝ ❡ ✇ ✷ ✽ ✷✲ ✷ ✽ ✾
❞ ♦ ✉ ❜❧ ❡ ❝ ❡ ✇ ❛ ♥ ❞ ❤ ❡❧✐ ① ✷ ✽ ✾

❤ ♦ ♠ ♦ ❤ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ♦❢ ♦ ♥ ❡ ♣ ❛ ❛ ♠ ❡ ❡ R
❤ ② ♣ ❡ ❜ ♦❧ ❛✱ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ■■ ✶ ✾ ✻✱ ✷ ✶ ✾✱ ✷ ✷ ✵
❝ ❛ ❡ ♥ ❛ ②✱ ❝ ❛ ❡ ♥ ♦✐ ❞ ■✱ ■■ ✶ ✾ ✽✲ ✷ ✵ ✵✱ ✷ ✵ ✺
♣ ❛ ❛ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✶ ✾ ✽✲ ✷ ✵ ✵
❛ ❝ ✐ ①✱ ❛ ❝ ✐ ❝ ♦✐ ❞ ■✱ ■■ ✷ ✵ ✼✲ ✷ ✶ ✷

♣ ❛ ❛ ♠ ❡ ✐ ❝ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❡ ✉ ❛ ✐ ♦ ♥ ✷ ✵ ✽✲ ✷ ✶ ✷
✶✲ ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✶ ✾ ✾✱ ✷ ✵ ✵✱ ✷ ✶ ✵✲ ✷ ✶ ✷
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✐ ♥ ✈ ❛ ✐ ❛ ♥
❝ ♦ ✐ ♥ ❡✲ ✐ ♥ ❡ ✶ ✺ ✼✱ ✷ ✷ ✽✱ ✷ ✷ ✾
❝ ♦ ❛ ♥ ❣ ❡ ♥ ✲ ❝ ♦ ❡ ❝ ❛ ♥ ✶ ✺ ✼✱ ✷ ✸ ✵
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✶ ✶ ✶✱ ✶ ✺ ✼✱ ✶ ✽ ✻

❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ♦❢ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ■■ ✷ ✶ ✾✱ ✷ ✷ ✽✱ ✷ ✸ ✼
✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✭ ❛ R = i✮ ✶ ✺ ✵✱ ✷ ✷ ✽

♦❢ ✸✲ ❛ ♥ ❞ ✹✲ ✈ ❡❧ ♦ ❝✐ ②✱ ✸✲ ❛ ♥ ❞ ✹✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥
✷ ✸ ✷✱ ✷ ✼ ✸✱ ✷ ✼ ✹
✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ✷ ✶ ✸✲ ✷ ✶ ✽✱ ✷ ✾ ✷
❝ ♦ ✐ ♥ ❡ ❝ ❛❧ ❛ ✷ ✶ ✻✱ ✷ ✶ ✽
✐ ♥ ❡ ❝ ❛❧ ❛ ✷ ✶ ✼✱ ✷ ✶ ✽
✐ ♥ ❡ ✈ ❡ ❝ ♦ ✷ ✷ ✶
✐ ♥ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✉ ♠ ♠✐ ♥ ❣ ✷ ✸ ✼
❛ ♥ ❣ ❡ ♥ ❝ ❛❧ ❛ ✷ ✶ ✼✱ ✷ ✶ ✽
❛ ♥ ❣ ❡ ♥ ✈ ❡ ❝ ♦ ✷ ✷ ✶✱ ✷ ✸ ✷
❛ ♥ ❣ ❡ ♥ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✉ ♠ ♠✐ ♥ ❣ ✷ ✸ ✼

❛ ♥ ❣ ❡ ♥ ♠ ♦ ❞ ❡❧ ✭ ✈ ❡❧ ♦ ❝✐ ②✮ ✶ ✺ ✶✱ ✷ ✸ ✷
❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ♦❢ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ■ ✷ ✶ ✾✱ ✷ ✷ ✾✱ ✷ ✸ ✻

✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✭ ❛ R = ± 1 ✮ ✶ ✺ ✵✱ ✷ ✷ ✾
✉ ♠ ♠✐ ♥ ❣ ♠ ♦ ✐ ♦ ♥ ✷ ✾ ✸✲ ✷ ✾ ✺
✐ ♥ ❡ ❝ ❛❧ ❛ ✷ ✾ ✺

❝ ♦ ✐ ♥ ❡ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✷ ✾ ✻
❝ ♦ ❛ ♥ ❣ ❡ ♥ ❝ ❛❧ ❛ ❛ ♥ ❞ ✈ ❡ ❝ ♦ ✷ ✾ ✻

❝ ♦ ✐ ♥ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✉ ♠ ♠✐ ♥ ❣ ✷ ✸ ✻
❝ ♦ ❛ ♥ ❣ ❡ ♥ ✐ ♥ ❣ ♠ ♦ ❞ ❡❧ ✭ ✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ②✮ ✶ ✺ ✷
❛ ♥ ❣ ❡ ♥ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ♠ ♦ ❞ ❡❧ ✶ ✺ ✸

❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✶ ✺ ✵✱ ✷ ✶ ✷✱ ✷ ✹ ✸✱ ✷ ✹ ✹✱ ✷ ✾ ✽
❛ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ♦ ❜❥ ❡ ❝ ✭R = 1 ✮ ✶ ✺ ✵✱ ✷ ✺ ✶
✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢ ❡ ❣ ♠ ❡ ♥ ✷ ✹ ✹✲ ✷ ✹ ✽✱ ✷ ✾ ✽✱ ✷ ✾ ✾

✶✲ ❛ ♥ ❣ ✉❧ ❛ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✷ ✶ ✷✱ ✸ ✵ ✵
❤ ② ♣ ❡ ✉ ❢ ❛ ❝ ❡ ♣ ♦❥ ❡ ❝ ✐ ✈ ❡
✢ ❛ ✶ ✺ ✶✱ ✶ ✺ ✷
✐ ♥ ❣ ❛ ♥ ❞ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ✶ ✺ ✸

✐ ♦ ♠ ❡ ②
✐ ♥ ❤ ❡ ❧ ❛ ❣ ❡ ❛ ♥ ❞ ♠ ❛❧❧ ✶ ✺ ✷✲ ✶ ✺ ✺✱ ✷ ✵ ✼✱ ✷ ✶ ✶
♣ ♦❧ ② ❡ ♣ ✶ ✺ ✷✱ ✶ ✺ ✸✱ ✶ ✺ ✺✱ ✷ ✶ ✷
♦ ♥ ❡✲ ❡ ♣ ✶ ✺ ✺✱ ✷ ✵ ✼✱ ✷ ✶ ✶

▲ ❛ ✇ ♦❢ ❍ ✉ ❜ ❜❧ ❡ ✐ ♥ ❛ ♥ ❝ ❡ ❛❧ ❢ ♦ ♠ ✷ ✷ ✼✱ ✷ ✻ ✼
▲ ❛ ✇ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ✕ ❡ ♥ ❡ ❣ ② ❝ ♦ ♥ ❡ ✈ ❛ ✐ ♦ ♥ ✸ ✵ ✸
▲ ❛ ✇ ♦❢ ◆ ❡ ✇ ♦ ♥✐ ❛ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ❝ ✶ ✾ ✺✱ ✷ ✵ ✶✱ ✷ ✺ ✻
▲ ❛ ✇ ♦❢ ❙ ♥ ❡❧❧✐ ✉ ✐ ♥ ❤ ❡ ❣ ❛ ✈✐ ② ✜ ❡❧ ❞ ✷ ✻ ✶✱ ✷ ✻ ✺
▲ ♦ ♦ ❦✐ ♥ ❣ ●❧ ❛ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ② ❚ ❤ ❡ ♦ ② ✷ ✽ ✵✲ ✷ ✽ ✸



❙ ❯ ❇ ❏ ❊ ❈ ❚ ■ ◆ ❉ ❊ ❳ ✸ ✶ ✾

✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❈ ♦ ❡ ♣ ♦ ♥ ❞ ❡ ♥ ❝ ❡ ♦❢ ❇ ♦ ❤ ✷ ✵ ✵✱ ✷ ✻ ✹✱
✷ ✽ ✵✱ ✷ ✽ ✶

✐ ♥ ❝✐ ♣❧ ❡ ✭ ♦ ✉❧ ❛ ❡✮ ♦❢ ❘ ❡❧ ❛ ✐ ✈✐ ②
♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ✶ ✻ ✵✱ ✶ ✼ ✶
♣ ❤ ② ✐ ❝ ❛❧ ❜ ② ● ❛❧✐❧ ❡✐ ✕ ♦✐ ♥ ❝ ❛ ✁❡ ✶ ✻ ✵✱ ✶ ✼ ✵✱ ✷ ✻ ✼
✇✐ ❤ ❛ ✜ ❡❧ ❞ ♦❢ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ✷ ✻ ✷
② ❤ ❛ ❣ ♦ ❡ ❛ ♥ ❚ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡

❛ ♥ ❞ ♦ ♥ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ❛ ♥ ❞ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■✱ ■■
❆ ❜ ♦❧ ✉ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✷ ✶ ✾✱ ✷ ✷ ✼✱ ✷ ✺ ✵✱ ✷ ✼ ✸✱ ✸ ✵ ✶
❆ ❜ ♦❧ ✉ ❡ ♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✷ ✵ ✶✱ ✷ ✷ ✵✱ ✷ ✹ ✵✱
✷ ✼ ✽✱ ✷ ✽ ✶✱ ✸ ✵ ✷
❢ ♦ ♣ ❡ ✉ ❞ ♦ ❝ ✉ ✈ ❛ ✉ ❡✱ ♥ ♦ ♠ ❛❧ ❝ ✉ ✈ ❛ ✉ ❡ ✷ ✽ ✶
❢ ♦ ♣ ❡ ✉ ❞ ♦ ❝ ❡ ✇✱ ❝ ❡ ✇ ✇✐ ❤ ♦ ✐ ♦ ♥ ❛ ♥ ❞
♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ✷ ✽ ✷✲ ✷ ✽ ✺✱ ✷ ✽ ✾
❢ ♦ ❤ ❡ ❡ ♠ ♦ ♠ ❡ ♥ ❛ ✷ ✵ ✶✱ ✷ ✹ ✵✱ ✸ ✵ ✹

❘ ❡❧ ❛ ✐ ✈ ❡ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ✷ ✼ ✸✱ ✷ ✼ ✼✱ ✸ ✵ ✶
❇✐ ❣ & ❙ ♠ ❛❧❧ ✷ ✶ ✽✱ ✷ ✷ ✶✱ ✷ ✷ ✷✱ ✷ ✸ ✷✱ ✷ ✸ ✹✱ ✷ ✹ ✻
✐ ♥ ✜ ♥✐ ❡ ✐ ♠ ❛❧ ✶ ✺ ✷✱ ✷ ✶ ✽✱ ✷ ✷ ✻✱ ✷ ✹ ✾✱ ✷ ✺ ✵

♦ ❛ ✐ ♦ ♥ ✭ ♠ ♦ ✐ ♦ ♥ ✮
❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✶ ✼ ✹✱ ✶ ✼ ✾✱ ✶ ✽ ✵✱ ✶ ✾ ✶✱ ✷ ✶ ✸
❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✶ ✺ ✻✱ ✷ ✷ ✾
♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■■ ✷ ✶ ✸✱ ✷ ✷ ✾✱ ✷ ✸ ✼✱ ✷ ✾ ✷
♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✷ ✶ ✸✱ ✷ ✸ ✵✱ ✷ ✸ ✻✱ ✷ ✾ ✸
✇ ♦ ❛ ♥ ❞ ♣ ♦❧ ② ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✷ ✶ ✹✱ ✷ ✸ ✶✱
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✷ ✶ ✹✱ ✷ ✷ ✼✱ ✷ ✸ ✶✱ ✷ ✹ ✵

♣ ♦❧ ❛ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✷ ✶ ✹✱ ✷ ✸ ✶✱ ✷ ✹ ✹✱ ✷ ✺ ✷
♣ ❤ ❡ ✐ ❝ ❛❧ ✐ ♥ ⟨ Q n + 1 ⟩ ✷ ✹ ✸✲ ✷ ✹ ✺
♦ ♥ ❤ ❡ ❤ ② ♣ ❡ ♣ ❤ ❡ ♦✐ ❞ ✷ ✹ ✸✱ ✷ ✺ ✶✲ ✷ ✺ ✸
❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ✷ ✹ ✼
❛ ♠ ♦ ❞ ❡❧ ♦❢ ❤ ❡ ●❧ ♦ ❜ ❡ ✷ ✺ ✷
✇ ♦ ❛ ♥ ❞ ♣ ♦❧ ② ❡ ♣ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ✷ ✹ ✹✱ ✷ ✹ ✺✱ ✷ ✺ ✷

♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✶ ✺ ✾✱ ✷ ✷ ✸✲ ✷ ✷ ✼✱ ✷ ✹ ✹✱ ✷ ✹ ✽✲ ✷ ✺ ✸
✐ ♥ ❞ ✉ ❝ ❡ ❞ ✷ ✶ ✹✱ ✷ ✷ ✼✱ ✷ ✹ ✶✱ ✷ ✹ ✹✱ ✷ ✹ ✾✱ ✷ ✼ ✾

♣ ❛ ❝ ❡✲ ✐ ♠ ❡ ❛ ♥ ❞ ♦ ❤ ❡ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡
♦❢ ▲ ❛ ❣ ❛ ♥ ❣ ❡✱ ♣ ❛ ❛❧❧ ❡❧ ♦ ❛ ✐ ♦ ♥ ✶ ✻ ✵✱ ✶ ✻ ✽✲ ✶ ✼ ✵
♦❢ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✶ ✼ ✵✲ ✶ ✼ ✷✱ ✷ ✶ ✸✱ ✷ ✻ ✽✲ ✷ ✼ ✵

❙ ♣ ❡ ❝✐ ❛❧ ✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜✐ ♥ ❛ ② ♣ ❛ ❝ ❡ ✷ ✹ ✸
✇✐ ❤ ❝ ❛ ❡ ♥ ❛ ②✱ ❝ ❛ ❡ ♥ ♦✐ ❞ ■✱ ■■ ✶ ✾ ✾✱ ✷ ✵ ✻✱ ✷ ✵ ✼
✇✐ ❤ ❛ ❝ ✐ ①✱ ❛ ❝ ✐ ❝ ♦✐ ❞ ■✱ ■■ ✷ ✵ ✼✱ ✷ ✶ ✵✱ ✷ ✶ ✶
❇ ❡❧ ❛ ♠✐ ♣ ❡ ✉ ❞ ♦ ♣ ❤ ❡ ❡ ✷ ✵ ✼✱ ✷ ✶ ✶
♦ ♥ ❡✲ ❡ ♣ ✐ ♦ ♠ ❡ ② ✇✐ ❤ ❤ ② ♣ ❡ ❜ ♦❧ ♦✐ ❞ ■ ✷ ✶ ✶

❙ ❚ ❘✲ ❡ ✛ ❡ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥
❛ ❜ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ❣ ❡ ♥ ❡ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❡ ✷ ✷ ✷✱ ✷ ✷ ✸
❛ ♥ ❣ ✉❧ ❛ ❛ ❞✐ ✉ ♦❢ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ✷ ✷ ✷✱ ✷ ✷ ✸
♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ❤✐❢ ✐ ♥ ✐ ✐ ❛ ♥ ❣❧ ❡ ✷ ✷ ✺

❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✶ ✾ ✽✱ ✷ ✵ ✹✱ ✷ ✵ ✺✱ ✷ ✺ ✾✱ ✷ ✻ ✸
❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ♣ ♦ ♣ ❡ ✐ ♠ ❡ ▼✐ ♥ ❦ ♦ ✇ ❦✐ ✶ ✽ ✵✲ ✶ ✽ ✷
♣ ❛ ❛ ❞ ♦ ① ♦❢ ✇✐ ♥ ✶ ✽ ✸✱ ✷ ✵ ✹✱ ✷ ✵ ✺✱ ✷ ✻ ✵
✢✐ ❣ ❤ ❛ ✐❢ ♦ ✉ ✐ ♣ ❡ ❞ ❤ ❡ ❧✐ ❣ ❤ ✷ ✵ ✹✱ ✷ ✵ ✺

❞✐❧ ❛ ✐ ♦ ♥ ♦❢ ✐ ♠ ❡ ❛ ♥ ❞ ♣ ❛ ❝ ❡ ❛ ① ❡ ✶ ✺ ✵✱ ✶ ✻ ✵
❉ ♦ ♣ ♣❧ ❡ ❡ ✛ ❡ ❝ ✭ ❡❧ ❛ ✐ ✈✐ ✐ ❝✮ ✷ ✷ ✼

▲ ♦ ❡ ♥ ③✐ ❛ ♥ ❝ ♦ ♥ ❛ ❝ ✐ ♦ ♥ ✶ ✽ ✶✱ ✶ ✽ ✹✲ ✶ ✽ ✽
♣ ❤ ❡ ✐ ❝ ❛❧ ✉ ❛ ✐✲✐ ♥ ✈ ❛ ✐ ❛ ♥ ✶ ✽ ✺✱ ✶ ✽ ✻
❚❡ ❡❧✲ ❡ ♥ ♦ ❡ ✉ ❛ ✐✲ ♣ ❤ ❡ ✐ ❝ ❛❧ ♦ ❛ ✐ ♦ ♥ ✶ ✾ ✵

♦ ❤ ♦ ♣ ♦ ❝ ❡ ✐ ♦ ♥ ♦ ♥ ❢ ❛ ♠ ❡ ❛ ①✐ ✷ ✽ ✶✱ ✷ ✽ ✷✱ ✷ ✽ ✻
✉ ♣ ❡ ✈ ❡❧ ♦ ❝✐ ② ♦❢ ♦ ❞ ❝ ♦ ♥ ❛ ❝ ✶ ✽ ✽

❚ ❤ ♦ ♠ ❛ ♣ ❡ ❝ ❡ ✐ ♦ ♥ ✷ ✷ ✻✱ ✷ ✷ ✼✱ ✷ ✹ ✶✱ ✷ ✻ ✹
✐ ♠ ♣❧ ❡ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ✷ ✹ ✶✱ ✷ ✽ ✵
❡ ✉❧ ♦❢ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❡ ❜ ♦ ✉ ♥ ❞ ✷ ✹ ✷✱ ✷ ✻ ✹
❡ ✉❧ ♦❢ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ❈ ♦ ✐ ♦❧✐ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✷ ✹ ✷
♥ ♦ ♠ ❛❧ ❡❧ ❛ ✐ ♦ ♥ ♦ ✐ ✷ ✹ ✵✱ ✷ ✹ ✾✱ ✷ ✼ ✺✱ ✷ ✼ ✽

● ❘✲ ❡ ✛ ❡ ❝ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥
❊✐ ♥ ❡✐ ♥ ❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ✐ ♠ ❡ ❞✐❧ ❛ ✐ ♦ ♥ ✷ ✺ ✾✱ ✷ ✻ ✵
❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❝ ♦ ✐ ♥ ❡ ✷ ✺ ✾✱ ✷ ✻ ✸
❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❡❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ❧✐ ❣ ❤ ✷ ✻ ✶✱ ✷ ✻ ✷✱ ✷ ✻ ✹
❣ ❛ ✈✐ ❛ ✐ ♦ ♥ ❛❧ ❜ ❡ ♥ ❞ ♦❢ ❛ ❧✐ ❣ ❤ ❛ ② ✷ ✻ ✶✱ ✷ ✻ ✷
▼ ❡ ❝ ✉ ② ♣ ❡ ✐ ❤ ❡❧✐ ♦ ♥ ❡❧ ❛ ✐ ✈✐ ✐ ❝ ❤✐❢ ✶ ✾ ✽✱ ✷ ✻ ✸
▼✐ ❝ ❤ ❡❧ ❇❧ ❛ ❝ ❦ ❍ ♦❧ ❡ ✷ ✻ ✻✱ ✷ ✽ ✵✱ ✷ ✽ ✻

♣ ❡ ❢ ❡ ❝ ❛ ♥ ❞ ✐ ♠ ♣ ❡ ❢ ❡ ❝ ✉ ❢ ❛ ❝ ❡ ✱ ♣ ❛ ❝ ❡ ✕ ✷ ✶ ✷

❡❧ ❛ ✐ ♦ ♥ E = m c 2 ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ ✭ ✶ ✾ ✵ ✵✮ ✷ ✸ ✾
◗ ▼ ❡ ❞ ❤✐❢ ♦❢ ❙ ✉ ♥ ❛ ❞✐ ❛ ✐ ♦ ♥ ♣ ❡ ❝ ✉ ♠ ✷ ✻ ✷
❡❧ ❛ ✐ ✈✐ ✐ ✜ ❡ ❞ ❩✐ ♦❧ ❦ ♦ ✈ ❦ ② ❝ ♦ ♠✐ ❝ ❢ ♦ ♠ ✉❧ ❛ ✷ ✵ ✸
❡❧ ❛ ✐ ✈✐ ✐ ❝ ✈ ❡❧ ♦ ❝✐ ✐ ❡
❛ ♥ ❣ ✉❧ ❛ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ η γ ✶ ✾ ✼✱ ✷ ✹ ✷✱ ✷ ✼ ✷✱ ✷ ✼ ✼✱ ✷ ✽ ✶
❛ ♥ ❣ ✉❧ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ w φ ✷ ✽ ✽
❛ ♥ ❣ ✉❧ ❛ ♦ ❤ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ w α ✷ ✸ ✽✱ ✷ ✹ ✶✱ ✷ ✼ ✸✱ ✷ ✼ ✼
✹✲ ✈ ❡❧ ♦ ❝✐ ② ❜ ② ♦✐ ♥ ❝ ❛ ✁❡ c = c · i ✷ ✵ ✶✱ ✷ ✹ ✵✱ ✷ ✻ ✾
❝ ♦ ♦ ❞✐ ♥ ❛ ❡ v = c · t a n h γ ✶ ✽ ✸✱ ✶ ✾ ✹✱ ✷ ✸ ✽✱ ✷ ✻ ✾

✉ ♠ ♠ ❛ ✐ ♦ ♥ ✷ ✶ ✼✱ ✷ ✷ ✶✱ ✷ ✷ ✷✱ ✷ ✸ ✷
❛ ♥ ✐ ✈ ❡❧ ♦ ❝✐ ② − v ✶ ✽ ✻

♣ ♦ ♣ ❡ v ∗ = c · si n h γ ✶ ✽ ✸✱ ✶ ✾ ✹✱ ✷ ✸ ✽✱ ✷ ✻ ✾
✉ ♠ ♠ ❛ ✐ ♦ ♥ ✷ ✶ ✼✱ ✷ ✷ ✶

❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✭ ✉ ♣ ❡ ✮ s = c · c ot h γ ✶ ✽ ✽✱ ✷ ✵ ✾
♣ ❤ ❛ ❡ ♦❢ ❞ ❡ ❇ ♦ ❣❧✐ ❡ ✷ ✵ ✷

♣ ♦ ♣ ❡ ✭ ✉ ♣ ❡ ✮ s ∗ = c · ❝ ❝ ❤ γ ✷ ✵ ✾
♦❢ ✐ ♠ ❡ ❡ ❛ ♠ c ∗ = c · c o s h γ ✷ ✻ ✾✱ ✷ ✼ ✼
❡❧ ❛ ✐ ✈✐ ✐ ❝ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥
✐ ♥ ♥ ❡ ✕ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧✱ ♥ ♦ ♠ ❛❧✱ ❣ ❡ ♥ ❡ ❛❧ ✶ ✾ ✺✱ ✷ ✸ ✽
❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ✐ ♥ Ẽ 1 ✕ ❛ ♥ ❣ ❡ ♥ ✐ ❛❧✱ ♥ ♦ ♠ ❛❧ ✷ ✸ ✽
✹✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✇✐ ❤ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ✷ ✼ ✸✳ ✷ ✼ ✽

✐ ♥ ❡ ❛ ♥ ❞ ❝ ♦ ✐ ♥ ❡ ✸✲ ❛ ❝ ❝ ❡❧ ❡ ❛ ✐ ♦ ♥ ✷ ✼ ✸✱ ✷ ✼ ✼

❡ ♥ ♦ ✐ ❣ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥
❛ ✣ ♥ ❡✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜ ② ● ❛❧✐❧ ❡✐ ✶ ✻ ✽✱ ✶ ✻ ✾
♣ ❡ ✉ ❞ ♦✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❜ ② ▲ ♦ ❡ ♥ ③ ✶ ✼ ✼✱ ✷ ✶ ✸✱ ✷ ✸ ✶
✉ ❛ ✐✲ ❊ ✉ ❝❧✐ ❞ ❡ ❛ ♥ ❙ ♣ ❡ ❝✐ ❛❧ ✷ ✹ ✹✱ ✷ ✹ ✺✱ ✷ ✺ ✷

❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✶ ✼ ✾✱ ✷ ✵ ✷✱ ✷ ✸ ✶
❝ ♦ ♥ ❡ ✈✐ ♥ ❣ ❡ ♥ ♦ ♦❢ ♠ ♦ ♠ ❡ ♥ ✉ ♠ ✷ ✵ ✸✱ ✸ ✵ ✶
❡ ♥ ♦ ♦❢ ❞ ❡❢ ♦ ♠ ❛ ✐ ♦ ♥ ❤ ② ♣ ❡ ❜ ♦❧✐ ❝ ✶ ✼ ✾✱ ✶ ✾ ✵
❡ ♥ ♦ ♦❢ ♠ ♦ ✐ ♦ ♥ ♣ ❤ ❡ ✐ ❝ ❛❧ ✶ ✾ ✵✱ ✷ ✹ ✹✱ ✷ ✺ ✷
✈ ❛ ♥ ❞ ✈ ❢ ♦ ♠ ♦❢ ✶✲ ♠ ❡ ✐ ❝ ❢ ♦ ♠ ✶ ✾ ✾✱
✷ ✵ ✼✱ ✷ ✵ ✾✱ ✷ ✼ ✸✱ ✷ ✼ ✽



✸ ✷ ✵

❙ ❝✐ ❡ ♥ ✐ ✜ ❝ ✉ ❜❧✐ ❝ ❛ ✐ ♦ ♥

◆✐ ♥ ✁✉❧ ❆ ♥ ❛ ♦❧ ② ❙ ❡ ❣ ❡ ❡ ✈✐ ❝ ❤

✏ ❚ ❊ ◆ ❙ ❖ ❘ ❚ ❘■ ● ❖ ◆ ❖ ▼ ❊ ❚ ❘ ❨✑

❚ ❤ ❡ ❤✐ ❞ ❡ ❞✐ ✐ ♦ ♥ ✭✐ ♥ ❊ ♥ ❣❧✐ ❤✮
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